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Abstract We consider parametric equilibrium problems in metric spaces. Sufficient
conditions for the Holder calmness of solutions are established. We also study the
Holder well-posedness for equilibrium problems in metric spaces.
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1 Introduction

Optimization is one of the most fertile areas of mathematics. Its conclusions and
recommendations play a very important role in both theoretical and applied math-
ematics. Equilibrium problems were first considered in Blum and Oettli (1994)
and since then have been studied by many researchers all over the world. The
equilibrium problem model incorporates many other important problems in opti-
mization and other areas such as: variational inequalities, fixed point problems,
complementarity, etc. There have been many studies of existence of solutions to
equilibrium problems (see Sadequi and Alizadeh 2011; Bazan 2001; Bianchi and
Schaible 1996; Hai and Khanh 2007a, 2007b; Hai et al. 2009) and their stability,
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e.g., semi-continuity in the sense of Berge and Hausdorff (see Anh and Khanh 2004,
2007a, 2007b, 2010; Huang et al. 2006; Khanh and Luu 2007) or Holder (Lips-
chitzian) continuity (see Anh and Khanh 2006, 2008b, 2009; Bianchi and Pini 2003;
Liet al. 2009; Li and Li 2011a, 201 1b; Mansour and Riahi 2005).

This paper extends Anh et al. (2011) and studies (I.«)-Holder calmness of so-
lutions to parametric equilibrium problems. When « = 1, this is a kind of calm-
ness property which is in general stronger than the property of the same name usu-
ally used in variational analysis. Calmness property of multi-valued mappings has
been examined by many authors (see Canovas et al. 2009; Chuong et al. 2011;
Henrion et al. 2002; Ioffe and Outrata 2008; Levy 2000; Ng and Zheng 2009) in
which subdifferentials and coderivatives play the main role. As applications we in-
vestigate conditions for Holder calmness of solutions to optimization problems and
well-posedness in the Holder sense. The last subject is intimately related to the stabil-
ity property and plays a very important role in studying optimization and variational
problems.

The structure of the paper is as follows. Section 2 presents the equilibrium problem
model and materials used in the rest of this paper. We establish in Sect. 3 a sufficient
condition for the Holder calmness of the solution mapping to parametric equilibrium
problems. The Holder well-posedness of equilibrium problems is studied in Sect. 4.

Throughout the paper, if not explicitly stated otherwise, X, A, M are metric spaces
and R is the set of all real numbers while R is the set of all positive numbers. We
use d(-, -) for all metrics.

2 Preliminaries

Given a subset K € X and a function f : X x X — R, a standard equilibrium problem
is defined as follows:

(EP) Find x € K such that f(x,y)>0forall y € K.

The set of solutions to this problem is denoted by S.

In this paper, we consider several extensions of (EP).

The constraint set K and objective function f can be perturbed by parameters
A € A and i € M, respectively. Given a multi-valued mapping K : A = X, a function
f:XxXxM~— R, and apair (%, u) € A x M, one can consider a parameterized
equilibrium problem:

(EP),..,. Find ¥ € K (%) such that £ (%, y, u) >0 forall y € K(%.).

The set of solutions to problem (EP); , is denoted by S(A, 1).
The approximate version of this problem can be of interest: for each (A, ) €
A X Mande >0,

(]’E\f’)g’k,# Find x € K (A) such that f(x,y,u) +&>0forall y e K(A).
We denote by 5(8, A, i) the solution set of (I:Z\l/))g,)w.

Definition 2.1 For a function f : X — R and positive numbers /, ,
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(i) fis (l.a)-Holder continuous on a subset U C X if
| f(x1) — f(x2)| <1d*(x1,x2) forall xi, x; € U;
(i) f is (/.«x)-Holder calm at X on a neighborhood U of ¥ if
|f(¥) — f®)| <1d%(x,X) forallx eU.

We say that f satisfies a certain property on a subset A C X if it is satisfied at
every point of A.

From this definition, it is obvious that Holder continuity is stronger than Holder
calmness.

To define extensions of these properties for multi-valued mappings we recall the
definitions of point-to-set and set-to-set distances. For subsets A, B of X and a point
aclX,

d(a, B) =gggd(a,b);

H*(A, B) =supd(a, B);

acA
H(A, B) =max{H*(A, B), H*(B, A)};

p(A,B)= sup d(a,b).
acA,beB

Note that H and p can take infinite values (if A or B is unbounded). It is also obvious
that H(A, B) < p(A, B) for any subsets A and B, and the inequality can be strict.

Definition 2.2 For a multi-valued mapping K : A = X and positive numbers /, «,
(i) K is (l.a)-Holder continuous on a subset U C X if

H(K (A1), K () <1d*(A1,Ap) forall Ay, 22 € U;
(ii) K is (I.a)-Holder calm at A on a neighborhood U of A if

H(K), K1) <1d*(x, %) forallieU. (1)

We will also consider the versions of the properties in Definition 2.2 with H re-
placed by p. In this case, we will talk about the corresponding properties with respect
to p.

Remark 2.1 The calmness in the above definition (when o = 1) is a stronger prop-
erty than the one usually considered in variational analysis. The latter corresponds
to replacing H in (1) by H* (see, e.g., Rockafellar and Wets 1998). Respectively,
(I, )-calmness is stronger than “calmness [«]” in Kummer (2009).

We next define uniform Holder calmness as the natural counterpart of the relative
Holder continuity in Anh and Khanh (2007b).
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Definition 2.3 For positive numbers m, 8,6, a function f: X x X x M — R is
(m.B)-Holder calm at it on a neighborhood V of 1z, 6-uniformly over a subset § C X
if

|FOe ) = fOy ] <mdP (@, 0d’ (x,y), YueV, Vx,yeS, x#y.

If 6 =0, we say that f is (m.8)-Holder calm at 7t on V, uniformly over S.

We next discuss several monotonicity properties some of which are going to play
a crucial role in examining the Holder calmness of the solution mapping of the equi-
librium problems (EP); ;.

Given a function f : X x X — R, positive numbers /4, 8, and a subset S C X,
consider the following properties.

(My) Forallx,yeS,x#y,
F) + f(.x0) +hdP(x,y) <0. ©)
(M3) Forall x,y e S,
hdP (x,y) <d(f(x,y),Ry) +d(f(r.x). Ry). ?3)
(M3) Forallx,y €S, x #y,
[f(,3)=0= f(y,x)+hdP(x,y) <0].
(My) Forallx,yeS,x#y,
[£(x,3) <0= f(y,x)=0].

If any of the above properties is fulfilled, we say that f satisfies the corresponding
condition on S with constants & and g (if applicable).

Remark 2.2 Properties (M), (M3) and (M4) were considered in Anh and Khanh
(2006, 2007b, 2008a) where they were called Holder strong monotonicity, Holder
strong pseudo-monotonicity and quasi-monotonicity, respectively. Property (M3) is
a particular case of the corresponding monotonicity property introduced by Anh and
Khanh (see Anh and Khanh 2007b) for multi-valued mappings. This property has
been employed to investigate the Holder continuity of solution mappings in many
articles (see Anh and Khanh 2008a; Li and Li 2011b; Anh et al. 2011).

The next proposition gives the relationships between these monotonicity proper-
ties.

Proposition 2.1

@) (M) = (M2) = (M3);
(1) [(M3) & (M4)] = (M2).
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Proof The following simple observation is used in the proof:
d(a,R;) =max{—a, 0} > —a.
(M1) = (M>). If (2) holds for some x # y, then
hdP (x,y) < —f(x.y) = f.x) <d(f(x.9).Ry) +d(f (. x). Ry),

i.e., (3) holds. When x = y, (3) holds automatically.
(M) = (M3). If (3) holds for some x # y and f(x,y) > 0, then d(f(x,y),
R4) =0 and (3) takes the form

hdﬂ(xv y) = d(f(y’x)aR-‘r)

It follows from the last inequality that d(f(y,x),R;) > 0 and consequently
d(f(y,x),Ry)=—f(y,x). Hence, (M3) holds true.

[(M3) & (M4)] = (M>). Let (M3) and (M4) hold true. We only need to prove (3)
when x # y. If f(x,y) >0, then d(f(x, y), R}) =0 and (M3) implies

0<hdP(x,y) <—f(y.x)=d(f(y.x).Ry).

Hence, (3) is true. If f(x,y) <0, then (M4) implies f(y,x) > 0, and we can apply
(M3) again to show that

0<hdP(x,y) <—f(x,y)=d(f(x,y),Ry).

Taking into account that d(f (v, x), R4) = 0, we conclude that (3) is true in this case
too. O

We now give examples showing that implications in Proposition 2.1 can be strict.

Example 2.1 The function f : R x R — R defined by f(x, y) =x — y satisfies (M>)
with 7 = 8 = 1. Indeed,

d(f(x’ Y)’R+) +d(f(y1x)vR+) =d(x _y!R-i-) +d(y _X’R-F)
=lx —yl=d(x,y).

At the same time, f(x,y) + f(y,x) =0 and (2) is violated for any x # y. f does
not satisfy (M7). It is also obvious that f satisfies both (M3) and (My).

Example 2.2 The function f : R x R — R defined by f(x,y) = —‘1—‘(|x|% + |y|%)
satisfies (M3) with h = V2 and B = % as f(x,y)>0ifand only if x =y =0, it
does not satisfy (M>). Indeed, for any y = —x # 0, we have

1
d(f 0y Ry) +d(F (0. Ry) = S (161 +1317) = )7 <20x]? = V24 (2. ).

We can see that the combination of (M3) and (M4) implies (M>), but they are not
equivalent by considering the function f(x, y) = —(|x|+ |y|). This function satisfies
(M>) with h = =1, but breaks (M4).
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3 The Holder calmness of the solution mapping

The next theorem gives a sufficient condition for the Holder calmness of the solution
mapping of the problem (EP); . It improves Theorem 2.1 in Anh et al. (2011). We
always assume that solution sets S(A, ) are nonempty for all (%, ) in a neighbor-
hood of the considered point ).

Theorem 3.1 Consider equilibrium problem (EP); ,, and suppose the following con-
ditions hold.

(1) There exist neighborhoods U D) of A and V() of w and positive numbers ny,
81 and 0 such that f is (ny1.61)-Hdlder calm at w on V(i1), 0-uniformly over
K{UW)). 3

(ii) There exist positive numbers ny and & such that, for all x € K(U (L)) and 1 €
V() the function f(x, -, ) is (ny.82)-Holder continuous on KWU®)).

(i) f(,-, ) satisfies condition (M>) on K (U (X)) with constants h > 0 and B > 6.

(iv) K is (l.a)-Hélder calm at X on U (L) with some positive | and «.

Then solutions to (EP)y ,, satisfy the condition of Holder calmness with respect to p:
there exist constants ki, ko > 0 such that

p(SG ), SOh, ) < krd*™/P (0, ) + kad™ /P9 (1, 1),
for all (A, jv) in a neighborhood of (A, x).

Proof Take A € U(X) and u € V (Ix).
Step 1. We prove that for each x (1, ) € S(A, &) and x (A, u) € S(A, w),

1/(B—0)
dy:=d(x(A, ), x(h, 1)) < (%) dV PO, ). )

Suppose x (X, &) # x(A, u) (if the equality holds, then (4) holds trivially). Because
both x (A, ) and x (A, 1) belong to K (1) and are solutions of (EP); ,, one has

F(xOL ), x(h ), 1) =0 5)
F(x 0 ), x (0, 1) = 0. ©)
At the same time, (iii) implies
d(f (x0 ), x (G, ), ), Ry ) +d(f (x(h, ), (0, 1D, ), Ry) = hdf .
Combining this inequality with (5) and (6), we get
d(f(xO 0, 2000, ), f(xh, 10, X ), 1)) = hdf .

Because f is (n1.61)-Holder calm at 7z, 0-uniformly over K (U ) by (i), the above
relationship implies

md}d® (@, ) = hdy,.
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This is equivalent to d 1/3 -0 < ”T‘d‘sl (w, u) from which we get (4) proved.
Step 2. We prove that for each x(A, @) € S(A, ) and x (A, @) € S(A, 1),

2n,1%

1/8
dy i =d(x(A, ), x (A, ) < ( ) d*“2/B (k). (7

Suppose x(A, ) # x (A, ). (iv) implies that there exist x € K (4) and x € K (1) such
that

d(x(k, @), x) <1d*(r, A); (8)
d(x(A, ), %) <1d*(x, 1. )
We get from the definition of (E P);_,,,
fxOL ), %, ;) = 0; (10)
fxOm, x, @) > 0. (11)
At the same time, (iii) implies
d(f (xOn 10, (0, ), Ry ) +d(f (x(, 10, x (R, D), 1), Ry) = b
Combining this inequality with (10) and (11), we get
d(f(xGe. ), xR, f(x (G 70), X, T2))
+d(f(x0), x (L), f () x, D)) = hd).

Becauie f is (na82)-Holder continuous with respect to the second component in
K (U (L)) by (ii), the last inequality implies that

n2d® (x (A, 1)), ) + n2d®™ (x (%, ), x) > hdy.
We combine this with (8) and (9) and get
nal®2d% (x, 1) + nal®2d*2 (%, 2) > hd?,

or equivalently df < #d‘m (&, A). We have (7) proved.
Step 3. For all x(A, 1) € S(x, ) and x (A, ) € S(A, w), we always have

d(xG. D), x(h, W) < dy +db.
From (4) and (7), by taking k; = (2352)1/8 and ky = (21)//B9) we get
p(SCL D), S(h, ) < kid® P (3, 1) + kad™/ P~ (2, ).
Therefore, Theorem 3.1 has been proved. O
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By using the technique similar to the one in the proof of Theorem 2.1 in Anh and
Khanh (2007b), we can show that, under assumption (iii), the solution to (EP) b is
unique. However, when (A, u) # (X, 1), the solutions to (EP); , do not have to be
unique as demonstrated by the following example.

Example 3.1 Let X =R, A=M =[0; 1], K(A) =[0; 1], f(x,y,A) =y —x+ A for
all A € A, and A =0.

Then |f(x,y,A) — f(x,y,A)| = |A|. Hence, f is (1.1)-Holder calm at A uni-
formly over [0; 1]. We have | f(x,y,X) — f(x,z,A)| =]y — z| for all y, z € [0; 1].
So f(x,-,A)is (1.1)-Holder continuous on [0; 1]. Therefore, assumptions (i) and (ii)
hold. It is clear that condition (iv) also holds. Assumption (iii) is fulfilled as shown in
Example 2.1. Hence, Theorem 3.1 derives the Holder calmness of S(-) at X. It is not
difficult to check that S(0) = {0} and S(A) =[0, A] for all A € (0; 1].

Normally, to receive a property of solution mappings, the problem’s hypotheses
are also required at the level corresponding to that property. We can see from the
preceding theorem that all the hypotheses are related to Holder continuity and Holder
calmness, except (iii), which is about monotonicity.

The next example indicates the essential role of assumption (iii) in Theorem 3.1.

Example 3.2 Take X =R, M = A =[0; 1], K(A) =[—1; 1] for all A € [0; 1]. For
each A € [0; 1], consider the function f defined by f(x, y, X) = A(x + ). Take A=0.

We have | f(x,y,A) — f(x,y,A)|=|x+y|-|A —A| <2|A — A for all x,y e
[—1;1]. So f is (2.1)-Holder calm at Xon[0; 1] uniformly over [—1; 1]. At the same
time, |f(x,y,A) — f(x,2, )| =|A] - |y —z| < |y — z| for all y,z € [—1;1]. This
means that f(x,-, A) is (1.1)-Holder continuous on [—1; 1]. Hence, conditions (i)
and (ii) are fulfilled.

Condition (iv) is also true straightforwardly. However, we have

SO)=[-1;1], S =A{1}, Vae(0;1]
So p(S(A), S(0)) =2 for any A € (0; 1].
Therefore, the solution mapping S is not Holder calm at z = 0. The reason here is
that f breaks condition (M>). Indeed,
d(f(1,0,0),R:) +d(f(0,1,0,Ry)=0<h|l =0 =h, Vh, p>0.

Condition (M>) in Theorem 3.1 is indispensable.

Remark 3.1 Tt follows from Proposition 2.1 that the conclusion of Theorem 3.1 re-
mains true if condition (iii) is replaced by either condition (M) or conditions (M3)
and (My).

The next proposition aims to illustrate application of Theorem 3.1. For each
(A, n) € A x M, we consider the minimization problem

(MP) Minimize f(x, u) subjectto x € K (1),

@ Springer



On Holder calmness of solution mappings in parametric equilibrium 339

where f: X XM — Rand K: A = X. Wedenote S(A, u) ={x e K(A): f(x,n) =
minyek ) f (x, 1)} and assume that S(A, u) # @ for all (&, ) near the considered
point (A, ).

Proposition 3.2 Consider (MP) and suppose the following conditions hold.

(1) There exist neighborhoods V (i) of w and U M) of * and numbers ny > 0
and 81_> 0 such that f is (n1.61)-Holder calm at 7t on V(i) uniformly over
KUW)),i.e.,

|fe ) = fe, )| < nid® (1, )

forall x € KW®)) and n € V().
(ii) There exist nu@bers ny > 0and §, > 0 such that f is (n,.82)-Holder continuous
in x on K(U()\)) uniformly over u € V(w), i.e.,

| Fo ) = £, 0| < nad®(x, y) (12)

forallwe V() and x,y € KU )), and (12) holds as an equality when (. =

. .
(iii) K is (I.o0)-Holder calm at & on U (L) with some | > 0 and a > 0.

Then the mapping S is Holder calm with respect to p, i.e., there exist constants
ki, ko > 0 such that

p(SGe, 10, SO, ) <had® (. 2) + kad (I, 1) (13)
for all (A, 1) in a neighborhood of (A, Tt).
Proof We define the function g : X x X x M — R as follows

gx,y, )= f(y,m) — fx,n.

We observe that x € S(, i) if and only if x € K(X) and g(x, y, ) > 0,Vy € K(}).
So to prove the proposition, it suffices to check that g satisfies the conditions of
Theorem 3.1.

We first check condition (i). For every u € V(@) and x, y € K (U (1)) we have

lg(x,y, ) — g(x, y. 10|
=[f. W) —fw = fO. 0+ fx. )|
<|fe.w) = fe |+ fOw = fO | <2md% (n, ).

This means that g is (2n1.61)-Holder calm at 7z on V (z) uniformly over K (U (1)).
We have at the same time

lgCe,y. ) — g,z )| = | F. ) — fz. W] <nad™(y, 2),

i.e., g is (n2.62)-Holder continuous with respect to the second component. So condi-
tions (i) and (ii) in Theorem 3.1 are fulfilled.
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We now check condition (iii) in Theorem 3.1. For all x, y € K(U (X)), we have

d(g(x,y, 1), Ry) +d(g(y, x, 70, Ry)
=d(f(y.m)— f&x, 0, Ry) +d(fx.m) — f(r. ), Ry)
=G — fO, )] =n2d®(x, y).

So g satisfies condition (M), and (iii) in Theorem 3.1 is fulfilled. Therefore, it fol-
lows from Theorem 3.1 that (13) holds true with some k1, k; > 0. O

4 The Holder well-posedness of equilibrium problems

We will denote by (£P) the family of problems {(EP); , : (A, ) € A x M} and
extend the concept of Lipschitzian well-posedness for optimization problems intro-
duced in Bednarczuk (2007) to equilibrium problems.

Definition 4.1 (£7P) is Holder well-posed at (, 1) if S(0, 2, f2) is a singleton and §
is Holder calm at (0, A, &) on a neighborhood of (0, A, ix).

The next theorem gives a sufficient condition for the Holder well-posedness
of (£P). It improves and modifies Theorem 3.1 in Anh et al. (2011).

Theorem 4.1 Assume S(A, ji) # ¥ and the following conditions hold.

(1) There exist neighborhoods U ) of A and V() of I and positive numbers ny,
81 and 0 such that f is (n1.51)-Holder calm at w on V (i), 0-uniformly over
K{U®)). 3

(ii) There exist positive numbers ny and & such that, for all x € K(U (L)) and 1 €
V (), the function f(x,-, n) is (n2.82)-Holder continuous on K{UM)).

(i) f(, -, w) satisfies condition (M3) on K (U ())) with constants h > 0 and B>0.

(iv) K is (l.a)-Hélder calm at A on U () with some positive | and .

Then (E£P) is Holder well-posed at (X, j1).

Proof Take N = [0, +00) x M.Forn = (g, ), n' = (¢/, ') € N, consider a function
dy defined by

an (n. ') =max{|e — ], d(u. ')
Then, (N, dy) is a metric space. We define a function g : X x X x N — R as follows
g, y,m=flx,y,u)+e.

To prove the theorem, it suffices to check that g satisfies the conditions of Theo-
rem 3.1.

Take any neighborhood W of 0 in [0; 1]. Then for all n = (e, ) € W x V(fv),
7= (0, t), and x, y € K (U (X)), one has

g, y.m) =g, y. M| =|fx, vy, m) = fx,y, 1) + ¢
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<e+|f,y, ) — fx,y, 0| <e+ndd, i)

<& +md® (. 1) < 2max{1, ny}dy (1. i)

since ¢ € V C [0, 1] and the Holder order 8, = 1. So g is (2max{1, n}.61)-Holder
calmat n on W x V(iu) uniformly over K (U (})).
We have at the same time

lgCe, yom) —gx,zm)| = [ £, y, ) — f(x, 2, w)| <nad®(y, 2),

or g is (n2.62)-Holder continuous with respect to the second component on K (U ).
Conditions (i) and (ii) of Theorem 3.1 are fulfilled. B
We now check condition (iii) of Theorem 3.1. For all x, y € K(U (1)), we get

d(g(x,y, ), Ry) +d(g(y, x, i), Ry)
=d(f(x, Y, :EL)’R—F) +d(f(y’xv /*_L)sR—i-) > hdﬂ(-xv )’)

This means that g satisfies condition (iii) of Theorem 3.1 and we have all its hypothe-
ses satisfied. Therefore, the mapping of solutions to (£P) is both Holder calm and
single-valued at (0, 7) which combined with Definition 4.1 gives the conclusion of
the theorem. O

5 Conclusion

Assuming Holder calmness and Holder continuity in Hausdorff distance, we have es-
tablished the Holder calm property of the solution mapping with respect to p. This
obviously implies the Holder calm property in Hausdorff distance. We have estab-
lished a sufficient condition for the Holder well-posedness of equilibrium problems.
These may be extended to many other classes of problems.

Acknowledgements The authors wish to thank Phan Quoc Khanh and the anonymous referees for the
careful reading of the paper and valuable comments and suggestions.

References

Anh LQ, Khanh PQ (2004) Semicontinuity of the solution set of parametric multivalued vector quasiequi-
librium problems. J Math Anal Appl 294:699-711

Anh LQ, Khanh PQ (2006) On the Holder continuity of solutions to multivalued vector equilibrium prob-
lems. J Math Anal Appl 321:308-315

Anh LQ, Khanh PQ (2007a) On the stability of the solution sets of general multivalued vector quasiequi-
librium problems. J Optim Theory Appl 135:271-284

Anh LQ, Khanh PQ (2007b) Uniqueness and Holder continuity of the solution to multivalued equilibrium
problems in metric spaces. J Glob Optim 37:449-465

Anh LQ, Khanh PQ (2008a) Sensitivity analysis for multivalued quasiequilibrium problems in metric
spaces: Holder continuity of solutions. J Glob Optim 42:515-531

Anh LQ, Khanh PQ (2008b) Semicontinuity of the approximate solution sets of multivalued quasiequilib-
rium problems. Numer Funct Anal Optim 29:24-42

@ Springer



342 L.Q. Anh et al.

Anh LQ, Khanh PQ (2009) Hélder continuity of the unique solution to quasiequilibrium problems in
metric spaces. J Optim Theory Appl 141:37-54

Anh LQ, Khanh PQ (2010) Continuity of solution maps of parametric quasiequilibrium problems. J Glob
Optim 46:247-259

Anh LQ, Duy TQ, Thao H, Van M (2011) On the Holder calm continuity and Holder well-posedness of
parametric equilibrium problems in metric spaces. Sci J Cantho Univ 19b:70-79 (in Vietnamese)

Bazan FF (2001) Existence theorem for generalized noncoercive equilibrium problems. SIAM J Optim
11:675-690

Bednarczuk E (2007) Stability analysis for parametric vector optimization problems. Polish Academy of
Sciences, Warszawa

Bianchi M, Pini R (2003) A note on stability for parametric equilibrium problems. Oper Res Lett 31:445—
450

Bianchi M, Schaible S (1996) Generalized monotone bifunctions and equilibrium problems. J Optim The-
ory Appl 90:31-43

Blum E, Oettli W (1994) From optimization and variational inequalities to equilibrium problems. Math
Stud 63:123-145

Cianovas MJ, Dontchev AL, Lépez MA Parra J (2009) Isolated calmness of solution mappings in convex
semi-infinite optimization. J Math Anal Appl 350:829-837

Chuong TD, Kruger AY, Yao JC (2011) Calmness of efficient solution maps in parametric vector optimiza-
tion. J Glob Optim 51:677-688

Hai NX, Khanh PQ (2007a) Existence of solutions to general quasiequilibrium problems and applications.
J Optim Theory Appl 133:317-327

Hai NX, Khanh PQ (2007b) The solution existence of general variational inclusion problems. J Math Anal
Appl 328:1268-1277

Hai NX, Khanh PQ, Quan NH (2009) On the existence of solutions to quasivariational inclusion problems.
J Glob Optim 45:565-581

Henrion R, Jourani A, Outrata J (2002) On the calmness of a class of multifunctions. SIAM J Optim
13:603-618

Huang J, Li J, Thompson HB (2006) Stability for parametric implicit vector equilibrium problems. Math
Comput Model 43:1267-1274

Ioffe A, Outrata J (2008) On metric and calmness qualification conditions in subdifferential calculus. Set-
Valued Anal 16:199-227

Khanh PQ, Luu LM (2007) Lower and upper semicontinuity of the solution sets and the approximate
solution sets to parametric multivalued quasivariational inequalities. J Optim Theory Appl 133:329—
339

Kummer B (2009) Inclusions in general spaces: Hoelder stability, solution schemes and Ekeland’s princi-
ple. J Math Anal Appl 358:327-344

Levy AB (2000) Calm minima in parameterized finite-dimensional optimization. STAM J Optim 11:160-
178

Li XB, Li SJ (2011a) Continuity of approximate solution mapping for parametric equilibrium problems.
J Glob Optim 51:541-548

Li SJ, Li XB (2011b) Holder continuity of solutions to parametric weak generalized Ky Fan inequality.
J Optim Theory Appl 149:540-553

Li SJ, Li XB, Teo KL (2009) The Holder continuity of solutions to generalized vector equilibrium prob-
lems. Eur J Oper Res 199:334-338

Mansour MA, Riahi H (2005) Sensitivity analysis for abstract equilibrium problems. J Math Anal Appl
306:684-691

Ng KF, Zheng XY (2009) Calmness for L-subsmooth multifunctions in Banach spaces. SIAM J Optim
19:1648-1673

Sadequi I, Alizadeh CG (2011) Existence of solutions of generalized vector equilibrium problems in re-
flexive Banach spaces. Nonlinear Anal 74:2226-2234

Rockafellar RT, Wets RJB (1998) Variational analysis. Grundlehren der Mathematischen Wissenschaften
[Fundamental principles of mathematical sciences], vol 317. Springer, Berlin

@ Springer



	On Hölder calmness of solution mappings in parametric equilibrium problems
	Abstract
	Introduction
	Preliminaries
	The Hölder calmness of the solution mapping
	The Hölder well-posedness of equilibrium problems
	Conclusion
	Acknowledgements
	References


