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Abstract

Principal component analysis (PCA) and canonical correlation analysis (CCA) are
dimension-reduction techniques in which either a random vector is well approxi-
mated in a lower dimensional subspace or two random vectors from high dimensional
spaces are reduced to a new pair of low dimensional vectors after applying linear
transformations to each of them. In both techniques, the closeness between the higher
dimensional vector and the lower representations is under concern, measuring the
closeness through a robust function. Robust SM-estimation has been treated in the
context of PCA and CCA showing an outstanding performance under casewise contam-
ination, which encourages the study of asymptotic properties. We analyze consistency
and asymptotic normality for the SM-canonical vectors. As a by-product of the CCA
derivations, the asymptotics for PCA can also be obtained. A classical measure of
robustness as the influence function is analyzed, showing the usual performance of S-
estimation in different statistical models. The general ideas behind SM-estimation in
either PCA or CCA are specially tailored to the context of association, rendering robust
measures of association between random variables. By these means, a robust corre-
lation measure is derived and the connection with the association measure provided
by S-estimation for bivariate scatter is analyzed. On the other hand, we also propose
a second robust correlation measure which is reminiscent of depth-based procedures.
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1 Introduction

Principal component analysis (PCA) and canonical correlation analysis (CCA) are
two-dimensional reduction techniques of widespread use in statistics. For a random
vector z in the Euclidean space of dimension m, with positive definite covariance
matrix X, PCA looks for the spectral decomposition of X, the eigenvectors t! e, t,ln
associated with the corresponding m-uple of eigenvalues (yll, ey y,,ll) in decreasing
order, yjl > yj]+1 >0, forall 1 < j <m — 1 thatis,

t m t
¥ —T!Al (Tl) =Y it (t}) , %)
i=1

where T' € R™>™ ig an orthonormal matrix whose columns are t}, j=1...,m

and A! = diag ()/11, e an1) The variables (t%)t (z-Ez),..., (tlﬁl)t (z-Ez) are usu-
ally referred as principal components. The eigenvalues and eigenvectors can be also
obtained through an optimization scheme (Seber 2004, p.181). On the other hand, the
principal components are the best linear predictors for z- Ez when looking for linear
combinations Y _;_, (a} (z-Ez))a; based on an orthonormal set {a|, ..., ap, ..., an},
p < m.Letz ~ F, then the principal components solve the optimization problem

(KysVp) =arg min  Ef ||z — p) -Py (z — wI?
RER™ V

. 2
:arguer%g{vEF ||PVL (Z—M)” , 2)

where Py stands for the orthogonal projection on a subspace V of dimension p < m,
V = (aj,...,a ,) means that V is generated by the orthonormal set {ay,...,a,} and
vi = <ap+1, ceey am) denotes the orthogonal complement of V. Then, (u,,V)) for
(2) are given by u, = Ez, V, = (t} ... ,t;,) and Py, (z) = Z,f:l((t}()t (z-Ez))t}.

Letus denote the subset &, ,, = {A e R™M : AA" = Ir} and p’ = m— p. Accord-
ing to (2), it is easy to see that

min Ep |lz—p —Py@z—w|*= min  Er|Dz—al’ 3)
m.vV (D,a)e,%;,_m
with
B = {(D, a):Deb,,.ac RP’} . @)
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To downweight outlying observations in (3), Maronna (2005) defined SM-
estimators for principal vectors in PCA through the equations

Dz- 2
al(D,a)zmin{s>O:pr <M> 58},
s

(DgM,aISM):arg min al(D,a), 5)
(D,a)e%;,?m

with x : [0, o0) — [0, 1]. He also considered SL-estimators for principal vectors by
minimization of an L-scale rather than an M-scale as in (5).

CCA was proposed by Hotelling (1936) to determine the relationship between two
sets of variables obtained by transforming the vectors x and y into two vectors z and
w in lower dimensions, whose association has been greatly strengthened (see Das and
Sen 1998 for a very thorough account on CCA and their wide variety of applications).
Inrecent years, CCA has also gained popularity as a method for the analysis of genomic
data, since it has the potential to be a powerful tool for identifying relationships between
genotype and gene expression. It has also been used in geostatistical applications (see
Furrer and Genton 2011). CCA is closely related to multivariate regression when
the vectors x and y are not treated symmetrically (see Yohai and Garcia Ben 1980).
Given the two random vectors x and y of dimensions p and g, respectively, the joint
covariance matrix is given by

- (E(x — Ex)(x — Ex) E(x — Ex)(y — Ey)’) B (Z‘xx Z‘Xy> ©)
T\EGY-EYx—-Ex) E—EVGY—-Ey) ) \ZwZy)/)’

det(Xyx) > 0 < det(Xyy), 0 < r = rank(Xxy) < min(p, q) =s.

CCA seeks sets {ej,...,a,} C R” and {ﬂl, ol }3,} C RY, respectively, to
yield uncorrelated standardized linear combinations of the variables in x and the
variables in y that are maximally correlated with each other. We can define the
canonical vectors o, B It j = 1,...,r (except for the signs) as solutions to an
optimization problem (Seber 2004, p. 258). Suppose we take unit length vectors
(a,b) € R? x RY such that Var(a’x) = 1 = Var(b'y) and Corr(b'y, ,B’jy) =0=
Corr(a'x, oz’jx),j =1,2,...,k — 1, where Var and Corr stand for the variance
and the correlation operators for random variables. With this constraint, we choose
(etx, By) to yield the maximum squared correlation between a’x and b'y. If p stands
for the positive correlation between oc,’(x and B ,’(y (the k-th canonical correlation), then

,0,? = (C orr(u,ix, /Q;Cy))2 and one gets a decreasing sequence of squared canonical
correlations, ,012 > 0> p,2. aj and B, will be unique (apart from signs) if the
canonical correlations are distinct. It is well known that the optimization problem is
equivalent to solving the eigensystem

T T Ey Ty = ppou. k=1,....r @
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Z;y]ZYXZ;xlzxyﬁk=p£ﬂk,k= L...,r, 8)

which makes the search computationally more tractable. Classical estimators are
obtained by replacing in (7) and (8) by the sample covariance matrix. A robust
counterpart of (7) and (8) can be easily performed by solving the linear system, for
k=1,...,r,

R) «(R
o (255)
= R (R |
Ty Zyy
R «(R) w(R)—1 «(R) (R R\ (R
B 5 51 5 (R () (:015 >) o®,

_ 2 )
Zglly?) Z'(R)Z'(R) Z'(R)ﬂ(R) ( (R)) ]((R)’
with X ® a robust dispersion estimator.

The canonical variables z = (aj(x — EX),...,al(x — Ex))' and w =
(,8{ (y- EY),..., BL.(y — Ey))" are also the best linear combinations to predict each
other by making the mean squared loss Er ||z-w||2 as small as possible (see Seber
2004, p. 260), since they solve the optimization problem

(Ac.Be.mgmy) = argmin Er [Ac—mw —Ba-w[" a0
(A B.u, v)e%

with

©={(ABrv) AeR*7 BeR ™ neRl ve R, ATuA =1, = BEyB'],
(11)

I, an r x r identity matrix, py = EX and py = Ey. The subscript C stands for
Classical.

Adrover and Donato (2015) introduced SM-estimators for canonical vectors in CCA
as follows. Given the matrices A € R"*? and B € R"™4 let us take A = AZ,I(,/(Z,
B = BX}}’, with X,y and Zyy givenin (6), D = (A —B) € R"™" m = p+ ¢ and
/2 y’Z_l/z)t. By reformulating (10) and (11) for the

x and X, yy y, we have

the random vector z = (x’ X

standardized vectors Xy 1/2

- - - _ 2
min  Ep HAx—By—(A;L—Bv)H min Er Dz —al> (12)
(ﬁ,E,u,v)e% (D,a)eZ

with 20, ={(D,a):acR" D= (A -B) e R A€ 0, ,,Be 0, ,}.
Since the covariance matrix for the standardized random vector z is given by

—12 —12
M I, DINRIED SN S a3)
= —1)2 —1)2 ,
Zyy " Zyx Exx I,
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to evaluate the “largeness”of the “residuals”|Ax — By — a| 2, an M-scale 0 =
o (A, B, a) is computed implicitly through
. |AZ —B5 —a|’
oc(A,B,a)=minjo >0: Epy| ———— | <4, (14)
o

with x : [0, 00) — [0, 1], 25{,? and X §§) robust dispersion estimators for ¥ yx and
. -2 —1/2
Xy, respectively, ¥ = (25{,?) X,y = <E§§)> yand (A —B),a)e#,.

Then, the robust standardized SM-canonical vectors are defined through the equation

A%, B%,,, a%,,) = ar min o(A,B,a), 15
(ASyr B aSy) g(A,B,a)e%gm ( ) (15)

and the final SM-canonical vectors are defined as
—1/2 —1/2
Asu =A%y (20) 7 Bow = B3, (20) 7

If wehavearandom samplezy, ..., z, and F = F,, stands for the empirical distribution
function based on z, . . ., z,, the sample version of the estimates is simply obtained
by replacing the population expectation by the empirical expectation, that is, & is the

robust scale based on the sample given in (14) and (Ag M ég s a5 M) the solutions
to (15) using &, that is

AQ AQ
Aqys, Boyy, a% ) =ar min  6(A, B, a), (16)
( sM>Dsy> sy g(A’B’a)et@gm

- RN NV ~o [ a(R)\T1/2
ASM:ASM<£XX) ,BSM:BSM<Eyy) . an

The algorithm to compute the SM-estimators is easily derived from the fact that
we have a constrained minimization and the Lagrange multipliers method applies
(Adrover and Donato 2015). In the context of sparsity, (10) was also considered by
Wilms and Croux (2015) as well as a robust proposal in Wilms and Croux (2016).
The outstanding robust performance of (5) and (15) suggests the study of asymp-
totic properties. Li and Chen (1985) dealt with a robust procedure by considering a
robust dispersion S rather than the Var operator in the optimization scheme for PCA,
Cui et al. (2003) obtained the asymptotic distribution of the procedure, and Croux and
Ruiz-Gazen (2005) tackled the problem of influence function. Dradkovic et al. (2019)
deals with the derivation of the asymptotic behavior for robust PCA in the context of
complex elliptically symmetric distributions based on the spectral decomposition of
the Maronna’s monotone multivariate dispersion estimator (Maronna 1976), extending
previous results (Tyler 1981; Boente 1987; Croux and Haesbroeck 2000). Croux et al.
(2017) considered trimmed estimators in the PCA context (in special the SL-estimator
given in Maronna 2005 is also included) studying theoretical properties such as con-
sistency, influence function and breakdown point. ten Berge (1979) and Lemma 3 in
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628 J. G. Adrover, S. M. Donato

Adrover and Donato (2015) explored the close relationship between PCA and CCA
which is given by the fact that the principal vectors of M defined in (13) comprise the
transformed canonical vectors of X'. Thus, asymptotics and influence function for the
SM-estimator given by Maronna (2005) in the context of PCA is easily derived from
the arguments used in the CCA case included in this paper and therefore omitted.

Anderson (1999) derived the asymptotic distribution for the canonical correlation
and the canonical vectors when sampling is from the normal distribution. Taskinen
et al. (2006) stated asymptotic properties for CCA based on robust estimators of the
covariance matrix as in (9). Alfons et al. (2017) treated asymptotic properties for
projection pursuit estimators (see Branco et al. 2005), asymptotic distribution and
influence function.

In Sect.2, we establish the consistency under elliptical distributions for the SM-
estimators given in (16) and (17). In Sect. 3, the asymptotic distribution is derived for
the SM-estimators and Sect. 4 analyzes the influence function (IF) for the proposal. In
Sect.5, we revise the concept of association between random variables by analyzing
some proposals for robust correlation measures which exploit the concept of residual
smallness as in (2) and (10). In Sect. 6, we include some concluding remarks. Some
relevant proofs are deferred to the “Appendix”.

2 Consistency of SM-estimators for CCA

In the multivariate location and dispersion model (MLDM), we have an m -dimensional
random vector z = (z1, ..., z,,)" with distribution F 5 (B) = Fo (£7'2(B — p)),
where Fy is a known distribution in R”, B is a Borel setin R”, u € R and X € §,,,,
the set of m x m positive definite matrices. An important case is the family of elliptical
distributions. The elliptical model allows for a great variety of distributions which
comprises the majority of the distributions used in practice, not only the multivariate
normal distribution but also distributions without finite moments. We say that an m-
dimensional random vector has an elliptical distribution if it has a density of the form

f(@, 1o, Zo) = 73 fo(@ = o) 25 @ — po)), (18)

1
(det o)

where fy : RT — R7 (it is denoted by z ~ E,; (pg, X0)). If z ~ E,;(0, I), then
a’z has the same distribution for all a € "~ = {a € R™:llall=1}. In case of having
z=(x', y)' ~ E,, (g, Xo), with the location and dispersion parameters partitioned
as

o = <”’0,x) and 20 — (ZO,XX Z‘O,Xy)
Ro,y Zo.yx Zo.yy

respectively, thenx ~ Ej, (o x, Z0.xx) andy ~ En (Ko y, X0.yy)- Let us now take the

—1/2 g2

oxx Y Zoyy ), then zg ~ E,, (fiy, Mo), with the location

random vector zy = (x' X
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and dispersion parameters partitioned as

—-1/2 —-1/2 —-1/2
~ ILO,XZ(),XX ) dM, = I ZO,XX Z‘OvaZ‘O,yy
Ko = 512 and Mo = o125 512 I .
”’0»)’ 0,yy ° 0,yy 0,yx <0 xx q

Ifz ~ E, (rg, Xo) has finite second moments, then Ez = p, the covariance matrix
Y and ¥ are equal up to a constant, thatis, ¥ = ¢ X for some positive constant ¢, and
My = M with M given in (13). For the sake of simplicity, we will only keep the notation
M for either M or My since they coincide in case of having finite second moments.
From now on, we will use the symbols either Xy and X'yy to refer to the multivariate
dispersion parameters at the elliptical model. The possibility of considering a general
elliptical distribution rather than a multivariate normal distribution let deal with a
broader scenario for modeling.
s P+q 0,040 (40\ s
Let us take the spectral decomposition for M, M = » [/ _7:1' t; (tl.) , with
) ) p+q
eigenvalues y > > )/19 .y = 0 and eigenvectors {t(/).} L (t?)t t(J). =
=

dij,1 <i,j < p+gq, with §;; the Kronecker delta. Then, M = POFOPB, with
Iy = diag (ylo, )/20, ce y[(,)+q) and Py an orthogonal matrix whose columns are

t(l),...,t(l),Jrq.Take V? e R? andw? eRe,i=1,...,p+gq,as t? = ((V?)’, (W?)t)t.
Then, let us call

0 0
v \4
+q—r+1 +
A, = (’)"’ gq” e R,
\4
Vp+q—r+1‘ ptq
t
0 0
w w
+q—r+1 +
B, — [ Mt Vew ) e
w Woig |
p+q—r+l L
~12 —12
4 =AYy Ty — By Xyy Ry,

0, =0 (Ay, By, a,).

A zero (r x s)-matrix is a matrix all of whose entries are zero and we denote it
as 0,xs. Given square matrices N; € RPi*Pi_j 1,...,k, set the matrix N =
diag(Ny,...,Ny) € RZf’;l pix¥icy pi whose entries off the blocks Ny, ..., Ny are
., f&”] stands for the canonical basis in R*.

If w € R™ and .%), stands for the set of distributions of w denoted by £ (w), we
call a multivariate location and dispersion functional to an application (T,S): %, —
R™ x R™*™ such that (i) S(Z(w)) € S, (ii) it is affine equivariant, i.e., given a
nonsingular matrix G € R”*" and avectorb € R, T(Z(Gw+b)) = GT(Z(w))+
b, S(Z(Gw + b)) = GS(Z(w))G'.

Let us take location and dispersion functionals (T, S) such that (T, Sx)
(T(Z(x)), S(Z(x))) and (Ty, Sy) = (T(ZL(y)), S(Z(y))), respectively. Take X,
x-Ty, £ =Sy /*

zero. f&s), ..

= —1/2
X, Yo=Y Ty, y =Sy / y. and z, = z-T,.
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630 J. G. Adrover, S. M. Donato

The functional (T,S) for the location and dispersion parameters at MLDM is said
to be Fisher consistent if T(Fy x) = p and S(F, ») = X. Adrover and Donato
(2015) gave the definition of a Fisher consistent CCA functional, and they showed the
Fisher consistency of the SM-estimator for CCA. For this purpose, Fisher consistent
functionals for X'yx and X'yy are required.

In order to deal with SM-estimators well defined as well as consistent and asymp-
totically normal, some conditions are required:

CO M has eigenvalues ()/10, ey y,g) e I', with

F:{(Vlv---a)/p+q):7/1 >"'>7/r+lZ"'Eyp+q—r>"'>7/p+q20}-

C1 yx (-) is nondecreasing.

C2 x(x) is left continuous for x > 0.

C3 x(0)=0.

C4 yx is continuous in 0.

C5 limy_ 00 x(x) = 1.

C6 There exists ¢ € (0, o0) such that x(x) < 1if0 < x < ¢p.
C7 x(x) =1forcy < x < 00, cg as in (C6).

In order to obtain the asymptotic behavior of the estimates, it is also assumed the
following conditions regarding the model density fj as well as the parameters Xy
and X'yy, which are estimated before the SM-procedure applies.

C8 fp is nonincreasing, and there exist £ < oo such that fp(x) > 0if x < & and
folx) =0ifx > &.

C9 Let & be as in C8. The functions fy(.) and x (.) have at least a common point
of strict monotonicity, that is, there exists d < & and a nondegenerate interval
I such thatd € I and for all u,v € I withu < d < v it holds that x (u) <
X(d) < x(v) and fow) > fo(d) > fo().

C10 Let & and d be as in C8 and C9 and I" as in CO. Let {A;, ..., A} C I such

that A; > A4 and A =diag (A1, ..., A, 0,...,0). Let 6(A) be such that

/X (W AW/o (A)) fo (W'W) dw=8

and op = miny {0 (A)}, then dUO/Vng_l < &.
Cll a. Letzy, ..., z, be arandom sample in R™ from an elliptical distribution with

. ~(R)) A(R)1°
density (18). Then, {EXX } C §p and {E } C §, based on
n=p+1 ¥y n=q+1

Z1,...,1Z, areconsistent estimators to X'yx and Xyy, respectively.
Cl1b. If (x', y")! ~ F with density (18), then the multivariate dispersion functionals
R R
FTRF) = Zxcand EW(F) = Zyy.

CO allows for a simpler way of presenting the consistency because of having
eigenspaces of dimension 1. The conditions C1-C7 regarding to the loss function x
are similar to the ones considered in the robust literature for redescending estimators
(see Davies 1987; Maronna 2005; Maronna et al. 2019). C1 keeps the monotonicity
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displayed by the square loss function in the classical case, letting larger residuals have
larger weights. C2 allows for the minimum rather than the infimum in the definition
of M-scale given in (5). C3 stands for the fact that a zero residual has zero weight.
C4 stands for the intuitive fact that residuals coming smaller and smaller cannot have
positive weights above a threshold while C3 holds. C5 summarizes the fact of getting
a bounded y, which is instrumental to get robust estimators able to cope with a large
proportion of outlying observations. C6 and C7 are required for technical reasons to
derive the consistency. C8, C9 and C10 are crucial for the Fisher-consistency: they
prevent from having other parameters different from the elliptical model parameters
yielding the minimum in (15). C11 stands for the consistency and Fisher consistency
for the preliminary estimators and functionals corresponding to the parameters Xy
and X'yy. The limitations regarding the loss function x are not relevant to the practice,
since they do not impose restrictions on the data distribution. The loss function affects
the asymptotic properties as well as the robustness properties that the estimators will

possess.
Next, a useful concept in the robustness literature is included, whose fulfillment is
required to ensure that (12) can be solved properly. We say that a sample {z1, ..., z,}

is in r-general position if any linear manifold Z,, = {z € R™ : Cz=a} with (C, a) €
%,l’m has at most m — r + 1 points from the sample.

Lemma 1 Letzy,...,Z, bearandom sample in R"™ from an elliptical distribution with
density (18). Let us suppose that conditions C1-C7 hold. If the sample {21, ...,2Zn} is
in r-general position and m —r + 1 < n(1 —§), then (12) has at least one solution
with probability 1.

To show the consistency of a sequence of SM-estimators, Theorem 4.2, p. 665 of
Rao (1962) is required. A useful generalization of this result is as follows.

Lemma2 Letzy,...,Z, be a random sample in R™ from an elliptical distribution F
with density (18). Let us suppose that conditions C1-C7 hold. Let S, , C R™™ be
the set of nonnegative symmetric matrices and F,, stands for the empirical distribution
function based on the sample 71, . . ., Z,. Then, it holds that

— WG (7 — — WG (7 —
Pl tim sup Em(((z WG u))_EFX((z WG “))‘:o _1
"0 GeSy, o o
e
0e(0,00)

& (R) & (R) . .
In what follows, let X" and ¥y~ be consistent estimators to Xxx and Xyy,
respectively. The Fisher consistency, the existence of the estimator for random samples
and Lemma 2 entail the consistency of the SM-estimators, and it is omitted.

Theorem 1 Letzy, ..., z, be a random sample in R™ from an elliptical distribution F
with density (18). Suppose that conditions CO-Clla. holdandm —r+1 <n (1 —9).

Let (A(;M B, &‘;M) be solutions of (16), then

. A0 A0 ap
lim (ASM’ BSM’ as}w) = (Ay, By, a,) a.s.,

n—0o0
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632 J. G. Adrover, S. M. Donato

SR 12 . ~R)1-1/2 B B
lim (ASM[ ¢ )] L BY, [E;y)] ,a§M> = (42 B, 23" a,) as

n— 00

Proof 1t is deferred to the “Appendix”. O

The previous theorem has shown the consistency of the vectors minimizing the
M-scale. To derive the asymptotic behavior of the SM-estimators, we consider the
critical points obtained from the constraint minimization

h(A,B,a,0,E) =0(A,B,a) +tr(AA'E") + tr(BB'®@") — tr(®") — tr(E")
19)

with @, & € R"*". Thus, we take a Lagrangian whose set of critical points contain
the critical points of Z(A, B, a, @, E) in (19), that is, we consider

1
oD, a)+tr(DD'A") —tr (A"),D = —
()0~
Let us introduce some notation for thg covariance matrices later used in the derivation
of asymptotics. Set the parameters X =diag (-2, ©@~'/?) with E€S, and @ €

(A-B)ec 3z

r,m>

AR (20)

, SOEY g ®) 172 (®) -2
S, Let us take the functionals X' (H) = diag | | Xxx' (H) Xyy' (H)

~ ~ = ~ R
and ¥, = E(F) Consider the estimators & = 3(F,), 2®(F,) = £% and

> §§)(F ) If we are dealing with Fisher consistent functionals, we have that
S(F)=2% dlag (Z' 1/2,2;;/2).
Take Z = (x Y ) , by deriving (20) we get the equivalent system,

n = 2
EZX/ <”Dz, aH ) (Dii _ a) =0,
n o

i=1

[Im—D’D]iZ <M> ; (DZ; —a)' = 0.

n o
i=1

2n

In case of having a sequence of consistent estimators initializing an iterative procedure
to come up with a sequence of critical points solving (21), we can ensure that the
sequence of critical points is also consistent in the CCA context. This is a result also
available for some robust regression methods, and the proof is similar to that of those
procedures [see, for instance, Theorem 3.2 in Yohai (1987), Theorem 4.1 in Yohai and
Zamar (1988)].

Proposition 1 Let 21, ..., 2, be a random sample in R™ from an elliptical distribu-
tion F with density (18). Suppose that conditions CO-C10 hold, moreover x is twice
differentiable and concave in [0, co], co given in C6. If m —r +1 < n(l1 —9),

©0) A0 . . . .
(A B(() ), (0)> is a sequence of consistent estimators for (A,, By, a,) and the

"N n’ ~ A2 A0 A ~ o ~0) A0 .
solutions of (21) (AO, B, a(’) verify that & (Ao, B’. ao) <& (A( ) p© (0))

o o0

A

then lim,,_s o0 (AO, B, &0) = (Ao, By, a,) almost surely.
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3 Asymptotic behavior of SM-estimators for CCA
3.1 Notation

To deal with the asymptotic behavior of the SM-estimators, let us introduce some
notation. The parameters in our setting are taken from the sets

%: ﬁr,p X ﬁr,q x R" x Sp X Sq x (0, 00), (22)
G =R xR x§, x8; x(0,00),

The asymptotic distribution of SM-estimators and its influence curve, which is a
useful tool to evaluate the behavior under infinitesimal contaminations, need to be
established over some set of distributions. Let & be the set of distributions on R, and
G, stands for the empirical distribution function based on n points in R”. Call .%, the
subset of such distributions. Thus, let as define the following subsets of distributions,

& ={F € 2 : F is elliptical},
Co(&,71)={GeZ:G=(1—e)F +¢e8,,Fe &3, € F1,2eR"} e €]0,1].

Let 2 be a subset of Z such that & U .7, U C¢ (£, #1) C . Then, the SM-
functional 0:57— % is defined as

O(H) = (ASy, (H). By, (H)., 2%y, (H), 2R (H), 28 (H), 0,(H)).

If vec : R™*" — R™" stands for the operator which vectorizes a matrix by stacking
the columns on top of each other, we establish some useful notation corresponding

- t
to parameters. Set § = (A,B,a,Z,0,0) and § = ([vec (D’)]t , at> . The SM-
estimators turn out to be Dgy = —= (A(S)M —ﬁ{;M) and § = O(F,) = (Ang

2
~(R) £ (R) 4

A0 ~ . .
Bgy.asm, Xy ,Eyy ,o), with F, € .%,. Let us now denote some functionals,

Dsu () = 1/v/2 (A% () =By (). Do = Dsy (Fe), 0(F,) = 6., with F; €
Ce (6,71, 00 = (Ao, Bosty, Ty, Zyy. 0p) and D, = —= (A, —By ). Take 0, =

([vec ()], ato>t, Osm = ([vec (D%, O] atSM(-))t_
=05 (o 0] ) 5=

Osy = ([vec (IA)tSM)]I’ﬁtSM>I 23)
0A§M = ({vec [(IA):M)t“t,ﬁgM)t, (24)

N t N t
Q’SM,k = (ASM> fl({r) and ‘?VSM,k = <B5M> f]({r), fork = 1, P A (25)
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~ ! !
If D = D,3,, put 6% = ({vec [(Dj)’]} ,a;) Ve = (zgxl/zAg) £ and w;, =

(Z';yl /zBf,) fﬁr), k=1,...,r. Then, we can rewrite (21) in the following way,

n Dz — 2
! > x <—” z —a ) (D*z; —a) = 0,,
n o

i=1

2
s—1[»2 1 < D*z; —a
e P o (u> 5 (0% — )’ = O
'I:hen, let us take the fu_nctions 1 2 R™ x 9 — R™, ¢ @ R™ x 4 — R',
G R"XxG > R™ ¢ :R" x4 — R and ¢ : R" x G — R "+D a5 follows,

. 2
o1 (Z, 0~) =y’ HDEZ+3H vec [(Im — D’D) >z (sz — a)t]
. 2
¢2(z,§)=x’ m (Diz—a), ¢=<2§) (26)

¢1 (zD*a,0) = x’ <HD*ZG—_3”2> vec [f,‘_] (22 — (D*)t D*) z(D*z — a)t]

¢') ( D* ) ’ HD*z—a||2 (D* ) 4; (J’l)
z,D*a,0) = —_ z—a), ==
2 X pu b
The corresponding expected values and covariance matrices are denoted by

D Zg%Rr,Qz:g_)er and @ :g%Rr(m-H)
@1:9 >R, Py: 4G —R™and ¢ : G — R "+D

@ (5) — Ep (th (z, 6)) h=1,2; (5) — Er (z, 6) - ((b{ (5) L@} (5))1
b1 (0) = Er (¢ (2.0)) . h =126 (8) = Erd (2.0) = (& (5) . &5 (4))
V@) = Eré (z, (3) (¢ (z, é))t and V, = V(@,).

3.2 Conditions, asymptotic normality and variances

To deal with the asymptotic behavior of SM-estimators, let us introduce some extra
conditions.
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C12 x : [0, 00) — [0, 1] is twice continuously differentiable.

C13 Ep[llzll*] < oo.

Cl4 @ : RIm+D 5 RromtD and @ : RT+D 5 R707+D are continuously
differentiable and the matrices

RLIO)
FY

I (6%)

2
00*

(50) € RFmADxrm+1) 44 g% — (éo> € RFm+Dxr(m+1)

are nonsingular.

The usual way to derive the asymptotic normality of an estimator obtained as zero

of a equation, 0 = % Yo (zi, é) is to consider a Taylor expansion of the form

@ (5) —® (6,,) n M;;o) (60) @ —0,) + R ((5) ©—0,), @7)

where R 0~) — 0as @ — 0,. After some manipulations, by summing up and
subtracting some terms, we come up with an expression of the form

0=00)— D@0, +Z, +W,, (28)

where /nZ,, converges in distribution to a multivariate normal distribution with 0
mean and covariance matrix E¢¢’ and W,, = op (1 / ﬁ) by arguments from the
empirical processes theory. C13 is a restrictive condition on the model to obtain that
the functions given in (26) belong to a Euclidean class (Pakes and Pollard 1989) and
obtain the behavior of W,,. By joining (27) and (28), we get the asymptotic distribution
of /n ] sy — 0, ). This brief account for the asymptotic normality makes clearer the
need for conditions C12 and C14. Kudraszow and Maronna (2010, 2011) used a similar
approach to derive the asymptotic distribution of MM-estimators for the multivariate
regression model.

If F is elliptically countered with density (18), let us call r, (z) = D}z-a,, C =

t
Y e [f?’) (f,ﬁ”) ®tit§(}, A, = diag (v0.....v?), P, = 1, — DiD,. Then,

1

under C12 and C14, £2 and 2% turn out to be

L\ -1
911<Ir®(20) > 21>
2= (Q“ le) and 27 =

221 22 -\l
2L ® (Eo) 22
with 211 e R @21, € R7"*" 2,1 € R™"™ and 27, € R"*". Take the matrix

2 2
q,(z)zgx,,(nro @] )ro W (Z)+X,<||r0 @) )Ir.

) (29)

Op Oo Op
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Thus, we get

21 =0, @P,)Ep [!I«z) ® (£,2
2 =—-Ep¥(2),
2i2=-18P)Er[¥@ & (£.2)],

2 = Er |:III(z) ® (ioz)t} .

- ~ AN\
The matrix V, = Er¢ (z, 00> (¢ (z, 0,,)) turns out to be V, = (

with Vi1 € R7*" Vi, € R7*" and Vy, € R™" | that is,
_ ([ Iro @) , - -\
Vi = Ef Hx (0—) r, @ (z)} ® [Pr (2.2) (2.2) Pr]} ,
2
Vo = Ef |:X/ (M) r, (2)r) (Z):| ,
B [ lIro @)1 . -
Vio = Ep {[x (U—) r, (@)r, (z)} ® [P, (zz)]} .

The derivation of the asymptotic behavior of the SM-estimator is based on the empirical
processes theory (see Pakes and Pollard 1989) and the following theorem establishes
the convergence in distribution for the SM-estimators.

N—"

(zz)] — (Ao ® L) (I +C)

Vi V12>
Va1 V22

Theorem 2 Letzy, ..., 2, be a random sample in R™ from an elliptical distribution F
with density (18), location parameter Juy and dispersion parameter X. Suppose that

conditions CO-C14 hold. If éSM as in (23), OAZM as in (24), Vsp x and Wy i as in

(25) are sequences of SM-estimators and — stands for convergence in distribution,
then it holds that

i) /n (éSM — 00> —9> Nrm+1) (0,V), where the asymptotic covariance matrix is
givenbyV=2"v,27",

(i) /n (é:M — 0;) —9> Nr(n+1) (O,V*), with the asymptotic covariance matrix
given by V* = (.Q*)il V, (SZ*)it ,

(i) /n (Dsmk — vi) 4 N, (O,Vz,k) and /n (Wsyk — wk) Z Ny ( ) for
k=1,...,r, with

p
_ m)t p)
- Z (k—l)m+] (k 1)m+l i

i,j=1
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Zf(q)ﬁ:rnn)thr] km q+i ( iq)>

i,j=1

(iv) If 827 is a nonsingular matrix, then

—1/2 —1/2 . t
Ve = Za Vo Xl with Vo = ny” (9 ) VI s (1)

i ]—l

—1/2 —1/2 . ) ) )
Vie=Zy "VeiZy '™ withVgy = Z f<~q (km q+]) Vfiom- q+i ( i )
i,j=1

Proof 1t is deferred to the “Appendix”. O

Remark 1 The asymptotics for the SM-estimators in the PCA case given in (5) derive
in a similar manner to that of (i) in Theorem 2.

3.3 Asymptotic relative efficiency in the Gaussian case

In order to assess the loss of efficiency under normality, the asymptotic covariance of
the SM-estimators is compared with that of the maximum likelihood estimator under
normality. Let Dgps x and wgy ¢ be the k-th canonical vectors as in (25) and ¥¢
and wc  the classical estimators obtained by solving (7) and (8) with the population
covariances replaced by the empirical ones. Let st ¢ (F) and Vzg (F) be the asymp-
totic variances of gy and ¥ ; when the underlying distribution is F (Vz w (F)

and V* ¢ © (F) for Wsy x and W g, respectively). Va « (F) can be derived from the
asymptotlc distribution for SM-estimators stated above by taking x as the identity
function. Then, a measure of asymptotic relative efficiency is given by

trace (V;f (F))
ARE (6SM,k» F) = - , ARE (lbgMﬁk, F) =

trace (V;k (F))

trace (V;g (F))

trace (V;k (F)) .

To illustrate the behavior of the SM-estimators with respect to the classical esti-
mator, we take F = N4 (0, X'), with the partitioned matrix ¥ given in (6) and
Yy = Xyy = Ip, Xxy = diag (0.9,0.5). Since Xyyx = Xyy = Ir, we have that
2 = 2% and V* = V. Thus, the efficiency for SM-estimators for canonical vectors
coincides with that of the standardized SM-estimators.

Table 1 displays the asymptotic relative efficiency of g x and Wy x for different
values of § in the grid G = {0.5, 0.45, 0.4, 0.35, 0.3}. The larger the parameter &, the
smaller the relative efficiency, since the parameter § is related to the robustness of the
estimator whose breakdown point increases with § (Adrover and Donato 2015). The
second canonical vector seems to be much more affected by the trade-off between
high breakdown point and efficiency.
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Table 1 Asymptotic relative
efficiency for the SM-estimators 5 0-50 045 040 035 0.30

of canonical vectors as function ARE (ﬁ M1 F) 0.734 0.807 0.871 0.926 0.973
of the parameter § .
ARE (WSM . F 0.734  0.807  0.870  0.925 0.970
ARE (dspm.2, ) 0236 0398 0580  0.772  0.965
ARE( wsp2, F 0236 0398 0579  0.771 0.963

4 Robustness measures: qualitative robustness and influence
function

4.1 Qualitative robustness

The qualitative robustness was introduced by Hampel (1971) and the concept captures
the desirable fact that a robust estimator based on random samples from close distri-
butions should induce close distributions either for any sample size. More precisely,
a sequence of estimators {7},}°7 | is qualitatively robust in the probability measure
F if and only if Ve > 03§ > 0and VG, Vn, it holds that dpg (F,G) < § —
dpr (LFr (T,) , % (T,)) < ¢, where dppg stands for the Prohorov distance between
probability measures and £ (T,) is the distribution induced by 7;, as the random
sample comes from F.

A related concept is the continuity of estimators. Hampel (1971) proves that esti-
mators {7}, }OO obtained from a continuous functional on the class of empirical
distributions Jn are qualitatively robust. A sequence of estimators {7},}°°, is con-
tinuous in the probability measure F if and only if for all ¢ > 0 there exists § > 0
such that there exists n, and for all n, m > n, it holds that F,, € .%,, F,, € %,
dpr (F, Fy) <8,dpr (F, Fp) <8 = |T (Fy) =T (F)| < e.

Then, we proceed similarly to the proof for Theorem 1 to derive the continuity of
the SM-functionals.

Theorem 3 Let z= (x’,y’)t € R™ be from an elliptical distribution with density (18).
Suppose that conditions CO-CI10 hold. Let us take any sequence of distributions
{Fu},2 | such that F, weakly converges to F. Assume that the dispersion function-

als E,(Cf) and Z(y ) are continuous in F . Let (AS s BS s a$yy) be the SM functional for
CCA definedin (15). Therefore, it holds that limy, —, oo (A, (Fn), BG (Fu), @y, (Fy)) =
(ASy (F), By, (F), a5, (F)).

4.2 Influence functions

To quantify the effect of contamination in the estimators and make comparisons among
different proposals, the IF measures the rate of change because of infinitesimal effect
provided by point masses, that is, for every zg € R™, m > 1, we have

lim T((1 —&)F 4 €84y) — T(F) _ aa—sT(Fa) ’

e—>0t & e=0

[F(zy,T,F) =
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with Fy = (1 — &) F + €84, and &, is a point mass distribution at z.
Adrover and Donato (2015) treated two clifferent versions for a robust canonical
correlation. The matrix M = $"7%4 00 (£)" in (13) has its eigenvalues in decreasing

. T 2
order. The k — th canonical correlation is given by p,f = (yrg kgl 1) . To construct
the SM-functional for the square of the k — ¢/ canonical correlation, we take

[Dsa (1) £ o1y s |
o (H)

En[x' r@H) £ (H)1]
En [ @ H)]

r(z,H) = L R(H) =

’

~ ~ t
Given R = Ey [x’ (r(z,H)) (2 (H)z—fi (H)) (z (H)z—fi (H)) ] we call
ng the matrix obtained after pre- and post-multiplying R by (Ip OPXq) and
(04, I;)" Set
I MY, (H
Moy = (0 Y
(Mxy (H)) 1,

m
and take {yjo (H), tg M, (H )} - the eigenvalues and eigenvectors of the functional
, j=
M° (H), that is, MO (H) 3, (H) = yo_ (Kt .y (H). The SM-

k — th canonical correlation is given by ,ogM o (H) = (Vrg—kﬂ (H) — 1)2, k =
1,...,r.

Another concept for measuring the association between canonical variates was
given by Branco et al. (2005). Given (x',y')" ~ H and (Vi (H)x,w,(H)y) ~ Hy, let

us take arobust bivariate dispersion functional ¥ (B) (Hy) whosei, j entryis ol.(jR) (Hy),

1 <, j < 2.Thus, arobust correlation functional is easily obtained from ¥ (R) (Hy),
2 ®)? (®))? %
pti ) = (o) /| (o) Ho (o53) (Ho) | (30)

Let us define some quantities related to the derivation of the IF. Given zyp =
(xg, yf))t € RP%4 and ||r,(z)|| ~ F ifz ~ F, let o be an M-scale functional based on

I, (2)| defined in (5) and (14) with influence function I FS = I F <||r0(zo)|| G, F).
Let ¥ € R™X™ be a functional with IFD = [ F (zo, vec (f) , F) . Put

0(%,.D,,8,,2) = <(vec (2())): (DLD, ® zz') — (vec (zaﬁ,Do))t) :
& = Er 1 (Iv@IP /) Ir @12,
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and

T = Er |1 (5@ /0,) Ix @I (ro@ @ P, £52) | (I FS),
T2 =26 [ (i@ /00) (1@ @ P £52) (21, Do 0, 0] (D),
T3 = Ex [ (Ie@12 /o,) [(# @ D,) U FD)] @ (P, £02) |
T = Er [ (Ir@I /0,) (ro@ @ (2 @ 1)) T FD) .
Ts = 1 (Iro @I /0, ) (020 © P Zmo )
Tio = Er [ (In@I? /00) e @1 ro( 7).
Too = 25 [ (%@ /0,) 1@ O (£, Doy 20, )]
Tso = Er [ (Ir@I?/0,) (2 @ D) ],

Tao = 1 (Ir020) 112 /0,) ¥ (20).

Then, we can establish the following result for the influence function.

Theorem4 Letzy,...,z, be a random sample in R", m = p + ¢, from an elliptical
distribution F with density (18), location parameter jy and dispersion parameter
Xo. Suppose that conditions CO-CI14 hold and the functionals ¥ ,((5) and E;f) are
Fisher-consistent. Let 2 € R""+Dxrm+1) be the invertible matrix defined in (29).

Then,

W IfT, = —5T + sl (Ty +0,(T3+Ty) + Ts and T, = %TLOIFS —
& (T20+ 0oT30) IFD) — Tao, we get IF zo,0sm. F) = 27'T 0. F)
with T (zo, F) = (T',, T.,)".

(i) The IF for p3yy is TF (20, Py i F) = 2 (0 = 1) ()" 1F (0. MO, F) 8,
k=1,...,r.

(iii) Ler (xo, yo) = ((vg)txo, (wg)’yo), ((vg)lx, (wg)ty) ~ Fy for (x',y") ~
F. Take the functionals viand wy corresponding to the k—canonical vector
such that there exist their IF, IFV, = IF ((xo,yo) Vi, F) and I[FW;, =

2
IF ((xo,yo) , Wk, F), respectively. Let gi+j—1 (% (xy), v,w) = (oi(]R))
(Z (v’x,w’y)) 1 <i < j < 2 such that there exist g .y = a (Fk,vk,wg)

and gj kw = a (Fk, vy, wk) Then, the IF ofpc ¢ 15 given by

IF ((x0.¥) P%,k» F))
1

o (Fuotond) & (Feofw)
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X > Yoo =)t (ﬁk,vg, wg) gj (Fk,vg,wg> IF ((xo, 0) . 81 Fk)
1<i,j,l<3
AT

DD =DM (fk, Vi, wg) gj (Fk, e wg) gLk | TFVi
1<i,j.l<3
AT A

+ Z =D g (Fk, v2,w§3) 8j (ﬁk,vg, WZ) 8lkw | TFW
1<i,j,l1<3
i#JiFEL, j#

Proof 1t is deferred to the “Appendix”. O

4.3 Discussion

The term Ts through the vector P, ¥,z is the only one affected by the contaminated
point zg = (xo, yo), yielding unbounded IF which coincides with the usual behav-
ior for S—estimation. This term displays that the worst scenario for the IF yielding
unboundedness is given by outliers living in the subspace orthogonal to the subspace
generated by the eigenvectors of M under the elliptical model. It is worth noting that
even X ,((I,f) and X y;) with bounded IF do not guarantee bounded IF for the CCA
functionals. We next display some pictures to show the behavior of the IF under two
point mass contaminations. Let us consider a vector z = (xt Y )t ~ N4 (u, X) with
w=1(0.5,1,1572", X = Yy =Ip, Xxy =diag (0.9, 0.5). To ease the computa-
tion, the covariance matrices X' yx and X'yy are assumed to be known and therefore they
are not estimated from the data. The eigenvectors associated with the largest eigenval-

ues are t? = (1/\/5, 0, —1/42, O)I and t9 = (0, —1//2,0, 1/\/5)[ , and the point
mass is taken either zg = (xo1, x02, 0, 0) or zg = (x¢1, 0, yo1, 0) . The plots display
unstandardized influence functions to depict the behavior under point masses contam-
ination, (xo1, X02) VS HIF (zo, WSM. 1, F) H and (xo1, xoz)vsHIF (zo, we.l, F) , with
wc.1 and wgyy 1 the classical estimator and the SM-estimator, respectively, for the
first canonical vector associated with the random vector y.

5 Robust proposals for measuring association

The classical scenario for CCA involves the correlation as a measure for the maximal
association between the linear combinations of two random vectors, and the correla-
tion between those linear combinations is called the canonical correlation. (30) is a
robust correlation functional to measure association obtained from a bivariate robust
dispersion estimator. A special case arises from the S-estimators defined by Davies
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Uy
111 ///,//////////
Ty
)
TR
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15 15

Fig. 1 The plot (xq1,x02) Vs HIF (zo, wC.ls F) H (above on the left) and the plot (xgr,xp2) Vs
”I F (zo, wsm.1, F ) || (above on the right) correspond to the IF for the classical and SM estimators for
the first canonical vector associated with the vector y and zg = (xq1, xo2, 0, 0). The plot (xg1, yo1) Vs
”IF (zo, wC 1, F) H (below on the left) and the plot (xq1, yo1) Vs ||IF (Z(), WM. F)” (below on the
right) correspond to the IF for the classical and SM estimators for the first canonical vector associated with
the vector y and zg = (xg1, 0, x02, 0)

(1987) for multivariate location and scatter (i, X¥) € R” x &),. Given the set

9= H(M,Z) eR? x O, : Ex [(x—u)’Z_l(x—;l,)] 53},
S-estimators are defined as the solutions <;2, b ) = arg ming det (X). This formula-
tion is equivalent to take the M-scale s (%, X') = min {s >0:Eyx [ x—p)'x-! (X —

[L)/S] < 4,det (X) = 1}, (p*,X*)=argmins (u,X),and ¥ = [s (ﬂ*,E*)]l/p X,
If p = 2, let ft, 611 and 67, be preliminary estimates for the location and dispersion
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o1 0
0 o2

i=x (x — ). Then, we might estimate the correlation parameter as

parameters p, 011 and o2;. Set 3y = ( > and take the standardized vector

b* = argmins (b), (31)

with s5(b) defined as

¥x-lx 1 1b
s (b) = min s>O:Ex(—>§5,2=—< > )
{ s (1_b2)1/2 b1

We next motivate this robust measure of association b* by giving another point
of view closely related to that of closeness between two random variables, which
is behind the proposals (5) and (15). We also discuss another robust procedure for
robust correlation. We later analyze the usual properties that a measure of association
is usually required for both procedures.

5.1 Motivating the robust correlation b* and association properties

Let us suppose that we have two random variables X and Y with distribution func-
tions Fx and Fy, respectively. Let T(.) and S(.) be two equivariant estimators for
location and dispersion which allow us to take the standardized random variables
U= X-T(Fx))/S(Fx)and V = (Y — T(Fy))/S(Fy). In case of having finite
second moments, and taking 7" as the expected value and S as the standard deviation,
when considering either the objective function E(U — AV)? or E(V — AU)? one
obtains A = E (UV) = p, the Pearson correlation between U and V, as a global
minimizer. A measure of association v must be symmetric, that is, it should verify
that v(U, V) = v (V, U), which entails to consider E [(U — AV (V= AU)2]
as objective function. The argument in the expected value is a quadratic form with
eigenvalues (1 — )% and (1 4 1)? associated with the eigenvectors 271/2 (1, 1)’ and
271721, —1)!, respectively, that is,

2 2
U — V)2 V—AU2=1—A2<M) 1 xz<u>
( )°+ ( ) ( ) 7 + {1+ NG

(32)

The variables Z = (U + V)/«/i and W = (U — V)/«/E are uncorrelated,
Var(Z) = 1 + p, Var(W) = 1 — p, with p = E(UV). The minimization of
the objective function E [(1 — 1)* Z% + (1 4+ 1)* W?] suggests to consider a more
general expression, by taking any pair of uncorrelated zero mean random variables
Z and W such that their joint distribution is parametrized by n € C C R, that is,
Ey,Z =0 = E,W, E,(ZW) =0, Vary(Z) = z(n), Vary,(W) = w(n). Given
functionsa : C — Rand b : C — R, we proceed similarly to (10) and (11), coming
up with a new pair of variables «Z and BW “as close as possible”, that is, we look for
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X such that
E (a()Z —b(Q)W)? < E;(a)Z —bM)W)? foralli,ne CC R (33)
subject to
0 < Vary(a(n)Z) = Vary(b(m)W). (34)

We want to derive which smooth functions a and b should be chosen to make the
underlying parameter n the value in which the minimum is obtained. The objective
function subject to the constraint (34) to be minimized is E;(a(A)Z — b(M)W)2 =
a’(M)z(n) + b>W)w(n). If k(L) = a*(1) and g(L) = b*()) are differentiable, the
critical points solve the equation 7’(A)z(n) + g'(A)w(n) = 0. In order to make the
true parameter 7 a critical point of the function E; (a(A)Z — b(X) W)2, it must hold
that /' (n)z(n) = —g'(m)w(n), which let us say that g(n) = C’ (z(n)/w(x))"/* and
h(n) = C' (w(n)/z(n)"/? with C’ > 0. Observe that the function (a(L)Z — b(L)W)?
has one term which is independent of A which entails to consider the quadratic form

q() = h(G)Z* + g)W?
w2 UV [z u—v)?
— 4+ === . 35)
z(A) V2 w() V2
Let x be verifying the conditions C1, C2, C3 and C5. If 0 < § < 1 and ¢ (1) =

(w()»)/z()»))l/2 = 6, we can define an M-scale to evaluate the largeness of ¢(\)
through the equation

o(4) o (%)

N

s@) =min{s>0:Ey <d¢, (36)

and the estimator is defined to be § = arg mingeg (c) s(0). If the function ¢ is invertible,
the estimator for X is given by A =¢~1(9). Then, going back to Z and W, with z(n) =
14+nand w(n) = 1 —n, we have that the correlation parameter 7 is estimated through
the quadratic form g(A) = 271 [A; (U + V)? + A2 (U — V)?] with eigenvalues A; =
((1=2)/(1+2)Y?and 1, = (1 4+ A)/(1 — 1))/2. Then, the M-scale in (36) can
be defined as

=minfs = 0: 2 (1) <3|
s =minfs > 0: Ex (=) <8 he LD, (37)

Put s(1) = liminf);;- s(A) and s(—=1) = liminf; _;+ s(1). Then, we define the
SM-estimator for correlation as

A= i 2).
arg | min (1) (38)
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If we use an M-scale based on the quadratic form given in (32), similarly to (37) and

(38), we obtain that the solution is io= vz ‘pl_pzl(o,l) (p) + Ty 1zp” ‘pl_pzl(_l,o) ()
when (X, Y) is elliptically distributed with correlation p, and p is obtained as p =
24/(1 4 A2).

It is easily seen that (38) and (31) yield the same estimation.

Lemma3 Let ) be as in (38). Then, » = b*.
Proof 1t is deferred to the “Appendix”. O

Since the eigenvalues of the quadratic form (32) do not follow (35), p is obtained
after transforming . Next Lemma will show that the estimator (38) has the usual
properties required for an association estimator, except for the cases A=—lork=1
which entail that the random variables X and Y are linearly related with a probability
greater than or equal to 1 — §.

Lemma4 Let ). be as in (38). Then, (i) the estimator is location and scale invari-
ant. (ii) A € [=1,11. (iii) If » = 1, then P(X =aY +b) > 1 — 68, with
a = S(Fx)/S(Fy) and b = —(S(Fx)T(Fy))/S(Fy) + T(Fx). (respectively, if
A= —1, then P(X =cY+d) > 1 —§, withc = —S(Fx)/S(Fy) and d =
S(Fx)T (Fy)/S(Fy) + T(Fx). (iv) If (X, Y) is elliptically distributed with corre-
lation p, then A= 0.

Proof 1t is deferred to the “Appendix”. O

5.2 A“depth-based” correlation measure and association properties

The quadratic form (32) can be used to derive another robust procedure to detect p
consistently which is reminiscent of depth-based procedures (see Adrover et al. 2002).
We can pin a residual against adversaries as follows. Let us take a measure of how
badly A performs compared with another fit using 6 with lower residuals, that is,
p(A) = maxy P (U —0V)? + (V —0U)* < (U —AV)> + (V — AU)?). Finally,
the parameter with the best worst performance is chosen as, A= arg min;_ p(}).
It is easy to see that the maximum in p (1) is obtained when 6 = A and

p(L) = max (P ((2UV)/(U2 +V?) < x) P ((2UV)/(U2 1V > ,\)) .

Then, the minimum occurs if A = med ((ZUV)/(U2 + V2)) .
The following lemma shows the properties that A possesses as an association mea-
sure.

Lemma5 Let A = med(%). Then, (i) The estimator is location and scale

invariant. (i) » € [—=1,1]. (i) If » = 1, then P (X =aY +b) > 0.5, with
a = S(Fx)/S(Fy) and b = —aT (Fy) + T (Fx) (respectively, zf)A\ = —1, then
P(X =cY+d) > 0.5 withc = —S(Fx)/S(Fy) and d = (—cT (Fy)) + T (Fy).
(iv) If (X, Y) is elliptically distributed with correlation p, then A= 0.

Proof 1t is deferred to the “Appendix”. O
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6 Concluding remarks

Maronna (2005) shows the remarkable prediction behavior of SM-estimation for PCA
compared to some other robust procedures. Adrover and Donato (2015) also conclude
in a similar way in the CCA context, by considering either mean squared error or
relative prediction error as performance measures under contamination scenarios. By
these means, SM-estimation deserved to be thoroughly analyzed, studying its asymp-
totic properties as consistency and asymptotic normality. Adrover and Donato (2015)
specially highlighted the relationship between PCA and CCA (see also ten Berge
1979). Therefore, the derivation of these asymptotic properties of the estimators for
both procedures as well as the IF is totally similar. We also considered robust proper-
ties such as qualitative robustness and influence function and the unbounded influence,
which is a usual behavior of the S-estimation for other models, is also shown. In the
end, we turned our attention to a basic problem, the robust association or correlation.
We reasoned similarly to that of SM-estimation in the CCA, and we come up with a
robust correlation measure, which is totally related to S-estimation for bivariate dis-
persion. We also discuss another consistent robust correlation by using an approach
for regression depth from Adrover et al. (2002). The usual properties for correlation
are discussed.

Acknowledgements We would like to thank two anonymous referees and the Associate Editor for their
comments and suggestions that have resulted in a much improved paper.

Appendix
Proof of Theorem 1 Let ¢ be as in (22), £, = Xxx, I'y = Xyy and the sets

£ :{(A,B,a,s,r)e@,pxﬁwxR’xprS,,: }
T LIA= A <0 IB=Bol <n. |E = Eoll <n. [T = Lol <n

P :{(A,B,a,E,I‘)eﬁ,,pxﬁ,,qxR’xS,,xSq:}
7 I1E —E.l <n, I =Tl <n

The function gp (A, B, a, &, T, 0) = Ep (A2 X B Py
P = F.Given € > 0, by using Theorem 1 in Adrover and Donato (2015), we get that

there exist n > 0and 0 < 5 < §

) is continuous in ¢ for

infz . gr(AB.a,E. T 0)>5+i/2

E,o<
=

SUPE, 5>0,+e ¢gr(A,B,a,E, T,0) <§—1/2.
Then, if (A,B,a, E, I') € E,, there exists ng(e) such that the M-scale o € [o, —
€,00+¢€lforalln > ny(e). If (A,B,a, E,T') ¢ Ey, there exists n > Oand M > 0
such that for all n > n;(¢) and F,, € .%,, it holds that

inf gE,(A,B,a757F,G)>3+ﬁ/2'
ae([—-M,M])°,E;, 0 €lop—¢€,0,+€]
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Consequently, we can conclude that the SM- estimators in (15) belong to a closed
bounded set. Moreover, lim, .~ & = o,. Therefore, the Fisher consistency given
in Theorem 1 in Adrover and Donato (2015) let us conclude that any convergent
subsequent should converge to (A,, B,, a,) and the consistency follows.

The following technical lemma is needed to prove the asymptotic normality.

LemmaA.1 Letzy,...,2, be a random sample in R™ from an elliptical distribution
F with density (18), location parameter p and dispersion parameter X. Suppose
that conditions CO-C14 hold. Let 4 be as in (22). Let ¢ and ¢, be defined as in
(26). Then, there exists a function 6 : A — 4 and a bounded set € C 94 such

that 6, is an interior point of 0 (€) and the sets F1; = {¢1i (z,é (E)) 1€ e ‘5} i =
1,...,rm and Fp = {¢2k (Z,é (S)) & e %}, k =1,...,r are Euclidean classes

with envelopes Fi;,i = 1,...,mand Fy, k = 1,...,r, such that Ef (F1,~)2 < 0
and Erp (Fy)? < 0.

Proof of Theorem 2(i) Given 50, Lemma A.l1 says that ¢y; (z,éo) e Fu, i =

1,...,mr and ¢y (1,50) € Fo, k=1,...,r. Moreover, since Theorem 1 ensures
. ~ ~0 ~0 o(R) aA(R) .
the consistency of 6 = (ASM, Boy. asy, Xy Xyy L0

find ng such that for any n > ny, it holds that P (qbli (z, é) € Fii, Ou (z, 6) €
Fr) > 1—ggforalli € {1,...,mr}andk € {1, ..., r}. Given.%# a Euclidean class
and 8 > 0,set[8] = {(f1, /o) € F x F : [(fi — f)*d P < §?}. Given a sequence
of independent identically distributed random variables &1, ..., &, such that §; ~ P,
set

to8,, given g9 > 0 we can

1 n
() = [Z (f(é,-) - f fdP)} feZ.

i=1

Givene > Oandn > 0,Lemma2.16 of Pakes and Pollard (1989), C12 and C13 say that
there exist § > 0 and n; € N such that, for all n > n;, (¢1j (z, é) . P1j (z, 50)) €

Vn (qb]j (-, é)) -V, (qb]j (~, 50))‘ > n} < ¢&. Then, we
can conclude that

vi (67 (0)) = va (95 (80)) =or (1. j=1.2
(o (8) (o (-0)) = ort

Since @ (50) = 0, by summing up and subtracting some terms we have

[6] and lim sup P {sup[é]
n—o00
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~o(0) 0 (5 + o (0(.5) 5 5[ (6(8)) (o ()]

By Cl4 and (27), it holds that ——Lv, (¢ ( (5,,)) =[2 +0p ()] (éSM — 00) +
2

op (1/4/n), and by the Central Limit Theorem we have that v, (¢ ( 50)) =

Ny@m+1y (0,V). Since £2 is invertible, we obtain that Jn (égM — 00> 2 Nrn+1)

(0, 27'v, (!Z_l)t) . Straightforward computation let us conclude the explicit form
of the asymptotic dispersion matrix and the proof follows. (ii) follows closely from
~ A Ak . .
(i). (iii) follows from the fact that ¥sp7 x and Wy x are subvectors of 6 ¢,, given in
(ii). (iv) gives a simpler form of the asymptotic covariance matrix obtained in (iii) in
9P2(9)
a

case of having a non-singular matrix of derivatives —.= (00). O

Proof of Theorem 4 Given F, = (1 —¢) F + &é,,, we have to look for the SM-

~ 2
~ DX z-a
functionals defined as g (D, Y., a, og) = Erx % = §. Then, we look
for a restricted minimum D € O, ,, ti, ..., t. are the rows of D and the Lagrangian

can be expressed as
L (tlv .. .,tr,a,ig, 77117 ] ﬂrr)

,
=0 (D,a) — Z’ljj (t;'tj - 1) - Z njktit;,

j=1 1<j<k<r
where t| ¢, ..., t, ¢, a; are critical points for L. The proof follows closely to that of
Theorem 1 in Croux and Ruiz-Gazen (2005). ]

Proof of Lemma 3 Theeigenvectors (1, 1) and (1, —1) of by correspond to the eigenval-
ues ((1 —b)/(1 + b))/ and (1 4+ b)/(1 — b))'/?, respectively. Then, the quadratic
forms in both definitions coincide and A = b*. O

Proof of Lemma 4 (i) and (ii) are easily derived. (iii) =1 implies that s(1) < s(})
for all A € [—1, 1]. Let g(A) be as in (35). Since 0 = limg— Ex (g(A)/s) < 4,
this implies that s(1) < oo and s(1) < oco. Thus, § > lim,_,1- Ex (g (A) /s(})) and
P(U = V) > 1-§whichsaysthat P (X = aY +b) > 1—§,witha = S(Fx)/S(Fy)
and b = —aT (Fy) + T (Fx).In case that & = —1, we get P(U=-V)>1-4,and
P(X=cY+d)>1-§,withc=—-S(Fx)/S(Fy)andd = S(Fx)T (Fy)/S(Fy) +
T (FY). Thus, (iii) is proved. (iv) In case of having (X, Y) elliptically distributed with
correlation p, Lemma 3 let us affirm that A= p. O

Proof of Lemma 5 (i) is easily derived and (iii) follows as in Lemma 4 (iii). (ii) Since
(U=+V)2>0,then —(U2+ V%) <UV < (U?+ V¥ and 2UV /(U +V?)| < 1.
Therefore, med(QU V /(U? 4 V?)) € [—1, 1]. (iv) In case of having (X, Y) elliptically
distributed with correlation p, (U, V) is elliptically distributed with density f (u, v) =
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1/K fo(? +2puv +v2)/y/1 — p2)) and K = (1 — p*)~1/2(Fy(00) — Fy(0)) with
Fy a primitive of fy. To see that P, = P (2UV /(U? + V?) < p) = 0.5, we perform
some change of variables to get that

271(1 _ ,02)71/2 Z2 _ w2 +,0(Z2 4 w2) ) 5
RS S (¢ + w?) dzdu
c K / ( OOP)(Z2+w2+p(Z2_w2)>fO 4w Zaw
Using spherical coordinates, 1 + p cos 26 > 0 and the fact that % < pif and

only if and cos 20 < 0, then we have

-1 12 p2n

(1 ,0 2y / / cosZ@—i—p 2
P. = drdé
¢ loop 14+ pcos26 rfo(r) d

11— pz) 12 o ,
= #/0 /(; Iix /437 /410157 /4,741 (0) rfo (r*) drdo

2717.[(1 _ p2)71/2 ) 7T(1 _ p2)7l/2 1

= - 7’ o () drdo = —— 22 (Fy(00) — Fy(0)) = =,

X /(.) rfo (r*)dr 5K (Fo(00) — Fo(0)) 2

which shows that A = p and the result follows. O
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