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Abstract We deal with a two-person zero-sum continuous-time Markov game G with
denumerable state space, general action spaces, and unbounded payoff and transition
rates. We consider noncooperative equilibria for the discounted payoff criterion. We
are interested in approximating numerically the value and the optimal strategies of G.
To this end, we propose a definition of a sequence of game models G, converging to
G, which ensures that the value and the optimal strategies of G, converge to those of
G. For numerical purposes, we construct finite state and actions game models G,, that
can be explicitly solved, and we study the convergence rate of the value of the games.
A game model based on a population system illustrates our results.
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1 Introduction

This paper deals with a two-person zero-sum continuous-time Markov game with
denumerable state space, general action spaces, and possibly unbounded payoff and
transition rates. The optimality criterion consists in finding a Nash equilibrium for the

T. Prieto-Rumeau ()
Department of Statistics and Operations Research, UNED, Madrid, Spain
e-mail: tprieto@ccia.uned.es

J. M. Lorenzo

Department of Statistics and Operations Research II, Universidad Complutense de Madrid,
Madrid, Spain

e-mail: j.lorenzo@ccee.ucm.es

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11750-014-0354-8&domain=pdf

800 T. Prieto-Rumeau, J. M. Lorenzo

total expected discounted payoff of the players. The existence of such Nash equilib-
rium, as well as the existence of optimal strategies for the players, has been established
in Guo and Herndndez-Lerma (2005). In that reference, it is shown that the value of
the game is the solution of an optimality equation (also referred to as the Shapley
equation).

Now we explain, somehow loosely, the form of this Shapley equation. Leti € S be
the state of the system, and denote by a € A and b € B the actions of the players that
take values in some Borel spaces A and B. There is some operator H that maps, for
each fixed a € A and b € B, a function {u(i)};cs into the function {(Hu) (i, a, b)}ies
such that the value of the game {V (7)};cs is the unique solution of the equations

V(@)= sup inf //(HV)(i,a,b)1ﬁ(db)¢(da) (1.1
pcP(A) VEPB) JA JB

= inf sup //(HV)(i,a,b)W(dbm(da) (1.2)
VeEP(B) peP(A)JAJB

forall i € S, where P(A) and P(B) denote the family of probability measures on A
and B, respectively.

It should be clear that one cannot expect to solve, in general, the Eqgs. (1.1)—(1.2)
explicitly. For computational purposes, therefore, one should use some kind of dis-
cretization technique to, at least, approximate the value of the game and the optimal
strategies of the players. This is precisely the purpose of this paper.

Let G be the “original” game model, with denumerable state space and Borel action
spaces, and let {G, },>1 be a sequence of game models. In this paper, we propose a
definition of the convergence G, — G which, under adequate conditions, implies that
the value of the games G, and the corresponding optimal strategies converge to the
value and the optimal strategies of the game G. Then, for computational purposes,
we show how we can construct, starting from the game model G, a sequence of game
models {G, },>1 with finite state and action spaces that converge to G. Such finite mod-
els can be solved explicitly and, hence, we can provide computable approximations
of the value of the game model G. Our proofs make use of separability of spaces of
probability measures in the Wasserstein metric.

As far as we know, this is the first attempt to provide such computable approxi-
mations for continuous-time Markov games with denumerable state space and gen-
eral action spaces. The reader interested in related works can consult (Jaskiewicz
and Nowak 2006; Nowak and Altman 2002), in which the idea of approximat-
ing a game model G with “simpler” models has been studied. The reference
(Chang et al. 2010) also considers computational issues for a continuous-time
game with general state space and finite action spaces. Approximation techniques
similar to those developed in the present paper, but for continuous-time con-
trolled (say, with a single player) Markov chains, have been studied in Prieto-
Rumeau and Herndandez-Lerma (2012) for the discounted reward criterion and in
Prieto-Rumeau and Lorenzo (2010) for the average cost criterion; see also Prieto-
Rumeau and Herndndez-Lerma (2012). The reference Guo and Zhang (2014) pro-
poses approximation techniques for discounted cost Markov decision processes
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Approximation of zero-sum continuous-time Markov games 801

with constraints (the previous references are concerned with unconstrained prob-
lems). Their setting is similar to ours, in the sense that they propose a defini-
tion of convergence for control models. The technique proofs in Guo and Zhang
(2014) mainly rely on linear programming, while (Prieto-Rumeau and Hernandez-
Lerma 2012; Prieto-Rumeau and Lorenzo 2010) use dynamic programming argu-
ments.

At this point, it is interesting to make a comparison between the approximation
approaches for control and game models. Approximating a game model by means of
finite state and actions game models is, from a technical point of view, more compli-
cated than such approximations for control models. The analogous to (1.1)—(1.2) for
a control model, in which the state space is S and the action space of the controller is
A, is the optimality (or dynamic programming) equation

V(@) =sup{(HV)(i,a)} for ieS. (1.3)

acA

When making a finite approximation, one roughly considers an optimality equation
as in (1.3) with finite S and A. Then, one can use, for instance, the policy itera-
tion algorithm that solves this optimality equation in a finite number of steps. For a
game model, however, the Egs. (1.1)—(1.2) are, even in the case of finite S, A, and
B, of a continuous nature because we are optimizing on a set of probability mea-
sures (say, a simplex). This makes the computational problems less straightforward.
Here, we combine linear programming with a “value iteration” algorithm to solve
such problems. Moreover, from a computational perspective, the maximum of a func-
tion (as in (1.3)) is easier to approximate than the saddle point of a function (as in
(1.1)—(1.2)).

The rest of the paper is organized as follows. In Sect. 2, we define the game models
we will be dealing with, state our main assumptions, and recall some previously known
results. The main convergence results are presented in Sect. 3. In Sect. 4, these results
are specialized to the case of finite state and actions approximations. Moreover, under
some additional conditions, we can obtain the convergence rate of the value of the
games. Finally, in Sect. 5, we make an application to a population system for which
we provide some explicit approximations.

2 Definitions and assumptions
The definition of the game model in this section and the corresponding results are

mainly based on Guo et al. (2003); Guo and Herndndez-Lerma (2005) and (Prieto-
Rumeau and Herndndez-Lerma 2012, Chapter 10).

2.1 The game model G
Definition of the game model. We consider a two-player zero-sum continuous-

time Markov game model G = {S, A, B, K, Q, r}, where the elements of G are the
following.
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S =1{0,1,2,...}is the state space.

e A and B are the action spaces for players 1 and 2, respectively. We assume that A
and B are Borel spaces (i.e., measurable subsets of complete and separable metric
spaces). The corresponding metrics are denoted by d4 and dp, respectively.

e For each i € §, the measurable sets A(i) € A and B(i) € B stand for the

actions available for players 1 and 2 in state i € S, respectively. (Throughout this

paper, measurability is always understood with respect to the Borel o-algebra).

The family of feasible triplets is defined as:

K ={(i,a,b) e SxAxB:ac A(),b e B@).

o The transition rate matrix of the systemis Q = [g;;(a, b)]. It is assumed that:
1. The function (a, b) + g;j(a, b) is measurable on A(i) x B(i) foralli, j € S;
2. The transition rates are conservative, that is,

z%‘j(a, b) =0 forall (i,a,b) € K,
JjEeS

with g;j(a, b) > 0 wheneveri # j;
3. The transition rates are stable, i.e., (i) := SUP,c (i) .pe ()1 —gii (@, D)} < o0.
e Finally, the measurable function r : K — R is interpreted as the reward rate
function for player 1 and the cost rate function for player 2.

The game G is played as follows. At each time ¢ > 0, both players observe the state
of the system x(¢) = i € S and then, independently and simultaneously, they choose
actions a(t) = a € A(i) and b(t) = b € B(i). In a small time interval [z, t + dt]:

e player 1 receives a reward r (i, a, b)dt,

e player 2 incurs a cost r (i, a, b)dt,

e the system remains in state i € S with probability 1 + ¢;;(a, b)dt or makes a
transition to the state j # i with probability g;;(a, b)dt.

This procedure is carried on over all the time horizon ¢ € [0, 00).

We suppose that the reward/cost of the players is depreciated at a constant discount
rate « > 0, and so the reward/cost r(i, a, b) at time ¢t > 0 is brought to its present
value, that is, e %'r (i, a, b). The goal of player 1 is to maximize his total expected
discounted reward, loosely,

E[/ooe_“’r(x(t),a(t),b(t))dt],
0

while player 2 wants to minimize his total expected discounted cost. A formal definition
will be given below.

Assumptions on the game model. Next, we state all the assumptions we will make
on the game model G. We will use the following terminology.

Definition 2.1 We say that w : S — [1, 0c0) is a Lyapunov function on § when w is
monotone nondecreasing and, in addition, lim;_, oo w(i) = +00.
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Assumption 2.2 The game model G satisfies the following conditions.

(i) There exists a Lyapunov function w on S, and constants ¢c; < o and d; > 0 with

Zqii(a’ byw(j) < ciw(i) +d; forall (i,a,b) € K.
jes

For eachi € S, we have g(i) < w(i).
(i) Thereexistsaconstant M > Osuchthat|r(i, a, b)| < Mw(i)forall (i, a, b) € K.
(iii) Foreachi € S, the sets A(i) and B(i) are compact. Forall i, j € S, the functions
r(i,a, b) and g;;(a, b) are continuous on A(i) x B(i).
(iv) There exist constants ¢y € R and dp > 0 with

> qijla. byw?(j) < caw(i) +dp forall (i,a,b) € K.
jes
In the sequel, we will explain the use of the above hypotheses.

Strategies of the players. We introduce some notation. Let A(i) and B(i) be the
families of probability measures on A(i) and B(i), when endowed with their Borel
o-algebras B(A(i)) and B(B(i)), respectively. Let

1 U
7w = {7, (Cl)}i=0,ies,CeBAG))

be such that 77! (-|i) is in A(i) forallr > 0 and i € S, and such that t > 7} (Cli) is
a measurable function on [0, co) for all C € B(A(i)) and i € S. We say that lis
a randomized Markov strategy for player 1, and we denote by IT! the set of all such
strategies. The family IT? of randomized Markov strategies

2 2/
7 = {n;(Cli)}i>0,ieS,CeB(B())

for player 2 is defined similarly.

We say that 7! € T1! is a randomized stationary strategy for player 1 when ntl (Cli)
does not depend on ¢ > 0. Thus, the class IT"* of stationary strategies for player 1
can be identified with

' =]4a6).

ieS
Similarly, the class of randomized stationary strategies for player 2 is [1>° =

HieS E(l)

Given a pair of strategies (7!, 72) € IT! x I1?, define
. L2y B 2 N .
qijt, w7 )—/ / gij(a, b)m; (dbli)m, (dali).
A() J B)

@ Springer



804 T. Prieto-Rumeau, J. M. Lorenzo

The above integral is well defined and finite because the system’s transition rates are
conservative and stable. In particular, they satisfy

—qi,-(t,nl,nz) = Zqij(t,nl, 712) <q(i) foreacht>O0andi € S.
j#i

We will also use the following notation. Given i, j € S, ¢ € A(i), and ¥ € B(i), let

qz‘j(d),l/f):/ / gij(a, b)y (db)p(da), 2.1
AG) J B(i)

r(i,¢,1/f)=/ / r(i,a, b)y(db)p(da), (2.2)
A@) J B(i)

and for stationary strategies (nl ,7w2) e IS x T1%9, we write
gij(m' 7 = qij (' ¢li), 7C¢1i)) and rG, 7t w%) = rd, 7 i), 22 Cli).

Our next result summarizes the main results on the existence of the state and actions
processes. See, e.g., Proposition 3.1 in Guo et al. (2003), Assumption A in Guo
and Hernandez-Lerma (2005), or Proposition 10.3 in Prieto-Rumeau and Hernandez-
Lerma (2012).

Theorem 2.3 Suppose that Assumption 2.2(i) is satisfied.

(i) Forevery (m', n2) € TI' x 12, there exists a regular (nonhomogeneous) transi-
tion function

xl n?
{P,‘j (s, t)}i,jES,OSSSl
with transition rates q;;(t, 1 nz), that is,

. Pij;l’nz(l, t+h) -
im
10 h

:q,'j(t,nl,rrz) foralli,j € S andt > 0.

Let © = K000 — {(x(®),a(t),b(t))}i>0 be endowed with the product o-
algebra F.

(ii) Given an initial state i € S at time 0 and (7', 712) e ! x 12, there exists a
unique probability measure P on (2, F) such that:

e Foreach Ag € B(A(i)) and By € B(B(i)), we have

P T ((0) = i, a(0) € Ao, b(0) € Bo} = ml (Aoli) - & (Boli).
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e Given arbitraryn > 1 and 0 < s1 < 50 < ... < §,, and, on the other hand, given
ir €S, A € B(A(ix)), and By € B(B(iy)), fork =1, ...,n, we have

P x(s1) = i1, a(s) € Ay, b(si) € By, ...
x(Sn) =iy, a(sn) S An»b(sn) € Bn}

n
nl? 1 ) .
[T PTG som (Axlin) (Belix),
k=1

with the convention that ig = i and s¢o = 0.

We will refer to {x(¢)};>0 as the state process, while {a(¢)};>0 and {b(t)};>0 are
the action processes for players 1 and 2. The expectation operator associated with
2

P77 will be denoted by E7' 7.
Let B,,(S) be the family of functions « : S — R such that

[lullw = sup{lu@@)|/w(i)} < oo.

ieS

We have that || - ||,, is a norm on B,,(S), under which it is a Banach space.

The discounted reward/cost optimality criterion. For the discount rate « > 0, given
an initial state i € S and a pair of strategies (7 1 712) € I! x T2, we define the total
expected discounted payoff as

vei, !, 7% = EMTIm [/m e r(x(1), a(t), b(t))dt} . (2.3)
0

Thus, V¥(i, ', 72) is the total expected discounted reward for player 1, and it is the
total expected discounted cost for player 2. Using Guo and Herndndez-Lerma 2003,
Lemma 3.2 or Guo and Herndndez-Lerma 2009, Lemma 6.3, under Assumption 2.2(i),
we have that

BT T (e (0)] < e (i) + L et 1), 2.4)
C1

(if ¢; = 0, then the righthand term is w(i) + d;t; to see this, just let ¢; | 0 in (2.4)).
As a consequence of Assumption 2.2(ii) given i € S and (7', 7%) € ! x I1%, we
have

Mw(i) M
a—c;  ala—cy)

o0
Vel 7)) < M / e BT [y (e () <
0

M (a+dy)
a(a—cy)

Hence, letting 9t = it follows that

IVEC 72w <O forall (z!, 7?%) e ! x 2. (2.5)
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806 T. Prieto-Rumeau, J. M. Lorenzo

Remark 2.4 1f (', ?) is a pair of stationary strategies, by Theorem 2.3(ii) we have
(cf. (2.3))

o0
Ve, nl, n?) = gim [/ r(x(t),nl,nz)dtj| foreach i € S.
0

Given the initial state i € S, the lower value and upper value of G are defined as:

LY@{) = sup inf veai,nt, 7?)
xler! w2el?
U%@{) = inf sup veai,nt, 72,

72el? L1yl
respectively. We note that, as a consequence of (2.5), we have
L¥|lw <9 and [|U%[]yy <M.

The lower value of the game is the maximal discounted reward for player 1 when
using a “maximin” strategy. Indeed, for every fixed strategy 7' € IT1', the worst
scenario for player 1 is when player 2 chooses the strategy 72 € I1° attaining the
infimum

inf Ve, n', 7?).
72ell?

Then, player 1 chooses the strategy yielding the maximal reward, that is, the one
achieving the supremum in the definition of L (i). Similarly, the upper value of the
game corresponds to the optimal payoff of player 2 when using a “minimax” strategy.
It is easy to see that L¥ (i) < U%(i) forevery i € S.

Definition 2.5 The game G has a value when L*(i) = U“(i) for all i € S. The
function V(i) := L¥(i) = U“(i) is called the value function of the game G.

In this case, we say that (7*!, 7*?) e TI! x II? is a pair of discount optimal
strategies when

Ve, nt o) < Ve ot o) < Ve ot w?)
foralli € Sand (7', %) e IT! x 2.

A direct calculation shows that if V* is the value function of the game and
(', 72 e ' x M2 is a pair of discount optimal strategies, then V¥(i) =
Ve(i, n*!, 7*%) for each i € S. A pair of optimal strategies is usually referred to
as a noncooperative or Nash equilibrium of the game.

Existence of the value function of G and the Shapley equations. The following is
a consequence of our assumptions that will be useful in the forthcoming.
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Corollary 2.6 Suppose that Assumption 2.2 holds.

(i) Giveni € S and k > i, we have

> aij@. pw()) <

izk

o () + da g0

forall ¢ € A(i) and ¥ € B(i).
(ii) Given arbitrary u € By/(S), the function (a, b) — ZjeS gij(a, byu(j) is con-
tinuous on A(i) x B(i) for everyi € S.

Proof (i) Giveni € S,k > i,and (a,b) € A(i) x B(i) we have

S asa bl £ o > a(a butG) 2.6)

j=k jzk

qu,(a b)) = gir(a, u())

= —

w(k) (

=<

1
ol (czwz(i) td +q(i)w2(i)), 2.7
where we have used monotonicity of w in (2.6) and Assumptions 2.2(i) and (iv)
in (2.7). By integration with respect to ¢ (da) and v (db), statement (i) follows.
(ii) From (2.7) we have that

lim sup gii(a,b)yw(j) =0
k—o00 (a,b)e A(i)x B(i) ]zk Y

and, in particular,

lim
k=00 (4, b)eA(z)xB(z)

> gij(a. byu(j)| = 0.

izk

Consequently, the series ) g;;(a, b)u(j) of continuous functions converges uni-
formly on A(i) x B(i). It is, therefore, a continuous function. O

The continuity of > jesdij (a,b)w(j) is a usual requirement in Markov game
models; see Guo and Herndndez-Lerma 2005, Assumption C.3 or Prieto-Rumeau and
Hernandez-Lerma 2012, Assumption 10.7.b. As seen in Corollary 2.6(ii) above, this
condition is in fact implied by our hypotheses.

The main result on the discounted game G is the following. It is borrowed from
(Guo and Hernandez-Lerma 2005; Prieto-Rumeau and Hernandez-Lerma 2012).

Theorem 2.7 Suppose that the game model G satisfies Assumption 2.2.

(i) The game has a value V¥ € B,,(S) with ||[V¥|, < IN.
(ii) The value function V¢ is the unique solution u in By, (S) of the equations
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808 T. Prieto-Rumeau, J. M. Lorenzo

au)y = swp inf {rG.¢. )+ D ay@puh) @8

peA(i) ¥EBD) s
= inf sup {r(i,¢,w>+2qij(¢,w)u(j>} (2.9)
VEBW) pea) jes

foralli € S.

(iii) There exists a pair of optimal randomized stationary strategies.
Moreover, (n', n?) € TI' x TI*% is a pair of optimal randomized stationary
strategies if and only if 7' (-|i) and 72 (-|i) attain the supremum and the infimum
in (2.8) and (2.9), respectively, for everyi € S.

Remark 2.8 The fact that there exists a pair of optimal stationary strategies implies
that the value of the game satisfies

Vei)= sup inf V%G, x',7®) = inf sup VG, x' 7?)
zlemls 72ell?s 72ell?s zlerls

for all i € S. Note that we are taking the infimum and the supremum over the family
of stationary strategies (cf. the definition of the lower and upper value of the game).

2.2 The game models {G; },>1

In the forthcoming, we consider a sequence of game models
Gn =1{S. A, B, Ky, Qy, 1y} forn>1

The elements of these game models satisfy the following conditions.

e The state space S, is a (finite or infinite) subset of S.

e The action spaces are A and B, as for the game model G.

e The set of available actions in state i € S, is the measurable sets A, (i) € A(i)
and B, (i) € B(i) for players 1 and 2, respectively. Let

K, ={G,a,b) e Sp x Ax B:aecA,i),beB,@{i)} CK.

e The transition rate matrix is given by 0, = [ql."j (a,b)] fori, j € S, and (a, b) €
A, (i) x B, (i). We assume that (a, b) +— qi"j (a, b) is measurable on A,, (i) X B, (i)
for all i, j € §,. The transition rates are assumed to be conservative and stable,
that is,

> gqfi(a.b)=0 and sup {—gji(a,b)} =t gu(i) < o0

ies, a€An(i).bEB, (i)

for (i, a, b) € K,,, with the condition that q;’j (a,b) = 0fori # j.
e The reward/cost rate function is r,, : K, — R, assumed to be measurable.
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Approximation of zero-sum continuous-time Markov games 809

The discount rate o > 0 is the same for all the game models G, and G. The dynamics
of the game G,, is similar to that of the game G studied previously. Next, we state our
hypotheses on the sequence {G,},>1.

Assumption 2.9 The following statements hold for every n > 1.

(i) Forall (i, a, b) € K,

> afia, byw() < ciw(i) +di,
JESn

where the Lyapunov function w and the constants ¢; < « and d; > 0 come from
Assumption 2.2(i). For each i € S, we have g, (i) < w(i).

(ii) For the constant M > 0 in Assumption 2.2(ii), |r, (i, a, b)] < Mw(i) for all
(i,a,b) € K,.

(iii)) Foreachi € S, the sets A, (i) € A(i) and B, (i) € B(i) are compact, while for
all i, j € S,, the functions r, (i, a, b) and qlf’j (a, b) are continuous on A, (i) x
B,(i).

(iv) With ¢ € R and d> > 0 as in Assumption 2.2(iv), we have

> glia. bw?(j) < caw’(i) +dy forall (i,a,b) € K,.
JE€Sn

Roughly, Assumption 2.9 consists in supposing that Assumption 2.2 holds “uni-
formly” in n > 1. Next, we introduce some notation. For the game model G,, the
families of randomized Markov strategies for players 1 and 2 are denoted by l'[,ll and
1'[5, respectively, while the corresponding stationary strategies are

My =[] 4. and M* =[] BaG),

iES,, iGSn

with A,,(i) and B,, (i) the families of probability measures on A, (i) and B, (i), respec-
tively. Let B,,(S;,) be the Banach space of functions u : S,, — R with finite w-norm

ullw = sup{lu@@)|/w(@))}.

ieS,

(We note that we use the same notation ||u||, foru : § — Randu : S, — R).
Notations such as

gl ) and (i, ¢, )

fori,j € Sy, ¢ € A,(i), and ¢ € B,(i) are given the obvious definitions; see
2.1)—(2.2).

We can apply Theorem 2.3 to G, and, therefore, there indeed exists a stochastic
process {(x(z), a(t), b(t))};>o taking values in K, that models the state and actions
processes for the game model G, . In particular, the corresponding expectation operator
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810 T. Prieto-Rumeau, J. M. Lorenzo

. 2
will be denoted by E5™ ™. Given i € S, and (x', 72) € I} x M2, define the total
expected discounted payoff for the game model G, as

Ve, 7 = E;~”‘~”2[/OO e (x(1), a(t), b(t))dt].
0

We also have (cf. 2.5),
Ve x' 7)) <M forall 7' € 1! and 7% € 12, (2.10)

The lower and upper value functions of the game LS, U € By, (S,), and the value
function V% (provided it exists) are given the usual definitions. We have a result similar
to Corollary 2.6, which is stated without proof.

Corollary 2.10 Suppose that Assumption 2.9 holds and fixn > 1.

(i) Giveni € S, and k > i, we have

> i@ w() <

Jj=k,jESy

oo (WO i+ gw)

forall p € A,(i) and ¥ € B, (i).
(ii) Given arbitrary u € By, (Sy), the function (a, b) — >
tinuous on A, (i) x By, (i) for everyi € S,.

jes, ql.”j(a, b)u(j) is con-

Each discounted game model G, has a value function that can be characterized by
the corresponding Shapley equations; cf. Theorem 2.7.

Theorem 2.11 Suppose that Assumption 2.9 is satisfied. Then, the following state-
ments hold for eachn > 1:

(i) The game G, has a value V¥ € By, (Sp) with |V¥ |, < M.
(ii) The value function V' is the unique solution u in B,,(S,) of the equations

auy= swp inf |rG.p. )+ D ah@ ] @1

peA, (i) VEB () JESy

= inf s G0+ X @G @12

VEBu() g7, (i) jes

foreachi € S,.

(iii) There exists a pair of optimal randomized stationary strategies for the game
model G,,.
Moreover, (1!, 7%) € H,l,’s X H%"Y is a pair of optimal randomized stationary
strategies if and only if ' (:|i) and 7w*(-|i) attain the supremum and the infimum
in(2.11) and (2.12), respectively, for everyi € S,.
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Approximation of zero-sum continuous-time Markov games 811

3 Convergence results

In what follows we will suppose that the game models G and {G,, },>1 satisfy Assump-
tions 2.2 and 2.9.

Convergence of game models. We propose a definition of the game models G,, con-
verging to the original game model G. In this definition, we make use of the Hausdorff
metric. We recall that the Hausdorff distance between two closed subsets C and D of
a metric space (X, dy) is defined as:

dn(C, D) = sup inf {dx(x, y)} Vv sup inf {dx(x, y)}
yeC xeD xeD YEC

(here, Vv stands for “maximum”). The Hausdorff metric is indeed a metric on the family
of closed subsets of X except that it might not be finite. We say that {C, },,>1 converges
to C in the Hausdorff metric when dy (C,,, C) — 0 as n — oo.

Definition 3.1 We say that G, — G as n — oo when the following conditions hold:

(a) The sequence of states S,, 1 S.

We define n(i) = min{n > 1:i € S,} foreachi € S, andsoi € §, if and only if

n>n().

(b) Foreachi € S, the sequences of action sets A, (i) and B, (i) converge to A(i) and
B(i) as n — oo, respectively, in the Hausdorff metric.

For every i € S, given sequences {a,},>n) and {b,}n>n(), With a, € A, (i) and

b, € B, (i), such thata, — a and b, — b forsome a € A(i) and b € B(i), we have:

(¢) lim,_ o ql'; (an, bp) = qij(a,b) forall j € S, and

(d) lim,, oo ry(i, ay, by) =r(i,a, b).

Observe that expressions such as dg(A(i), A, (i)) or qu (an, by) are defined only
for large enough n (namely, n > n(i) in the former case, and n > n(i) VvV n(j) in the
latter). This is not made explicit in the notation since we are dealing with the limit as
n — oo.

Our next lemma gives some equivalent statements of Definition 3.1.

Lemma 3.2 (i) The condition in Definition 3.1(c) can be replaced with the following
statement. Given i, j € S and € > 0 there exists no > n(i) V n(j) such that for
alln > ng

sup |ql.”j(a,b)—qij(a,b)| <e.
(a,b)€A, (i) x By (i)

(ii) The condition in Definition 3.1(d) can be replaced with the following statement.
Giveni € S and € > 0 there exists nog > n(i) such that for all n > ny

sup lrn(i,a,b) —r(i,a,b)| <e.
(a,b)yeA,(i)x By (i)

Proof (1) First we prove that if Definition 3.1 holds, then (i) also holds. We proceed
by contradiction. If (i) does not hold then there is some i, j € S and € > 0 such that,
for infinitely many n > n(i) Vv n(j), there exist a, € A, (i) and b, € B, (i) with
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812 T. Prieto-Rumeau, J. M. Lorenzo

|qlnj(an, by) — Qij(anv by)| > e. 3.1

For such n, since a,, € A, (i) € A(i), there exists a subsequence {n'} and a € A(i)
such that a,; — a. Similarly, for some subsequence, still denoted by {n’}, we have
by — b forsome b € B(i). Next, define G, € A, (i) and b, € B, (i), forn > n(i), as
follows.

e If n belongs to the subsgquence {n'} then let a,, = a,, and l;,, = by;
e Otherwise, let a, and b, be such that

da(an,a) = 'gf(_)dA(x, a) < dp (A, (D), A@D))

xX€A, (i

dg(by, b) = 'gf(_) dp(y,b) < dy(B,(i), B(i)).

yeB, (i

We have thus con§tmcted sequences a, € A, (i) and l;n € B, (i), forn > n(i), such
that a, — a and b,, — b. Consequently, by (c), for n large enough we have

19} Gn, ba) — qij(a, b)| <

| ™

In particular, recalling (3.1), along the subsequence {n’} we have
€
|gij (an, bw) — gij(a, b)| > 7

This contradicts the continuity of the transition rate function.

Conversely, let us now prove that Definition 3.1(a), (b), and (d), together with (i),
imply (c). Fixi, j € S,andleta, € A, (i) and b, € B,(i) besuchthata, — a € A(i)
and b, — b € B(i). By the condition (i), given € > 0, for n large enough we have

|

|q,'nj (an, by) — qij (an, bp)| <

But now continuity of the function (a, b) > ¢;;(a, b) implies that for n large enough
we also have

Igij(an, bn) — gij(a, b)| <

N ™

This yields
|g;; (an, bn) — gij(a, b)| < €

and so lim,, qi"j (an, by) = gij(a, b). This completes the proof that (¢) < (i).
To prove statement (ii) we can proceed similarly. O
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Approximation of zero-sum continuous-time Markov games 813

Given a sequence of functions u,, : S, — R, forn > 1, we say that {u,} converges
pointwise to some function # : S — R when

Iim u,(i) =u(i) foralli € S.
n—0oo

Note that, for fixed i € S, u, (i) is well defined only when n > n(i). Since the above
definition is concerned with the limit as n — oo, the requirement n > n(i) will not
be explicit in the notation.

Convergence of probability measures. Now we recall some facts on convergence
of probability measures; see, e.g., (Billingsley 1968, Chapter 1) or (Bogachev 2007,
Chapter 8). Given a metric space (X, dx), let P be the family of Borel probability
measures on X. We say that the sequence {1} C P converges weakly to i € P, and

. . d .
we will write w,, — u, if

lim | fdu, = / fdu (3.2)
X X

n—o00

for all bounded and continuous functions f : X — R. As a consequence of the
Portmanteau theorem (see Theorems 1.2 and 2.1 in Billingsley 1968), to have weak
convergence it suffices’ that (3.2) holds for all bounded and Lipschitz continuous
functions f : X — R. (We recall that f : X — R is Lipschitz continuous if there
exists a constant L > 0 such that | f(x) — f(y)| < Ldx(x,y) forall x, y € X. In this
case, we say that f is L-Lipschitz continuous).

In case that X is a compact metric space, we have that weak convergence is metriz-
able with the Wasserstein distance

sup {/ fdu—/ fdv}:inf/ dx (x, XA (dx, dx') =: dw(u, v),
feLip;(X) X X A Jxxx
(3.3)

for u, v € P, where the supremum ranges over the set Lip; (X) of all 1-Lipschitz
continuous functions on X, and where the infimum ranges over the set of all probability
measures A on X x X with marginals p and v [see Theorems 8.3.2 and 8.10.45, and
Section 8.10(viii) in Bogachev 2007]. With this metric, we have that (P, dw) is a
compact metric space [Bogachev 2007, Theorem 8.9.3(i)]. In addition, if {x1, x7, ...}
is a countable dense subset of X, then the countable family of probability measures

k
Z'BJ"SXJ
j=1

forallk > 1 andrational By, ..., Br > Owith > Bj = lisdensein (P, dw), where 6,
denotes the Dirac probability measure supported on x; see [Bogachev 2007, Theorem
8.9.4(ii)] or Bolley (2008).

! This is not the usual statement of the Portmanteau theorem. Observe, however, that the function constructed
in Billingsley 1968, Theorem 1.2 is bounded and Lipschitz continuous, and then proceed as in the proof of
Billingsley 1968, Theorem 2.1. Another reference for this result is Bogachev 2007, Remark 8.3.1.
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814 T. Prieto-Rumeau, J. M. Lorenzo

Main results. We need one preliminary lemma before proving our main convergence
result.

Lemma 3.3 Suppose that the game models G and {G, },>1 satisfy Assumptions 2.2
and 2.9, and also that G, — G. Suppose that the sequence v,, € B, (Sy), forn > 1,
converges pointwise to v € By, (S), and that

sup [|vp|lw = m < oo.
n>1

For fixed i € S, assume also that ¢, € A, () and Yy € B, (i), for n > n(i), are such
that

¢ni>¢ and Wni>1// asn — oo

for some ¢ € A(i) and ¥ € B(i). Under these conditions,

Tim [r G, s ) + D @l G ) on(D] =1 6,9 + D gy (6 YIV0).

JESH JES

Proof Let us first analyze the term r,, (i, ¢,,, ¥,,). By Lemma 3.2(ii), given € > 0O there
exists ng > n(i) such that n > ng implies

lrn(i,a,b) —r(i,a,b)| < for all (a,b) € A, (i) x B,(i).

M

In particular, we have

[7n (s @ns Yu) — 1, G, Yl < /B 0 Ira(i,a, b) —r(i, a, b)|,(db)¢a(da)

An(i)

-

34

N M

for n > ng. On the other hand, since the function r (i, a, b) is bounded and continu-
ous on A(i) x B(i), by Theorem 3.2 in Billingsley (1968) we have that r (i, ¢y, ¥,,)
converges to r (i, ¢, ) as n — oo. Consequently, there is some n; > n(i) such that
n > np gives

|G s ) — (i . )| < g (3.5)

From (3.4) and (3.5), we have that |r, (i, ¢,, ¥n) — r(i, ¢, V)| < e forn > ng Vv nj.
Therefore,

nli)néorn(ia Ou, Yrn) =r (A, ¢, ).

We proceed with the proof. As a consequence of Corollaries 2.6(i) and 2.10(i) we
deduce that, given € > 0, there exists some k > i such that ijk qij (@, YIw(j) <€
and such that, for all n > n(i),
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> @ Ynw()) <e.

J=k,j€S,

Therefore, since ||vy, ||, < m implies ||v|l,, < m, we have

| > 4@ )| = me

j=k

and, for all n > n(i),

> @l @ V()] < me.

J=k,jE€Sy

Consequently, if n > n(i) is such that, in addition, {0, 1, ...,k — 1} € S,,, we have

| >l @n v () = X ai @ 0|
JESn jes
k—1
< > 1l @ns Yo () — qij (. V()| + 2me.

j=0

The left-hand term of the last expression can be made arbitrarily small by choosing n
large enough. Indeed, as made at the beginning of this proof, we can prove that

GG V) = 41 (. )

which, together with the fact that v, (j) — v(j) for all j € S, yields the stated result
because, once i € S and e > 0 are given, the state k remains fixed and does not depend
on n. The proof is now complete. O

Our next result needs to introduce some terminology. Given randomized stationary
strategies (nnl, 7{3) € H,IL’S X Hﬁ’s for the game model G,,, for n > 1, we say that
the randomized stationary strategies (7!, 72) € 1'[; X 1'[? are a limit strategy of
{(rr,} , n,%)}nzl if there exists a subsequence {n’} such that

2L (i) —5 7'l and 72 (1) —5 7210

for all i € S. Clearly, every such sequence {(n,} , 71,%)} indeed has a limit strategy
because n,l € A(i) and 713 € B(i), which are compact metric spaces with the Wasser-
stein metric. Next, we state our main convergence result.

Theorem 3.4 Suppose that the game models G and {Gy,},>1 satisfy Assumptions 2.2
and 2.9. If G, — G then the following statements are satisfied.

(i) Foralli € S, lim,_o0 V(i) = V().
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816 T. Prieto-Rumeau, J. M. Lorenzo

(ii) If (71,}, 7'(,%) is a pair of optimal randomized stationary strategies for G, then any
limit strategy (7', %) € Hsl X H? is a pair of optimal randomized stationary
strategies for G.

Proof (i) Recall that the sequence {V,*} of the values of the games G, verifies
V@) < Mw(i) foralln>1andi € S,;

see (2.10). Therefore, using a diagonal argument, we deduce the existence of
u € B, (S) and a subsequence {k, } such that

lim V(@) =u(i) forallieS.
n—o00 n
Fix i € S and, for n such that k,, > n(i), consider the function on an (i) x Ek,, (i)

@.9) = i, (. )+ D all @ VE ().

J €Sk,

This function is continuous as a consequence of Corollary 2.10 and Theorem 3.2
in Billingsley (1968). Therefore,

pr it fn G0+ Y @@ nvEG)

WeBy, () jese

is upper semi-continuous on the compact set Zk" (i) and, hence, it has a maxi-
mum which is reached at some ¢,, € Ay, (i). There exists a further subsequence

{k,} such that ¢, LN ¢o for some ¢y € A(i). Without loss of generality, and
to simplify the notation, we will suppose that the whole sequence {¢,}
converges to ¢g.

Fix now arbitrary ¥ € B(i). For each n there exist

X1,...,x € B(i) and Bi,...,p €10, 1]
with > B; = Lsuchthatdy (1, ¥,) < 1/n,with i, = Y B;8y,.Lety; € By, (i)
besuchthatdp(y;, x;) = minyegk" @) dp(y, xj)foreach j =1, ..., t,and define
t
Un = D Bjdy; € By, (i).
j=1

If f is a bounded L-Lipschitz continuous function on B(i) then we have

| [ rain~ [ rav| <| [ savn~ [ rain|+| [ rain - [ rav]
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We note that

| [ rain - [ sai,

1 1
= | > Bl = repl| = L Bidn(yxp)
j=1 j=1
< Ldu (B, (), B()),

which converges to 0 as n — oo. On the other hand, since @n 4, Y we have
[ fdyr, — [ fdy. So, we have shown that

im [ fdi, = / fdy

n—oQ

for all bounded and Lipschitz-continuous functions on B(i). This implies that

wn N Y. Summarizing, given arbitrary ¥ € B(i) we have constructed ¥, €
Bk,, (i) such that {wn} converges weakly to .
By Theorem 2.11(ii), the value an of the game Gy, verifies

aVe = s inf {r, o+ Y af @ VED))

$EAL, (D) VEBk (D) jeSk,

= inf r, G+ D G VED]

"IIEBkn(i) .ieSkn

< P G Tn) + D 4 (Bns ) VE ).

J €Sk

Taking the limit as n — oo and recalling Lemma 3.3, we obtain

au(i) < r(i, go, ¥) + D qij (@0, YIu()).

jes
But ¢ € B(i) being arbitrary, we conclude that

au(i) < inf {r. go. )+ D ai @, Yuh ],

YeB(i) oS

and so,

au() < sup inf fri 9,9+ D a6 vIuGh).

peA(i) VEBU) jes

Arguing similarly, we can show that

au) = inf suwp fri g9+ D aij (@ uGi).

VeB() peAd) jes
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Combining these two inequalities, we conclude that

quli) = swp inf {rG.¢, )+ D i@, pui)}

peA() VB jes
= it sup {rG.g.9) + D a6, Wu)]
VEB() peA(i) jes

for each i € S. By Theorem 2.7(ii), this implies that u equals V¢, the value of
the game G.
So far, we have shown that if u is any limit point of { V, } then, necessarily,u = V.
But this implies that lim, o, V¥ (i) = V*(i) for all i € S. The proof of (i) is
now complete.

(i) Suppose that (7!, %) € l'[é X H% is a limit strategy through the subsequence
{n'}. Fix i € S and write

oF =m ClD), W =m2Cl), ¢* =n'Cli), ¥ =x%Cl)
for n > n(i). Then, we have
ES d * * d *
¢ —> ¢* and Y, —> Y.

For n > n(i), we know that ¢ and v, attain the supremum and the infimum in
the Shapley equation for G, for the state i; recall Theorem 2.11(iii). Therefore,

Vi) = sup inf {neGogo )+ D a @ VEG))]

P, (i) VEBw () jes,
= il |nGgp o+ D al@h wviD). 6o
YeB, (i) jeso

Proceeding as in the proof of part (i), we can show that for every ¢ € B(i) there
exists a sequence ¥, € B, (i) such that v, LN ¥, and so, by (3.6),

aVEG) < ry gl Uw) + D ql @ Un) V().

jESn/

Taking the limit as n’ — oo and recalling that V¥ converges pointwise to V¢
(part (i) of this theorem) give

aVE @) < ¢* ¥) + D qif (@ vIVEQ).

Jjes
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Since ¥ € B(i) is arbitrary, we have

T vl
ave() < int {rG. ")+ 3 ai@" VO]

' jes

But from the Shapley equation for G we know that

Vo) = sup inf {rG. ¢ v)+ D a6 V()]

Hence, ¢* attains the supremum in the Shapley equation for i € S.
Similarly, ¥* attains the infimum in the Shapley equation for G and i € S and,
by Theorem 2.7(iii), this implies that (7!, n?) € 1'[§ X 1'[? is indeed a pair of
optimal strategies for G.

O

4 Finite state and actions approximations

Given a game model G satisfying Assumption 2.2, we show how to construct a sequence
of game models {G, },,>1 for which Assumption 2.9 holds. Foreachn > 1, the elements
of the game model G, are the following.

e The state spaceis S, = {0, 1, ...,n}.
e Fori € S,,let A, (i) and B, (i) be finite subsets of A(i) and B(i), respectively,
such that

du(A,(i), A(i)) = 0 and dp(B,(), B@{)) = 0

asn — o0.
e Giveni € S, and 0 < j < n, define qu(a, b) =gqij(a,b), and let

ap,(a,b) =" gij(a,b)

j=n

for (a, b) € A, (i) x B, (i).
e The reward/cost rate is r, (i, a, b) = r(i, a, b) for (a, b) € A, (i) x B,(i).

We note that construction of A, (i) and B, (i) with the property of convergence in
the Hausdorff metric is indeed possible. For instance, for each n > 1, consider the
open cover of A(i) given by the open balls centered in a € A(i) with radius 1/n, and
let A, (i) be the centers of a finite subcover. Then, dy (A(i), A, (1)) < 1/n.

Theorem 4.1 [fthe game model G satisfies Assumption 2.2, then the sequence {Gy }n>1
defined above satisfies Assumption 2.9 and, moreover, G, — G.

@ Springer



820 T. Prieto-Rumeau, J. M. Lorenzo

Proof First of all, we observe that the transition rates of G, are conservative:

> glia.b)=> gijla.b)=0 forall (i.a,b) €K,
JjeSn jes

and stable. Indeed, —¢:(a, b) = —g;i(a,b) < w(i) fori <nand

—qp,(@.b) == qnj(a.b) < —quu(a.b) < w(n).

j=n

Concerning Assumption 2.9(i), observe that for all (i, a, b) € K,

JESn JESH j>n
= Z gij(a, byw(j) + Zq,-,-(a, byw(j)
JESn j>n

= > gija. byw(j) < cwli) +di,
jes

where we make use of the monotonicity of w. The fact that g, (i) < w(i) has been
established along with the stability of the transition rates of G,,. So, Assumption 2.9(i)
indeed holds.

Clearly, Assumptions 2.9(ii)—(iii) are also satisfied, while Assumption 2.9(iv) is
proved similarly to Assumption 2.9(i).

It remains to check that G, — §. Items (a) and (b) in Definition 3.1 hold by
construction of G,,. Finally, given i, j € S, if (a,, b,) € A, (i) x B, (i) are such that
a, — a € A(i) and b, — b € B(i) then

ru(i, an, by) = r(i, ay, by) and q,”j(an, by) = Qij(ans by)
forn > i v j, and so Definitions 3.1(c)—(d) hold by continuity of the transition and

reward/cost rates of G. O

As a consequence of Theorem 3.4, the value functions of the finite state and actions
games G, converge to the value function of G, and any limit strategy of optimal
stationary strategies for G, is optimal for G. Next, we address the issue of the rate
of convergence of V,*(i) to V¥(i). To establish such convergence rates, we need to
strengthen our hypotheses.

Assumption 4.2 (i) For each i, j € S, the functions (a,b) — r(i,a,b) and
(a,b) +— gij(a, b) are Ly;- and Lg,;-Lipschitz continuous on A(i) x B(i), i.e.,

Ir(i,a,b) —r(i,ad',b")| < Ly (da(a,a’) +dp(b, b))
|gij(a,b) — gij(@’,b")| < Ly, (da(a,a’) +dp(b, b))

foralla,a’ € A(i) and b, b’ € B(i), and some L,, > 0 and Lg;; > 0.
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(i) With w the Lyapunov function in Assumption 2.2, there exist constants § > 2,
cs < a,and ds > 0 with

Zqij(a, byw’(j) < csw’(i) +ds forall (i, a,b) € K. 4.1)
jes

Before establishing our main result, we need two preliminary lemmas.

Lemma 4.3 Suppose that the function h : S — [0, 00) satisfies q(i) < h(i) for all
i € S. If there exists a power y > 0 and a constant ¢, > 0 such that

> qij(a.b)hY (j) < c,h? (i) forall (i,a.b) €K, 4.2)
jes

then for every power 0 <y’ <y

> qijla. b)Y (j) < ¢, h? (i) forallli,a,b) € K.
jes

Proof Fix (i, a, b) € K and n > 0. Rewrite (4.2) as

1 . gii(a, b) . Cy .
.. Y Y Y
T ,-é,» gij (@, YR (j) + (h(i) o +1)h (i) < (h(i) o +1)h (). (4.3)
Let
- gii(a,b) ~_4gijla.b) o,
pl_h(i)—}—n_i_l and pj_—h(i)—i—n for j #1i.

These coefficients are nonnegative and jes Pj = 1. Therefore, (4.3) is equivalent
to

. c .
%pﬂﬂ(]) = (e, TP O

Using Jensen’s inequality for the concave function x > XYY yields
’

L cy vy
%p,hyms(h(i)ﬂﬂ) W' (@)

or, equivalently,

’

’ ’ C v'/y
> qijla. bk (j) < hY (i <41 —1)h'+ .
jesqj(a Yh" (j) = (l)((h(l)+n ) (@) +n)
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Since 0 < y'/y < 1, we have

( Cy +1)y/y—l< Cy

IOR ETY
and so
> gijla. b (j) < e, h? (i),
jes
which completes the proof. 0

Consequently, if there exists a power y > 0 such that the Lyapunov function w
verifies

Zqij(a, byw” (j) < cyw? (i) +d, forall (i,a,b) € K
jes

and some constants ¢, € Rand d,, > 0, then forevery 0 < y' <y

> gij(a. byw” (j) < (ley| +dy)w? (i) forall (i,a,b) € K
jes

(indeed, just note that > g;; (a, b)w? (j) < (lc, | +d,)w” (i) and use Lemma 4.3). In
particular, if Assumption 4.2(ii) holds then necessarily Assumption 2.2(iv) is satisfied
and, moreover,

Zq,;, (a, ) w’ L (j) < (jes| + ds)w® 1) forall (i, a, b) € K. (4.4)
jes

Lemma 4.4 Consider a fixed n > 1 and suppose that the game model G, satisfies
Assumption 2.9. Suppose that there exists a function u € By, (S,) such that, for all
iesS,

leu(@) = sup inf {raG. ¢, ) + D gl pIu()}] < hG)

¢ezn(i) Y eBu (i) JESH

for some h(i) > 0. Assume, in addition, that there exist constants c, < o and dp, > 0
such that

Z g7 (a, bYh(j) < eph(i) +dy forall (i, a,b) € K,.
JjESH

Under these conditions,

h(i d
Vi (@) —u@)] < © + " foreach i € S,.
a—cp  ola—cp)
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Proof First of all, we note that for every !, 7?) € 1'1,11 X H%, t >0,andi € §,, we
have

. d
EF T )] = e h() + e = 1) if e #£0
Ch

or E,';’nl’ﬂz[h(x(t))] < h(i) + dpt when ¢;, = 0 (the proof of these inequalities is
similar to that of (2.4)). Therefore, in either case,

. % h(i d
g [ / ewh(x(z))]sa W 4 D foalics, @)

—cp  ala —cp)

For every i € S, there exists some ¢ € A, (i) such that for all ¥ € B, (i)

au(i) = ra(i, . ) — D q (@, vI)u(j) < hi).

JESn

Consequently, there exists a stationary policy 7! € I1 ,1,’S such that for every stationary
2 2,8
- eI,

au(i) — ra(i, 7', 7% — Z g (' wu(j) < h(i) foralli € S,.
JESn

Using Dynkin’s formula gives, for every i € S, and ¢ > 0,

ELT T [y (x (1)) — ui)

) t
_ E;’”l’”z[/o e [—au(x () + D gl Gl 7)) lds ]

JESn

t
> —E;’”]’”z[/ e, (x(s), 7', 72) +h(x(s))]ds].
0

Now we let # — oo in this inequality. Recalling (2.4) and Remark 2.4 for the game
model G,,, and using dominated and monotone convergence, we obtain

u(i)

IA

1 _2 a2 [ -
Ve, ! 7% + EbT [/ p ‘“h(x(s))ds]
0
h(i) n dp ,
oa—cp  ola—cp)

Ve, nt, %) +

IA

where we have used (4.5). Since this inequality holds for some 7! and all 72, we
obtain
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824 T. Prieto-Rumeau, J. M. Lorenzo

hi d
w(i) < sup inf {VOG. 7' 7%+ @ h
alenlhs e oa—cp ala—cp)
hi d
= V(i) + @ (4.6)

oa—cp  ola—cp)

foralli € S, (use Remark 2.8 for the game model G,,).
Observe now that, the sets A, (i) and B, (i) being finite, we have

inf sup {ra(i, ¢, V) + D qfi(¢, ¥Iu())}

VEBu(i) peA, (i) e
= sup inf {n(Gi.d,¥) + D qi(¢. YIu(ik;
¢eZ,,(i) YeB,(i) j€S,

see Theorem 1 in Frenk et al. (2004). So, using a symmetric argument with the inequal-
ity

—h() < au@)— inf sup (raG.pY) + D gl (@, Vu(i))

VEBn(D) peA, (i) JeS,

gives the existence of 72 € IT2** such that for all ! € I1}*

hi d
vei, ol x?) <u@ + DI ranies,,
a—cp ola—cp)

and, therefore,

h(i d
Ve <uty+ 4 P e,
a—cp, ol —cp)

Together with (4.6), this proves the stated result. O
Finally, we state our main result on the convergence rates to the value of the game.

Theorem 4.5 Suppose that the game model G satisfies Assumptions 2.2 and 4.2.

Let {Gn}n>1 be the sequence of finite state and actions truncations of G constructed
at the beginning of Sect. 4, and suppose that the action sets for G, are chosen in such
away that, foralln > 1 and i € S,, and for some constant D > 0,

Dw? (i)

dg (A, (), A(i dy(B,(i), B(@)) < .
A A Ba D 5O = 0 Ty + 29 8 L)

Under these conditions, there exists a constant ¢ > 0 such that, for everyn > 1 and
iesS,,
w’ (i)

V(i) — Vo (@i)| < Cm-
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Proof Fixn > 1 andi € S,. We have

aVe(i)= sup inf Jr(, ¢, ¥)+ D qij(d ¥IVI()

peA() VEB® jes
< sup inf {rG.o. )+ D i@ WVEG) L. @)
peA(i) VEBa(D) jes

Note that for every (¢, V) € A(i) x B(i)

n—1

D aij (@ WIVEG) = D qij (¢ WV = Vi)

Jes j=0
+ > aij (@, YIVEG) = Vi),
j>n
and recalling that ||[V*|],, < 90T,
1> qij (@, vI(VEG) = VEM)| < 20D gij (9. vI)w()).
j>n j>n

Observe now that proceeding as in the proof of Corollary 2.6(i) and recalling (4.4),
we can show that

. 1 5—1,: NS
Z%’j(fpa YvIw(j) < 2t 1) ((|C6| +ds)w® () + q(Hw (l))
j>n
w’ (i)
Therefore, combining (4.7) and (4.8), we obtain
n—1 . 8 /s
ave@s s int .60+ 4@V D=V )|+ T D

peA() VB ) =0
with
C =2M(|c5| +ds + 1).

By upper semicontinuity, the above supremum is indeed attained. Consequently, there
exists ¢ € A(7) such that, for every ¢ € B, (i), we have

n—1 8¢
o . o, o —  w’(@)
aVe(i) < r(i, ¢, w)+§0q,~j<¢,w>(v ) = V) +C s gy (49)
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826 T. Prieto-Rumeau, J. M. Lorenzo

Given arbitrary € > 0, there exists a finite set {x, ..., xx} € A(@)and By, ..., Br =0,
with B1 + ...+ Br = 1, such that

k
dw(®, D Bjdy;) <.
j=1
For every x;, let X; € A, (i) be such that

da(xj, %j) = min_d(xj, y) = du(A@Q), Ax(D)).
yeAL (i)

It is easy to see (recall (3.3)) that

k k k
dw | D Bidx;s D Bids; | < D Bida(xj, %)) < du(A®D), An(i)),
j=1 j=1 j=1

and so, letting ¢ = lezl Bjds, € A (i),

dw($, d) < € +dp(AG), An(D)).

Summarizing, for ¢ € A(i) we have found a probability measure in d3 € A, (i) which
is “close” to ¢ in the Wasserstein metric. By the Lipschitz continuity Assumption 4.2,
observe that the function on A(i) x B(i) given by

n—1

(a,b) = r(i,a,b) + Zqzj(a, b)(VE(j) — V*(n))
=0

n—1

is Lipschitz continuous, with Lipschitz constant L,, + 29w (n) > =0 Lqy;- Conse-
quently, the same applies to

n—1
ar> [ [ria b+ a@ b G) = V) ),

Bu(i) =

Use now (3.3) to derive that

n—1
PG @) + D0 a1 @ VG = V) = (i, . )

j=0
n—1
+> i (@ YV = Vi)
j=0
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n—1

< (Ln +290w() D" Ly, ) - dw(d, &)
=0
n—1

< (L +2Mw(n) ZOL%) (€ +du(AG), An(D)).
p=

Therefore, recalling (4.9), this yields that « V(i) is less than or equal to

n—1
r(i, &, ) + D aij (@, v)(VE () — V()
j=0
— w@) - o
e (L,,. + 29w (n) JZ:(:) Lq,.j) (€ + dp(AG), An(D)).

Since this holds for all ¢ € B, (i) and the particular ¢3 € A, (i) constructed above, we
deduce that

n—1
aVe(i) < sup inf 3rG ¢, )+ D qij(d, YI(VEG) — VE(n)
peA, (i) VEB () j=0
= w@)
+Cu)5*2(n+1)
n—1
| Ly +29Mw(n) D" Ly, | - (€ + du(AG). An(i))).
j=0

But € > 0 being arbitrary and recalling our hypothesis on dy (A(i), A, (7)), we derive
that

n—1
aV¥G@) < sup inf r@, ¢, v)+ Zq,-j(qb, VIVE(j) — V¥(n))
¢€Xn(i) Y eBu (i) j=0
(C + D)w(i)
wd2m+1)
(C + D)wl (i)

= sup inf {rG, 0. 9)+ D afi(@, V) STyt

deA, (i) VEB () €S,

where the last equality is derived from the definition of the reward and transition rates
of G,.
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Using a symmetric argument, we can show that

_([C+ D)

aV¥@i) > inf sup ra(l, @, ¢) + Z%’}(‘f’sdf)va(j) m-

VeBu(D) g, (i) =

As in the proof of Theorem 4.1, we can show that the inequality in Assumption
4.2(ii) is satisfied by the transition rates of G, with the same constants cs and dj.
Therefore, by Lemma 4.4, we conclude that, for every i € S,

o, « (C + D)w(i) (C + D)ds
|Vn @) —Vaii)l < (a — cé)wﬁ—Z(n +1D ala — ca)w‘s—z(n T 1)

Recalling the definition of the constants C and 901, and letting

(o (M (e +dy)(les| +ds + 1) + Da(a — c1))(ds + a)
B o2(a — c1)(a — cs)

we have

V) - Ve = o e D
n ! _cw‘S*z(n—i—l)

foralln > 1andi € S,. |

The above theorem shows that, if a Lyapunov condition holds for the function w?

(with § > 2) then, by making a suitable choice of the finite sets of actions A, (i) and
B, (i), the error when approximating V(i) with V¥ (i) is of order 1/ wd=2(n + 1).
Moreover, we have an explicit expression for the multiplicative constant ¢ that depends
on the initial data (and related constants) of the game model G.

Solving a finite state and action game. Consider the finite state and actions game G,
defined in the beginning of Sect. 4. Let q,, > 0 be such that

4, > —qj;(a,b) forall (i,a,b) €K, (4.10)

(it suffices to let q, > w(n)). For u = {u(i)}ies, € R+ define the operator T,u €
R ag

Tou() = max  min {raG.¢.¥)+ D g, vIuj)

€A () YeBa(i) fes,

= min max rn(i,¢,1//)+2q?j(¢,¢)u(j)

YEB, (i) peA, (i) j€Sy

@ Springer



Approximation of zero-sum continuous-time Markov games 829

fori € S,. Define also T,u € R"! as

T,u(i) = max min {rn(i,q),lﬂ)_'_ A Z(q?j(¢’w)+3ij)u(j)}

$eA, () yeB, () L &ty a+qy ics, qn

4.11)

.’ ) qn(d)! w)
= min oy {0 S5 (R )
YeB, (i) peA,(i) L O+ dn a+qn ics qn

(4.12)

fori € S, (cf. Section 8 in Guo and Herndndez-Lerma 2005). It is easily seen that
the equation ou = T,u is equivalent to the fixed point equation u = T,u. Therefore,
as a consequence of Theorem 2.11, the value V;* of the game G, is the unique fixed
point of the operator T,. Moreover, by a standard calculation, it follows that 7;, is a
contraction operator on R"*! with modulus q,/(« + q,) < 1 when considering the
supremum norm; that is,

dn

n

1 Tou — Tyvll < lu—v|| forall u,veR"

Hence, the iterative procedure (which is a sort of value iteration algorithm):

1. Fix arbitrary up € R"*!,
2. Fork > 1, letuy = Tyuy—1,

converges geometrically to V;* in the supremum norm. Concerning the computation
of T,,u for a given u € R™*!, we can apply our next lemma, which uses the following
notation. Given a positive integer N, define Ay as the set of nonnegative A1, ..., Ay
suchthat A\; +...+ Ay = 1.

Lemma 4.6 Given the real-valued matrix C = {C; s }1<s<1.1<t<J, define

V* = max min AsCs; = min max E w:Cs .
reAp 1<t<J] neAy1ss<I |
1<s<I <t<J

Let ¢ > 0 be such that all the elements of the matrix D, with Dy, = Cs; + ¢, are
strictly positive. Consider the linear programming problem

min 1'x subjectto D'x>1, x>0,

and let x* € R! be an optimal solution. Then, V* = 1,1(* —c
Proof We have
V* 4+ ¢ = max min AsDg, =V
reA; 1<i<]
1<s<I
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and suppose that D, ; > € > 0 for all s and ¢. Observe that V equals the optimum of
the linear programming problem: maximize v subject to

v < z AsDg,; forall 1 <t < J,

1<s<I

withv > e and A € Aj. Letting x; = Ag/v fors = 1,..., I, it follows that 1/‘7
equals the optimum of:

min 1'x subjectto D'x>1, x>0, I'x < 1/e,

where the last constraint is redundant. O

Therefore, once uy_; is known, we can effectively compute u; by solving the
linear programming problem described in Lemma 4.6. Namely, given i € S, and for
allag € A,,(i) with1 <s < [I,andall b; € B,(i) with 1 <t < J, define

ru(i, ag, by) + qn Z (ql”j(as, by)

Cs,t ==
o + qI‘L (04 + qn q}’l

+ 81 )1 ()
J€Sn

and then use Lemma 4.6 to determine uy.
Regarding a stopping criterion for the above algorithm, we have the following result.
In the next lemma, the norm || - || refers to the supremum norm on R*+!

Lemma 4.7 Given the finite state and actions game model Gy, consider the sequence
of iterates {uy x>0, where ug € R+ s arbitrary and, for k > 1, uy = Tyui_1. Fix
€ > 0and let k > 1 be such that ||luy—1 — ux|| < €a/q,. The following statements
hold.

(i) Nux — V7l < e
(ii) The strategy ni € H,ll’s such that, for all i € Sy, 7[,1 (-|7) attains the maximum in
(4.11) for the iteration ux41 = Tyuy is 2€-optimal for player 1, meaning that

V(i) —2¢ < inf VO(i,n), 7% forallices,.
n2ell?
(iii) The strategy rrf € H%’S such thcit, foralli € S, nf(~|i) attains the minimum in
(4.12) for the iteration uy+1 = T,uy is 2e€-optimal for player 2, meaning that

VEG) +2e > sup VG, x', 72) foralli€S,.
rlemn}

Proof (i) We have

o
lug = Vil

A

< Nug — wig1 |l + Nugr1 — Vi

qn ( a)
Up—1 — ur|| + llug — V,
ata lug—1 — ugll + lug — V' ||

IA
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because V,* is the fixed point of T,,, and so
qn
g = VIl = -t — well < e.

(i) For u : S, — R, consider the operator

N T n( (i), b
FuG) = min rn(l,?'l'*(|l),b)+ qn Z(M""SU)”U)

beB (i) o+ Qn @t i qn
fori € S,
which is a contraction on R"t! with modulus %, and let W be its unique fixed

point. The fixed point equation

. Teg: n Legs ,b
W) = min @08 G Z(q”(ﬂ*( D )+51,~) W(j)

beB, (i) a+qy a+qy jes qn

fori € S,,

corresponds to the discounted cost optimality equation of a continuous-time control
problem (for player 2) when the strategy of player 1 is 7); see (Prieto-Rumeau and
Hernéndez-Lerma 2012, Section 3.3). Therefore, W (i) = inf 2.2 VO (i, 7}, 72) for
alli € S,. ’

Observe now that

W = VA < IW = ugl| + [lug — VI (4.13)
Now, on the one hand,

W —ug]| < [|W — Tougl| + || Toux — ul|
= [[lUW — Uui|| + | T ur — ugl|

q
— (IW = gl + Neeg—1 — ugl])
o+ qn

IA

because Tnuk = ﬁuk,and SO
qn
W — ]| < ;Iluk—l — uill.

On the other hand, as established in part (i), ||ux — V|| < %Huk_l — uyg||. From
(4.13), we obtain

2q
W = VIl = =t — ugl] < 26,
and the result follows. The proof of (iii) is similar. O
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As a consequence of this lemma, we can explicitly obtain an approximation of the
value and nearly optimal strategies for both players for the game model G,,.

5 Numerical application

In this section, we describe a Markov game G on a population system and make a
numerical application of our approximation techniques.

A population system is managed by players 1 and 2. The natural birth and death
rates per individual are A > 0 and u > 0, respectively. Player 1 is interested in the
system having a large population and, to this end, player 1 can decrease the mortality
rate (for instance, using a suitable medical policy). On the other hand, the goal of
player 2 is to have a small number of individuals; player 2 can choose policies that
decrease the birth rate of the system (e.g., discouraging immigration).

We consider the following game model.

e The state space, standing for the number of individuals in the population, is S =
{0,1,2,...}.

e The action sets of the players are A = B = [—1, 1], while A(i) = B@i) = [—1, 1]
foralli € S.

e The system’s transition rates g;;(a, b) satisfy g;;(a, b) = 0 when [i — j| > L.
When |i — j| < 1 we let

qo1(a, b) = —qoo(a, b) = A — Cp|bl,
and, fori > 1,
Gii—1(a,b) = pi — CalalVi, giivi(a, b) = ri — Cylbli,

with g;;(a, b) = —(qi,i-1(a, b) + gi.i+1(a, b)), for some constants 0 < C, < i
and 0 < Cp < A,and all (a,b) € A x B.

e The payoff rate (interpreted as a reward for player 1 and a cost for player 2) is
given by

r(i,a,b) = pi+ Crlab|vi forieSand —1<a,b <1,

for some constants p > 0 and C, > 0.

In the above definitions, the term /i models the fact that the payoff has a concave
behavior with respect to the population size, while the term |ab| in the payoff rate
captures the “saddle-point interplay” between the actions of the players. Note that
when the players take the actions a = 0 and b = 0 then they do not act on the dynamic
system. In this case, the corresponding Markov process (referred to as the natural
population system) is recurrent when A < p and transient when A > .

We consider the Lyapunov function w given by w(@) = A +u + 1) - (i + 1) for
ies.
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Proposition 5.1 Consider the population model G defined above. If the discount rate
o > 0 satisfies A — u < «o then Assumption 2.2 holds. If, in addition, we have
2(A — 1) < o then Assumption 4.2 is satisfied.

Proof Fix an integer k > 1 and consider the Lyapunov function i — w*(i). Given a
state i > 1, we have

> aijla, byw* ) = Wi — 1) — w* @) (i - CalalVi)
jes
+ @H + 1) — w () (i — Cpbli).

Noting that

G+ =G+ D" =k(i+ D"+ 0G*?) and
i*— i+ D" ==k + DF+ 06",

some elementary calculations give

> aijla. but i) = k(= p = Colbhw (i) +0 (%)
jes

< k0. — Wwki) + 0 (ik—%) .

Therefore, given an integer k > 1 and a constant ¢ > k(A — w), there exists dy > 0
such that
> qija, byw*(i) < cw* (@) +di forall (i,a,b) € K. (5.1)
jes
If A — u < « then choose . — u < ¢1 < «, and so Assumption 2.2(i) holds. In
particular, note also that —g;; (a, b) < w(i) for all (i, a, b) € K. Regarding the other
statements of Assumption 2.2, item (ii) holds by letting M = p + C,, part (iii) is
straightforward, and (iv) holds as a consequence of (5.1).
It should be clear that Assumption 4.2(i) is satisfied. If 2(A — ) < «, then choose
6 > 2 and c; such that

SA—p) <cs <a,

and so Assumption 4.2(ii) holds. O

Foreachn > 1, consider now the finite state and actions game model G,, as described
in Sect. 4. As a consequence of Theorems 3.4, 4.1, and 4.5, we obtain the following
results.

(1) Case A < u (the natural population system is recurrent). Given arbitrary discount
rate « > 0 we have

lim V¥(@)=V*@) foralli € S.
n—oo
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Given arbitrary k > 0, by suitably choosing the action sets A, (i) and B, (i) we
have

[VE(@) — V(i) = On*) foreachi e S.

(i) Case ) >  (the natural population system is transient). Given a discount rate
A — < o we have

lim V(@) =V*@) forallieS.
n—oo

o

If the discount rate is such that 2(A — ) < o then foreach 0 < k < prri 2 we

can choose the finite sets A, (i) and B, (i) such that
[VEGE) — V@) = O(n~*) foreachi € S.
Numerical experimentation. We choose the following values of the parameters:
A=26, u=25 a=12, C,=C,=C,=02, and p=3.

For each n > 1, we consider the truncated game model G, with state space
{0,1,...,n}. The action sets A, (i) = A, and B, (i) = B, consist of the n + 1
points 2n—k —1fork=0,1,...,n.

Forn =1, ..., 30, we solve the finite game model G, using the value iteration
procedure described in the previous section: we start from the initial value ug = 0 and
we let q, = max 4 p)ek, {—q}; (@, b)} +0.1; recall (4.10). As a stopping criterion for
the value iteration algorithm, we let ¢ = 5 x 107> and we stop at the iterate k when

llug — ur—1ll < ec/qn,

which ensures that ||uy — V|| < ¢ (this refers to the supremum norm in R+,

In Fig. 1, we display the values V,*(i) fori = 0,1,2,3 and 1 < n < 30. We
observe that the values of the games G, become stable for relatively small values of
the truncation size n, say for n > 20. We obtain the approximations

V*(0) ~2.6179, V(1) ~3.9269, V%(2)~5.8948, V%(3)~8.0524.

By Lemma 4.7, the approximation error (with respect to the value V3 of the game
model G3p) is less than 5 x 107>, Empirically, we observe that convergence seems to
occur faster than at the convergence rate given in Theorem 4.5. This is because the
bounds used to derive the convergence rate are very conservative.

Concerning the approximation of optimal strategies, for n = 30 we show in Table
1 the randomized strategies nl(~|i ) and nf(~|i ) fori = 0 and i = 1 as described
in Lemma 4.7. Table 1 displays the corresponding probability distributions on the
discretized sets of actions A3g = Bj3g. These are 10~ *-optimal strategies. Empirically,
this suggests that the optimal strategy for player 1 in the game model G will be to
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\
g |[— =0 -
— =t
— =2
— i=3
6 - -
4 - [
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0 T T T T T
1 5 10 15 20 25 30

Fig. 1 Value of the games V,* (i) forn =1,...,30

Table 1 Optimal strategies in A3( and B3q for G3q

Actions in A3g and B3g

—1.000 —0.933 —0.867 .. 0.867 0.933 1.000

Player 1 i=0 0.033 0.033 0.033 ... 0.033 0.033 0.000
i=1 0.499 <1074 <1074 ... <1074 0.499 0.000

Player 2 i=0 0.499 <107 <107* .. <1074 0.499 0.000
i=1 0.499 <1074 <1074 ... <1074 0.499 0.000

choose his actions uniformly on [—1, 1] in state i = 0, and to randomize between
actions —1 and 1, with probabilities 1/2, in state i = 1. For player 2, the estimation
of an optimal strategy is to randomize between actions —1 and 1, with probabilities
1/2,in both statesi =0 andi = 1.
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