Top (2009) 17: 288-304
DOI 10.1007/s11750-008-0058-z

ORIGINAL PAPER

Strong Kuhn-Tucker conditions and constraint
qualifications in locally Lipschitz multiobjective
optimization problems

G. Giorgi - B. Jiménez - V. Novo

Received: 5 September 2007 / Accepted: 13 June 2008 / Published online: 10 July 2008
© Sociedad de Estadistica e Investigacion Operativa 2008

Abstract We consider a Pareto multiobjective optimization problem with a feasible
set defined by inequality and equality constraints and a set constraint, where the ob-
jective and inequality constraints are locally Lipschitz, and the equality constraints
are Fréchet differentiable. We study several constraint qualifications in the line of
Maeda (J. Optim. Theory Appl. 80: 483-500, 1994) and, under the weakest ones,
we establish strong Kuhn—Tucker necessary optimality conditions in terms of Clarke
subdifferentials so that the multipliers of the objective functions are all positive.
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1 Introduction

Constraint qualifications play an important role in optimization, since they allow us
to guarantee an effective intervention of the objective function in the Fritz John-type
necessary conditions for a point to be an optimum. Since the first decade of the 50’s,
the study of these qualifications has been the aim of several researchers with different
approaches, proposing various regularity conditions.

In order to avoid the case where some of the Lagrange multipliers associated
with the objective function vanish for a multiobjective optimization problem, several
works have been developed in recent years, and strong Kuhn—Tucker (K-T) neces-
sary optimality conditions have been obtained. We say that strong K-T conditions
hold when the Lagrange multipliers are positive for all objectives.

Maeda (1994) studies differentiable multiobjective optimization problems (in
finite-dimensional spaces) and gives strong K-T necessary conditions for a Pareto
minimum of a function over a feasible set defined by inequality constraints under a
regularity condition, called generalized Guignard constraint qualification (CQ). He
also studies other regularity conditions as the generalized Abadie CQ, showing that
the generalized Guignard CQ is the weakest one.

Two of the present authors (Jiménez and Novo 1999) develop similar results by
considering equality constraints not considered by Maeda. They also introduced new
qualifications that are sufficient conditions for the generalized Guignard CQ.

Preda and Chitescu (1999) extend the results obtained by Maeda, considering
Dini-quasiconvex and directionally differentiable functions. However, due to the re-
quirement on the objective functions to be Dini-quasiconvex and Dini-quasiconcave
with convex and concave Dini derivatives, their necessary optimality conditions (The-
orems 3.1 and 3.2) are very restrictive. Their results are given by means of inequalities
concerning the derivatives.

In our previous work (Giorgi et al. 2004), we generalize the above results by con-
sidering objective and inequality constraint functions that are Dini or Hadamard di-
rectionally differentiable and Fréchet differentiable equality constraints and also in-
troduce new qualifications.

Li (2000) considers a problem with only inequality constraints and supposes that
the involved functions are locally Lipschitz. In one of the most important results,
he proves strong Kuhn-Tucker optimality conditions under a generalized Abadie-
type CQ and assuming that the Clarke subdifferentials of the objective and constraint
functions are polytopes.

Yuan et al. (2007) consider only inequality constraints and locally Lipschitz func-
tions which are regular in the main result (Theorem 7).

Li and Zhang (2005) consider only inequality constraints and locally Lipschitz
functions and provide strong K-T necessary optimality conditions that are expressed
in terms of upper convexificators.

Bigi and Pappalardo (1999) point out the importance of strong K-T conditions,
since if, for example, in (12) there exists an index i such that A; = 0, then the op-
timality condition loses a part of its importance because it no longer involves the
corresponding objective function. These authors consider four classes of problems.
Two of them are those which admit at least one positive multiplier, i.e., A > 0 (regular
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problems), and those for which all the multipliers A are positive (totally regular prob-
lems). They relate these classes to some constraint qualifications and say that this can
be employed to achieve additional properties of the K-T multipliers. In this paper,
we study constraint qualifications to obtain regular problems.

On the other hand, it is known that a proper efficient solution has better prop-
erties than an efficient solution. A necessary condition for a point to be a proper
efficient solution is that strong K-T conditions are satisfied (Sawaragi et al. 1985,
Theorem 3.5.1). These conditions are also sufficient under additional assumptions of
convexity (Sawaragi et al. 1985, Theorem 3.5.2). These results show the importance
of getting strong K-T conditions.

In this paper, we extend the results of Li (2000) by considering locally Lipschitz
functions, Fréchet differentiable equality constraints, and an abstract set constraint.
We consider general locally Lipschitz functions, that is, we do not assume that the
Clarke subdifferentials are polytopes. We also establish strong K-T optimality con-
ditions under an extended generalized Guignard CQ, but in this case the objective
functions must be Fréchet differentiable.

This paper is structured as follows: Sect. 2 contains the definitions and notation
we use and some previous results. In Sect. 3, several constraint qualifications are
proposed and the relationships between them are studied. Finally, in Sect. 4, sev-
eral necessary optimality conditions of strong Kuhn—Tucker-type are obtained, i.e.,
such that they assure the positivity of the multipliers under the weaker qualifications
proposed.

2 Notation and preliminaries

Let x and y be two points of R”. Throughout this paper, we use the following nota-
tion.

x<yifx;<y,i=1,....m;x<yifx; <y, i=1,...,n.

Let M be a subset of R”. As usual, cl M, coM, cone M, and lin M denote the
closure, convex hull, cone generated, and subspace generated by M, respectively.
B(xp, §) is the open ball of center x( and radius § > 0. If A is a convex subset of R”,
ri A denotes the relative interior of A.

Given a function f : R" — RP?, the following multiobjective optimization problem
is considered:

(MP) Min{f(x):xeM}.

One says that the point xo € M is a local Pareto minimum, denoted xo €
LMin( f, M), if there exists a neighborhood U of x¢ such that

[f(MNU) = fxo)] N (—RE\{0}) =9,

We use the following tangent cones:
Definition 2.1 Let M C R" and xp € cl M.
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(a) The tangent cone to M at the point xg is
T(M,x0) = {veR":3n — 0%, 3xx — xo with x; € M
such that (xx — x0)/tx — v}.
(b) The Clarke tangent cone to M at the point xg is

Te(M,xp) = {veR": Vir — 07, Vxp — xo with x € M,

Jug — v such that yy := xx + txvg € M Vk € N}.

It is well known that
Tc(M, xo) C T (M, xo), (H

and T¢c (M, xo) is a closed convex cone. If M is a convex set, then T¢c (M, xo) =
T (M, xg) =clcone(M — xq).

Let A C R". Then the (negative) polar cone to A is A= ={£ eR": (£,x) <0
Vx € A}

The normal cone to M at xg is the polar to the tangent cone, i.e., N(M, xg) =
T (M, x9)~ . The Clarke normal cone to M at xq is Nc(M, xo) := Tc(M, xo)~ .

Note that if the sets are defined through function constraints, their approximation
is realized through the cones defined by the directional derivatives of the functions.

Definition 2.2 Let f: R" — R, xo, v € R".
(a) The upper Dini derivative of f at xq in the direction v is

l_)f(xo, v) = limsup fxo +1v) — f(xo)‘

t—0t t

(b) The upper Hadamard derivative of f at xq in the direction v is

_ .
df(xo,v) = limsup f(xo +tu) f(xo).
(t.u)—> (0 v) t

(c) The Clarke derivative of f at x¢ in the direction v is

dof(xo, v)= limsup Jx+1v) — f(x).

(t, x)= (0, x0) t

The Fréchet derivative of a function f : R" — R? at x is denoted by V f (xp).

The subdifferential (in the sense of the Convex Analysis) of a convex function
f :R* = R at xq is denoted by df (xp), and the Clarke subdifferential of a locally
Lipschitz function f : R" — R at xg is

dc f (x0) = {€ € R": (€, v) <d° f (xo, v) Vv € R"}.

_ It is well known that if f :R" — R is locally Lipschitz, then D f(xo,v) =
d f (xo,v) and d° f (xo, v) > d f (x0, v) Yv € R". The reader is referred to the book
(Clarke 1983) for more details.
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The following proposition collects Proposition 3.6, Lemma 3.10, and parts of The-
orem 3.5 and Lemma 3.2 in Jiménez and Novo (2002).

Proposition 2.1 Let fi,..., f, be sublinear functions from R" to R, f = (f1,...,
fp), h=C(hy,....,h;) :R" — R" be a linear function given by hy(u) = (cx, u), ¢y €
R", ke K={l,...,r}, and let A CR" be a convex cone. Consider the following
statements:

(@) 0¢co(lJ_,fi(0)) +lin{cy :ke K} +A™.
(b) There exists v € R" such that f(v) <0, h(v) =0, v € A.

Then

(1) If0 erih(Q), then (a) < (b).
(i) If (a) holds and Kerh Nr1i A # @, then

p
D :=cone co<U afi (O)) +lin{cy : k€ K} + A™ is a closed cone.
i=1
(iii) There exists u € R" such that f(u) <0, h(u) =0, u € ri A, if and only if (b)
holds and Kerh Nti A # (.
(iv) KerhNriA # @ if and only if 0 e rih(A).

The next theorem gives an alternative theorem which is basic in the development
of this paper. It is a generalization of Proposition 2.2 in Giorgi et al. (2004), where
the case A = R" is considered (see also Ishizuka 1992; Luu and Nguyen 2006).

Theorem 2.1 (Generalized Tucker alternative theorem) Let f1,..., fp, 81.---,8m
be sublinear functions from R" to R and hy,...,h, linear functions from R"
to R given by hi(v) = {(ck,v), k€ K ={1,...,r}, with ¢y € R", let f =
(ft,oos fp), g=(815--, 8m)s h=(h1,...,h;), and let A CR" be a closed convex
cone. Suppose that for each i € {1, ..., p}, the cone

D; =coneco(U 8fj(0)> +coneco(U agj(0)> +lin{cy :ke K} + A~

J#i j=1

is closed. Then, the following statements are equivalent:

(a) The system

f) =0, J () #0, gw) =0, h(v)=0, wveA,

has no solution v € R".
(b) There exist (A, u,v) € RP x R™ x R” such that A > 0, u >0, and

P m r
0€Y Mdfi(0) + > pjdg;O)+ > vecr+ A

i=1 j=l1 k=1
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(¢c) There exist (A, u,v) € R? x R™ x R" such that . > 0, u >0, and

P m r
S ohifi) + Y wigi @) + Y vhi@) =0 Vue A, @)

i=1 j=1 k=1

Proof The equivalence (b) < (c) is proved similarly to the equivalence (a) < (b) of
Theorem 3.5 in Jiménez and Novo (2002).
Now suppose that (c) is true and (a) is false, and let vy be a solution of the system

in (a). Then Y, 4; f; (vo) < O, > mjgj(wo) <0 and Y7y vihy(u) =0, and
therefore

)4 m r
D o hifio) + Y wjgi(wo) + Y wihi(vo) <0,
i=1 j=1 k=1

which contradicts (2).
Finally, suppose that (a) holds, then for eachi =1, ..., p, the system

fi(v) <O, fs(v) <0, s#i, g(v) <0, h(v) =0, veA,

has no solution v € R”. By Theorem 3.13 in Jiménez and Novo (2002), there exist
Aii >0, Aig ZO,S;&I.,/,LZ'J' >0,j=1,....,m, v eR,k=1,...,r,such that

)4 m r
Mifi@) + Y i fs@) + D pijgiw) + Y vikhi() =0
s=1,5%i j=1 k=1

YueA,i=1,...,p.

Summingupini =1,..., p, we obtain

P m .
Z)»ifi(u)+Zujgj(u)+2vkhk(u) >0 VueA,
k=1

i=1 Jj=1

where A; = Zf:] Asisi=1,...,pspuj= Z;."Z] Wij, j=1,....m; v = Z{’:] Viks
k=1,...,r,and obviously A > 0, u > 0, which proves (b). O

Notice that (b) < (c) and (c) = (a) are true without the assumption on the closed-
ness of the cones D;.

If the functions f; and g; are linear and A = R", Theorem 2.1 becomes the classic
Tucker alternative theorem (see, for example, Mangasarian 1969). Notice that in this
case the cones D; are closed because are finite generated.

In order to decide if the cones D; are closed, one has the following criterion.

Remark 2.1 If

0¢ co(Uafj(O) ulJ agj(0)> +lin{cx ke K} + A~

i j=1

@ Springer



294 G. Giorgi et al.

and Kers Nri A # @, then D; is closed. This follows from Proposition 2.1(ii).

From now on, we shall assume that the feasible set of problem (MP)is M = SN Q,
where Q is an arbitrary closed subset of R”, and S is defined by

S={xeR":g(x) <0, h(x) =0} 3)

with g : R” — R™ and 4 : R" — R’, whose component functions are, respectively,
gj-jeJ :={1,....,m}, i,k € K :={1,...,r}. We shall adopt the following nota-
tion. Given xg € S, the active index set at xq is Jo = {j € J : g (xo) = 0}. The sets
defined by the constraints g and & are denoted, respectively, by

G={xeR":g(x) <0}, H={xeR":h(x)=0},

so § = G N H. We suppose that the functions g; are locally Lipschitz and that &
is continuously Fréchet differentiable (i.e., C1). The cones that will be used are the
following (linearized cones):

Co(S) = {veR":d";(xo,v) <0 Vj € Jy, Vhr(xo)v=0Vk €K},
C(S)={veR":d%;(xo,v) <OVj € Jo, Vhr(xo)v=0Vk e K}.
Co(G) and C(G) are defined in an analogous way, and we denote
K (H) =KerVh(xp).

Consequently, Co(S) = Co(G) N K(H) and C(S) =C(G) N K(H).

Lemma 2.1 If A is a closed convex cone and Cy(S) N A #£ @, then cl[Co(S) N Al =
C(S)NA.

Proof By assumption Co(G) N W # @, where W = K(H) N A. Since U := Cy(G) is
an open set, one has:

UNnW=0¢ « WcU° & cdWcU° & 1nWcU*

& UNriw=y

(the third equivalence is true because W is a closed convex set, and so clriW =
clW = W). Hence Co(G) Nri W # (. From Theorem 6.5 in Rockafellar (1970), tak-
ing into account that cl Co(G) = C(G), we conclude that

c[Co(G) Nri W] =cl[Co(G)NW]=C([G)NW =C(S)NA. O

Proposition 2.2 Let h : R" — R be a C! function, let g : R" — R™ be locally
Lipschitz, and let Q be a closed subset of R". If the following basic constraint quali-
fication holds at xo e GNH N Q:

(BCQ) 0€ ) wVhi(xo) +Nc(Q.x0) = v=0,
keK
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then
KerVh(xo) N Tc(Q, xo) C Tc(H N Q, xp). @)
If, in addition, Co(S) N Tc(Q, x0) # @, then C(S) N Tc(Q, x9) C T(SN Q, xp).

Proof By Proposition 3.2 in Jourani (1994), h is metrically regular at xo with respect
to Q, i.e., there exist « > 0 and § > O such that

d(x,h " (2)N Q) < allh(x) —zll VYxe QN B(xo,8), z€ B(h(x0),8). (5

Let v € Ker VA(xg) N Tc(Q, xp), and take t,, — 0T and x,, — xo with x,, € H N Q.
Since v € Tc(Q, xp), there exists a sequence v, — v such that y, :=x,, +t,v, € Q.
Since h is C!, by the mean-value theorem we have

17(n) — R (xn) — VA(0) (0 — X) | < lyn — xall sup | VA(c) — VA(xo)|.

C€[xn,ynl

Consequently, since || VA(-) — Vh(xp)]| is continuous and the set [x,, y,] is compact,
we have

[t () = h(xn)) = VRG0) )| < onll| Vi(en) = Vh(xo) |

for some ¢, € [x,, yn]. Since Vh(-) is continuous at xo, lim,_ o |[|[VA(cy) —
Vh(xp)|| = 0 for the sequence ¢, — x¢. Therefore lim,,_, o, tn_l lh(yn) —h(x,)| =0,

since Vh(xg)(v,) = Vh(xg)v = 0. From (5) and using that x,, € H = h~(0), it
follows that

d(yn, h~1(0) N Q) < a|[h(yn) — O] = a||(yn) — h(x)|| = 0(t).

Hence, there exists a sequence z,, € A~ (0) N Q such that lim,_, oo (Y — 21) /. = 0.
Now,

lim (x, —z,)/tn = lim [(xn =Y/t + (n — Zn)/tn] =71,
n—00 n— o0

and therefore v € Tc(H N Q, xg).
In order to prove the second part, first let us see that

Co($) NTc(Q.x0) CT(SN Q, xp). (6)

Take v € Co(G) N Ker Va(xg) N Tc(Q, x¢). From the first part it follows that v €
Tc(H N Q,x0) C T(H N Q, xp), and therefore there exist sequences #, — 07 and
v, — v such that xg +t,v, € HN Q. Since v € Co(G), we have that dogj (xp,v) <0
for all j € Jo. However,

. 8j (X0 + tnvn) — g (x0)
lim sup

n—00 In

<dg;(x0,v) <d’gj(xo,v) <O0.

Since g;(xp) = 0 for each j € Jy, there is no(j) € N such that g;(xo + #,v,) <0
Vn > no(j). Foreach j € J\ Jy, since g;(xp) < 0 and g; is continuous at xo, there is
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no(j) € N such that g; (xo + t,v,) <0 Vn > no(j). So, taking ng = max{no(j): j €
J}, we have g (xo + t,v,) <0 Vn > ng, which proves that xo + #,v, € G, and there-
fore xo + t,v, € SN Q, which implies that v € T (S N Q, xp), and (6) is proved.
Finally, the conclusion follows from Lemma 2.1 taking into account (6) and the
closeness of T(S N Q, xp). O

Remark 2.2 If in Proposition 2.2 some g; is Fréchet differentiable at xo instead of
locally Lipschitz, then the conclusion is also true, considering, in the definitions of
Co(S) and C(S), Vg;(xo)v instead of dogj (x0,v), i.e., denoting Jor ={j € Jo: g;
is Fréchet differentiable at xo} and defining

Co(G) ={veR": Vg;(xo)v <0Vj € Jor,d’gj(x0,v) <OVj e Jo\ Jor}.
C(G)={veR":Vg;(xo)v <0Vj € Jor.d’g;(x0,v) <OVj € Jo\ Jor},

Co(S) = Co(G) N K(H) and C(S) = C(G) N K(H). To prove this assertion,
it suffices to observe that, for the sequence xo + t,v, € H N Q in the proof
of Proposition 2.2 and v € Co(G), one has Vg;(xo)v <0, Vj € Jor. However,
limy 00 £, 1(8 (X0 + tav) — g;(x0)) = Vgj(xo)v < 0, and s0 g;(x0 + tyv,) <0
for all n large enough, and the proof follows as in the proof of Proposition 2.2.

Remark 2.3 (a) By Lemma 3.2 in Jiménez and Novo (2002), one has
(BCQ) & 0eintVh(xo)(Tc(Q,x)) = KerVh(xo) NriTc(Q, xo) # 0.

(b) Note that, by Proposition 2.1(iii) and (Jiménez and Novo 2002, Theorem 3.9 and
Lemma 3.2), we have that (BCQ) and Co(S) N T¢(Q, x) # @ are fulfilled if and only
if the following implication is true:

0e Zujacgj(xo)-l-ZVthk(XO)vLNC(Q,XO), uw=0 = wpu=0, v=0.
jedo keK

We finish this section with the following well-known result.
Lemma 2.2 Ler f:R" — R. If xo is a local minimizer of f on S C R", then
df(xo,v)>0VveT(S,xp).
3 Constraint qualifications in multiobjective optimization
Let us consider the multiobjective optimization problem

(MP) Min{f(x):xeSnQ},

where the set S is given by (3), Q C R” is closed, 4 is cl, g is locally Lipschitz,
and f : R" — R? is locally Lipschitz or Fréchet differentiable and has compo-

nent functions f;, i € I :={l1,..., p}. We denote dof(xo, v) = (dofl(xo, v),...,
d° £, (x0, ).
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Keeping the notation of Sect. 2, given xg € S N Q, we consider the following sets:
F={xeR": f(x) < f(x0)},S°=FNS, and foreach i € I,

Fi={xeR": fj(x) < f;(xo) Vj € I\ {i}}

and S’ = F' N S. Obviously F = (_, F" and S° =("/_, S'. Since the sets given
above are defined by inequality and equality constraints, the corresponding linearized
cones can be defined. Let us remark that for the set F, all the functions f;, i € I,
are active at xo and for the set F', the same is true for the functions f IR A
{i}. We have Co(S') = Co(F') N Co(G) N K (H), C(S') =C(F)YNC(G)NK(H),
and similar expressions for Co(89) and C(S%). When f is Fréchet differentiable, in
the definitions of the linearized cones Co(F'), C(F'), Co(F), and C(F), we use
V f;(xo) instead of d° f;(xo, -), as in Remark 2.2.

It is a well-known result that xg is a local Pareto minimum to problem (MP) if and
only if foreachi =1, ..., p, x¢ is a local minimum of the scalar problem

(P)) Min{fi(x):xe S nQ}.

We present now different qualifications for problem (MP) as in the approaches of
Maeda (1994), Preda and Chitescu (1999), Jiménez and Novo (1999), Giorgi et al.
(2004), and Li (2000). The implications between them are also analyzed.

Definition 3.1 The following constraint qualifications are considered:

1. Generalized Guignard (GGCQ):

p
C(S°) N Te(Q.x0) C[eleo T(S'N Q. xo).
i=1

2. Abadie (ACQ):
C (%) NTc(Q, x0) € T(S°N Q, x0).
3. Generalized Abadie (GACQ):

p
C($°) N Te(Q.x0) €[ T(S" N Q. x0).

i=1
4. Cottle (CCQ): (BCQ) and foreachi =1,..., p, Co(SHNTe(Q, x0) # 0.

In the next proposition we give alternative formulations of the above con-
straint qualifications. We denote Pr = J;; dc fi (x0), P = UjeJU dcgj(x0), P, =
U jel\i) dc fj(x0); if f is Fréchet differentiable, we replace d¢ f; (xo) by {V fi (x0)}.
Foraset ACR", A*={veR":(a,v) <0Vae A}.

Proposition 3.1

(i) (GGCQ) holds < Py NP5 NK(H)NTc(Q,x0) C (N, cleoT(S' N Q, xp).
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(ii) (ACQ) holds < P N P N K(H) N Tc(Q,x0) C T(S°N Q, xo).

(iii) (GACQ) holds < Py NP5 NK(H) N Tc(Q,x0) C (N, T(S' N Q, x0).

@iv) (CCQ) holds < (BCQ) holds, and for each i € I, Pf,i N P; N K(H)N
Tc(Q, xo) # 0.

Proof If ¢ : R" — R is locally Lipschitz, it is well known that dc¢(xp) is a con-
vex compact set and d%¢ (xg, v) = MaxXgejcp(x) (&, V). Therefore, the following state-
ments are obvious:

() d%(xp,v) <0 & vedp(xg),
(b) d%(xp,v) <0 < v e dp(xp)®.

Now, taking into account Lemma 2.1 in Li (2000), the proposition is clear be-
cause Co(G) = Pg;, C(G) = P, and similarly for the sets F" and F;. If f is Fréchet
differentiable, it is clear that P, = C(F) and P}i = Co(F). O

Theorem 3.1 The following implications are satisfied:

(a) Abadie = Generalized Abadie.
(b) Cottle = Generalized Abadie = Generalized Guignard.

Proof (a) It is clear because S° = (/_; §" and so T(S° N Q,x0) C N/, T(S' N
0, xp).

(b) The second implication is obvious and for the first one, it is enough to apply
Proposition 2.2 (see also Remark 2.2) to each set St obtaining C (SHn Tc(Q, xp) C
T(S" N Q, x). From here we deduce that C(5°) N Tc(Q,x0) = (-, C(SH) N
Tc(Q, x0) C N/ T(S"N Q. x0) O

4 Optimality conditions under generalized qualifications

In this section strong Kuhn—Tucker-type necessary optimality conditions are given
for a point to be local Pareto minimum. These conditions are obtained both in pri-
mal form and in dual form, with a feasible set defined by inequality and equality
constraints and set constraint, and the objective functions and the inequality con-
straints are locally Lipschitz. In order to obtain the positivity of the multipliers as-
sociated with the objective function, a generalized constraint qualification will be
assumed. In this way we generalize Maeda’s results (Maeda 1994), which are valid
for differentiable programs with only inequality constraints, Jiménez and Novo’s re-
sults (Jiménez and Novo 1999), valid for differentiable problems with inequality and
equality constraints, and Li’s results (Li 2000) with locally Lipschitz data (only in-
equality constraints) and Clarke subdifferentials that are polytopes.

Theorem 4.1 Let f;,i € I, and g;, j € Jo, be locally Lipschitz, let h be c! at xo,
and suppose that the generalized Abadie constraint qualification is satisfied at xo. If
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xo € LMin(f, S N Q), then there exists no solution v € R" of the system

d’f(x0,v) <0,  d®f(x0,v) #0,
d%g;(x0,v) <0 VjeJo,

Vh(xg)v =0,

veTc(Q,xo).

N

Proof Assume that the conclusion is not true. Then there exist v € R" and i €
{1,..., p} such that

d° fi (x0,v) <0,
dOf(x0,v) <0 Vj#i, ®)
veC(S)NTc(Q, xp).

These conditions imply that v € C $SHN Tc(Q, xo) and, by the generalized Abadie
constraint qualification, v € ﬂle T(S/N 0, xp), and in particular v € T(S'N Q, xp).
Since x is a local Pareto minimum, it also is a local minimum of each scalar problem
(P;), in particular, xo € LMin(f;, Sin Q). By Lemma 2.2 we have c?fl-(xo, u) >0
Yu € T(S' N Q, xp). Choosing u = v, we have d f; (xo, v) > 0. Since d° f; (xg, v) >
d fi(xo0, v), it follows that d fi(x0, v) >0, in contradiction to (8). O

Since dofi(xo, -) is a sublinear function, if doﬁ(xo, -) is also concave, then
dof,-(xo, -) is linear, i.e., dof,-(xo, -) = {ai, -) for some a; € R", and so ¢ f; (xp) =
{a;} is a singleton; consequently, f is strictly differentiable at xo (Clarke 1983, Propo-
sition 2.2.4). Hence, as in the following theorem we need the concavity of the deriv-
ative, we directly require f to be Fréchet differentiable (which is a slight weaker
condition, and moreover we do not need f to be locally Lipschitz).

Theorem 4.2 Let f be Fréchet differentiable at xo, let gj, j € Jo, be locally Lip-
schitz, h be C' at xq, and suppose that the generalized Guignard constraint qualifi-
cation is satisfied at x¢. If xo € LMin(f, S N Q), then there is no solution v € R" of
system (7) with V f (xo)v instead ofdof(xo, v).

Proof Assume that the conclusion is false. Then for some i € {1, ..., p}, the system
V fi(xg)v <0,
Viixov =<0 Vj#i, 9

ve C(S)NTc(Q, xo),

has a solution v € R”. These conditions imply that v € C(S°) N T¢(Q, xo). From the
generalized Guignard constraint qualification it follows that v € ﬂf: cleoT (87N
0, x0), and in particular, v € clcoT(S' N Q, xp). Since x¢9 € LMin(f;, S N Q)
and f; is Fréchet differentiable, from Lemma 2.2 we obtain V f;(xg)u > 0 Vu €
T(S' N Q, xp) (in this case, d f; (xo, u) = V f; (xo)u). By the linearity and continu-
ity of V f;(x0)(-), it follows that V f; (xo)u > 0 Yu € clco T(S' N Q, x¢). Choosing
u = v, we have a contradiction to (9). Il
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It is possible to obtain the dual form of these two last theorems by applying the
generalized Tucker alternative theorem (Theorem 2.1).

Theorem 4.3 Assume the hypotheses of Theorems 4.1 or 4.2. If the cones

D; = c0neco<U ac fj (xo)) + coneco( U dcgj (xo))

J# Jjelo
+1in{ Vi (x0) : k € K} 4+ Nc(Q. xo). (10)
i=1,..., p,are closed, then there exists (A, i, v) € R? x R™ x R" such that
(@ A>0, u =0, nigixo)=0, j=1,...,m, (11D

p m
(b) 0€ > Aidefi(xo) + Y ujdcg;(xo)

i=1 j=1

+ Y wVhi(x0) + Ne(Q, xo). (12)
k=1

As usual, we take p; =01if g;(x0) < 0.
Note that, by Theorem 2.1, condition (12) is equivalent to

V4 m r
D nid® fi(xo,v) + Y jdgj(x0.v) + Y v Vhi(xo)v =0 Vv € Te(Q, x0).
i=1 j=1 k=1

Theorem 4.3 generalizes Theorem 5.1 in Li (2000), where it is assumed that
dc fi(xo) and dc g (xp) are convex polytopes and 4 and Q are not considered.

Now we investigate conditions that allow us to ensure that the cones in (10) are
closed.

Proposition 4.1 (i) Ifforeachi =1, ..., p,
Co(SHNTc(Q.x0) #D and  Ker Vh(xo) NriTc(Q, x0) # 9, (13)

then the cones D;,i =1, ..., p, given by (10), are closed.
(ii) If ac fi(x0), i € I, dcgj(x0), j € Jo are polytopes and if Tc(Q, xo) is a poly-
hedral convex cone, then the cones D;,i =1, ..., p, given by (10), are closed.

Part (i) follows from Proposition 2.1(ii). Part (ii) follows from Lemma 4.3.3 in
Hiriart-Urruty and Lemaréchal (1996, Chap. III), since a polytope is the convex hull
of a finite number of points, a polyhedral convex cone is the intersection of finitely
many half-spaces, and its normal cone is finite generated.

Note that, by Proposition 2.1(iii), condition (13) is equivalent to saying that there
exists v € R" such that

d’fj(xo,v) <0 Vjel\li}, d(x0,v)<0 Vjel,
Vh(xp)v=0, vernlc(Q,xo), (14)
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ie., Co(SHNri Tc(Q, xo) # 0. We point out that if the Cottle constraint qualification
holds, then it is unnecessary to use the generalized Tucker alternative theorem to
obtain positive multipliers, since this result can be obtained directly as follows.

Proposition 4.2 Let f be locally Lipschitz, and suppose that the Cottle constraint
qualification (CCQ) is satisfied. If xo € LMin(f, S N Q), then conditions (11)—(12)
hold.

Proof Foreachi =1,..., p, we have xg € LMin(f;, Sin Q), and by Lemma 2.2,
d° f;(xo,v) > d fi(xp, v) > 0 Yv € T (S N Q, x9). By Proposition 2.2, for each i =
1,....,p, C(SHNTc(Q, x0) C T(S' N Q, xp). Therefore, none of the p systems (i =
1,....,p):

d° fi(xo0,v) <0,

d°fj(xo,v) <0 Vj#i,

d%;(x0,v) <0 VjeJ, (15)
Vhi(xo)v=0  VkeKk,
veTc(0,xo),

has a solution v € R”. Let us consider the convex problem in the variable v
(CP) o =Min{d’ f; (xo, v) : d° f; (x0, v) <OV #1i,
d%g;(x0,v) <0Vj € Jo, Vhr(xo)v="0Vk € K,
vE TC(Q,xo)}.

Because of the incompatibility of the system (15) above, we have o; > 0. Since v =
0 is a feasible solution and dof,- (x0,0) =0, it is @; = 0. From Theorem 28.2 in
Rockafellar (1970) (we can use it because (14) holds for some v € R”") it follows that
there exist A;; > 0, j #i; ui; =0, j € Jo; vix € R, k € K, such that

P r
d° fi (xo, v) + Z Aijd° £ (x0, v) + Z 1ijd%g (xo, v) + Z ik Vhg (xp)v >0
j=1,ji jedo k=1

forallve Tc(Q, x9) and fori =1, ..., p. Summing overi =1, ..., p, we have
P r
Y nid’ fitxo,v)+ Y 1jd’gj(xo,v) + Y wkVhr(xo)v =0 Vv e Te(Q, x0),
i=1 Jjedo k=1

where, in order to simplify, we have denoted A; =1 + Z?:l,j;éi Aji,i=1,...,p;
nj= Zle Wij, j € Jos vk = le:l vik, k =1,...,r, and obviously we have A > 0
and p > 0. The conclusion is obtained using the equivalence between parts (b) and
(c) in Theorem 2.1. O

Remark 4.1 Luu (2007) deals with problem (MP) with 4 locally Lipschitz instead
of CL. He considers the next constraint qualification (MCQ). We say that (MCQ)

@ Springer



302 G. Giorgi et al.

holds at xo if foreach i =1, ..., p, there is no scalars A; > 0, s #i, u; >0, j € Jo,
vk € R, k € K, not all zero, satisfying

0€Y Adcfi(xo)+ Y mjdegjxo) + Y vk Vhi(xo) + Ne(Q, o).

SFEQ jedo keK

Let us observe that dch (xo) = {Vhi(xo)} Vk € K, since & is C!. According to Re-
mark 2.3(b), (MCQ) holds if and only if (BCQ) holds and for each i =1, ..., p,
Co(SHNTc(Q, xo) # @, i.e., if and only if Cottle CQ holds. In view of Remark 2.3(a),
(BCQ) implies Ker Vh(xo) Nri Tc (Q, xg) # @, and by applying Proposition 4.1(i) and
Theorem 3.1 it follows that (MCQ) implies that (GACQ) holds and that the cones D;,
i=1,..., p, given by (10), are closed. In consequence, if (MCQ) holds, the assump-
tions of Theorem 4.3 are satisfied.

Therefore, when & is C', (MCQ) collapses into (CQI) in Luu (2007), and The-
orem 4.3 is more general than Luu (2007, Theorem 3.1). In fact, Example 4.1(a)
shows that Theorem 4.3 is applicable and (Luu 2007, Theorem 3.1) is not applicable,
because (MCQ) is not satisfied.

As consequences of Theorem 4.3 and Proposition 4.1(ii), we obtain the following
corollaries.

Corollary 4.1 Assume the hypotheses of Theorem 4.1 or 4.2. If, in addition,
dc fi(xo), i € I, dcgj(x0), j € Jo, are polytopes and Tc(Q, xo) is a polyhedral
convex cone, then there exists (A, 1, v) € RP x R™ x R" such that

(@ A>0, u=>0, nigjxo)=0, j=1,...,m,

)4 m r
() 0€ Y ridefi(xo)+ Y mjdeg;(xo) + Y v Vhe(xo) + Ne(Q, xo).
i=1 j=1 k=1

Of course, under the hypotheses of Theorem 4.2, we must substitute d¢ f; (xg) by
V fi (x0).

In particular, if % is not considered and Q = R", Corollary 4.1 (under the as-
sumptions of Theorem 4.1) collapses into Theorem 5.1 in Li (2000), taking Proposi-
tion 3.1(iii) into account.

Corollary 4.2 Let f, g, and h be continuously Fréchet differentiable at xo. Suppose
that Tc (Q, xo) is a polyhedral convex cone and that the generalized Guignard qualifi-
cation is satisfied. If xo € LMin(f, SN Q), then there exists (A, i, v) € RP x R™ x R”
such that

(a A>0, n=>0, nigji(x0) =0, j=1,...,m,

P m r
(b) 0€Y AVfitxo)+ ) 1jVejxo)+ Y viVhi(xo) + Ne(Q, xo).

i=l1 j=1 k=1
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In this case, dc fi(x0) = {V fi(x0)}, dcgj(x0) = {Vg;(x0)} and Nc(Q,xo) is
finite-generated, and so the cones D; are closed.

This corollary extends Theorem 3.2 in Maeda (1994), where only inequality con-
straints are considered, and Corollary 8 in Jiménez and Novo (1999), where Q is not
considered.

The following example illustrates our results. Notice that in part (a) Cottle qual-
ification is not satisfied, but Theorem 4.3 can be applied. Part (b) shows that the
closeness condition on the cones D; cannot be removed of Theorem 4.3.

Example 4.1 (a) Let f : R2 - R? be given by f(x1,x2) = (2x1 + x2, x2), let
B = co{(—t, —t2) :0 <t <1}, x0=(0,0), and let g be the support function of the
compact convex set B, i.e., g(x) = sup,p(b, x), where x € R2. 1t is easy to check
the following facts:

e The feasible setis S = {(x1, x2) : x1 > 0, x; +x2 > 0}, and x is a Pareto minimum.

o d%(xg,v) = g(v) and dcg(xp) = B, since g is convex and positively homoge-
neous.

e Abadie CQ is satisfied (and by Theorem 3.1, (GACQ) and (GGCQ) are also satis-
fied).

e f islinear (sois C') with V f(x¢) = (2, 1) and V f>(xo) = (0, 1).

e The cones D1 = cone{V f2(xp)} + cone B and Dy = cone{V fi(xp)} 4+ cone B are
closed.

e The equation

0€ A1V fi(xo) + A2V fo(xo) + mdcg(xo) withA, ko >0and >0  (16)

has a solution, for example, A =X, =1, u =2.

Let us observe that dc g(xg) is not a polytope (hence Theorem 5.1 in Li (2000) is
not applicable) and that Cottle CQ is not satisfied since Co(S 1y =Cy(5?) = 0.

(b) With the same data as in part (a), but now f(x1, x2) = (x1, x1).

The point x¢ is a Pareto minimum, Abadie CQ is satisfied, but the cones

Dy=Dy= coneco({(l, O)} U Bcg(xo)) =R x (—Ry)\ {(xl,O) X< O}
are not closed. Now (16) has no solution.

Taking into account Example 4.1(b), we notice that the following results should
not be correct: Theorem 3.2 in Preda and Chitescu (1999), Theorems 3.1 and 3.2 and
Corollaries 3.1 and 3.2 in Li and Zhang (2005) and Theorems 6 and 7 in Yuan et al.
(2007).
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