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Abstract We consider nonlinear programming problems the input data of which are
not fixed, but vary in some real compact intervals. The aim of this paper is to deter-
mine bounds of the optimal values. We propose a general framework for solving such
problems. Under some assumption, the exact lower and upper bounds are computable
by using two non-interval optimization problems. While these two optimization prob-
lems are hard to solve in general, we show that for some particular subclasses they
can be reduced to easy problems. Subclasses that are considered are convex quadratic
programming and posynomial geometric programming.
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1 Introduction

Many practical problems are modeled and solved by mathematical programming.
In real world applications, however, input data are not always known exactly and
are subject to diverse uncertainties. Various approaches were developed to deal with
uncertainties. Within this paper we assume that we are given interval estimates of the
problem quantities.

We study nonlinear programming problems under interval uncertainty and our aim
is to compute the range of optimal values for all instances of the interval quantities.
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Such knowledge provides a decision maker with useful information for making more
appropriate decisions.

In the last years, many papers studied the problem of computing the range of
optimal values of linear programming problems with data varying inside intervals
(Chinneck and Ramadan 2000; Fiedler et al. 2006; Hladík 2007; Mráz 1998) among
others. Nevertheless, few people were involved in a generalization to nonlinear pro-
gramming: Liu and Wang (2007) considered convex quadratic programming, Liu
(2006b, 2008) posynomial geometric programming, and Wu et al. (2006) a specific
nonlinear programming problem with linear constraints. Another approach to non-
linear programming under interval uncertainty concerns, e.g., the work of Hu and
Wang (2006a, 2006b), and Levin (1999). Recent applications of interval nonlinear
programming involve, for instance, planning of waste management activities (Huang
et al. 1997; Wu et al. 2006), water management modelling (Huang 1998), and inven-
tory management (Liu 2006a).

In this paper, we generalize our result (Hladík 2007) on the optimal value range
of interval linear programming, which is based on linear programming duality and
several theorems on linear interval systems. Our general approach is applicable for
various classes of nonlinear programs with interval data, however, better approxima-
tions are obtained in the case when there is an appropriate dual problem with zero
duality gap and when dependencies between quantities do not occur. We discuss also
some special cases later in this paper.

First, we introduce some notation from interval analysis (Alefeld and Herzberger
1983). An interval matrix is defined as a family of matrices

A = [A,A] = {
A ∈ R

m×n | A ≤ A ≤ A
}
,

where A ≤ A are fixed matrices; n-dimensional interval vectors can be regarded as
interval matrices n-by-1. By

Ac = 1

2
(A + A), AΔ = 1

2
(A − A)

we denote the midpoint and the radius of A, respectively. By convention, we associate
a degenerate interval [a, a] with the real number a.

We now mention some important theorems on solvability of interval linear sys-
tems. The statements differ depending on the use of quantifiers and whether we con-
sider equality or inequality systems and non-negative variables. All the theorems and
corresponding proofs can be found in Fiedler et al. (2006).

Theorem 1 (Gerlach 1981) A vector x solves the system Ax ≤ b for some A ∈ A

and b ∈ b iff it solves the system

Acx − AΔ|x| ≤ b.

Proof See Fiedler et al. (2006) Theorem 2.19 or Gerlach (1981). �
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Theorem 2 (Rohn and Kreslová 1994) The system Ax ≤ b is solvable for all A ∈ A
and b ∈ b iff the system

Ax1 − Ax2 ≤ b, x1, x2 ≥ 0

is solvable.

Proof See Fiedler et al. (2006) Theorem 2.23 or Rohn and Kreslová (1994). �

Theorem 3 A vector x solves the system Ax = b, x ≥ 0 for some A ∈ A and b ∈ b
iff it solves the system

Ax ≥ b, Ax ≤ b, x ≥ 0.

Proof See, e.g., Fiedler et al. (2006) Theorem 2.13. �

2 General approach

In this section, we present a general approach for computing the range of optimal
values in interval nonlinear programming. By an interval nonlinear program we mean
the family of nonlinear programs

f (A, c) = inf fc(x) subject to FA(x) ≤ 0, (1)

where fc : R
n �→ R is a real function with input data c varying inside an interval

vector c, and FA : R
n �→ R

m is a vector function with input data A varying inside an
interval matrix A. We suppose that fc(x) and FA(x) do not have an interval parameter
in common.

Our aim is to compute lower and upper bound of the optimal value function
f (A, c). They are respectively defined as

f = inff (A, c) subject to A ∈ A, c ∈ c,

f = supf (A, c) subject to A ∈ A, c ∈ c.

Using interval arithmetic directly for the problem (1) we obtain an enclosure of the
optimal value range [f , f ]. This enclosure is usually very overestimated, particularly
when the input intervals are not extremely narrow. We want to develop a method for
calculating the exact bounds (limited by using floating point arithmetic).

Our approach for computing the upper bound f is based on duality theory. In
nonlinear programming, there are diverse ways for constructing dual problems. We
consider any dual problem to (1) having the form of

g(A, c) = sup gA,c(y) subject to GA,c(y) ≤ 0, (2)

and satisfying the weak duality. Herein, gA,c : R
k �→ R, and GA,c : R

k �→ R
l are

functions depending on A ∈ A and c ∈ c. The weak duality property is defined as

f (A, c) ≥ g(A, c) ∀c ∈ c,A ∈ A. (3)
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Naturally, better results are obtained when stronger duality conditions hold. Strong
duality means that a finite optimal value to one problem ensures the existence of an
optimal solution to the other and that their optimal objective values equals. The most
restrictive notion of zero duality gap refers to the equation

f (A, c) = g(A, c) ∀c ∈ c,A ∈ A. (4)

Next, we introduce the functions

f (x) = inf fc(x) subject to c ∈ c,

g(y) = sup gA,c(y) subject to A ∈ A, c ∈ c,

and the sets

M = {
x ∈ R

n | FA(x) ≤ 0,A ∈ A
}
,

N = {
y ∈ R

k | GA,c(y) ≤ 0,A ∈ A, c ∈ c
}
.

We are now ready to formulate our main result on how to compute f and f .

Theorem 4 We have

f = inff (x) subject to x ∈ M. (5)

If the zero duality gap is guaranteed, then

f ≤ supg(y) subject to y ∈ N. (6)

If the functions GA,c(y) and gA,c(y) have no interval parameter in common, then

f ≥ supg(y) subject to y ∈ N. (7)

Proof 1. (Lower bound) From the definition of f we have that

f = inf
A∈A,c∈c

(
inf

x:FA(x)≤0
fc(x)

)
= inf

c∈c

(
inf

A∈A,x:FA(x)≤0
fc(x)

)

= inf
c∈c

(
inf

x∈M
fc(x)

)
= inf

x∈M

(
inf
c∈c

fc(x)
)

= inf
x∈M

f (x).

2. (Upper bound) Under the zero duality gap assumption (4) we have that for every
A ∈ A and c ∈ c

f (A, c) = g(A, c).

We maximize both sides of the equation over A ∈ A and c ∈ c and rearrange the right
hand side

sup
A∈A,c∈c

f (A, c) = sup
A∈A,c∈c

g(A, c)
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= sup
A∈A,c∈c,y:GA,c(y)≤0

gA,c(y)

≤ sup
A∈A,c∈c,y:GA,c(y)≤0

(
sup

A∈A,c∈c

gA,c(y)
)

= sup
y∈N

g(y).

The proof of the inequality (7) is a slight modification of the previous way. The
weak duality (3) says that for every A ∈ A and c ∈ c

f (A, c) ≥ g(A, c).

Maximizing both sides of the equation over A ∈ A and c ∈ c and rearranging the
right hand side, we get

sup
A∈A,c∈c

f (A, c) ≥ sup
A∈A,c∈c

g(A, c)

= sup
A∈A,c∈c,y:GA,c(y)≤0

gA,c(y)

= sup
A∈A,c∈c,y:GA,c(y)≤0

(
sup

A∈A,c∈c

gA,c(y)
)

= sup
y∈N

g(y). �

It is a simple consequence that if the duality gap is zero and the functions GA,c(x)

and gA,c(x) have no interval parameter in common, then

f = supg(y) subject to y ∈ N. (8)

Theorem 4 gives formulae for determining the exact lower and upper bounds of
the optimal value function (under some assumption). These formulae represent op-
timization problems with point (non-interval) data. In the real world, we can hardly
achieve their exact optima, but using interval arithmetic or some verification software
we are able to get guaranteed bounds. We do not discuss this issue in detail here since
the main purpose of the paper is to reduce interval-valued problems into non-interval
ones.

Applicability of Theorem 4 depends on how efficiently we are able to compute the
functions f (x) and g(y) and the sets M and N . In general, it is a great challenge, but
for some special nonlinear problems the mentioned functions and sets can be quite
easily simplified.

In the following sections, we apply the main result to two particular cases: con-
vex quadratic programming and posynomial geometric programming. Some results
for these cases were developed by Liu and Wang (2007) and by Liu (2006b, 2008),
respectively. We discuss their approach in the corresponding sections.
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3 Convex quadratic programming

3.1 Simple case

Consider a convex quadratic programming problem

min xTCx + dTx subject to Ax ≤ b, x ≥ 0, (9)

where C, A, b, and d vary in given interval matrices C , A and interval vectors b

and d . Suppose that C is positive semidefinite for all C ∈ C . The aim is to determine
the range [f , f ] in which the optimal value of (9) varies. This case was considered by
Liu and Wang (2007). Our approach developed in the previous section is applicable,
however, this case is so simple that we can determine lower and upper bounds directly.

For every feasible point x the following is true (due to non-negativity of x):

xTCx + dTx ≤ xTCx + dTx ≤ xTCx + d
T
x.

Thus the lower bound f will be achieved for C = C and d = d , whereas the upper

bound f will be achieved for C = C and d = d .
In a similar manner, we can also fix the values of A and b. Every solution of a

system

Ax ≤ b, x ≥ 0

for any A ∈ A and b ∈ b is also a solution of

Ax ≤ b, x ≥ 0

(since Ax ≤ Ax ≤ b ≤ b). For A = A and b = b, the feasible set of (9) contains all
the other feasible sets, and hence the minimal optimal value f will be achieved in
this setting. Analogously, every solution of a system

Ax ≤ b, x ≥ 0

is also a solution of

Ax ≤ b, x ≥ 0

for all A ∈ A and b ∈ b. By fixing A = A and b = b, the feasible set of (9) is the
smallest possible (indeed, the intersection of all the others) and the maximal optimal
value f must be achieved in this setting.

The following statement makes a summary for this case.

Proposition 5 We have

f = infxTCx + dTx subject to Ax ≤ b, x ≥ 0,

f = infxTCx + d
T
x subject to Ax ≤ b, x ≥ 0.
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3.2 General case

Consider a general convex quadratic programming problem

min xTCx + dTx subject to Ax ≤ b, Ex = h, x ≥ 0, (10)

where C ∈ C , A ∈ A, b ∈ b, d ∈ d , E ∈ E , and h ∈ h. Suppose that C is positive
semidefinite for all C ∈ C . This case is more complicated than the previous one, be-
cause the feasible set is described by both the equations and inequalities. Due to the
equations the previous approach is not applicable. Note that generally it is not possi-
ble to transform the problem (10) to (9)—such a transformation causes dependencies
between interval quantities.

The approach of the previous section is applicable only partially. For the similar
reasons, the lower bound f is achieved for C = C , d = d , A = A and b = b, and the

upper f bound for C = C and d = d , A = A and b = b. The remaining quantities E

and h cannot be fixed.
We now use Theorem 4 to determine f and f . First, we consider the lower bound

f , and from the previous line of thought we know that we can set and fix C = C ,

d = d , A = A and b = b. Clearly, f (x) = xTCx + dTx. From Theorem 3, we get a
characterization of the set M as

Ax ≤ b, Ex ≥ h, Ex ≤ h, x ≥ 0.

Now, we are ready to propose a formula for computing the lower bound f .

Proposition 6 We have

f = inf xTCx + dTx subject to Ax ≤ b, Ex ≥ h, Ex ≤ h, x ≥ 0.

To determine the upper bound f we have to consider a dual problem to (10). The
Dorn dual problem (Bazaraa et al. 1993; Dorn 1960; Martos 1975) is

max −xTCx − bTu − hTv subject to 2Cx + ATu + ETv + d ≥ 0, u ≥ 0.

(11)

The following lemma gives a description of the function g(y) = g(x,u, v).
W.l.o.g. we set and fix C = C , d = d , A = A and b = b.

Lemma 7 We have g(x,u, v) = −xTCx − b
T
u − hT

c v + hT
Δ|v|.

Proof The function g(x,u, v) is defined as

g(x,u, v) = sup gh(x,u, v) subject to h ∈ h,

where gh(x,u, v) = −xTCx − b
T
u − hTv. Clearly,

g(x,u, v) = −xTCx − b
T
u − inf

h∈h
hTv. (12)
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Define the vector h∗ ∈ h componentwise as

h∗
i =

{
hi, vi ≥ 0,

hi, vi < 0.

The vector h∗ is the optimal solution of (12), as for every h ∈ h one has

hTv =
∑

i:vi≥0

hivi +
∑

i:vi<0

hivi ≥
∑

i:vi≥0

hivi +
∑

i:vi<0

hivi = h∗T v.

Eventually, we simplify the expression h∗Tv:

h∗Tv =
∑

i:vi≥0

hivi +
∑

i:vi<0

hivi =
∑

i:vi≥0

(hc − hΔ)ivi +
∑

i:vi<0

(hc + hΔ)ivi

= hT
c v −

∑

i:vi≥0

(hΔ)i |vi | −
∑

i:vi<0

(hΔ)i |vi | = hT
c v − hT

Δ|v|.
�

To describe the set N we call Theorem 1, which yields

2Cx + A
T
u + ET

c v + ET
Δ|v| + d ≥ 0, u ≥ 0.

To give a resulting formula for computing f , we must still specify a condition
when the duality gap is zero. In the non-interval case, the duality gap is zero as long
as either the primal or the dual problem is feasible (it has a feasible solution). It is not
an easy problem to check whether this is true when the data may vary inside intervals.
It seems better to investigate feasibility of only one of them. The primal problem is
not convenient, as it combines equations and inequalities, however, the dual problem
can be used. Theorem 2 implies that if the linear system

2Cx + A
T
u + ETv1 − E

T
v2 + d ≥ 0, u ≥ 0, v1 ≥ 0, v2 ≥ 0 (13)

has a solution, then the corresponding dual problem is feasible for all E ∈ E , and
hence the zero duality gap is ensured. This is particularly true if C is positive definite.

Proposition 8 We have

f ≥ sup −xTCx − bTu − hT
c v + hT

Δ|v|
subject to 2Cx + A

T
u + ET

c v + ET
Δ|v| + d ≥ 0, u ≥ 0,

(14)

and equality holds if the system (13) is solvable.

The optimization problem (14) is nonconvex and nonsmooth, and therefore not
easy to solve. Beyond nonsmooth optimization techniques, we can solve this prob-
lem also by using a global optimization approach (Hansen and Walster 2004;
Neumaier 2004). Nevertheless, as long as the dimension of v (i.e., the number of
equations in (10)) is small, the simplest way to solve this problem is to decompose it
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into a series of convex quadratic programming problems. The number of these convex
quadratic programming problems is 2k , where k denotes the dimension of v. The de-
composition is based on partitioning the space into 2k orthants according to the signs
of the vi . In this way, the optimization problem (14) can equivalently be formulated
as

sup fz subject to z ∈ {±1}k,

where

fz = sup−xTCx − b
T
u − (

hT
c − hT

Δ diag(z)
)
v

subject to 2Cx + A
T
u + (

ET
c + ET

Δ diag(z)
)
v + d ≥ 0, u ≥ 0,diag(z)v ≥ 0,

and diag(z) denotes the diagonal matrix with entries z1, . . . , zk .

Example 9 Consider the interval convex quadratic programming problem

inf [2,3]x2
1 + 2x2

2 − 2x1x2 + [−5,−3]x1 + [1,2]x2

subject to [1,2]x1 + x2 ≤ [2,4],
[2,3]x1 + [−1,−0.5]x2 ≤ [3,4],
[4,5]x1 + [−8,−7]x2 = [1,1.5],
x1, x2 ≥ 0.

Thus the corresponding interval matrices and vectors are

C =
([2,3] −1

−1 2

)
, d =

([−5,−3]
[1,2]

)
, A =

([1,2] 1
[2,3] [−1,−0.5]

)
,

b =
([2,4]

[3,4]
)

, E = ([4,5] [−8,−7]) , h = ([1,1.5]) .

Using Proposition 6, we determine the lower bound of the optimal value function by
computing the convex quadratic program

f = inf 2x2
1 + 2x2

2 − 2x1x2 − 5x1 + x2

subject to x1 + x2 ≤ 4, 2x1 − x2 ≤ 4,

5x1 − 7x2 ≥ 1, 4x1 − 8x2 ≤ 1.5, x1, x2 ≥ 0.

The optimal solution is x∗ = (0.875,0.25)T with optimal value −2.90625.
As the matrix C = ( 3 −1

−1 2

)
is positive definite, the duality gap is zero, and we

determine according to Proposition 8 the accurate upper bound by solving the opti-
mization program

f = sup −3x2
1 − 2x2

2 + 2x1x2 − 2u1 − 3u2 − 1.25v + 0.25|v|
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subject to 6x1 − 2x2 + 2u1 + 3u2 + 4.5v + 0.5|v| − 3 ≥ 0,

−2x1 + 4x2 + u1 − 0.5u2 − 7.5v + 0.5|v| + 2 ≥ 0,

u1, u2 ≥ 0.

The vector v is one-dimensional, so the most convenient method to solve this problem
is to decompose it into two convex quadratic programming problems:

f1 = sup −3x2
1 − 2x2

2 + 2x1x2 − 2u1 − 3u2 − 1.25v + 0.25v

subject to 6x1 − 2x2 + 2u1 + 3u2 + 4.5v + 0.5v − 3 ≥ 0,

−2x1 + 4x2 + u1 − 0.5u2 − 7.5v + 0.5v + 2 ≥ 0,

u1, u2, v ≥ 0,

and

f2 = sup −3x2
1 − 2x2

2 + 2x1x2 − 2u1 − 3u2 − 1.25v − 0.25v

subject to 6x1 − 2x2 + 2u1 + 3u2 + 4.5v − 0.5v − 3 ≥ 0,

−2x1 + 4x2 + u1 − 0.5u2 − 7.5v − 0.5v + 2 ≥ 0,

u1, u2,−v ≥ 0.

The former has an optimal value f1 	 −0.52165 and the latter f2 = −0.75. The
resulting upper bound is the maximum of both, that is, f 	 −0.52165.

We conclude that the optimal values of the given interval convex quadratic pro-
gramming problem vary inside the range [−2.90625,−0.52165] and its bounds are
the best possible.

4 Posynomial geometric programming

A posynomial geometric program (Bazaraa et al. 1993; Liu 2006b, 2008) is a problem
of the form

inf
∑

i∈I0

ci

n∏

j=1

x
aij

j

subject to
∑

i∈Ik

ci

n∏

j=1

x
aij

j ≤ 1, k = 1, . . . ,m,

xj > 0, j = 1, . . . , n.

(15)

The index sets enumerate the terms sequentially, that is, they are of the form I0 =
{1, . . . , p0}, I1 = {p0 + 1, . . . , p1}, . . . , Im = {pm−1 + 1, . . . , p}. By the definition of
posynomial, all the coefficients ci , i = 1, . . . , p, are positive.

The coefficients vary in given intervals as follows: ci ∈ ci , i = 1, . . . , p, aij ∈ aij ,
i = 1, . . . , p, j = 1, . . . , n.
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The corresponding dual problem (Bazaraa et al. 1993; Boţ et al. 2006; Liu 2006b,
2008) is

sup

(
p∏

i=1

(
ci

yi

)yi

)(
m∏

k=1

z
zk

k

)

subject to
∑

i∈I0

yi = 1,

∑

i∈Ik

yi = zk, k = 1, . . . ,m,

p∑

i=1

aij yi = 0, j = 1, . . . , n,

yi, zk ≥ 0, i = 1, . . . , p, k = 1, . . . ,m.

The duality gap is zero as long as the primal problem has an interior point (Bazaraa
et al. 1993; Duffin and Peterson 1966) for all realizations of interval values. In the
following proposition, we give a sufficient condition for this property. Notice that it
is an open question whether this condition is also necessary.

Proposition 10 If the system

∑

i∈Ik

ci

n∏

j=1

y
aij

j z
−a

ij

j < 1, k = 1, . . . ,m,

yj , zj ≥ 1, j = 1, . . . , n

(16)

has a solution y∗, z∗, then the vector x∗ defined as x∗
j = y∗

j

z∗
j

is an interior point of the

feasible set (15) for all ci ∈ ci and aij ∈ aij .

Proof Let ci ∈ ci and aij ∈ aij . Then

∑

i∈Ik

ci

n∏

j=1

(
y∗
j

z∗
j

)aij

≤
∑

i∈Ik

ci

n∏

j=1

y
aij

j z
−a

ij

j < 1.

In other words, x∗ > 0 is an interior feasible solution for all realizations of the interval
data. �

Remark that solvability of the system (16) can be checked effectively by solving
the following posynomial geometric program:

inf ε

subject to
∑

i∈Ik

ci

n∏

j=1

y
aij

j z
−a

ij

j ε−1 ≤ 1, k = 1, . . . ,m,

y−1
j ≤ 1, z−1

j ≤ 1, j = 1, . . . , n,

yj , zj , ε > 0, j = 1, . . . , n.
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If its optimal solution is less than one, then the system (16) is solvable, otherwise it
is not solvable.

In the remainder of this section, we suppose that the duality gap is zero.

4.1 Lower bound

To use Theorem 4 we have to determine the function f (x) and the set M . As the
variables x are positive, we immediately have that every parameter ci attains its lower
value ci . The parameter aij attains its lower value aij if xj ≥ 1 and the upper value

aij if xj < 1. We formulate this as aij = (aij )c − (aij )Δ sgn(log(xj )). Therefore, the
function f (x) can be written as

f (x) =
∑

i∈I0

ci

n∏

j=1

x
(aij )c−(aij )Δsgn(log(xj ))

j . (17)

The set M is described by the constraints

∑

i∈Ik

ci

n∏

j=1

x
(aij )c−(aij )Δsgn(log(xj ))

j ≤ 1, k = 1, . . . ,m,

xj > 0, j = 1, . . . , n.

(18)

It is an analogy of the Gerlach Theorem (Theorem 1) and holds for the following
reason. If x satisfies (15) for some ci ∈ ci and aij ∈ aij , then it also satisfies (18) due
to the inequality

ci

n∏

j=1

x
aij

j ≥ ci

n∏

j=1

x
(aij )c−(aij )Δsgn(log(xj ))

j , i = 1, . . . , p.

Conversely, if x satisfies (18), then it satisfies (15) for the choice ci = ci ∈ ci and
aij = (aij )c − (aij )Δsgn(log(xj )) ∈ aij .

Proposition 11 The lower bound of the optimal value function is computable as fol-
lows

f = inff (x) subject to x ∈ M, (19)

where f (x) is described by (17) and M is described by (18).

The optimization problem (19) is not easy to solve in general. What we can do
is, for instance, to decompose it into 2n sub-problems according to the signs of the
log(xj ). Each such sub-problem is a geometric program restricted on an orthant-like
subset; cf. Sect. 3.2.

A simpler approach was introduced by Liu (2008), but it does not yield an exact
lower bound in general. This is shown in the following example adopted from Liu
(2008, Example 2):

inf [1.5,2]x[−0.13,−0.09]
1 x

[1.2,1.5]
2 x−1

3 x
[1.1,1.6]
4 + [3.5,4]x[−1.2,−1]

1 x−1
2 x

[−0.2,−0.1]
3 x−1

4
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subject to 2x−2
1 x−1

2 x2
3x4 + [1.2,1.6]x1x3x

2
4 ≤ [3,3.2],

[1.7,1.9]x2
1x1.4

2 x3x4 + [2.6,3.1]x2.2
1 x4 ≤ [2,2.4],

x1, x2, x3, x4 > 0.

According to Liu (2008), the optimal value range is [4.9271,8.5429]. Nevertheless,
this result is not correct, as the following instance

inf 1.5x−0.13
1 x1.2

2 x−1
3 x1.6

4 + 3.5x−1.2
1 x−1

2 x−0.1
3 x−1

4

subject to 2x−2
1 x−1

2 x2
3x4 + 1.2x1x3x

2
4 ≤ 3.2,

1.7x2
1x1.4

2 x3x4 + 2.6x2.2
1 x4 ≤ 2.4,

x1, x2, x3, x4 > 0

yields the optimal solution x = (35.97,529.46,0.0012,0.0001)T with the corre-
sponding objective value 2.3411.

4.2 Upper bound

Surprisingly, the upper bound of the optimal value function is much easier to compute
than the lower bound. As the variables xj in the primal problem (15) are positive, the
upper bound f will be achieved for ci = ci . So we set and fix ci = ci . By Theorem 4,

f = supg(y, z) subject to (y, z) ∈ N.

The function g(y, z) is computable as

g(y, z) =
(

p∏

i=1

(
ci

yi

)yi

)

l

(
m∏

k=1

z
zk

k

)

.

Using Theorem 3, the set N is described by
∑

i∈I0

yi = 1,

∑

i∈Ik

yi = zk, k = 1, . . . ,m,

p∑

i=1

aij yi ≥ 0, j = 1, . . . , n,

p∑

i=1

aij yi ≤ 0, j = 1, . . . , n,

yi, zk ≥ 0, i = 1, . . . , p, k = 1, . . . ,m.

Thus, we obtain an optimization problem which is efficiently solvable. Moreover,
this model uses fewer variables than the one proposed in Liu (2008).
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Boţ RI, Grad SM, Wanka G (2006) Fenchel-Lagrange duality versus geometric duality in convex opti-

mization. J Optim Theory Appl 129(1):33–54
Chinneck JW, Ramadan K (2000) Linear programming with interval coefficients. J Oper Res Soc

51(2):209–220
Dorn WS (1960) Duality in quadratic programming. Q Appl Math 18(2):155–162
Duffin RJ, Peterson EL (1966) Duality theory for geometric programming. SIAM J Appl Math 14(6):1307–

1349
Fiedler M, Nedoma J, Ramik J, Rohn J, Zimmermann K (2006) Linear optimization problems with inexact

data. Springer, New York
Gerlach W (1981) Zur Lösung linearer Ungleichungssysteme bei Störung der rechten Seite und der Koef-

fizientenmatrix. Math Oper Stat Ser Optim 12:41–43
Hansen E, Walster GW (2004) Global optimization using interval analysis, 2nd edn. Dekker, New York
Hladík M (2007) Optimal value range in interval linear programming. Fuzzy Optim Decis Mak (Submit-

ted). Available as a technical report KAM-DIMATIA Series 2007-824, Dep of Appl Math, Prague
Hu B, Wang S (2006a) A novel approach in uncertain programming part I: new arithmetic and order

relation for interval numbers. J Ind Manage Optim 2(4):351–371
Hu B, Wang S (2006b) A novel approach in uncertain programming. II: a class of constrained nonlinear

programming problems with interval objective functions. J Ind Manage Optim 2(4):373–385
Huang GH (1998) A hybrid inexact-stochastic water management model. Eur J Oper Res 107(1):137–158
Huang GH, Baetz BW, Patry GG, Terluk V (1997) Capacity planning for an integrated waste management

system under uncertainty: a North American case study. Waste Manage Res 15(5):523–546
Levin VI (1999) Nonlinear optimization under interval uncertainty. Cybern Syst Anal 35(2):297–306
Liu ST (2006a) Computational method for the profit bounds of inventory model with interval demand and

unit cost. Appl Math Comput 183(1):499–507
Liu ST (2006b) Posynomial geometric programming with parametric uncertainty. Eur J Oper Res

168(2):345–353
Liu ST (2008) Posynomial geometric programming with interval exponents and coefficients. Eur J Oper

Res 186(1):17–27
Liu ST, Wang RT (2007) A numerical solution method to interval quadratic programming. Appl Math

Comput 189(2):1274–1281
Martos B (1975) Nonlinear programming. Theory and methods. Akadémiai Kiadó, Budapest
Mráz F (1998) Calculating the exact bounds of optimal values in LP with interval coefficients. Ann Oper

Res 81:51–62
Neumaier A (2004) Complete search in continuous global optimization and constraint satisfaction. Acta

Numer 13:271–369
Rohn J, Kreslová J (1994) Linear interval inequalities. Linear Multilinear Algebra 38(1/2):79–82
Wu XY, Huang GH, Liu L, Li JB (2006) An interval nonlinear program for the planning of waste man-

agement systems with economies-of-scale effects—a case study for the region of Hamilton, Ontario,
Canada. Eur J Oper Res 171(2):349–372


	Optimal value bounds in nonlinear programming with interval data
	Abstract
	Introduction
	General approach
	Convex quadratic programming
	Simple case
	General case

	Posynomial geometric programming
	Lower bound
	Upper bound

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


