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EXISTENCE AND NONEXISTENCE OF GLOBAL

SOLUTIONS FOR NONLINEAR EVOLUTION

EQUATION OF FOURTH ORDER

C h e n X i a n g y i n g

Abstract. The existence and uniqueness of classical global solutions and the nonexistence of

global solutions to the first boundary value problem and the second boundary value problem for

the equation uv--alu~--a2u=,--aau~. =9(u~)~ are proved.

§ 1 Introduction

In the study of the nonlinear waves in elastic r o d s , there arises the nonlinear hyper-

bolic equation of fourth o r d e r

u,, - - C0a[1 + n a . u " ~ - l ] u ~ - - f lu .... ---- Yu.... ( 1 . 1 )

w h e r e C02,7>0,fl>0 and a.=/=0 are constants,and n is a natural n u m b e r ( s e e [ I ] ) . In [1]

the author simplifies Eq. (1. 1) into the generalized Korteweg-de Vries-Burgers equation

and the existence of the soliton wave t o it is considered, but a b o u t the Eq. (1. 1) there

h a s n ' t been any discussion. In [-2] the authors have proved the existence and uniqueness of

the local classical solutions for the initial value problem and the first boundary value prob-

lem of E q ( 1 . 1 ) .

In this paper,we are go ing t o consider the following first boundary value problem

u,, - - a l u = - - aau~xt - - aau~, , = 9 ( u x ) . ,

u ( O , t ) = u ( 1 , t ) = 0, t > ~ 0 ,

u ( x , O ) = U o ( X ) , u , ( x , O ) = u l ( x ) ,

or the second boundary value problem for Eq. ( 1 . 2 )

u x ( O , t ) = u x ( 1 , t ) = 0,

u ( x , O ) = U o ( X ) , u , ( x , O ) = u ~ ( x ) ,

x e [0,1],

( 1 . 2 )

( 1 . 3 )

( 1 . 4 )

t ~ O , ( 1 . 5 )

x E [0,1], ( 1 . 6 )
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where u ( x , t ) is an unknown funct ion,ai~0 (i = 1 , 2 , 3 ) are constants, 9 0 ) is a given non-

l inear function,u0 (x) and u l (x) are given init ial functions. The existence and uniqueness of

classical global solutions and nonexistence of global solutions to the f i r s t boundary value

problem ( 1 . 2 ) - - ( 1 . 4 ) and the second boundary value problem ( 1 . 2 ) , ( 1 . 5 ) , ( 1 . 6 ) are

proved.

§ 2 Existence and Uniqueness of Local Solutions for the Problem ( 1 . 2 ) - - ( 1 . 4 )

Let K ( x , ~ ) be the Green's functionE31 of the boundary value problem for the ordinary

differential equation

y -- a a y " = 0, y(0) = y(1) = 0,

where a3>0 is a real unmber,i , e.

sinh sinh , 0 ~-~ x ~ ~,

K ( x , ~ ) = 1 ( 2 . 1 )

 inh

Suppose that u o ( x ) and u l ( x ) are appropriately smoo th and satisfy the boundary con-

dition ( 1 . 3 ) , u ( x , t ) is the classical solution of the problem ( 1 . 2 ) - - ( 1 . 4 ) , t h e n the solu-

tion u ( x , t ) of Eq. ( 1 . 2 ) satisfying the condition ( 1 . 3 ) satisfies the in tegra l equation

u , ( x , t ) =alffog(X,~)uee(~,t)d~ + a2flog(X,~)uee,(~,t)d~e +
( 2 . 2 )

floK(x,~)9(ue(~,t))ed~e.

Hence the classical solution of the problem ( 1 . 2 ) - - ( 1 . 4 ) should satisfy the integral equa-

tion

f l K ( x , uo~ d~]tu ( x , t ) = u o ( x ) -t- u l ( x ) t -- a2[ e ) ( ~ ) +

aly'° f l o ( t - r)K(x,$)uee($,r)d~dr + a2f'° flg(x,$)u~e($,r)d~dr +

ffo f'o(t - r ) K (x,$)~(u~($,r) )ed$dr. (2. 3)

By use of the properties of Green's funtion K ( x , $ ) ,it is easy to prove the following lem-

m a .

L e m m a 2 . 1 . Suppose that Uo(X),ul(x) E CZEO,1],uo(O)=uo(1)=ul(O)=Ul(1)=O,9(s)
E C l ( R ) , a n d u ( x , t ) E C ( [ O , T ] ; C 2 [ 0 , 1 ] ) is the solution o f ( 2 . 3 ) , t h e n u ( x , t ) m u s t be

the classical solution of problem ( 1 . 2 ) - - ( 1 . 4 ) .

In the following we are going to prove the existence of local classical solution for the

integral equation ( 2 . 3 ) by the contraction mapping principle. Fo r this purpose ,we define

the function space
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X ( T ) = { u ( x , t ) [ u E C([O,T],CZ[O,1]), u ( O , t ) = u ( 1 , t ) = 0},

equipped with the norm defined by
2

Ilu Ilx(-,,) = m a x [ 2 ] max lu~,(-,t)[] = Ilu [I c<o,rl,C~EO,1]), V u E X ( T ) .
0~t~'/' i-~l 0~x~l

It is easy to see that X ( T ) is a Banach space.

Let U = II .0~ II c'E0 ~n+ II u,~ II c'c0.,~ and define the set

P ( U , T ) = {ulu E X ( T ) , II u II ~(~)<~zu).

Obviously, P ( U , T ) is the nonempty bounded closed convex set for each U , T ~ O . We de-

fine the map S as fo l lows:

f'oK(XS w = u o ( x ) -~- u l ( x ) t -- az[ ,~:)Uoe~(~)d~Jt -F

all'0 f i ( t - r ) g (x,~)we~(~,r)&edr + a2y'o flog (X,,%w~(~,r)d~dr +

S' f i ( t -- V w E P ( U , T ) . ( 2 . 4 )

Obviously ,S maps X ( T ) into X ( T ) . It is easy to prove

Lemma 2. 2. Suppose that U o , u l E C Z [ O , 1 ] , u o ( O ) = u o ( 1 ) = u l ( O ) = u l ( 1 ) = O and ~ ( s ) E

CZ(R), then S maps P ( U , T ) into P ( U , T ) and S : P(U,T)---~P(U,T) is strictly contrac-

tive if T is appropriately small relative to U.

By using the contraction mapping principle and the extension of the solution (see

[4]) ,it is easy to prove

Theorem 2. 1. Let the assumptions o f L e m m a 2.2 ho ld , then the integral equation ( 2 . 3 )

has a unique solution u ( x , t ) E C ( [ 0 , T 0 ) ;CZ[0,1]), where [ 0 , T 0 ) is a maximal time inter-

val. Moreover, if

sup ( II u~ II c~c0 ,n + II u~, II cl[0,,]) < CXD, (2 . 5)
tE [0,To)

then To = oo.

§ 3 The Classical Global Solution of the Problem ( 1 . 2 ) - - ( 1 . 4 )

Lemma 3.1. Suppose that u o ( x ) ,u, (x ) E H 1[ 0 , 1 ] satisfy the boundary condition ( 1 . 3 ) ,

fp(s) ~ C1 ( R ) , then the classical solution of the problem ( 1 . 2 ) - - ( 1 . 4 ) satisfies the follow-

ing identity :
2E(t) = [[ut L2[0.13 + a l [lu~ U 2~Eo.,l + a 3 II u ~ II 2L2[0,1] -~-

Za~f'o f l u L d x d r + 2flo f i ~ ( s ) d s d x =
( 3 . 1 )

f l £°~f(s)dsdxI I - 1 II 2L~Eo ,J + al It "0x 11 ~L~Eo lJ + ~ It u,~ tl ~
o

E(O), V t E [O,T].

Proof. Multipling both sides of Eq. ( 1 . 2 ) by u, , integrating the product over [ 0 , 1 ] × [ 0 , t ]
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and integrating by parts with respect t o x, we can obtain (3. 1). The lemma thus is

proved.

T h e o r e m 3. 1. Suppose that the conditions of Theorem 2.1 and the following condition

I~o(s) [ ~ A + B ( 3 . 2 )

h o l d , w h e r e A and B are positive constants,then the problem ( 1 . 2 ) - - ( 1 . 4 ) has a unique

classical global solution u ( x , t ) .

R e m a r k 3. 1. The function ~o(s) satisfying ( 3 . 2 ) exists. For example,~o(s)=e' satisfies In-

equality ( 3 . 2 ) . When r ~ 0 is a real n u m b e r and n is an odd n u m b e r , ~o(s)=rs" which satis-

ties Inequality ( 3 . 2 ) is the second example.

P r o o f of Theorem 3. 1. By virtue of Theorem 2.1 ,we are only required t o prove that ( 2 . 5 )

holds. Let T E ( 0 , T 0 ) be given. Integrating by parts in ( 2 . 3 ) , w e obtain

f~oK (X , ~) Uo,,u ( x , t ) ----uo(x) 4- u~(x)t -- a~[ (~)d~-]t --

It follows from

U~tt(X ~t)

a2 ffoK~(x,~e)u~ , (~- - u = ( x , t ) -- az , t ) d ~ --
a3

aaffo flo (t - r)Ke(x,~)u~(~,r)d~dr - a2f'° f'oK~(~,~)u,(~,~)d~d~-
f'c, f'o ( t - r)Ke(x'~)c2(ue(~'r))d~dr ' x E [ o , 1 ] , t E [ 0 , T ] .

( 3 . 3 ) that

- - - - al ( ~ , t ) d ~ - -

a3

x E [ 0 , 1 ] , t E [ - 0 , T ] .

( 3 . 3 )

( 3 . 4 )

Multipling both sides of ( 3 . 4 ) by 2uz,,we get

u~ + alu2 4- - - I u ~ ( x , r ) d r 4-a3 ~ a3 J0 ~ 0 ~ ( s ) d s =

2 I - alffoK~(x,~)u~(~,t)d~- azf'oK~(x,~)u~,(~,t)d~- ( 3 . 5 )

us I?x   s ds y Inte  atio 

with respect to t and m a k i n g use of Conditions ( 3 . 2 ) and ( 3 . 1 ) ,we can obtain

2 "2a2 f' 2 - " " - - f ~o(s)dsu~ 4- alu2 4- - - ! u ~ ( x , r ) d r 4-
a3 x a3 Jo a3Jo

?o' ' f
4 a 2 2 1 2 1 1

a3 3o o
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El(x) + fro{C2 + alfloU~(x,r)dx + aaf~ouL(x,r)dx +

C~ [A 9(s)ds + B ] d x } [ u ~ r l d r ~
o

E l ( X ) @- f 'o{C3 J f - C 4 E ( O ) } [ U x r [ d T <

1 [C3 + C4E(O)]2T + ouLdr,x E E0,1~,t E [-0,T-]. ( 3 . 6 )E1 (x) + ~-

Multipling both sides of ( 3 . 6 ) by A,add ing the product to 2_BB and using ( 3 . 2 ) , w e get
as

Au~, + Aal 2 2Aa2 ['us + uLdr + 2 [ ~ ( u ~ ) I
aa as 3o as

M~(T) 4- A ou~dr , x E [ 0 , 1 ~ , t E [ 0 , T 1 . ( 3 . 7 )

It follows from ( 3 . 7 ) by Gronwall 's inequality that

Aalu2 2Aa2 [~uLdr 2Au~, + - - . + +--[~o(u~)l ~. M~(r)e at, x E [ 0 , 1 ] , t E [ 0 , r ] .
aa aa 30 a3

Therefore

f'ou:dtsup II u~ II cEo,~, sup II u~, [I c :o , l j , sup I[ 9 ( u ~ ) II c[o,,], ~< Mz(T), ( 3 . 8 )O~t~T O~t~T O~.t~T

where M2(T) is a constant dependent on T. Differentiating ( 3 . 3 ) with respect to x twice ,

we obtain the es t imate

l u = ( ~ , t ) l <~ M , ( T ) 4- M4(T)ffo lu .~(x,~) I&-, x <- E o , 1 ] , t < E o , T ] .

Making use of Gronwall 's inequal i ty ,we have

sup ]] u ~ ( - , t ) [1c[o,,] ~ M s ( T ) , ( 3 . 9 )O~t~T
where M s ( T ) is a constant dependent on T. Similarly,we can obta in

sup II u~,(. ,t) ]l cEo,~ ~ M s ( T ) , ( 3 . 1 0 )
O~t~T

where MG(T) is a constant dependent on 7'. From ( 3 . 8 ) - - ( 3 . 1 0 ) it follows that

sup ( II u~ II ~'Eo.~n 4 - II u,, II c'Eo.l~) < oo .
tff [0,T0)

By vir tue o f Theorem 2.1 and Lemma 2.1 we know that the problem ( 1 . 2 ) - - ( 1 . 4 ) has a

unique classical global solution u(x, t ) . The theorem is proved.

§ 4 Nonexistence of Global Solution of the Problem ( 1 . 2 ) - - ( 1 . 4 )

Theorem 4. 1. Suppose that the following conditions ho ld :

( 1 ) E ( 0 ) ~ 0 ,

(2)9(s) E C ' (R) ,9(s)s~2(2a+ 1) f l ~°(y)dy+2aals2'
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where a ~ 0 is a c o n s t a n t , t h e n the classical solutions of the problem ( 1 . 2 ) - - ( 1 . 4 ) will

blow up in finite t ime.

Proof. The p r o o f is made by use of so called "concavity" arguments. Assume that u ( x , t ) is

the classical solution o f the problem ( 1 . 2 ) - - ( 1 . 4 ) on [-0,1] X [ 0 , T I . Set

fl° f~ f'oazu~dxdt floazu~dx.F(t) = (u2 +" a3uZ~)dx q- + ( T -- t) ( 4 . 1 )
0

Us ing Cauchy's inequality and Eq. ( 1 . 2 ) ,it follows from ( 4 . 1 ) that

f~o(U~, f'o.Ldt)d~F F " - - (1 + a)(F')Z ~ F[ - 2 ( 2 a + 1) + a3u~ + 2az

Zf~o~(U~)uxdx - Za,f~oU~dx + 4aa~flo f'oU:,dxdt]. ( 4 . 2 )

From ( 4 . 2 ) , ( 3 . 1 ) and assumptions (1), (2) it follows that

F F " - - (1 + a ) ( F ' ) Z ~ F { - 2 ( 2 a + 1 ) [ E ( 0 ) -- 2 o o ~o(s)ds - - a l

2 f'o~O(u~)uflx -- 2alfloU~dx + 4oa~fiof'oU~,dxdt >~
-- 2(2a -t- 1 ) F E ( 0 ) ~ 0, t E [ 0 , T ] .

We see that F ( t ) ~ O fo r all t E [ 0 , T - ] and that from Assumption (3) above F ' ( 0 ) ~ 0 .

From "concavity" arguments ( s e e [ 5 , 6 ] ) we k n o w that there exists a constant to, such

that

lim( 11 u [[z~co,1~ + ~ II u , II =Lz[o,1 ]) = -I- co
t ~ t o

and

{fl0(u } /{ Ilo (uoul7" < to = Zo + a3uZo~)dx 2a +

Theorem 4.1 is proved.

a3uo~ul~)dx --azf~ouZoflx}.

Theorem 4.2. Suppose that u ( x , t ) is a classical solution o f the problem ( 1 . 2 ) - - ( 1 . 4 ) and

Uo(X) ,u~(x) E C'[0,1-I ,~E C' ( R ) , 2 a J i ~(z)dz + cp(s)s-i-the conditions ( a + l ) a l s Z ~ O , a ~

1, are satisfied. Then the solution u ( x , t ) cannot exis t for all time even provided the init ial

data satisfies one o f the following conditions:

( 1 ) E ( O ) < O ,

( 2 ) E ( 0 ) = 0 , flo azuZo~ 3(uoul + - - f - + a Uo~Ul~)dx<O,

( 3 ) E ( 0 ) > 0 , flo azuZo~(U0Ul -~- ~ - +aauo~ul~)dx<O,

and [ (uou~ + T q- a3u°~ulx)dx-]Z ~ 8[ o(UZo + aau~)dx-]E(O).

Proof. We define F(t) = -[- a2 Jr aau~)dx, thus we have

f, a2u~F' (t) = 2 o(UU, + ~ - -k aau~ux,)dx.

Let f ( t ) be a positive real valued twice continuously differentiable function defined on
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[-0,T). A further restriction will be imposed later on f . We get

1 d [uus + + a3u~u~,]ff(s) dsdx =f e ( t ) F ' ( t ) -- fz(O)F'(O) = 2 o dss ~ -

2a2flo f ' o [ f ( s ) f ' (s)u:dsdx + 2~1o I'of2(s)[uu,~ + a2u~u~, + a3u~u~.-]dsdx. ( 4 . 3 )

For a ~ l we have

2 (s)(uus q- aauxux,) -+- f2(s)(u~ q- aau~)]dsdx =
o

2 ( 1 - - a ) q-aa[(f(S)Ux),]~-- [f'(s)]Z(uZq-aau~)}dsdxq -
0

2aflo f ? [ 2 f ( s ) f f (s)(uu, q-aauxu~,) q- f Z ( s ) ( ua, + a 3 u : ) - ] d s d x ~

2 ( a - I)f2 fiEf' (s)n2Eu~ + ~u:nd,dx + e~2 fl dEf(')f' (s)(u~+ aau:)-]dsdx --

2a;2 f : [ f ' (s)]2(u2 q- a,ua.)dsdx -- 2 4 : ; i f ' (s)f"(s)(u2 q- a,u:)dsdx +

2af:f[fa(s)(u:-+-aauL)dsdx. ( 4 . 4 )

Integrating by parts with respect to x in last term on the r i g h t of ( 4 . 3 ) ,using Eq. ( 1 . 2 )
and substituting ( 4 . 4 ) into ( 4 . 3 ) ,we obtain

f f ( t ) F ' (t) - f f ( O ) F ' (O) ~ 2(a - - 1 ) ~ i ~ i C f ' (s)n~(u~ + a3u,)dsdx q-

2af~of(t)f ' ( t ) ( u2 q- a3uZ.)dsdx -- 2af' (0)f(0)f~0 (u2o q-a3u2ox)dx - -

2a2f10 f?f(s)f' (S)u'd,d~ + 2;2 f?f(,)[~(.,~ + a,uL)- (al.2x -~- q~(ux)u.)]dxds

2 a f ( t ) f ( t ) F ( t ) -- 2af' ( 0 ) f ( 0 ) F ( 0 ) + 2af'of2(s)E(O)ds --

2f2 f'o[ ( f ' (s) )2 -t- a f (s) f " ( s ) ](u 2 -t- a3u:)dsdx -4-

2 a 2 ( 1 - a)~lo f~of(S)f' (s)u~dsdx -- 4azaflo ~of2(s)u~,dsdx --

2i'° f~oP(s)[(a + 1)alu~ ÷ 2afi~f(s)ds + ~o(uDu~]dxds. ( 4 . 5 )

We now demand f to satisfy f~ ( s ) + a f f " ~ O . For this purpose we take f ( t ) - = e e ' , 8 > 0 .
Since ( a + l ) a l s 2 + 2 a f l ~o(z)dz+~o(s)s~O,from ( 4 . 5 ) we have

f 2 ( t ) F ' (t) - - f2(O)F' (0) ~ 2 a f ( t ) f ' ( t ) F ( t ) -- 2af' ( o ) f ( O ) F ( O ) -F

2af*off(s)E(O)ds. ( 4 . 6 )
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It follows from ( 4 . 6 ) that

F' (t) ~ 2a3F(t) + (F' (0) -- 2a3F(O)

Finally we obtain

w h e r e

aE(O)aE(O))e_.~, q_ _ _
3 3

F ( t ) ~ Hoez°e' q- L0e-2e'
E ( 0 )

23z '

2 ( a - t - 1)3ZH0 = 3 F ' ( 0 ) + 23ZF(0) q - E ( 0 ) ,

2(a q- 1)3ZL0 = 2a32F(0) -- 3F' (0) q- a E ( O ) .

( 4 . 7 )

If H 0 % 0 , t h e n for sufficiently large t the left-hand side of ( 4 . 7 ) is greater than or e q u a l t o

zero,but the right-hand side of ( 4 . 7 ) is less than zero. This is a contradiction. Thus we

may conclude that for the problem ( 1 . 2 ) - - ( 1 . 4 ) does not exist classical global solution.

Conditions ( 1 ) - - ( 3 ) are sufficient t o ensure H0%0 (for approximate choices of 3) and so

the theorem is proved.

Remark 4. 1. By the same m e t h o d as in Sections 1-4 we can obtain the similar results of the

problem ( 1 . 2 ) , ( 1 . 5 ) , ( 1 . 6 ) . It is easy t o use the results of the problem ( 1 . 2 ) - - ( 1 . 4 ) to

the problem ( 1 . 1 ) , ( 1 . 3 ) , ( 1 . 4 ) and the results of the problem ( 1 . 2 ) , ( 1 . 5 ) , ( 1 . 6 ) t o the

problem ( 1 . 1 ) , ( 1 . 5 ) , ( 1 . 6 ) .
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