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Abstract In scan of duplex printed documents, show-
through is a phenomenon where the printing of the opposite
side “shows through” and contaminates the data of the scan-
ning side. Despite the efforts of prior works to model and cor-
rect the show-through effect, an accurate mathematical model
based on rigorous analysis of the show-through phenomenon
is yet to be reported in the literature. In this paper, we present
a detailed analysis of the phenomenon and derive a physics-
based novel mathematical model for the show-through effect.
We follow a probabilistic approach to explain the scattering
of photons in the scanning setup of document-backing sys-
tem. The show-through model, i.e., the relationship between
the reflectances of the two sides of the printed document
is then derived using the various components of the photon
fluxes emerging from those sides. The model is validated
using practical show-through data. Finally, the effectiveness
of our model is tested by applying it to show-through correc-
tion. The results of experimental tests demonstrate superior
performance of our model and algorithm when compared to
a well-cited work reported in the literature.
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1 Introduction

In modern times, digitization is a preferred option for the
preservation and archiving of documents. The digitization
process includes the capture of images through scanning the
document of interest. One of the phenomena degrading the
image acquired from scanning is known as the show-through
effect. In the event of scanning duplex printed documents,
the scanned side is often contaminated by an image from
the printing of the opposite side. This occurrence, known as
show-through, does not hinder processing in the case of low
quality scans. But in the application of high quality scans, or
in the case of digitization method like optical character rec-
ognition (OCR), the show-through data can hamper process-
ing. Besides, an image with show-through is also irritating
to the human eye. Higher machine readability and improved
quality of digitized documentation for electronic database is
the major inspiration for the development of show-through
correction techniques.

The show-through effect has been analyzed, and a math-
ematical model representing the phenomenon was derived
in [1]. Based on the model, an adaptive filtering technique
was used in [1] and [2] for the estimation of a point spread
function (PSF). In this process, the back side image was used
as an estimation of noise signal for cleaning the front side.
Similarly, the back side was then cleaned.

The show-through phenomenon was viewed as a Blind
Source Separation (BSS) problem in [3] and [4]. In [3],
the correction was applied through simultaneous estimation
of the separated images of both sides of the document and
the mixing operator. The mean squared error (MSE) fidelity
and total-variation (TV) terms were used yielding a non-
linear mixing model for the images. The optimization of the
images and mixing operator was simplified using the Iterated
Conditional Modes (ICM) optimization method [5]. A new
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show-through effect model was assumed in [4] where the
nonlinear BSS algorithm proposed in [6] was used for the
correction process.

Recently, a wavelet-based show-through correction algo-
rithm was proposed in [7]. This correction process assumed
that, for most images, the wavelets with high-frequency coef-
ficients are likely to be sparsely distributed. The second
assumption was that, the front side mixture component of the
image will be dominant compared to the component of the
opposite side. For documents containing mixture of shaded
images and texts on both sides, the above-mentioned assump-
tions may not hold.

In our previous work [8], we presented an empirical model
for show-through taking into account the limitations of the
model presented in [1]. The cleaning processes was imple-
mented based on the proposed model by calculating the
necessary model parameters from the statistical information
extracted using the joint histogram.

In this paper, we present a novel mathematical model for
show-through. We analyze the scattering of photons in the
scanning system consisting of ink in the form of printing,
paper substrate and the scanner backing. The scattering of
light in printed paper and its effect on the observed reflec-
tance has been studied in [9–13]. We consider the proba-
bilistic approach for light scattering followed in [13] and
extend its concept for the modeling of the show-through
effect. Then, the derived model is verified using practical data
for show-through. Finally, we present a show-through correc-
tion algorithm based on this model. The model parameters are
estimated from the joint histogram.

The rest of this paper is organized as follows. Section
2 introduces the show-through effect in mathematical form
giving insight into how we intend to express the model. Sec-
tion 3 provides a detailed analysis of photon scattering in the
case of show-through and presents the derivation of the math-
ematical model for a specific region. Section 4 extends the
model presented in Sect. 3 for the space varying data of the
scanned document. Section 5 verifies the derived model for
practically obtained show-through data. The show-through
correction algorithm based on the mathematical model is pre-
sented in Sect. 6. The results obtained by the application of
our algorithm is then presented in Sect. 7. Finally, we give our
concluding remarks in Sect. 8. All the necessary derivations
needed for our calculations are presented in the appendices.

2 Problem statement

In scanning of one side of a duplex printed document, often
the printing of the opposite side shows through. This is known
as the show-through effect. Let us consider the two sides of
a duplex printed document as side A and side B as shown
in Fig. 1. The reflectance detected by the scanner head at

Fig. 1 A sample document

side A is RA at a specific region. The region is such that the
corresponding reflectances of both the sides are space invari-
ant. The original reflectance (R0

A) of side A is contaminated
by the reflectance of side B (R0

B) and thus forms the show-
through affected reflectance RA. Here, R0

A is the reflectance
found at the scanner head of side A when there is no printing
on side B and R0

B is that of side B.
Mathematically, the show-through corrupted reflectance

observed at the scanner head at side A (RA) would be depen-
dent on R0

A and R0
B , i.e.,

RA = f A
st (R0

A, R0
B) (1)

where, f A
st (·) is the function incorporating the effect of show-

through for side A. Here, the subscript ‘st’ denotes “show-
through”. Similarly, the reflectance observed at the scanner
head at side B (RB) would be,

RB = f B
st (R0

B, R0
A) (2)

where, f B
st (·) is the function associating the show-through

effect for side B.
In this paper, we explain the effect of show-through and

derive expression relating RA to R0
A and R0

B . A similar
expression for RB is also given. These relationships are fit-
ted in practical show-through corrupted data to validate our
model. Finally, this model is applied to correct show-through
and thus strengthen the validity of the model.

3 Model derivation

Figure 2 demonstrates the basic geometry of the surfaces of
the two sides for a specific region of a printed paper sub-
strate. In Fig. 2, the surface of the region selected for side A
is partitioned into two subsets:

1. �1A is the set of localities under the ink dots, showed
as the shaded portions in the diagram.
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Fig. 2 The halftone image of the specific region of the two sides

2. �2A is the portions between the ink dots, i.e., �2A refers
to the localities of bare paper in the specified region.

Similarly, we get two subsets in the corresponding selected
region of side B, marked as �1B and �2B in Fig. 2. These
subsets of the specified region can be related as,

Area of (�1m)

Area of (�2m)
= fm

1 − fm
, m = A, B (3)

Here, f A and fB are the dot percentages of side A and side
B, respectively.

For the derivation of a show-through model, we extend
the concept and method used in [13]. We intend to find the
reflectance (RA) of side A as seen by the scanner. For calcula-
tion purposes, we consider a region of the page for which the
reflectance is constant in both the sides, i.e., the dot percent-
ages of the two sides do not have space variation in the spe-
cific region. Finally, after deriving a relationship among the
reflectances for the specific region, we will assume the reflec-
tances to be space variant (i.e., varying in different regions of
the paper) and express a general relation for the whole page.

Reflectance of an object is defined as the ratio of the light
intensity reflected to the light intensity incident on the surface
of the object. In terms of photons, the reflectance is the ratio
of the reflected photon flux to the incident photon flux. Con-
sider the setup for scanning side A of a document as shown
in Fig. 3. The photon flux incident on the surface of side A
from the source is I0. The average photon flux emitting from
the region, conforming to our criteria, of this surface is JA.
Therefore, the reflectance of the region of side A is,

RA = JA

I0
(4)

Fig. 3 A setup for scanning side A

Now, we can divide JA into two components: JAA and
JAB . JAA is the component of photon flux JA without taking
into account any interaction of side B. JAB is the component
of photon flux JA incorporating only the effect of side B.
Therefore,

JA = JAA + JAB (5)

Using (4) and (5), we have,

RA = JAA

I0
+ JAB

I0

= RAA + RAB (6)

Here, RAA is the self-reflectance of side A, defined as the
component of RA without taking into account the effect of
side B. Again, RAB is the cross-reflectance of side A, which is
the component of RA incorporating only the effect of side B.

The calculation and derivation for the model is organized
as follows:

1. In the first step of our calculations, we determine the
different photon flux components relating to the show-
through phenomenon. As shown in Figs. 4, 5 and 6, this
is done in three phases:

(a) In phase 1 of this step, we calculate JAA and the
photon flux JB transmitted through to side B.

(b) In phase 2 of this step, we calculate the net photon
flux I c

B incident on side B.
(c) In phase 3 of this step, we calculate the photon

flux JAB that is reflected back to the scanner head
from the backing through side B.

2. In the second step, we determine all the required reflec-
tances using the derived expressions of the photon fluxes
in the first step. Finally, we establish relationship among
the reflectances and present the mathematical model for
show-through.

Before, we move onto the calculations of the photon flux,
let us define all the probability terms that we would be using
in the expressions:
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Fig. 4 The photon fluxes: JAA and JB

Fig. 5 The cumulated photon flux emitting from side B

1. The Point Spread Function (PSF), p(rm, rn) is the joint
probability of photons striking any arbitrary point at
position rm of �m and exiting from the paper substrate
at position rn of �n . Here, m, n = 1A, 2A, 1B or 2B.

2. P(m) is the probability of photon striking the substrate
in �m .

3. P(m, n) is the joint probability of photon striking the
substrate in �m and emerging from �n .

4. m Pn is the conditional probability of photons emerging
from �n given that the photons struck the substrate in
�m .

3.1 Calculation of the photon fluxes JAA and JB

For the derivation of the show-through effect model, we fol-
low a probabilistic approach in representing the scattering of

Fig. 6 Transmission of photon flux from side B

photons in the substrate paper. Therefore, we would obtain
expressions of the different photon fluxes and their constitu-
ent components having corresponding probability terms. In
this Section, we relate JAA and JB to the probability func-
tions and other characteristic parameters of the printed doc-
ument.

The photon flux incident on side A is I0. As shown in Fig.
4, a fraction of this flux is reflected as JAA, another fraction
is transmitted through to side B as JB and the rest is absorbed
in the paper and ink. The photon flux JAA can be split up into
two components as,

JAA = J p
AA + J i

AA (7)

Here, J p
AA is the component of JAA emerging from the paper

substrate, i.e., from �2A and J i
AA is the component of pho-

ton flux emerging from the localities of the ink dots marked
as �1A. The photon flux components J p

AA and J i
AA are the

fluxes observed from a microscopic point of view because,
for these cases, we consider the microscopic localities �1A

and �2A in our selected region of the document. The mac-
roscopic photon flux JAA is the photon flux yielding from
the average of the microscopic flux components.

The microscopic photon fluxes can be further subdivided
into elementary components. In the sequel, these elemen-
tary photon flux components will be denoted by m Jn , where
m, n = 1A, 2A, 1B or 2B. Here, m Jn is the flux component
entering through �m and exiting from �n .

Now, J p
AA consists of two photon fluxes: 1A J2A and

2A J2A. We can express these elementary photon fluxes as,

1A J2A = I0 f ATi A(1A P2A)

2A J2A = I0(1 − f A)(2A P2A)

}
(8)

123

SIViP (2012) 6:625–645628



where, Ti A is the transmittance of ink on side A. Similarly,
the elementary components 1A J1A and 2A J1A of J i

AA are
given as follows,

1A J1A = I0 f ATi A(1A P1A)Ti A

2A J1A = I0(1 − f A)(2A P1A)Ti A

}
(9)

Therefore, the microscopic components of JAA in (7) can be
obtained as,

J p
AA = 1A J2A + 2A J2A

= I0[1A P2A f ATi A + 2A P2A(1 − f A)] (10)

and,

J i
AA = 1A J1A + 2A J1A

= I0[1A P1A f AT 2
i A + 2A P1A(1 − f A)Ti A] (11)

In the rest of this section, the photon flux JB transmitted
from side A through to side B is calculated. In this case, the
photon flux is affected by both side A and side B.

Now, the macroscopical value of the photon flux emerging
from side B can be expressed as,

JB = I0 χ AB( f A, fB) (12)

where, χ AB( f A, fB) is the transmission ratio for the com-
bined paper and ink system for our concerned region.

3.2 Calculation of the total photon flux incident on side B
(I c

B)

The photon flux JB transmitted through to side B will undergo
multiple reflections between the surfaces of side B and scan-
ner backing as shown in Fig. 5. Therefore, there would be
a cumulated photon flux incident on side B. In this section,
we account for the multiple reflections and determine the net
photon flux I c

B incident on side B.
For a backing of reflectance Rb, the photon flux JB will be

reflected back to the paper substrate with the value of Rb JB .
This photon flux will be reflected from side B giving a pho-
ton flux of JB B1. This photon flux will have two microscopic
components: J p

B B1 and J i
B B1. Now, with the light source of

flux Rb JB , using the similar concept used in the preceding
section, we have,

J p
B B1 = Rb JB [ fB Ti B(1B P2B) + (1 − fB)(2B P2B)]︸ ︷︷ ︸

βp

(13)

J i
B B1 = Rb JB

[
fB T 2

i B(1B P1B) + (1 − fB)Ti B(2B P1B)
]

︸ ︷︷ ︸
βi

(14)

Therefore, the first reflected photon flux JB B1 of JB from
side B is,

JB B1 = J p
B B1 + J i

B B1

= Rb JB
(
βp + βi

)
= Rb JB RB B (15)

Here, RB B is called the self-reflectance of side B. The
self-reflectance of side B, defined as the component of the
observed reflectance of side B (RB) without taking into
account the effect of side A, is given by,

RB B = JB B1

Rb JB
= βp + βi (16)

Similarly, JB B1 will be reflected again from the backing as
Rb JB B1 and it will be reflected from side B as JB B2. Then,

JB B2 = (Rb JB B1)RB B

= JB (Rb RB B)2 (17)

The kth reflected photon component toward the scanner back-
ing is,

JB Bk = JB(Rb RB B)k (18)

Now, taking into account all the photon flux emerging from
the surface of side B, the cumulated photon flux emerging
from side B is given by,

J c
B B = JB +

∞∑
k=1

JB Bk

= JB + JB

∞∑
k=1

(RB B Rb)
k

= JB

[
1 +

∞∑
k=1

(RB B Rb)
k

]

= JB Rc
B B (19)

where,

Rc
B B =

[
1 +

∞∑
k=1

(RB B Rb)
k

]

= 1

1 − RB B Rb
(20)

is the cumulated reflectance component of side B, taking into
account only the effect of side B.

Incorporating all photon fluxes incident on side B, the
cumulated photon flux incident on side B is given by,

I c
B = Rb J c

B B (21)
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Using (12), (19) and (21), the cumulated photon flux inci-
dent on side B (I c

B) can be expressed as,

I c
B = Rb J c

B B

= Rb JB Rc
B B (22)

= Rb Rc
B B I0χ AB( f A, fB) (23)

3.3 Calculating JAB

JAB is the photon flux emerging from side A due to only
the photons reflected from the scanner backing through the
paper. The net flux incident on side B, I c

B , acts as a source
for the transmitted photon flux, JAB , from side B to side A.
This is shown in Fig. 6. Using a similar concept of (12), JAB

can be expressed as,

JAB = I c
Bχ AB( f A, fB) (24)

= Rb Rc
B B I0χ

2
AB( f A, fB) [using (23)] (25)

Now that we have found the expressions for the necessary
photon fluxes, we can begin the calculations for determining
the reflectances. Before moving onto the next step, we find
the relationships between PSFs and the probability functions,
which will assist in expressing the reflectances in compact
forms. The following subsection is intended for this purpose.

3.4 Relationships between PSFs and the probability
functions

In this Subsection, we relate the average PSFs to the condi-
tional probability functions. Then, the relationships among
the conditional probability functions are presented. These
relationships would reduce the number of probability func-
tions in our expressions and enable us to present the expres-
sions for photon fluxes in a more compact form.

The area of both the sides corresponding to the specific
region is equal, i.e.,

area of �A = area of �B (26)

∴ (area of �1A) + (area of �2A)

= (area of �1B) + (area of �2B) (27)

Therefore, we have, the average PSFs,

pA = 1

f A(1 − f A)

∫
�1A

∫
�2A

p(r1A, r2A)dσ1 dσ2 (28)

pB = 1

fB(1 − fB)

∫
�1B

∫
�2B

p(r1B, r2B)dσ1 dσ2 (29)

p11 = 1

f A fB

∫
�1A

∫
�1B

p(r1A, r1B)dσ1 dσ2 (30)

p12 = 1

f A(1 − fB)

∫
�1A

∫
�2B

p(r1A, r2B)dσ1 dσ2 (31)

p21 = 1

(1 − f A) fB

∫
�2A

∫
�1B

p(r2A, r1B)dσ1 dσ2 (32)

p22 = 1

(1 − f A)(1 − fB)

∫
�2A

∫
�2B

p(r2A, r2B)dσ1 dσ2

(33)

The average PSFs are assumed to be constants independent
of the dot percentages of side A and side B (i.e., f A and
fB). The elementary photon flux entering through �1A and
exiting from �2A is,

1A J2A = I0Ti A

∫
�1A

∫
�2A

p(r1A, r2A)dσ1 dσ2

= I0Ti A f A(1 − f A)pA (34)

Similarly,

2A J1A = I0Ti A

∫
�2A

∫
�1A

p(r2A, r1A)dσ1 dσ2

= I0Ti A f A(1 − f A)pA (35)

Using (8) and (34), (9) and (35), we get,

1A P2A = pA(1 − f A)

2A P1A = pA f A

}
(36)

and, similarly, for side B,

1B P2B = pB(1 − fB)

2B P1B = pB fB

}
(37)

Thus far, we have established the relationships among the
corresponding conditional probability functions through the
dot percentages and the average PSFs.

3.5 Calculating the reflectances

From (6), (7), (10) and (11), we have,

RAA = JAA

I0

= (1A P1A)T 2
i A f A + 2 f A(1 − f A)pATi A

+(2A P2A)(1 − f A) (38)

Using (6) and (25), we obtain the compact form of RAB as,

RAB = JAB

I0

= Rb Rc
B Bχ2

AB( f A, fB) (39)

As shown in Appendix A, the transmission ratio of the com-
bined paper and ink system of our concerned region can be

123

SIViP (2012) 6:625–645630



expressed as,

χ AB( f A, fB) = Tw[1 − f A(1 − Ti A)][1 − fB(1 − Ti B)]
(40)

For unprinted (white) side B, fB = 0. In this particular con-
dition, there is no show-through data from side B to side A.
Now, we define R0

AB as the value of the reflectance RAB when
there is no printing on side B, i.e., when fB = 0. Therefore,
using (39) and (40), we have,

R0
AB = (RAB | fB = 0)

= Rb Rc0
B Bχ2

AB( f A, fB = 0)

= Rb Rc0
B B T 2

w [1 − (1 − Ti A) f A]2

= Rw
AB [1 − (1 − Ti A) f A]2 (41)

Here, the term Rw
AB = Rb Rc0

B B T 2
w is a constant and depends

on material properties of the paper and scanner backing. Tw is
the transmittance of white paper and Rc0

B B = (Rc
B B | fB = 0).

Now, from the calculations done in Appendix B, the con-
ditional probabilities relating to the photon scattering on side
A can be expressed as functions of f A as given below,

1A P1A = P(1A,1A)
f A

= pA f A + (Rw
AA − pA)

2A P2A = P(2A,2A)
1− f A

= −pA f A + Rw
AA

1A P2A = P(1A,2A)
f A

= −pA f A + pA

⎫⎪⎬
⎪⎭ (42)

We can now replace the conditional probabilities 1A P1A,

2A P2A and 1A P1A with expressions containing f A and
the constants pA and Rw

AA. Here Rw
AA is the value of the

reflectance RAA when there is no printing on side A, i.e.,
Rw

AA = (RAA|( f A = 0)). From (38) and (42), we get,

RAA = (1A P1A)T 2
i A f A + 2 f A(1 − f A)pATi A

+(2A P2A)(1 − f A)

= [pA f A + (Rw
AA − pA)]T 2

i A f A

+2 f A(1 − f A)pATi A

+(−pA f A + Rw
AA)(1 − f A)

= −(1 − f A) f A pAT 2
i A + f A Rw

AAT 2
i A

+2 f A(1 − f A)pATi A − (1 − f A) f A pA

+(1 − f A)Rw
AA

= f A Rw
AAT 2

i A + (1 − f A)Rw
AA

− f A(1 − f A)pA(1 − Ti A)2 (43)

We define R0
A as the value of the reflectance RA when there

is no printing on side B, i.e., when fB = 0. Therefore, using
(6), (41) and (43),

R0
A = (RA| fB = 0)

= ((RAA + RAB)| fB = 0)

= RAA + R0
AB (44)

= Rw
A [ f AT 2

i A + (1 − f A)]
−(1 − f A) f A(1 − Ti A)2(pA + Rw

AB)

= f A Rw
A T 2

i A + (1 − f A)Rw
A

−(1 − f A) f A(1 − Ti A)2kp A

= Rw
A − Rw

A (1 − T 2
i A) f A − f A(1 − Ti A)2kp A

+ f 2
Akp A(1 − Ti A)2 (45)

where, kp A = (pA + Rw
AB) is a constant that depends on the

properties of the page. Here, Rw
A is the white paper reflec-

tance of side A. The reflectance observed at the scanner head
at side A would be Rw

A if there were no printing on either
sides of the document, i.e.,

Rw
A = (RA|( f A = 0, fB = 0))

= ((RAA + RAB)|( f A = 0, fB = 0))

= Rw
AA + Rw

AB (46)

Similarly, we can define white paper reflectance of side B,
Rw

B .
As shown in Appendix C, the solution for (45) with respect

to f A is given by,

f A =
b1 −

√
b2

1 − 4a1c1

2a1
(47)

where,

a1 = kp A(1 − Ti A)2

b1 = Rw
A (1 − T 2

i A) + (1 − Ti A)2kp A

c1 = Rw
A − R0

A

⎫⎬
⎭

Similarly, for side B,

fB =
b2 −

√
b2

2 − 4a2c2

2a2
(48)

where,

a2 = kpB(1 − Ti B)2

b2 = Rw
B (1 − T 2

i B) + (1 − Ti B)2kpB

c2 = Rw
B − R0

B

⎫⎬
⎭

where, kpB = (pB + Rw
B A) is a constant similar to kp A.
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Substituting the value of χ AB( f A, fB) from (40) into (39),
RAB can be expressed as,

RAB = Rb Rc
B Bχ2

AB( f A, fB)

= Rb Rc0
B B T 2

w

Rc
B B

Rc0
B B

×[1 − f A(1 − Ti A)]2[1 − fB(1 − Ti B)]2

= Rw
AB

Rc
B B

Rc0
B B

[1 − f A(1 − Ti A)]2[1 − fB(1 − Ti B)]2

(49)

where, Rw
AB = Rb Rc0

B B T 2
w. The term [1 − f A(1 − Ti A)]2 can

be expressed as a linear function of R0
A and f A using (45).

Rearranging (45), we have,

[1 − f A(1 − Ti A)]2 = 1

kp A
[−(Rw

A − R0
A)

+ f A(1 − T 2
i A)(−kp A + Rw

A ) + kp A]
= 1

kp A
R0

A − (1 − T 2
i A)

(
1 − Rw

A

kp A

)
f A

+
(

1 − Rw
A

kp A

)

= μ1A R0
A + μ2A f A + μ3A (50)

Here, μ1A, μ2A and μ3A are constants that depend on the
page and ink properties of side A. They are given by,

μ1A = 1

kp A

μ2A = −(1 − T 2
i A)

(
1 − Rw

A
kp A

)
μ3A =

(
1 − Rw

A
kp A

)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(51)

Using (44) in (6), we have,

RA = RAA + RAB

= R0
A − R0

AB + RAB (52)

In (52), we intend to express R0
AB and RAB in terms of

R0
A, R0

B, f A and fB .
Therefore, using (41) and (49), we obtain the expression

of RAB given by,

RAB = R0
AB

Rc0
B B

Rc
B B[1 − fB(1 − Ti B)]2 (53)

Using (41) and (50), R0
AB can be expressed as,

R0
AB = Rw

AB[1 − f A(1 − Ti A)]2

= Rw
AB(μ1A R0

A + μ2A f A + μ3A) (54)

Before substituting RAB and R0
AB into (52), we present a

relation similar to (50) for side B as,

[1 − fB(1 − Ti B)]2 = μ1B R0
B + μ2B fB + μ3B (55)

where,

μ1B = 1

kpB

μ2B = −(1 − T 2
i B)

(
1 − Rw

B
kpB

)
μ3B =

(
1 − Rw

B
kpB

)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(56)

Using (52) and (53), the reflectance observed at the scanner
head at side A can be expressed as,

RA = RAA + RAB

= R0
A − R0

AB + R0
AB

Rc0
B B

Rc
B B[1 − fB(1 − Ti B)]2

= R0
A − R0

AB

[
1 − Rc

B B

Rc0
B B

[1 − fB(1 − Ti B)]2

]
(57)

This equation can be further processed by replacing the terms
R0

AB and [1 − fB(1 − Ti B)]2 by the corresponding expres-
sions containing the terms R0

A, f A and R0
B, fB . Finally,

using (54) and (55) in (57), we get,

RA = R0
A − Rw

AB(μ1A R0
A + μ2A f A + μ3A)

×
[

1 − Rc
B B

Rc0
B B

(μ1B R0
B + μ2B fB + μ3B)

]
(58)

Here, RA can be expressed in terms of R0
A and R0

B , by
substituting the expressions of f A and fB given in (47) and
(48).

It is possible to simplify (58) if we assume that pA ≈ Rw
AA

and pB ≈ Rw
B B which results, μ2A = μ3A = μ2B = μ3B =

0. Now, pA is the fraction of photon flux that would be emerg-
ing from �1A and �2A taking into account only the effect
of side A and with Ti A = 1 (i.e., no ink dot on �1A). This
should be a measure of the self-reflectance of unprinted side
A Rw

AA, providing the logic behind our assumption. The same
logic can be stated for side B.

Therefore, applying this assumption, we can simplify (58)
to the following form,

RA = R0
A − Rw

AB

(
R0

A

Rw
A

) [
1 − Rc

B B

Rc0
B B

(
R0

B

Rw
B

)]
(59)

where, Rc
B B is dependent on side B reflectance R0

B as,

Rc
B B = 1

1 − R0
B

(
1 − Rw

AB
Rw

B

)
Rb

(60)

From (59) and (60) we can see that, as the side B reflec-
tance R0

B increases, Rc
B B increases and the side A reflectance

RA also increases. Similarly, RA decreases with the decrease
in R0

B .
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The reflectance observed at the scanner head at side B can
similarly be expressed as,

RB = R0
B − Rw

B A

(
R0

B

Rw
B

)[
1 − Rc

AA

Rc0
AA

(
R0

A

Rw
A

)]
(61)

where, Rc
AA is dependent on side A reflectance R0

A as,

Rc
AA = 1

1 − R0
A

(
1 − Rw

B A
Rw

A

)
Rb

(62)

It is to be noted that Rw
AB, Rc

B B and Rc0
B B in (59) depend

on the reflectance of the scanner backing (Rb). In fact, Rw
AB

is proportional to Rb and thus the presented formulation ide-
ally shall not predict any show-through in the case when the
scanner backing is black (Rb = 0). This is due to the fact that
the scattering of photons from the inner surface of side B has
been neglected for the derivation of the expression for RA.
But, as for most practical cases, when Rb is high, the reflec-
tance component due to the scattering of photons from the
inner surface of side B will be negligible compared to other
components. Thus, the expressions presented here are valid
for most of the practical cases with bright scanner backing
(Rb � 0.8).

4 Model for space varying data

In Sect. 3, we have derived a model for mathematical repre-
sentation of the show-through effect. The expressions hold
for the specific region where the reflectances of both the sides
corresponding to that region are space invariant. Therefore,
by segmenting a whole document into such regions, we can
establish the show-through effect in mathematical form for
the complete document.

Now, let us consider the case when we scan any side of an
arbitrary duplex printed document to obtain a digital form.
The acquired digital form of the page will be divided into
pixels. In most of the practical applications, the scanning
resolution is lower than the printing resolution. Therefore,
the microscopic geometric structure will not be visible in the
digital version of this page. The pixels in this page give a
macroscopic value of the reflectance and, as these pixels are
small in size, we can assume that the pixel region conforms
to the conditions applied to the specific region selected for
our model. Thus, for the (m, n)th pixel of side A, we can
write (59) as,

RA(m, n) = R0
A(m, n) − Rw

AB

(
R0

A(m, n)

Rw
A

)

×
[

1 − Rc
B B(m, n)

Rc0
B B

(
R0

B(m, n)

Rw
B

)]
(63)

where, Rc
B B(m, n) varies with side B reflectance R0

B(m, n)

as,

Rc
B B(m, n) = 1

1 − R0
B(m, n)

(
1 − Rw

AB

Rw
B

)
Rb

(64)

Here, all the reflectance values are in the range 0 to 1. The
reflectances R0

A and R0
B are the show-through unaffected or

show-through corrected reflectances. We would get a similar
set of expressions for side B.

Another phenomenon associated with the show-through
effect is blurring. In some cases, image or text edges are
blurred when they show-through from the opposite side. To
incorporate this effect, we need to consider the scattering of
photons from one specific region (that conforms to our con-
ditions) to another. For simplicity, we ignore blurring in this
paper.

5 Verification of the derived model

In this section, we validate the derived model by fitting it
to the data of a practical show-through affected document.
Consider an A4 sized page with printing on only side A. The
printed side of the page consists of blocks with shades of gray
of different intensities. Figure 7 shows the scanned images of
the two sides of the test document. The side B has been ver-
tically reflected. The blocks printed on side A shows through
on side B as seen in Fig. 7b.

Now, each of the blocked regions of the two sides has
been marked as rk , where k = 1, 2, . . . 10. Here, the region
rk is darker compared to rk+1. Due to nonuniformity in print-
ing, the reflectance of a certain region, rk , on side A will not
be constant. Similarly, the blocks will not show through uni-
formly on side B. Therefore, we take the average reflectances
for each region:

Rav
A (k) = average{RA(m, n)} for region rk (65)

Rav
B (k) = average{RB(m, n)} for region rk (66)

The white paper reflectance of both the sides (e.g., Rw
A and

Rw
B ) are calculated by averaging the reflectances of a region

with no printing on either side. Now, as there is no printing
on side B, the actual or corrected reflectance (R0

B) would
be equal to the white paper reflectance. Therefore, we set
R0av

B (k) = Rw
B , for all k.

Now, as there is no printing on side B, the reflectance
scanned at side A (RA) would be the show-through free reflec-
tance (R0

A). Therefore, we can write, R0av
A (k) = RA(k).

For this test document, we have thus far determined the
following values:

1. The reflectances for side A: R0av
A (k).
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Fig. 7 Test Document: Blocks of varying intensity shades on one side of the page

2. The reflectances for side B: Rav
B (k) and R0av

B (k).
3. The white paper reflectances of the two sides: Rw

A and
Rw

B .

Now, in the model expressions for side B, (61) and (62), we
observe that we have two unknown parameters: Rb and
Rw

B A. These two parameters are assumed to be constants for
the whole side B. We, therefore, fit our model, (61) and (62),
in the calculated data

(
Rav

A (k) , Rav
B (k), R0av

B (k), Rw
A and

Rw
B

)
of the document and determine the unknowns (Rb and

Rw
B A).
Figure 8 presents the plot of Rav

B (k) versus R0av
A (k) for the

current data set. As we can see, the model generated curve
using the estimated parameters follows the scanned data. The
curve fitting process yielded the following values of the two
unknown parameters:

1. Rb = 0.9638
2. Rw

B A = 0.0724

which are practically acceptable. Here, the reflectance of the
scanner backing Rb is very high (close to unity), which is
obvious. And, Rw

B A has a small value, contributing very little
to the white paper reflectance of side B (Rw

B ). The major
contribution to Rw

B is from Rw
B B(= Rw

B − Rw
B A).
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A
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R
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)

experimental data
best fit using
derived model

Fig. 8 Curve fitting using the derived model in practical data

6 Show-through correction algorithm

In this section, we present a show-through correction algo-
rithm based on the derived model and by using the informa-
tion extracted from the joint histogram.

For show-through correction using the proposed method,
the parameters required to be calculated are the white paper
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reflectances Rw
A and Rw

B of side A and side B, respectively,
the reflectance of the scanner backing (Rb) and, the cross-
reflectance of white paper for side A and side B (i.e., Rw

AB
and Rw

B A, respectively). These are calculated by using the
data extracted from logically defined points (referred to as
tracks) on the joint histogram as described below.

6.1 The joint histogram

The joint histogram formed from the scans of the two sides of
an arbitrary image is shown in Fig. 9. Here, the amplitude, z,
of the point (x, y) indicates that there are z number of pixels
of reflectance y (of side B) exactly opposite to the pixels of
reflectance x (of side A). The points on the joint histogram
with z = 0 indicate that the images do not jointly contain the
corresponding reflectances (x, y). Then, the joint histogram
is smoothed as shown in Fig. 10 using the wavelet coefficient
thresholding technique for further processing.

6.2 Smoothing the joint histogram

The joint histogram needs smoothing for further processing.
Only the relative amplitudes of the peaks are required to be
the same. But the major peaks on the joint histogram should
retain their original positions after smoothing. Any appro-
priate smoothing technique following the above-mentioned
criterion may be used. We choose wavelet coefficient thres-
holding technique for this purpose.

If the thresholding process is done on the surface shown
in Fig. 9, there will be some unwanted edge effects, which
will damage some of the information of the joint histo-
gram. Therefore, to avoid the contamination of the edge arti-
facts, zero is padded around the joint histogram. We perform
3-level 2-D discrete stationary wavelet transform. All the

Fig. 9 The joint histogram of an arbitrary image

Fig. 10 Tracks for calculating transfer functions
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Fig. 11 Simplified diagrams of the tracks: a Simplified form of PA,
b simplified form of PB

details of the 3 levels are set to zero and then the surface is
reconstructed. The padded zeros are removed. The resulting
joint histogram surface is shown in Fig. 10.

6.3 Determining the tracks

In the joint histogram of Fig. 10, the nonzero amplitudes
(i.e., z > 0) of the brightest value (high reflectance) on side
A, which are associated with the dark (low reflectance) pixels
of side B (say, x > xH and y < yL ), will correspond only
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Fig. 12 Proposed
show-through correction
algorithm

to the show-through reflectance from side B to side A. That
is, there is actually printing (text or image) on side B but no
printing on side A, at the pixels fulfilling the above-mentioned
criterion. It means, these pixels are supposed to have reflec-
tance of Rw

A (of side A), as if they had no show-through effect.
As there is no printing on side A for these pixel, the reflec-
tance of side B would be free of show-through. Therefore,
for these pixels, we can set,

R0
A(m p, n p) = Rw

A
R0

B(m p, n p) = RB(m p, n p)

}
(67)

where, (m p, n p) are the pixels having the above specified
reflectance.

Due to the nonuniformity of the paper, all the dark pixels
of side B will not show through to give the same brightness on
the unprinted region of side A. Statistically speaking, instead
of taking the highest reflectance value from side A, we should
take the values corresponding to the peaks in the joint histo-
gram from the brightest region (high reflectances) of side A
associated with a dark (low reflectance) value of side B for
the above calculation. The value chosen from the peaks (high
frequency of pixels) will correspond to the expected values
of our desired reflectances.

Now, we can set similar conditions, as shown in (67), for
all side B reflectances. Using these conditions in (59) and
(60), we obtain the following set of expressions ∀(R0

B =
yp A), given by,
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Fig. 13 Show-through corrupted document (1st example): a side A, b side B

RA = Rw
A − Rw

AB

[
1 − Rc

B B

Rc0
B B

(
R0

B

Rw
B

)]
(68)

and,

Rc
B B = 1

1 − R0
B

(
1 − Rw

AB

Rw
B

)
Rb

(69)

For the above calculations, the points chosen are given by
the locus of PA(x p A, yp A, z p A) in the smoothed joint his-
togram as shown in Fig. 10. In (68) and (69), the unknown
parameters for side A are:

1. The white paper reflectances of the two sides: Rw
A and

Rw
B .

2. The reflectance of the scanner backing (Rb).
3. The cross-reflectance of white paper for side A (Rw

AB).

Rw
A and Rw

B are determined from the joint histogram and
then Rb and Rw

AB are calculated using the set of expressions
∀(R0

B = yp A), given in (68) and (69).
Similarly, the locus of PB(x pB, ypB , z pB) is determined

for estimating parameters for side B. We refer the loci, PA and
PB as the tracks on the joint histogram. These tracks will be
used to estimate the white paper reflectance (to be explained
in Sect. 6.4) and the reflectances Rb, Rw

AB and Rw
B A (to be

explained in Sect. 6.5).

6.4 Estimating white paper reflectances: Rw
A and Rw

B

The peak Rw
pp(x H

p , yH
p , zH

p ), as shown in the joint histogram
of Fig. 10, corresponding to the brightest regions of both the
sides, can be used to calculate the white paper reflectance.
But practically, the white paper is not uniform. Therefore,
it would have a lot of pixels in its scanned image having
reflectances below and over x H

p (or yH
p ).
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Fig. 14 Comparative results on show-through correction (from 1st example)

Fig. 15 a Image distorted by
show-through, b results obtained
using the proposed method
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Pixels having higher reflectances than the estimated white
paper reflectance are assumed to be white (unprinted).
Hence, to consider larger number of pixels with reflectance
values near x H

p (or yH
p ), as white, we should take the white

paper reflectance to be less than x H
p (or yH

p ). Besides, human
eye is more sensitive to contrast of light with brighter inten-
sities [14]. An overestimated white paper reflectance would
result in a visibly poor show-through corrected image with
bright patches in the corrected regions.

For the calculation of the frontside white paper reflectance
(Rw

A ), we follow the track for side B, i.e., PB(x pB, ypB , z pB)

mentioned in Sect. 6.3. Let the highest peak in the brightest
region of the track be given by the point HB(x H

pB, yH
pB , zH

pB).
Simplified plots of these tracks, PA and PB, are shown

in Fig. 11. Figure 11b shows the frequency of pixels (z pB)
versus the side A reflectances (x pB) on the locus PB of the
joint histogram. Now, in Fig. 11b we locate the frequency
of the pixels given by zH

pB × γ going from HB toward the

darker region, i.e., x pB < x H
pB . At this point, we get Rw

A .
Here, γ < 1. Rw

A is chosen in this manner so that the bright-
est pixels which occur in high frequencies are incorporated
in the calculation of Rw

A .
In a similar manner, white paper reflectance for side B

(Rw
B ) is calculated using the plot in Fig. 11a.

6.5 Calculating the reflectance of scanner backing and the
cross-reflectances

The white paper reflectances Rw
A and Rw

B has been deter-
mined as explained in the previous subsection. Therefore, in
(68) and (69), the reflectance of the scanner backing (Rb)

and the cross-reflectance of white paper of side A (Rw
AB), are

to be obtained. We find the values of Rb and Rw
AB such that

the error between (x p A, yp A) and (RA, R0
B)∀(R0

B = yp A)

is minimized. The set of points (RA, R0
B)∀(R0

B = yp A) is
found from (68) and (69).

Similarly, the cross-reflectance of white paper of side
B (Rw

B A) is calculated using the track of side B, i.e.,
PB(x pB, ypB , z pB), and the expressions for side B similar
to (68) and (69). For better results, Rb is calculated again for
the correction process of side B.

6.6 Cleaning the image

The necessary parameters Rw
A , Rw

B , Rw
AB and Rb in the model

expressions of (63) and (64) have been determined in the pre-
vious sections. We use RB(m, n) as an estimate of R0

B(m, n)

and find the show-through corrected reflectance of side A
(R0

A(m, n)) using (63) and (64). The calculated reflectances
having values higher than the white paper reflectance (Rw

A )
are then thresholded down to Rw

A . The show-through correc-
tion from side B is done in a similar manner.

Fig. 16 a Image distorted by show-through, b results obtained using
the proposed method

The rationale behind our assumption of RB(m, n) being
an estimate of R0

B(m, n) is explained through the following
cases:

1. Both RA(m, n) and RB(m, n) have low values, i.e.,
the (m, n)th pixel of both the sides are dark: For this
condition, as R0

B(m, n) is already low (dark pixel), it
is obvious that the reflectance of this pixel will not be
significantly lowered due to show-through. Therefore,
we can use RB(m, n) as an estimate of R0

B(m, n) with
a very little error. Besides, the weighting of the error is
further reduced due to the fact that R0

A(m, n) is also low.
As seen in (63) and (64), the terms containing R0

B(m, n)

is multiplied by R0
A(m, n) which is also low in this case.

2. RA(m, n) > RB(m, n), i.e., the side B reflectance of
the (m, n)th pixel is darker compered to the corre-
sponding side A reflectance: In this case, the bright
pixel of side A is expected to have negligible contribu-
tion in lowering the already-low R0

B(m, n), i.e., dark-
ening the dark side B pixel. Therefore, we can assume
RB(m, n) to be a good estimate of R0

B(m, n) in this case.
3. RA(m, n) < RB(m, n), i.e., the side B reflectance of

the (m, n)th pixel is brighter compered to the cor-
responding side A reflectance: In this case, R0

B(m, n)

has been significantly lowered to the value RB(m, n) as
there is a strong provision for show-through to bright
side B pixel from the darker side A pixel. But, as
explained in the first case, the effect of the erroneous
estimation of R0

B(m, n) will be suppressed by the low
value of R0

A(m, n).
4. Both RA(m, n) and RB(m, n) have high values, i.e.,

the (m, n)th pixel of both the sides are bright: For
this condition, the show-through occurs to a very low
extent for either of the sides. Therefore, in this case,
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Fig. 17 Show-through corrupted document (2nd example): a side A, b side B

we can estimate RB(m, n) to be an approximation of
R0

B(m, n).

Therefore, as explained above, our use of RB(m, n) as an
estimate of R0

B(m, n) will not hinder the show-through cor-
rection process.

The complete show-through correction algorithm is sum-
marized in a flow diagram given in Fig. 12.

7 Experimental results

In this section, we present show-through corrected results to
demonstrate the effectiveness of the proposed mathematical
model and compare its performance with that of [1]. The
methods were tested for 8 pair of scanned data of duplex
printed documents. A total of 3 types of papers were there all
together. The documents were composite of both texts and
images.

In actual applications, if an automatic document feeder
is utilized for scanning the page in duplex mode, the rela-
tive alignment between the images on the two sides can be
obtained from the feeder’s geometry and the detected paper
edges. Alternately, techniques from image registration [15],
[16] may be adopted for aligning the images. A two-stage
hierarchical alignment technique, which can efficiently and
accurately align the two sides of a document, has been pre-
sented in [17]. For our test purposes, side A and the side B
are assumed to be perfectly aligned in all cases.

We present here some cropped results from only two pair
of the data sets to avoid redundancy of similar results. Other
test results, could be found on the website: http://sites.google.
com/site/showthroughmodel/.

Figures 13a,b show the show-through contaminated ver-
sion or the original states of the scanned documents. The
images were scanned from 8′′ × 10.5′′ size pages, with a
scanning resolution of 300 dpi. These images were processed
using our proposed algorithm and [1]. For the simulation of
our proposed algorithm, we chose xH = 170, yL = 70 and
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Fig. 18 Comparative results on show-through correction (from 2nd example)
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γ = 0.9. For the adaptive filtering method in [1], the step-
size, μ = 0.8 × 10−3 and a filter-size of [11 × 11] were
selected.

Some regions of the show-through corrected images are
selected for illustration. Figure 14a shows the comparison
between the results obtained by our method and the adaptive
filter method of [1]. Figure 14a shows the selected regions
from the scanned image of Fig. 13a. Figures 14b,c show the
results obtained by the proposed method and the method of
[1], respectively. As marked in Figs. 14ci and cii, the image
has been damaged while correcting for show-through noise
using the algorithm of [1]. In these cases, the adaptive filter
coefficients yielded overestimated PSF values. On the other
hand, our proposed method yields visibly much improved
results as can be seen in Figs. 14bi and bii.

Figures 15 and 16 show results obtained by our pro-
posed method for some more selected regions of the scanned
images. Almost no artifact of cleaning process is visible at
actual size of the images for this data set.

The last set of images deserve special annotation.
Figure 15a shows a portion of the side A document, which
contains image and text on the side A as well as on the cor-
responding side B. Figure 15b shows the results. Here, we
can clearly see the effectiveness of the proposed algorithm
in such a complicated situation.

Figure 16a shows a portion of the document, which is
much simpler than the previous one containing only text on
side A and side B. Figure 16b shows the results of the pro-
posed algorithm in such a case. As evident, the show-through
effect is removed without introducing any visible artifact.

Figures 17a,b show the show-through contaminated ver-
sion or the original states of the side A and side B, respec-
tively, of the 2nd set of scanned documents. The images were
scanned from 8′′ × 10.5′′ size pages, with a scanning reso-
lution of 300 dpi, as before. These images were processed
using our proposed algorithm and [1].

Figure 18 shows comparative results obtained by our
method and that of [1] taken from a selected region of side B
of the 2nd data set. Figure 18a is the show-through corrupted
image. Figure 18b, c show the cleaned image using our tech-
nique and that obtained by applying [1], respectively. The
algorithm of [1] has left noticeable artifacts as clearly visible
in Fig. 18c. On the other hand, the proposed method gives
much better result in this case.

Figures 19 and 20 show results obtained by our proposed
method for some more selected regions of the 2nd data set.
Almost no artifact of cleaning process is visible at actual
size of the images for this data set. In this particular case, the
background of the original image is dark. The show-through
reflectance is not prominently darker than the background as
was the case in the previous example. We need to choose the
white paper reflectance to be high as possible. Therefore, γ

should be high in the present case. We adopted γ = 0.95.

Fig. 19 a Image distorted by show-through, b results obtained using
the proposed method

Fig. 20 a Image distorted by show-through, b results obtained using
the proposed method

A preference-based informal perceptual test was per-
formed to compare the results of our proposed algorithm
to that of [1]. The scanned document, the cleaned document
using our algorithm and [1] were shown to 15 neutral sub-
jects. Each were provided with 10 sets (i.e., 3 documents in
each set) of documents. The observers were asked to identify
the better document from the visual perspective from each
set of data. The results are shown in Table 1. Cleaned images
obtained by using our algorithm were preferred in almost all
cases.
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Table 1 Comparative results of preference test

Preferred (%)

Scanned document 3.33

Cleaned document using the proposed algorithm 94.67

Cleaned document using [1] 2

There was very little or no blurring effect in all the data sets
that were used in the experiments. The proposed algorithm
performs satisfactorily for little or no blurring as observed in
the presented and other experimental results.

8 Conclusions

In this paper, a novel physics-based mathematical model for
show-through has been derived through detailed analysis of
the phenomenon. A probabilistic approach has been adopted
to calculate the scattering of photons in the ink-paper-back-
ing scanning system. The relationship between the reflec-
tances of the two sides of the paper has been established
using the photon fluxes, which have been calculated by tak-
ing into account the effect of both the printed sides of the
document. The mathematical model for show-through is rep-
resented by the above-mentioned relationship between the
reflectances. The model has been verified by showing how
well it follows the practical show-through data. We have
also proposed, a show-through correction algorithm in this
paper where we estimated the model parameters from the
joint histogram formed from the scans of the two sides of
a duplex printed page and then cleaned the scanned docu-
ment using the proposed model. The results of experimental
tests have demonstrated superior performance of our pro-
posed show-through correction technique when compared to
[1] for scans of documents with complex distribution of texts
and shades.

Appendix A: Calculating χ AB( fA, fB)

Consider that the light is incident on side A and is emerging
from side B. The photon flux will pass through as explained
in the following 3 steps:

1. Light is incident on �2A and �1A with probabil-
ities of (1 − f A) and f A, respectively. Therefore,
the light will go through side A whose transmittance
is ((1 − f A) + ( f A)Ti A).

2. Then the light passes through the paper of transmittance
Tw.

3. Finally, the photon flux will go through side B whose
transmittance is ((1 − fB) + ( fB)Ti B).

Therefore, the transmission ratio of the combined ‘paper and
ink system’ of our concerned region can be expressed as,

χ AB( f A, fB) = ((1 − f A) + ( f A)Ti A) × Tw × ((1− fB)+( fB)Ti B)

= Tw [(1 − f A) + ( f A)Ti A] [(1 − fB) + ( fB)Ti B ]

= Tw[1 − f A(1 − Ti A)][1 − fB(1 − Ti B)] (A.1)

Appendix B: Joint and conditional PDFs in terms of fA

and pA

We intend to express the joint Probability Density Functions
(PDFs), P(m, n), and the conditional PDFs, m Pn , in terms
of f A and pA. Here, m, n = 1A or 2A.

From (36), we can write,

pA = 2A P1A

f A
= 1A P2A

1 − f A
(B.1)

Now, the self-reflectance of side A with no printing on that
side, can be expressed as,

Rw
AA = RAA|(Ti A = 1) (B.2)

From [13], the probability of photons returning directly from
both �1A and �2A of side A (i.e., these photons do not pass
through side A) would be equal to the self-reflectance of side
A, Rw

AA. Therefore,

1A P1A + 1A P2A = Rw
AA (B.3)

2A P1A + 2A P2A = Rw
AA (B.4)

Using (B.1), (B.3) and (B.4), we have,

1A P1A = P(1A,1A)
f A

= pA f A + (Rw
AA − pA)

2A P2A = P(2A,2A)
1− f A

= −pA f A + Rw
AA

1A P2A = P(1A,2A)
f A

= −pA f A + pA

⎫⎪⎬
⎪⎭ (B.5)

We can now replace the conditional probabilities 1A P1A,

2A P2A and 1A P1A with expressions containing f A and the
constants pA and Rw

AA.

Appendix C: Expressing fA as a function of side A
reflectance (R0

A)

Rewriting (45), we have,

R0
A = Rw

A − Rw
A (1 − T 2

i A) f A − f A(1 − Ti A)2kp A

+ f 2
Akp A(1 − Ti A)2 (C.1)

Now (C.1) can be expressed as follows,

a f 2
A + b f A + c = 0 (C.2)
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where,

a = kp A(1 − Ti A)2

b = −Rw
A (1 − T 2

i A) − (1 − Ti A)2kp A

c = Rw
A − R0

A

⎫⎬
⎭ (C.3)

Here, b is a negative quantity. a and c are positive quantities.
c will be positive because reflectance of side A will not be
larger than white paper reflectance of side A, i.e., Rw

A ≥ R0
A.

Now, from (C.2), we have,

f A = −b ± √
b2 − 4ac

2a

=
b1 ±

√
b2

1 − 4a1c1

2a1

= b1

2a1
±

√(
b1

2a1

)2

− c1

a1
(C.4)

Here, a1 = a, b1 = −b and c1 = c. Now, a1, b1 and c1

are all positive quantities which will simplify further calcu-
lations. Now,

b1

2a1
= kp A(1 − Ti A)2 + Rw

A (1 − T 2
i A)

2kp A(1 − Ti A)2

= 1

2
+ Rw

A (1 + Ti A)

2kp A(1 − Ti A)
(C.5)

Again,

c1

a1
= Rw

A − R0
A

kp A(1 − Ti A)2 (C.6)

Therefore,

c1

a1

∣∣∣∣
max

= Rw
A − ( R0

A

∣∣
min)

kp A(1 − Ti A)2

= Rw
A − T 2

i A Rw
A

kp A(1 − Ti A)2 [∵ ( R0
A

∣∣∣
min

) = T 2
i A Rw

A ,

as explained below]
= Rw

A (1 + Ti A)

kp A(1 − Ti A)
(C.7)

and,

c1

a1

∣∣∣∣
min

= Rw
A − ( R0

A

∣∣
max)

kp A(1 − Ti A)2

= Rw
A − Rw

A

kp A(1 − Ti A)2 [∵ ( R0
A

∣∣∣
max

) = Rw
A ,

as explained below]
= 0 (C.8)

In the above calculations for

(
c1

a1

∣∣∣∣
max

)
and

(
c1

a1

∣∣∣∣
min

)
,

the reflectance R0
A

∣∣
min corresponds to the lowest value of

R0
A which is found when the whole specific region of side A

is covered with ink, i.e., when f A = 1. And, R0
A

∣∣
max corre-

sponds to the highest value of R0
A which is found when there

is no printing on side A, i.e., f A = 0. Therefore, using (C.1),
we have,

R0
A

∣∣∣
min

= R0
A

∣∣∣ ( f A = 1) = T 2
i A Rw

A

R0
A

∣∣∣
max

= R0
A

∣∣∣ ( f A = 0) = Rw
A

Now, for 0 ≤ f A ≤ 1, the following cases are required to be
satisfied:

1. For R0
A =( R0

A

∣∣
min), calculations yield

c1

a1
=

(
c1

a1

∣∣∣∣
max

)
.

And, f A = ( f A|max) = 1 should be found when
R0

A = ( R0
A

∣∣
min).

2. For R0
A =( R0

A

∣∣
max), calculations yield

c1

a1
=

(
c1

a1

∣∣∣∣
min

)
.

And, f A = ( f A|min) = 0 should be found when R0
A =

( R0
A

∣∣
max).

To satisfy the above-mentioned conditions for 0 ≤ f A ≤ 1,
in (C.4), only the −ve sign will be taken,

f A =
b1 −

√
b2

1 − 4a1c1

2a1
(C.9)

Therefore, we have expressed f A as a function of the side A
reflectance R0

A.
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