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Abstract

We consider the change-point detection in a general class of time series models,
including multivariate continuous and integer- valued time series. We propose a Wald-
type statistic based on the estimator performed by a general contrast function, which
can be constructed from the likelihood, a quasi-likelihood, a least squares method,
etc. Sufficient conditions are provided to ensure that the test statistic convergences
to a well-known distribution under the null hypothesis (of no change) and diverges
to infinity under the alternative, which establishes the consistency of the procedure.
Some examples of models are detailed to illustrate the scope of application of the
proposed change-point detection tool. The procedure is applied to simulated and real
data examples for numerical illustration.

Keywords Change-point - Multivariate time series - Minimum contrast estimation -
Consistency - Causal processes - Integer-valued time series
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1 Introduction

Since Page (1955), the change-point problem has been widely studied. Several
approaches and procedures have been developed for univariate and multivariate pro-
cesses with continuous or integer- valued variables.
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Consider observations (Y7, ..., Y,), generated from a multivariate continuous or
integer-valued process Y = {Y;, t € Z}. These observations depend on a parameter
0* € ® c R? (d € N) which may change over time. More precisely, consider the
following test hypotheses:

Ho: (Y1,...,7Y,) is a trajectory of the process Y = {Y;, t € Z} which depends on
0*.

Hj: There exists ((6],605),t") € 02 x {2,3,...,n — 1} (with 0F # 65) such that
(Y1, ..., Y) is a trajectory of a process Y1) = {Y,(l), t € 7} that depends on
0f and (Yy«41,...,Y,) is a trajectory of a process Y@ = {Y,(z), t € 7} that
depends on 6.

Note that under Hy, (Y7, ..., ¥3) is a trajectory of the process {(Y,(l)),f,*, (Y,(z)),>t*}
which depends on 6] and 65 . In the whole paper, it is assumed that ® is a fixed compact
subset of R? (d € N).

This test for change-point detection is often addressed with a Wald-type statistic
based on the likelihood, quasi-likelihood, conditional least-squares or density power
divergence estimator. Likelihood estimate-based procedure has been proposed for
continuous and integer-valued time series; see, for instance, Lee and Lee (2004),
Kang and Lee (2014), Doukhan and Kengne (2015), Diop and Kengne (2017), Lee
et al. (2018). Several authors have pointed out some restrictions of these procedures
and proposed a Wald-type statistic based on a quasi-likelihood estimators; see, among
others papers, Lee and Song (2008), Kengne (2012), Diop and Kengne (2021). Other
procedures have been developed with the (conditional) least-squares estimator (see,
for instance, Lee and Na 2005a; Kang and Lee 2009) or the density power divergence
estimator (see, among others, Lee and Na 2005b; Kang and Song 2015). Lee et al.
(2003) proposed a procedure for change-point detection in a large class of time series
models, but this procedure does not take into account the change-point alternative and
does not ensure the consistency in power. We refer also to the works of Qu and Perron
(2007) and Kim and Lee (2020) and the references therein, for some procedures for
change-point detection in multivariate regressions and systems, and to Franke et al.
(2012), Hudecova (2013), Fokianos et al. (2014), Hudecova et al. (2017), for other
procedures for change-point detection in time series of counts.

In this new contribution, we consider a multivariate continuous or integer-valued
process and deal with a general contrast, where the likelihood, quasi-likelihood, con-
ditional least-squares or density power divergence can be seen as a specific case.

Let 6((Y,)[€T, 6) be a contrast function defined for any segment T C {1, ..., n}
and 0 € O by:
C((Yier, 0) =Y i (0), M
teT
where @; depends on Yi,...,Y;, and is such that the minimum contrast estimator

(MCE), computed on a segment 7 C {1, ..., n} is given by
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A general procedure for change-point detection... 3

O(T) = argmin(é((Y,),ET, 9)). @)
0e®

See also Killick et al. (2012) for the use of a general cost/contrast function in a
context of the multiple change-points detection. In the sequel, we use the notation
C(T,0) = C((Y1)ser. 0) and address the following issues.

(i) We propose a Wald-type statistic based on the MCE for testing Hy against H;.
The asymptotic studies under the null and the alternative hypotheses show that
the test has correct size asymptotically and is consistent in power. This test unifies
the treatment of a large class of models, including multivariate continuous and
count processes, and many existing results in the literature can be seen as specific
cases of the results obtained below.

(ii) Application to a large class of multivariate causal processes is carried out. We
provide sufficient conditions under which the asymptotic results of the change-
point detection hold.

(iii) A general class of multivariate integer-valued models is considered. In the case
where the conditional distribution belongs to the m-parameter exponential fam-
ily, we provide sufficient conditions that ensure the existence of a stationary and
ergodic T-weakly dependent solution. The inference is carried out, and the con-
sistency and the asymptotic normality of the Poisson quasi maximum likelihood
estimator (PQMLE) are established. This inference question has been addressed
by Ahmad (2016) with the equation-by-equation PQMLE, Lee et al. (2018) for
bivariate Poisson INGARCH model, Cui et al. (2020) for flexible bivariate Poisson
integer-valued GARCH model, Fokianos et al. (2020) for linear and log-linear
multivariate Poisson autoregressive models. The model considered in Sect. 4
appears to be more general, and the conditions imposed for asymptotic studies
seem to be more straightforward. Also, we show that the asymptotic results of
the change-point detection hold for this class of models.

The paper is structured as follows. Section 2 contains the general assumptions and
the construction of the test statistic for change-point detection, as well as the main
asymptotic results under Hy and Hj. Section 3 is devoted to the application of the
proposed change-point detection procedure to a general class of continuous-valued
processes. Section 4 focuses on a general class of observation-driven integer-valued
time series. In Sect. 5, we present some numerical results.

Section 6 contains the proofs of the main results.

2 General change-point detection procedure
2.1 Assumptions

Throughout the sequel, the following norms will be used:

— x|l := Zf;l |x; |[for any x € RP (with p € N);
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4 M. L. Diop, W. Kengne

- Ixll = 1m]ax Zl | 1xi jlfor any matrix x = (x; ;) € Mp4(R);where

M 4 (R)denotes the set of matrices of dimension p x qwith coefficients in R;
— llgll := supgexc (g (@) Dfor any compact set K € ®and function g : K —
My, (R);
- Y|, :=E (IIYIIr)l/rfor any random vector Y with finite r —order moments.

Let Y = {Y;, t € Z} be a multivariate continuous or integer- valued process
depending on a parameter 6* € ©® and denote by F;_; = o {Y;_1, ...} the o-field
generated by the whole past at time ¢t — 1. In the sequel, we assume that (j,),>1
and (k,),>1 are two integer-valued sequences such that j, < k,, k, — oo and
kn — jn — 00 asn — 00, and use the notation T, o = {£,£ + 1, ..., ¢’} for any
£, ) e N2 such as ¢ < ¢. We consider a segment T, , and set the following
assumptions for (Y, 6*) under Hy.

(Al): The process Y = {Y;, t € Z} is assumed to be stationary and ergodic.

(A2): Assume that the MCE é\(T'n,kn) (defined in (2)) converges a.s. to 6*.

(A3): Forallt € Tj, x,, the function 6 > @;(0) (see (1)) is assumed to be continu-
ously differentiable on ®, in addition, assume there exists a sequence of random
function (¢;(-))scz such that the mapping 6 +— ¢;(0) is continuously differen-
tiable on ® and for all 8 € ©, the sequence (d¢;(0)/00):c7 is stationary and
ergodic, satisfying:

E| 0|, <o 70 — o) = op1) and

«/k —]n Z H89

In kn

Y a0 ~ @@ = o as. @)

Furthermore, assume that (%gﬂt(Q*), .7-",) ;7 18 a stationary ergodic, square
g (0*
integrable martingale difference sequence with covariance G = E[%
I (6™)
007
(A4): Forallt € T}, 1,, the function 6 — @; (0) is assumed to be 2 times continuously
differentiable on ®, moreover, under the assumption (A3), assume that the
function 6 +— a‘p’ (6) is continuously differentiable on ®, such that the sequence

(82<p, (6)/00 807),52 is stationary and ergodic, satisfying:

assumed to be positive definite.

3’0 (0) 9> (0) H
00067 00007 lle

H 3%, (0)
96967

=o(l)a.s.,

b

<
S kn _]n

nkn

“

3%90(6%)

and the matrix F = IE[
060007

] assumed to be invertible.
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A general procedure for change-point detection... 5

The conditions (A1) and (A2) assume the stationarity of the process under Hy
and ensure that the MCE computed on each segment converges to the parameter of
the stationary solution of the segment. Assumptions (A3) and (A4) allow to unify
the theory for any model that satisfies such conditions and ensures the asymptotic
normality of the MCE. More precisely, under (A1)—(A4), standard arguments can be
used to get,

Vi = ju (0T, 1) = 07) 2 N(©0,Q7") with @:= FG™'F. (5)

The examples detailed in Sects. 3 and 4 show that the assumptions (A1)—(A4) hold
for many classical time series models.
Now, for any £, £’ € N with £ < ¢/, define the matrices:

GTy) = — » 5@ o(Ty, OV 5p7 go,(e(n ¢)) and
’ v —¢+1 Ty 06

Pl = — » ” GO (Ty.0)).
’ v —¢+1 , 00007 ’

€1y gt

According to (A1)—(A4), F (T}, x,) and G (T, x,) converges almost surely to ' and
G, respectively. Indeed, for example,

F(T; ;)—F| <
|| ( il‘kl‘l || —_— k _

H 320i(0) 3% ()
0000T 00067

)

Tjy kn

2. D(T. 2
IE ot ey

teTj}1~k7!

=o()+o(l)=0(l)a.s..

The first term of the right-hand side of the above inequality is a.s. o(1) from (4)

and the second term is also a.s. o(1) since é\(Tjn,k,l) 2% 0 — o0f* and by applying
the uniform law of large numbers to the sequence (0%¢,(0)/809607),c7. Under the
assumption (A3), similar arguments yield ||G(T k) —Gll=0)a.s..

Therefore, F (T, k")G(T k)~ 17 (T, x,) is a consistent estimator of the covari-
ance matrix 2.

2.2 Change-point test and asymptotic results

We derive a retrospective test procedure based on the MCE of the parameter.
For all n > 1, define the matrix Q(u,) and the subset 7, by

~ 1, ~ —~ ~
Quy) = 5[F(Tl,un)G(Tl,u,,rlF(Tl,un)

+F(Tun+l,n)6(Tun+l,n)_lf(Tu,,+l,n)] and 7, = [v,,n —v,] NN,
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6 M. L. Diop, W. Kengne

where (uy,, v,),>1 is a bivariate integer-valued sequence such that: (u,, v,) = o(n)
anduy,, vn, —7 +00. Note that the asymptotic properties of Q(un) are very important to
prove consistency of the procedure. Indeed, under Hy, Q(un) is a consistent estimator
of the matrix 2. Under the alternative and the classical Assumption B (see below), one
can show that the first component of Qup) converges to the inverse of the covariance
matrix of the stationary model of the first regime and second component (even if
its consistency is not ensured) is positive semi-definite. This will play a key role in
proving the consistency under the alternative.
For any 1 < k < n, let us introduce

(k(n — k))z(

Ok = P 0(Tip) — 5(Tk+1,n))T§(un)(5(T1,k) - é\(Tk+l,n))-

Therefore, consider the following test statistic:

o~

0, = max (Onk)- (6)

The construction of this statistic follows the approach of Doukhan and Kengne (2015);
that is, Q,, r evaluates a distance between 9(T1 %) and O(Tk_H n) for all k € 7,. Let
us stress that for n large enough, 9(T1 +) and G(Tk_H n) are close to G(Tl ) Which
converges to 6* under Hy (from the consistency of the MCE in Assumption (A2)).
The null hypothesis will thus be rejected if there exists a time k € 7, such that the
distance between §(T1,k) and 5(Tk+1,n) is too large.

The following theorem gives the asymptotic behavior of the test statistic under Hy.

Theorem 1 Under Hy with 0* € (2) assume that (A1)—(A4) hold for (Y, 6%). Then,

o~

D 2
0n, = sup [Wa(@)I?, ™

0<r<l

where Wy is a d-dimensional Brownian bridge.

For a nominal level « € (0, 1), the critical region of the test is then (@n > Cda)s
where ¢y 4 is the (1 — «)-quantile of the distribution of sup ||[W;(7) ||2. The critical
0<t<l

values ¢z, can be easily obtained through a Monte Carlo girﬁulation; see, for instance,
Lee et al. (2003).

Under the alternative hypothesis, we consider the following additional condition
for the break instant.
Assumption B: There exists t* € (0, 1) such that t* = [nt*],where [x]denotes the
integer part of x.

We obtain the following main result under Hj.

Theorem 2 Under Hy with 6] and 6 belonging to ©, assume that (A1)—(A4) hold for
W, 07) and Y®, 03). If Assumption B is satisfied, then

o~

On 2 + 0. 8)

n—o0
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A general procedure for change-point detection... 7

Note that under H;, Theorem 2 needs, in particular, the stationarity of the processes
Y and Y@, but the independence between these two processes is not needed.

In the next two sections, we will detail some examples of classes of multivariate
time series with a quasi-likelihood contrast function. We also show that under some
regularity conditions, the general assumptions required for Theorems 1 and 2 are
satisfied for these classes.

Let us stress that the scope of the proposed procedure is quite extensive and is not
only restricted to the examples below. This procedure can be applied for instance, for
change-point detection in models with exogenous covariates (see Diop and Kengne
2022a; Aknouche and Francq 2021), for integer-valued time series with negative
binomial quasi-likelihood contrast (see Aknouche et al. 2018) or with density power
divergence contrast (see Kim and Lee 2020), for general time series model with the
conditional least-squares contrast (see Klimko and Nelson 1978). In fact, one can
easily see in these papers that the assumptions (A1)—(A4) hold.

3 Application to a class of multidimensional causal processes

Let {Y;, t € Z} be amultivariate time series of dimension m € N. Forany 7 C Z and
0 € ®, consider the general class of causal processes defined by
Class AC7(My, fp): Aprocess {Y;, t € T}belongsto AC7(My, fp)ifitsatisfies:

Y, = M@(Yt—ly Y 2,..) '%-t + f@(Yl—ls Y o, ) vt € T, (9)

where My (Y;—1, Yi—2,...)is am X p random matrix having almost everywhere (a.e)
full rank m, fp(Y;—1, Yi—2, ...) isaR"-random vector and (§;),c7 is a sequence of R”-
random vector with zero-mean, independent, identically distributed (i.i.d) satisfying
& = X)) c4<p with E[£FE)] = 0 for k # K’ and E[gg")z] = Var(,") = 1 for
1 <k < p. My(-) and fy(-) are assumed to be known up to the parameter 6. This
class has been studied in Doukhan and Wintenberger (2008), Bardet and Wintenberger
(2009).

We would like to carry out the change-point test presented in Sect. 1 for the class
ACT(My, fp). For this purpose, we assume that (Y1, ..., Y,) is a trajectory generated
from one or two processes satisfying (9).

Forall r € Z, denote by F; = o (Yy, s < t) the o-field generated by the whole past
at time 7. For any segment 7 C {1, ..., n}and 8 € ©, we define the contrast function
based on the conditional Gaussian quasi-log-likelihood given by (up to an additional
constant)

~ 1 N )
C(T,@)zzggof(@) with

010) = (Y, — FHTHDT (Y — f1) + log(det(H})), (10)

v/v\heri]"% = fo(Yimt, ... Y1,0,..0, My = My(Yi—y,....Y1,0,..), H} =
ML)
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8 M. L. Diop, W. Kengne

Thus, the MCE computed on T is defined by

(T) = argmin(C (T, 9)). (11)
He®

Let Wy be a generic symbol for any of the functions fy, My or Hg = My MQT and
K C © be a compact subset. To study the stability properties of the class (9), Bardet
and Wintenberger (2009) imposed the following classical Lipschitz-type conditions
on the function Wy.

Assumption A; (Vp, K) (i =0, 1, 2): For any y € (R™)*, the function 6 > Wy (y)

| 9" W (0)

is i times continuously differentiable on /C with | T

|| x < 00, and there exists a
sequence of nonnegative real numbers (a,g) (Wy, K))ren satisfying: Z ozk') (W, K) <

oo, for i = 0, 1, 2; such that for any x, y € (R™)°°,

(l)
|2 W () — @we(wH (Wa. KO 1xk = il
where x, y, X, yx are, respectively, replaced by xxT, ny, xkka, ykykT if Wy = Hp.
For r > 1, define the set

O(r) = {0 € R? / Ag(fo, {6}) and Ag(Mp, {6}) hold with

> {aé‘”(fe, {60)) + llgoll e (M, {9}} <1

k=1

U {9 eR? / fy = 0and Ag(Hp, {6}) holds with ||&]|?
> o (Hy. {0)) < 1}.

The following regularity conditions are also considered in Bardet and Wintenberger
(2009) to assure the consistency and the asymptotic normality of /9\(T1,,,) under Hy.
(AC.A0): Forall 0 € © andsome 1 € Z, (f}. = fj and Hj, = H} a.s.) = 6 = 6*.
(AC.A1): 3H > 0 such that inf det (Hy(y)) > H, forall y € (R™)°,

(AC.A2): o (f4, ©) +oz(’)(M9, ®) + ) (Hg, ®) = O(k™7) fori = 0,1,2 and
some y > 3/2.
(AC.A3): One of the families (=2~ f‘)* )1 <i<d (3311; %) | i<y 1S a.e linearly independent.
Under Ag(Wy, ©) (for Wy = fy, My, Hp) with 6* € © N O(1), Bardet and
Wintenberger (2009) established the existence of a strictly stationary and ergodic
solution to the class ACyz(Mpy+«, fg+), which shows that the assumption (A1) holds.
Under Hy, if Ag(fp, ©), Ag(Mp, ®) (or Ag(Hpy, ®)) and (AC.A0)-(AC.A2) hold
with 6* € ® N O(2), then a(Tjn,kn) L% n - c0f* (from Theorem 1 of Bardet and
Wintenberger 2009). Therefore, (A2) is satisfied.
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A general procedure for change-point detection... 9

Let us define

@i (0) == (Y, — [T (HY ™' (Vi — f§) + log(det(Hp)) (12)

with f} == fo(Yi—1,...), M) := Mp(Y;—1,...) and H} := Mé(Mé)T.
Now, consider the change-point test presented in Section, where the observations
(Y1, ..., Yy,) depend on 0* under Hp and on (0} ,05) under Hy. Under Hy, A; (f, ®),

A;(My, ©) (or A;(My, ®))fori =0, 1, 2and (AC.A0)—(AC.A3) with6* € ©NO(4),
Bardet and Wintenberger (2009) have proved that é\(T-n‘ k,) 18 asymptotically normal.
Then, using the sequence of functions (¢;(-));cz defined in (12), one can see that
the assumptions (A3) and (A4) also hold. For the condition (3) and those imposed
on the sequence (%(p, (0*), Ft)iez in (A3), see the proof of their Theorem 2 and the
arguments in the proof of Lemma 2 (ii). Thus, under the null hypothesis, all the required
assumptions (A1)—(A4) are verified for (Y, 6*), which assures that Theorem 1 applies
to this class of models. Note that, by the same arguments, one can also see that these
assumptions hold for (Y, 67) and (Y @, 65) under H;. Therefore, Theorem 2 also
applies to this class.

The models V AR(1) considered in (20) and (22) are examples of processes belong-
ing to the class AC7(My, fp). Such examples have been studied; see, for instance,
Dvotédk and Praskova (2013) and Kirch et al. (2015). But, the models (20) and (22)
below are quite general, since the matrix My is part of the parameters of the model
and a change might occur in this matrix.

4 Inference and application in general multivariate count process
4.1 Model formulation and inference

Consider a multivariate count time series {Y; = (Y; 1, ..., Yt,m)T, t € Z} with value
in Nj (withm € N, Ng = NU {0}) and denote by F;_| = o {V;_1, ...} the o-field
generated by the whole past at time r — 1. Forany 7 € Z and 6 € ©, define the class
of multivariate observation-driven integer-valued time series given by

Class MOD7(fp): The multivariate count process ¥ = {Y;, t € 7} belongs to
MODT(fp) if it satisfies:

EY | Fi-1) = fo(Yi-1, Y12, ..) VI €T, 13)

where fp(-) is a measurable multivariate function with nonnegative components,
assumed to be known up to the parameter 6.

In this section, it is assumed that any {Y;, t € Z} belonging to MOD1(fp) is a
stationary and ergodic process (i.e., the condition (A1) imposed for the change-point
detection holds) satisfying:

3C > 0,¢ > 0, suchthatVr € Z, ||Y¢]l14+e <C. (14)
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10 M. L. Diop, W. Kengne

Proposition 1 provides sufficient conditions for the existence of a stationary and ergodic
solution of (13) when the conditional distribution belongs to a m-parameter exponential
family. The condition (14) is a classical assumption which ensures that the process
{Y;, t € T} has moments of order slightly greater than 1 (see, for instance, Ahmad

and Francq 2016).

Let (Y1, ..., Y,) be observations generated from MODz( fg+) with 6* € ©. The
conditional Poisson quasi-log-likelihood computed on {1, ..., n} is given by (up to a
constant)

m

Ly(©) =Y ,0) with £,0) = > (Yiilogh.i(6) — 1.i(6)).

t=1 i=1

where A, (0) := ()»z,l @, ..., )\,,m(O)) = fo(Ys—1, Ys—2,...). An approximated con-
ditional quasi-log-likelihood is given by

m

Ly(©) =) 0(0) with £,(0) =Y _ (Y1.i loghri(0) — 4ri(0)) ,

t=1 i=1

where 7,(0) == (A1(0), ..., 70m(®)" = fo(Vi_1,...,Y1,0,...). Therefore, the
Poisson quasi-maximum likelihood estimator (QMLE) of 6* is defined by

/9\,, = argmax(z,, (9)).
0e®

Note that under the assumption of independence among components and conditionally
Poisson distributed, this Poisson QMLE is equivalent to the maximum likelihood esti-
mator. Let us highlight that we deal with an arbitrary dependence among components
and arbitrary conditional distribution; that is, the distribution of the components could
differ from each other.

For a process {Y;, t € Z} belonging to MODz( fo=), we set the following assump-
tions in order to establish the consistency and the asymptotic normality of the Poisson
QMLE.

Assumption A;(®) (i = 0,1,2): For any y € (N{)”)oo, the function 0 +— fy(y)
is i times continuously differentiable on © with |3 f3(0)/36' |, < oo, and there
(]

e
exists a sequence of nonnegative real numbers (o, k ) k=1 satisfying Y 77| o

Yo, oz,(f) < oo fori = 1, 2); such that for any y, y’ € (Ng’)

< 1 (or

H O fo(y)
30

Za(”uyk — %l

(MOD.AO0):Foralld € O, (for(Yi—1,Yi—2,...) = fo(Yi—1,Y,—2,...) forsomet €
Z) = 6* = 0; moreover, 3¢ > 0 such that fy(y) > cl,, componentwise, for all
e®,ye (Ngl)oo, where 17, = (1, ..., 1) is a vector of dimension .
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A general procedure for change-point detection... 11

(MOD.A1): 6% is an interior point of ® C RY.
(MOD.A2): The family (Mé—g?*))KK , is a.e. linearly independent.

Proposition 1 establishes the existence of a stationary and ergodic solution of the
model (13) for the m-parameter exponential family conditional distribution. Consider
a m-dimensional process {Y;, t € Z} satisfying

Y| Fi—1 ~ p(yln) with 4,(0) :=EY:|Fi-1) = fo(Yi-1. Yi—2,...)  (15)

where p(-|-) is a multivariate discrete distribution belonging to the m-parameter expo-
nential family; that is

p(In) =exp{n”y — AM}Ih(y), y € N§'

where 7 is the natural parameter (i.e., 1; is the natural parameter of the distribution of
Y:|Fi—1)and A(n), h(y) are known functions. Itis assumed that the function n — A(7)
is twice continuously differentiable on the natural parameter space; therefore, the
mean and variance of this distribution are dA(1)/dn and d2A(1))/dn?, respectively.
See Khatri (1983) for more details on such class of distribution. For the model (15), it
holds that

A
E(Y|Fo1) = fo(Yio1. Yia....) = aﬁ;ﬂ

Proposition 1 Assume that Ag(®) holds. Then, there exists a t — weakly dependent,
stationary and ergodic solution {Y;, t € Z} to (15), satisfying E|| Y| < oo.

Let (S, A, P) be a probability space, M a o-subalgebra of A4 and Z a random
variable with values in a Banach space (E, || - ||). Assume that || Z||; < oo and define
the coefficient t as

where Aj(E) is the set of functions # : E — R such that Lip(h) :=
supx,y € E, x # ylh(x) — h(y)|/llx — y|| < 1. Consider an E-valued strictly sta-
tionary process (Z;);cz and set for all i € Z, M; = o(Z;, t < i). The dependence
between the past of the process (Z;);cz and its future k-tuples may be assessed as

T(M, Z) =

’

1

sup H / hOPp(dx) - / h(OPy (dx)

heA(E)

follows. Consider the norm ||x — y|| = |lx1 — y1 ||+ - - - + l|xx — yk|| on E* and define
1 o . .
T (s) = 1???1( 7 sup {‘L’(M,’, Zj,....Z;)withi +s5 < j; <--- < ]g}

and t(s) = sup i (s).
k>0

If 7(s) tends to 0 as s — o0, then the process (Z;);c7 is said to be tT-weakly depen-
dent. The weak dependence concept has been introduced by Doukhan and Louhichi
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12 M. L. Diop, W. Kengne

(1999) for the purpose of taking into account some situations where the mixing con-
ditions are not satisfied. We refer to the lecture notes Dedecker et al. (2007) for an
overview on this dependence concept.

In the sequel, we deal with the more general class of model (13), where the distri-
bution of Y;|F;_; may be outside the m-parameter exponential family. The following
theorem shows that the Poisson QMLE for the class of models (13) is strongly con-
sistent.

Theorem 3 Assume that Ag(®), (MOD.A0) and (14) (with € > 1) hold with
a,&o) = Q&™) forsome y > 3/2. (16)

Then

o~

a.s.
6, — n — ooh*.

Forany t € Z and 6 € ©, denote I';(9) := (¥; — A(0))(Y; — 1,(0))T and D, (6)
the m x m diagonal matrix with the ith diagonal element is equal to A, ; (¢) for any
i = 1,...,m. From the assumption (MOD.A0), the matrix D; () is a.s. positive
definite. Combining all the regularity assumptions and notations given above, we
obtain the asymptotic normality of the Poisson QMLE, as shown in the following
theorem.

Theorem 4 AssumethatA; (®) (i =0, 1,2),(MOD.A0)~(MOD.A2)and (14) (with
€ > 3) hold with

a + o) +aP = 0Ky for some y >3/2, (17)
then

Jn @, —9*),1%00/\/(0, %) with %= Jy Ig=J00,
where

arlo* g (6%)
Jor = [%—GDO '6%) 809T and

T (p*
Ip =E [MDOI(G*)FO(Q*)DOI(Q*)

dro(F™)
30 '

00T

In comparison with the results of Lee et al. (2018), Cui et al. (2020) and Fokianos
et al. (2020), Theorems 3 and 4 are applied to the class MODz( fp+) with a general
structure of the conditional mean, whereas these authors deal with linear and log-
linear models. Moreover, Lee et al. (2018) and Cui et al. (2020) consider a parametric
framework, with the assumption that the conditional distribution given the whole past
is known, which is quite restrictive in practice. Theorems 3 and 4 are established in a
semi-parametric setting.
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4.2 Change-point detection

Now, assume that the trajectory (Y1, ..., Y,) is generated from one or two processes
satisfying the general model (13) and consider the change-point test of Sect. 1, where
the observations depend on 6* under Hy and on (6;,05) under H;. Let us define
the contrast function based on the conditional Poisson quasi-log-likelihood for any
segment 7 C {1,...,n}and 0 € ®:

C(T.0):=) @(®) with §(©0)=—0®) forall 1eZ (18)

teT

Thus, the MCE computed on T is given by

8(T) := argmin(C(T, 0)). (19)
0e®

Under the null hypothesis, the assumption (A2) holds from Theorem 3. Letting
@:(0) := —£,(0) forallt € Z and 0 € O, one can see that (A3) and (A4) are also
satisfied from Theorem 4. The relation (3) in (A3) holds from Lemma 2 (i) (see below),
the proof of Lemma 3 (a) and the arguments in the proof of Lemma 2 (ii), whereas the
relation (4) in (A4) holds from Lemme 2 (ii), Lemma 3 (c). See also Lemma 3(b) for
the required properties about the sequence (%(pt (0™), F1)rez. Hence, in absence of
change, all the conditions of Theorem 1 are verified for (Y, 6*), which assures that the
first result about the asymptotic behavior of the test statistic Qn applies to the class of
models (13). Under the change point alternative Hj, one can go along similar lines to
verify that (A1)-(A4) are satisfied for (Y1, ;) and (Y2, 65). This shows that Theorem
1 can also be applied to this class.

5 Numerical results

In this section, the statistic Qn will be computed with u, = [(log(n))z] and v, =
[(log(n))>/?] for a sample size n. The procedure is implemented in the R software
(developed by the CRAN project).

5.1 Simulation study

We investigate the performance (level and power) of the test statistic through two
examples of two-dimensional processes, with sample size n = 250, 500, 1000 and
the nominal level & = 0.05. Let us consider the following models.

— A bivariate AR (1) model. Consider the two-dimensional AR(1) model (with zero-
mean) expressed as

Y; = AoYi—1 + y& forall teZ, (20)
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14 M. L. Diop, W. Kengne

where Y; = (Y;1, Yt,z)T, Ao = (aij)i,j=1,2 i1s a 2 x 2 matrix with eigen-
values inside the complex unit circle, yg is a nonzero real number and (&, =
&1, Et,z)T),GZ is a bivariate white noise satisfying the conditions of the class (9).
This process belongs to the class AC7(My, fo) with fo(Y;—1,...) = AgYi—1
and My(Y;—1,...) = <)(/)012)> The parameter of the model is denoted by
6o = (a1.1,a1.2,a2.1, a2, o). At the nominal level o« = 0.05, the critical value
of the test is therefore c5 o &~ 3.899 (see Lee et al. 2003). The performance will be
evaluated in cases where the innovation (&;);cz is obtained from the standardized
Student distributions with 5 and 8 degrees of freedom for the first and the second
component, respectively. In the scenarios of change, we assume that the parameter
6o = (Ao, o) changes to 6] = (A1, y1)-
— A bivariate INARCH(1) model.

Assume that {Y; = (Y, 1, Y;)z)T, t € 7} is a count time series with value in
N(z), where {Y; 1, t € Z} and {Y; >, t € Z} are two processes with conditional
distribution following a Poisson distribution and a negative binomial distribution,
respectively. More precisely,

with 2, := (hr1, A2)T =do + BoYi—1,

21

Yi1|Fi—1 ~ Poisson(X; 1)
Yi2|Fi—1 ~NB@,r/(r + X 2))

where dy = (dV,d®)T € (0,00)%, By = (b ;)i j=12 is a 2 x 2 matrix
with nonnegative coefficients, and N B(r, p) denotes the negative binomial dis-
tribution with parameter (r, p) and mean r(1 — p)/p. It is assumed that for
all t € Z, Y;1, and Y, > are conditionally independent given J;_; and that
the parameter r is known for each simulation; that is, the parameter of inter-
estis By = dD,d?, bi1.1,b1,2,b2,1,b22) and the critical value of the test is
co,a ~ 4.375 (see also Lee et al. 2003).

In situations of break, we also assume that the parameter changes from 6y (which
is characterized here by (do, Bp)) to 6; that we will characterize by (d;, By) for
this model.

Figure 1 is an illustration of a typical realizations of the statistics Q\n,k for two
trajectories of length 1000 generated from bivariate AR(1) processes: a trajectory
without change and a trajectory with a change at time t* = 500. One can see that, for
the trajectory without change, the statistics @n x are well below the critical value (see
Fig. la). For the scenario with change, the maximum (which represents the value of
Qn) of the statistics Q,, k 1s higher than the limit of the critical region and that it is
obtained at a point very close to the instant of break (see Fig. 1b). This empirically
comforts the common use of the classical estimator 7, = argmax k € 7, (Q\,,,k) to
determine the break-point.

To evaluate the empirical level and power, we consider trajectories generated from
the two models (20) and (21) in the following situations: (i) scenarios with a constant
parameter 6 and (ii) scenarios with a parameter change (6p — 0;) at time t* = n/2.
The replication number in each simulation is 500. For different scenarios, Table 1
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A general procedure for change-point detection... 15

(a) a"‘k for 1000 observations of a bivariate AR(1) process without change (b) Qqx for 1000 observations of a bivariate AR(1) process with change at t*=500

I i :/ﬂ‘/ \M

T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000

3 3

Fig. 1 Typical realizations of the statistics @n.k for two trajectories generated from bivariate AR(1)
processes defined in (20). a Is a realization for 1000 observations with a constant parameter 6y =
(0.5, —0.2,0.35,0.1, 1). bIs arealization for 1000 observations in a scenario where the parameter changes
from 6y = (0.5,-0.2,0.35,0.1,1) to §; = (0.5, —0.2,0.1,0.1, 1) at * = 500. The horizontal line
represents the limit of the critical region of the test

indicates the proportion of the number of rejections of the null hypothesis computed
under Hy (for the levels) and H; (for the powers). As can be seen from this table,
the empirical levels are close to the nominal level for each of the two models. One
can see that the statistic is quite sensitive for detecting the change for both the cases
considered under the alternative: the scenario with dependent components and inde-
pendent components (i.e., the scenario where the matrix A or Bj is diagonal) after
the breakpoint. For both the classes of models, the results of the test are quite accurate;
the empirical level approaching the nominal one when n increases and the empirical
power increases with n and is close to 1 when n = 1000. This is consistent with the
asymptotic results of Theorem 1 and 2.

5.2 Real data example

We consider the bivariate time series whose variables represent the average daily
concentrations of particulate matter with a diameter less than 10um and car-
bon monoxide (PMjp,CO), collected at some monitoring stations in the Vitéria
metropolitan area. We deal with the data from January 31, 2010 to December 30,
2010 (observations on 334 days); see Fig. 2a and b. This series is a part of a
dataset obtained from the State Environment and Water Resources Institute (avail-
able at https://rss.onlinelibrary.wiley.com/pb-assets/hub-assets/rss/Datasets/RSSC
%2067.2/C1239deSouza-1531120585220.zip), which were analyzed by de Souza
et al. (2018).

To apply the proposed test procedure, we consider a two-dimensional AR(1) model
(with nonzero mean) given for ¢t € Z, by

Y = wo+ AoY—1 + M&;, (22)

where Y; = (PMjo,, C 0,7 (the value of the corresponding vector atday t), wp is a 2-
dimensional vector, Ag, M are 2 x 2 matrices and (&) a bivariate white noise satisfying
the conditions of the class (9). The parameter of the model is & = (wg, Ag, M) € R!0.

The realizations of Qn ¢ (for all k € 7,,) displayed in Fig. 2¢ show that the resulting
test statistic @ n 1s higher than the critical value of the test, which indicates that a
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(a) Concentration of PM;o (b) Concentration of CO (e) Q.. for the real data

!
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w |
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!

!

10 Fi] k] 9 0
4060 B0 1000 1200 10
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!

Fig. 2 Plot of the time series and the statistic Qn,k for the change-point detection applied to the bivariate
real data (PM1(,CO) with the VAR(1) process defined in (22). The horizontal line represents the limit of
the critical region of the test. The vertical line represents the estimated breakpoint

change-point is detected in this series. The breakpoint is estimated as 7, = 184 (see
Fig. 2), which corresponds to the date August 02, 2010. The estimated model with
two regimes is given by:

T [8 '0562681 %(3(())23]
Y, = (16.254, 664.266 : ) Y,_
! ([2.854] [41.240]) T\ 1462 0.234 ) -1
[1.056] [0.048]
68 %3
+ | 90,140 _ga360 | 1 for 1 =184,
[2528]  [2.412]
, (082 00 -
Y, = (19.362, 667.930 : ) Y,
! ([5.729] [49.210]) T 1 —0.457 0.209 | -1
[0.320] [0.046]
5 A
+ 66,160 —60.031 | 1 for ¢ > 184,

[1.969]  [2.407]

where in brackets are the standard errors of the estimators obtained from the sandwich
matrix ﬁ;l , a consistent estimator of the covariance matrix Q! defined in (5), com-
puted on the segment 7 C {1, ..., n}. Simulations carried out with the parameters
in (23) show that the procedure works well (in term of empirical level and power) in
that case. Also, this result is in accordance with those obtained by Diop and Kengne
(2022b) who have found a break on August 06, 2010 with an epidemic procedure in the
carbon monoxide series. The first regime (from January 31, 2010 to August 08, 2010)
includes the austral winter and a period where the winds are weaker. These meteo-
rological factors are known to increase the concentration of some pollutants (such
as the carbon monoxide), which are important determinants associated to the P Mg
concentration (see, for instance, Ng and Awang 2018 and the references therein).

6 Proofs of the main results

Let (Y)nen and (r,)nen be sequences of random variables or vectors. Throughout
this section, we use the notation ¥, = op(r,) to mean: for all ¢ > 0, P(||y,| >
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18 M. L. Diop, W. Kengne

ellrnlD),, 5 5.0. Write ¥, = Op(ry) to mean: for all ¢ > 0, there exists C > 0 such

that P(||¥, || = Cllrall) < € for n large enough. In the sequel, C denotes a positive
constant whose the value may differ from one inequality to another.

6.1 Proof of the results of Section 2
6.1.1 Proof of Theorem 1

Define the statistic

On = }3;%)_( (Qn,k) with

n

k(n —k)?* ~ - N _
0ni = EO= O @1y ) — 8T ) QBT — BTes1.0),
n

where 2 is the covariance matrix defined in the assumption (A4). For any segment
T Cc{l,...,n}and # € O, we also define the function

C(T,0) = Zw,(@), where (¢;(-))sez is given in (A3).
teT

Letl <k <k' <n, 9_'€ ®andi €{l1,2,...,d}. By the mean_value theorem applied
to the function 0 +— a%[_C (T 1, 0), there exists 6, ; between 6 and 6* such that

9 - 9 92 -
—C (T, 0) = —C (T, 0% ———C (T, 6, )(0 — 0™,
80, (Tie,xr» 0) 30, (T x, 07) + 2096, (T k7 On,i ) ( )

which implies
, D .2 _
K =kt DFy(Tiewe )07 = 0) = 25 C(Tepe 07) = 22 C(Thew- 0) - (24)

with
1 2
(k" —k+1)0000;

Fu(Tiy,0) = C(Ti ks On,i)1<i<d- (25)

The following lemma will be useful in the sequel.

Lemma 1 Assume that the conditions of Theorem 1 hold.
() max|Qux — Qui| = o0p(D).
keT,
(1) If (n)n>1 and (ky)n>1 are two integer-valued sequences such that j, < kp,

kn, 5000 and ky — jn, =7 00, then Fn(T.nakn’é\(T.nakn)) R N ooF, where

F is the matrix defined in (A4).
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Proof (i) Letk € 7,. Asn — oo, from the asymptotic normality of the MCE and the
consistency of Q(u, ), we obtain:

[ V@0 - 6% = = k(O(Tics1n) — 07)]
= 0p(1) and |Qu,) — | =o(D). (26)

Then, it holds that

|§n,k - Qn,k}
k(n — k))? @ ~ 5 Y Y
- —( =) ’ 6(T10) = 8(Tirrn) (R — Q) (BT — G(Tk“’"))‘
k(n — k ~
- C((”n_))”m ) - QH 16710 = 0(Ticy 1|
< C[[ R - sz||[ O | VE@T0 - 0%)
k (n

=R O - )]

< 0(1)0P(1);

which allows to conc_lude/.\
(ii) Applying (25) with 6 = 6(T, x,), we obtain

2
F.(T: 1 ,0(T; = : C(T; i, 0ni
n( Jnokn ( jn,k,,)) (kn_,]n+18930i ( Jnkn n,z))lSifd
_ 1 Z 9701 (On.i)
ok — g+ 1 9690, ’
n — Jn 1T i i

where 6, ; belongs between 8(Tj, x,) and 6*. Since 8(Tj, 1,) —> n — oof*,

6pi —% n— oof* (forany i = 1,...,d) and that F = E[az)‘gg—(;;)] exists

(see the assumption (A4)), by the uniform strong law of large numbers, for any
i=1,...,d, we get

1 3 PoOni) 5 [32%(9*)}
kn — jn+1 et 0006; 0006;

Jnkn

1 5 %0 (On) E[32¢0(9n,i)]

ky — jn+1 T 00006; 0000;

inkn

N HE [acho(en,,-)} E [82¢o<9*>] ”
0600; 00006;
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1 92,0 920 (0
‘ ) ¢ (0) _E[ ¢o( )}
ky — jp +1 < 9090 9000 .

+o(1) = o(1) + o(1) = o(1).

This completes the proof of the lemma.

O
Now, we use (26) and the part (ii) of Lemma 1 to show that
D 2
— su W,(t . 27
On, 2 500 IWa(®)l (27)
Let k € 7,. Applying (24) with 6 = 6(Ty ;) and Ty v = T %, we get
- . o~ 1/9 L0 I
Fy(T 1, 0(Ti i) - (0" —0(T1 k) =~ | =C(T1k,07) — —=C(T1k,0(T1 1)) | -
k \ 9o 36
(28)
With & = 0(Ty41.,) and Ty g = Tt 1.0, (24) becomes
Fo(Tis 1,00 0Tk 1,0)) - 0% = (T 1.0))
1 3 9 .
= <%C(Tk+l,n’ 07) — @C(TkJrl,n, 9(Tk+1,n))) . (29)

Moreover, as n — +00, Lemma 1(ii) implies
| Fa(T1 4, 0(T1.0)) = F|| = 0(1) and | Fu(Tig1,00 O(Tis1.0)) — F = o(D).

Then, according to (26), for n large enough, (28) gives

~ a a ~
VEF (0% = 0(T10) = —= (55014 0") = =5 C (T 8(T1,0))

1
il
— Vk ((Fa(T1 1, 8(T10)) = J) (0(T1.0) — 60))

1,0 . _
= 2 (3gC T4 09 = 5 CT BT +or (1)
1 /0 R P
= (35 C T4 89 = HCTLBT) +or (1)
1

0 ~ ~ 0 ~
—\—=C (T} x, 0(T; — —C(T ., 0(T
+ ﬁ(ae (T i, 0(T1 1)) 50 (T k., 0( 1,k))>

- 1<8C(T 0" — O BT 4. B(T )))
= 7\ ks 59 C T 0T

+ op(1) (from the condition (3) in (A3)).
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This is equivalent to

~ 1,0 0 ~ ~
F (6% — 0(T; = —(—C(T1,0%") — —C(Ty 1, 6(T
( (T1.1)) k(89 (T4, 0%) = 25 C (T, O 1,k)))

Fop (%) 30)

For n large enough, §(T1 k) is an interior point of ® and we have % c (T x, é\(Tl, x) =
0.
Hence, for n large enough, we get from (30)

—~ 10 1
F (6" —0(T = ——C(Ty, 0% — ). 31
(6" =8(T10) = 350N 69 +or () (1)
Similarly, we can use (29) to obtain
~ 1 9 1
F (0™ —o(T, =——C(T, , 0% . 32
0" =8T1) = 55 CTrin 0 +or (=) (D)
The subtraction of (31) and (32) gives
— F (0(T1 1) = 0(Tey1.0))
_ 10 C(Ty x,0") L 9 C(T; 0%)
- k89 1,k n—kBQ k+1,ns
¥ ( L )
0 — ——
P Vk o n—k
19 C(T1r.6%) 1
koo P n—k
aC(T 0*) aC(T 0%) ) + ! + !
— . —_— — , 0 — ——
a0 " a0 - PA\VE " Vn—k
n ad k o 1 1
=— | =C(T14,0")— — - —C(T1 ., 0" — 4+ —).
k(n—k)(B@ (T1,x.07) 38 (T1,n ))+0p<\/%+ —n—k)

Since the matrix G is positive definite (see (A3)), the above equality is equivalent to

k(n —k) _ ~ N
== 5 G IF (0110 = 0(Tirn)
G2 (9 k 0
= [ —C(N4, 06" — = - —C(T1.n, 0%
NG <89 (T1 k. 07) =38 (T1,n )>

+op (\/k(’;_k) + w\;")
9

G2 o k0 . -
=2 (=cmu, 6" —= - —C(T) .0 1
NG <89 (T, 07) 38 (T1,n ))+0P() (33)
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and that 0, x can be rewritten as

2

Qn,k =

k(n —k
H (n — k) forall ke T,. (34)

5 G PF (0T 0 — 0(Ti)

Moreover, applying the central limit theorem for the martingale difference sequence
(%go, 6%, f’)zez (see Billingsley 1968), we have

! CTiien. 0% — D coqy g
ﬁ( ( 1,[nt]> )_T ( 1,n5 )>

[nt] n
1 Kl o0+ [nr] 0 "
=_ﬁ<§ 0 (07) — — —agfﬂt(@ ))

=1 t=1

2. Bg(r) — 1Bg(1),
n—oo

where [x] denotes the integer part of x and Bg is a Gaussian process with covariance
matrix min(s, 1)G.
Then,

G2 /% [nt] 9
7 (a—GC(Tl,[an ) — T_C(Tl ns 0 )) —>OOBd(T) —1By(1)

= Wa(r) in D([O, 1]),
where B, is a d-dimensional standard motion and W, is a d-dimensional Brownian

bridge.
Therefore, using (33) and (34), we obtain

o~ —~ 2
On.ine) = HMG—I/ZF(e(Tl,[mp — 0(Tine1r10)) H

o sup [Wa@I* in D(O, 1)).

0<t<l

For n large enough, we deduce

On= max (Qui)= sup Qupur = sup [Wa(I? in D0, 1]);

vy <k<n-—v, %”Sfil—%’ 0<r<l

which shows that (27) holds. Hence, we can conclude the proof of the theorem from
Lemma 1(i). O
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6.1.2 Proof of Theorem 2

Under the alternative, we can write

Y, — vV for 1<,
! Y(z) for > r*,

where t* = [t*n] (with 0 < 7* < 1) and {Yt(]),t € Z} (j = 1,2) is a stationary
and ergodic process depending on the parameter 9;5‘ (with 6] # 65) satisfying the
assumptions (Al)—(A4)

Remark that Qn = }(n%)_((én k) > Q,, . Then, to prove the theorem, we will show

n
that Qn,t* L 4o,
n—0oo
For any n € N, we have

5 - r*))z(

o~ —~ TA o~ o~
Ouir = e (0(T1) = 0(Tirs1,0) Q) (B(T110) = B(Trvi1)
with
- I~ . R N . R
Q) = 5 [F(11,)8 (T10,) ™ F(T1,) + F (T 108 Tup1)™ P10

Moreover, the two matrices in the formula of ﬁ(u,,) are positive semi-definite. Then,
we obtain

0, = Ll — 17" ) @11 ) = BT 1)

n

| F(T1,,)G (T1,u,) " F(T1.4,) + F (T, 1.0)G (Tuys1.0) " F (T4, n)]
x (0(T1,0) = 0(Ty41.0))
> 1 (0(T1) = 0T1) " | F(110,)G(T10,) " F(T1,)]
X (0(T1+) = 0(Trrsrm)) - (35)

By the consistency and asymptotic normality of the MCE, we have: (i) @(Tl,t*) —
O(Ti41.0) 25 n — 000F —0F # 0and (ii) F(Ty,4,)G(Ti 4,) "  F(T14,) converges
to the covariance matrix of the stationary model of the first regime which is positive

definite. Therefore, (35) implies Q\n,,* 2% 1 — co+00. This establishes the theorem.
O
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6.2 Proof of the results of Section 4
6.3 Proof of Proposition 1

Let Fj(y) be the cumulative distribution function of p(y|n) with marginals
Fu 1.y Fapms where A = (A1, ..., )T = dA(n)/9n. From the Sklar’s theorem
(see Sklar 1959), one can find a copula C such that, forall y = (yq, ..., y,) € R™

F.(0) =C(Fa,100Ds - s FayymOm))-

Fori =1, ..., m, denote by F;il (u) :=inf{y; >0, F; ;(yi) > u} forallu € [0, 1].
Let {U; = (U, 1, ..., U,,m)T, t € 7} be a sequence of independent random vectors
with distribution C. We will prove that there exists a t-weakly dependent, stationary
and ergodic solution (Y7, A;) of (15) satisfying:

T
with A; = ()»r,l ey )Lt,m)T = fo(Yi—1,...). For a process (¥;);ez that fulfills (15)
and (36), we get,
T
Vo= (F W B W) =W U B

where W is a function defined in (N’61)°° x [0, 1]7™. According to Doukhan and Win-
tenberger (2008), it suffices to show that: (i) E||W (y; U;)|| < oo forsome y e (Ni)™
and (ii) there exists a sequence of nonnegative real numbers (o (W))i>1 satisfying
Y k=1 (W) < 1 such that, for all y,y" € (NJ)™, E|W(y; U) — V(' Ul <
2131 ar(W)llyk — y,QII

Proofof (i). Set fp(0,..)=XA=(A1,..., Am)T . The random vector (F/\_I}I(U,,l, e,
F[m]’m(U,,m))T is F; distributed. Thus,

EIWO,...; UDl = E | (FL W, o B W) | = 10
= [1fo(0,..)] < o0,

where this inequality holds from the assumption Ay(®). O

Proof of (ii). For all y,y" € (NJ)*®,set A = fy(y,...) = (A1, oo Tand Vo=
fo' .. =, AT We have,
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E[W(y; U) — ¥ Ul

=E|(F3h @, oo B i) = (F e, B Wi )|
m m
< Y E|F W) = F LU =) Ih = 2] (38)
i=1 ' i=1
o
0
=== 1fo...0— o0 = > oy — yill. (39)
k=1

where the equality in (38) holds from the Proposition A.2 of Davis and Liu (2016) and

the inequality in (39) holds from the assumption Ay(®). Thus, take o (V) = a,(co),
which completes the proof of the proposition. O

6.3.1 Proof of Theorem 3

To simplify, we will use the following notations in the sequel:

€0(0) =Y, i logh i(B) — A i(B) = Y i log f3 — fi,
0i(0) := Y, logh i (6) — i (0) = Y, i log fi' — fI,

where fé’i and f;’i (for i = 1,...,m) represent the ith component of fj =
fo(Yi—1,Yi—2,...) and fg = fo(Yi—1,Yi—2, ..., Y1), respectively.

(i) Firstly, we will show that
1 _~ a.s.
;HL,,(@) — L)y =3 n — oc0. (40)

Remark that

IA

1 e~
= 1G®) - t®llo
n

t=1

] oo~
=22 NEi®) =i ®)le. (41)

i=1 t=1

1,~
20 - La®)]

IA

Using Ao (®) with the condition (16) and the existence of the moment of order 2
(i.e., (14) with e > 1), one can proceed as in the proof of Theorem 3.1 in Doukhan
and Kengne (2015) to prove that

1< ~ ,
—Z||e,,,»(9)—zt,,-(9)||®”—'“>n—>ooo forall i=1,...,m.
n

t=1

Therefore, (40) is obtained by using (41).
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(i) Let us establish that: for all r € 7Z,
E[l¢@)]e] < oc. (42)

We have

m

E[llt:0)le] < Y E[ sup €],

i=1 0ec®

From Ag(®), (MOD.A0), (14) (with ¢ < 1) and by going along similar
lines as in the proof of Theorem 3.1 in Doukhan and Kengne (2015), we get:
E[ supgee 1€:,i(0)|] < oo foralli =1,..., m. Thus, (42) holds.

Since {Y;, t € 7Z} is stationary and ergodic, the process {{;(0), t € Z} is also
a stationary and ergodic sequence. Then, by the uniform strong law of large
numbers applied to {¢;(0), t € Z}, it holds that

a.s.
—> n — 000.

” % L) — E[e()(e)](]@ = ”% fet(e) — E[£(0)]
=1

(C]
Thus, from (40), we obtain
I~ I~
|2, - Eleo@)| = ~|L.0) - L),
n (S} n

a.s.
— n — 000.

1
+ H —L,(0) — E[£p(0)]
n Q)

(iii) To complete the proof of the theorem, it suffices to show that the function 6 +—
L) = E[£¢(#)] has a unique maximum at 6*. Let 6 € ©, such that 6 # 6*. We
have

L(0*) — L(0)

Il
NE

(Eto,i(6%) —Ebo.i(6))

I
M=

(E [Yoitog £ = £ | — E [Youtog £ = £'])

1

Il
NE

(B[ 10g £t = 1| —E[ £ 102 £ = £37])

1

I
NE

(B[ (10g £ —tog £ | B (£ = £21)).

=1

According to the identifiability assumption Ao(®) and since 6 # 6*, there exists
io such that feO 0 £ fgo,;"). By going as in the proof of Theorem 3.1 in Doukhan

and Kengne (2015), we getIE[fo,;io(log f2i0 _1og fg’io)] —E[fy:— f)"1 >0
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and E[ f5: (log fx' —log fi"')] = Elfe — f1 = Ofori = 1,...,m, i # io.
This establishes (iii), which consequently yields the theorem. O

6.3.2 Proof of Theorem 4

Applying the mean value theorem to the function 6 — 8%,- L,@®)foralli € {1,...,d},

there exists 9_,1,,‘ between @, and 6* such that
9 L,®,) = 9 La(6%) + —— > — L)y — 0%,
0, """ T a9 " 9006; i

which is equivalent to

I @,)(0, — 0%) = % ( O Lao" - T, L <9n))

4——1— O L (% 43
\/_< n( ) — ( n)) (43)
with

(On 8989[Ln( n,i 1<i<d‘ 44)

The following lemma is needed.

Lemma 2 Assume that the conditions of Theorem 4 hold. Then,

o 3|40~ fro] Jso

(ii) 4 L,0)— -2 L, (G)H =o(l) as.

8989T B(—)d(—)T

Proof (i) We have

S L@ — oL (e))H

Z ” 3500 = 550
Z Z H 6.i(0) — ﬁt i(©) H (45)

Moreover, by proceeding as in Lemma 7.1 of Doukhan and Kengne (2015), we
canuse A;(®) (i =0, 1), (14) and the condition (17) to establish that

[ ZH 250 ®) z;,(e)H |20 foral i=1,.
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Thus, we can conclude the proof of (i) from (45).
(i1) It holds that

2

Frrrd

o~

L(®) = ——=r L O

- 92
<- 0,0) — 0,0 H
= nt:Z]H 20067 1D ~ 355074 D

92 92
<= —?-9——£-9H
= n;;H 90007 i (0) 90007 i@

HaeaeT

By going as in the proof of Lemma 7.1 of Doukhan and Kengne (2015), one

. . 1 3?7 9? _ —
casily get for i = 1....m, S, Hmﬁw(@) — W@,,,(@)H@ = o(1),
which shows that (ii) holds.

O

The following lemma will also be needed.

Lemma 3 [f the assumptions of Theorem 4 hold, then
g (9 D

(a) the matrices Jo» = E[=Y (9*) “309‘?*)] and lgx = E[ak 0op (9*)

Fo(0*) Dy (9*) a’\(’(@ )] exist and are positive definite;

(b) (al’(e ) .7-',) ’ is a stationary ergodic, square integrable martingale difference
e
sequence with covariance matrix Ip«;

3%2¢0(0 3%2¢0(0*
© E[1522 6] < 00 and E[£0U)] = — Jj.;

@ J (@,) Rl QPN o0 Jg+ and that the matrix Jy« is invertible.

Proof (a) From the assumption (MOD.A0), we can find a constant C > 0 such that
it holds a.s.

8)» 0 dAo (0
0 o5 22

d10(0) H

B =

CIE”

o

3K0i(9)2
ccSe)
- ; a0

One can show as in the proof of Lemma 7.1 of Doukhan and Kengne (2015) that
; Ao, z )
foranyi =1,... ]E||

H o < 0c. Hence,

A (©) Dy 8/\0(9) H

#l
90 26T

which establishes the existence of Jy=.
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Using (MOD.A0) and Holder’s inequality, we have

15

Dy (0)To©0) Dy ©)—
2 1l

5| =%

[ 5 @cxo - AO(O»H =~

<CIE[(||Y0|| +1120©)13) H MO(Q) H ]

1/2
(~)>

m 172 330 (0) 14 172
N
<c (EIIYOII4 - ZJEnAo,iw)né)) (ZEHT @)
i=1 i=1

= C (EIYol* + Bl @)1} /2< H

According to the existence of the moment of order 4 (from (14) with e > 3), E||Yo||* <
oo. Furthermore, proceeding as in the proof of Theorem 3.1 and Lemma 7.1 in Doukhan

and Kengne (2015), one can also get EH)LO,(O)H4 < 00 and IE” 3}”0‘(0) ||® < oo for
any i = 1, ..., m. Therefore,
VG ) p- 1, 9%0(0)
E| == D5 @)ro@®)Dy ' ) o | (46)

90T

which establishes that Iy« exists. X
Now, let U € R? be a nonzero vector. We have % - U # 0 as. from the
assumption (MOD.A2), which implies

D o*
90 0()39T

. =112 dro(0%) =12 dro(0%)
_E|:< 6" ——— 50T U) ( 6" ——— 50T U):|>0

arT (o* o (0*
UTJmUZIE:[UTL ~1 o )U:|

and

T _ T
U Ig*U—E|:U 5 Do @OTo@") Dy O =7

_ o (6*
:E[((YO—AO(G*))T D2 6% aOQ(T )U)

<(Y0 —00M)" Dy (eh) LU0 U)] - 0,

Bkg(e*) —1 *y y—1 dro(0%) i|

007
Hence, Jy= and Iy are positive definite.
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(b) For any 6 € ©, we have

© = ———D; (O)(Y; — 1 (6)).
; At,i (0) 30 ki 0) 99 1 @)X — 1(0))
(47)
Then, according to the stability properties of {¥;, t € Z}, the process {”5(59), ‘e

Z} is also stationary and ergodic. Moreover, since A;(60*) and % are F;_1-
measurable, we have

[3&(9 )]

arl (o*
[ [ 0 ,—1(9*>(Y,—x,<9*)>|ﬁ_lﬂ

|:8AT(9*)

»

CHOM) - E[(Y = 20M) | Fi- 1]} =0

In addition, E[MO(O*) Mg’é‘?*)] = Ip=. Hence, the part second part of the lemma
holds.

(c) We have,
9%60(9) 9%0,i(9)
| St o = 2 El Gl <o
00907 90067 llo =
. . . 92£0,i (0) .
where the above inequality holds since E|| =27 o = oofori =1,...,mby

going as in the proof of Lemma 7.2 in Doukhan and Kengne (2015). Moreover,
according to (47), for any 6 € ©, we have

m

825,(9)=i Vi Bzx\t,i(e)_z Yii 9%i(0) 94, (0)
30967 Ar.i(0) 30907 A2.0) 06 96T

Then, using conditional expectations, we obtain

2 * m 1 Ao (0F) O (OF
B 0 Eo(@ ) - _F Z 0 0,1(9 )8 0,1(9 )
90967 50407 96 36T

NGO, dr(6")
[ og Do O =507 Yo

(d) We have

~ 1 92 _ 1 92 Kt(é‘nz)
J(en) = __—Ln(en,i) - .
n 9696; lcica  \ m& 0006, o
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Since B, —% n — 000*, G,; —3 n — ocof* (forany i = 1,...,d) and that
E[asgg(:; )] = —Jp exists, by the uniform strong law of large numbers, for any
i=1,...,d, we get

1 Z 021 (On,i) a.s. 1 Z 020(0") as; [a%o(e*)
n

i| as n — oQ.

0006 n = 0096, 3606,
Therefore,
~ 1 = 324, (B 3200 (0%
R e B I )
n = 9096; \ied 0600 l<i<d
= Jg*
This completes the proof of the lemma. O

Now, let us use the results of Lemmas 2 and 3 to complete the proof of Theorem 4.

Since 6, is a local maximum of the function 6 —> L (0) for n large enough (from
the assumption (MOD.A1) and the consistency of 0 ), 39 (9 ) =0.

Thus, according to Lemma 2, the relation (43) becomes

Jnd @) 6, — 6* 13L9 1 48
(0n)(6n — )_7£ ©*) +op(1). (48)

Moreover, applying the central limit theorem to the sequence (% , ]—"t) 2 itholds
te
that

1 9
T == Z—et(e) = Na(0, Ip).

Therefore, for n large enough, using Lemma 3(d) and the relation (48), we obtain

V@, - 0%) = La(6 )] +op(1) 2 Ny (0.5 1o I ).

[«/_39

This establishes the theorem. O
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