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1 Introduction

Let {X,, n > 1} be a sequence of identically distributed random variables, {a,,n >
1,1 < k < n} an array of constants. A weighted sum is defined by

n
Zanka. (1.1
k=1

The ap; are called weights. Since many useful linear statistics, e.g., least-squares
estimators and nonparametric regression function estimators, are of the form (1.1), it
is very interesting and meaningful to study the limiting behaviors for the weighted
sums of random variables.

The classical Kolmogorov strong law of large numbers states thatif {X,,n > 1}isa
sequence of independent and identically distributed random variables with EX| = 0,
then n~! Y i—1 Xx — 0 a.s. The Kolmogorov strong law of large numbers has been
extended to weighted sums by many authors. Let {X,,,n > 1} be a sequence of
independent and identically distributed random variables, {a,;,n > 1,1 < k < n}
an array of uniformly bounded constants, i.e., sup,,~.; max|<k<n lauk| < 00. Choi and
Sung (1987) showed that if EX| = 0, then -

n
n! Zankxk — 0 as. (1.2)
k=1

When the weights a,; are o-th Cesaro uniformly bounded for some 1 < o <
oo, that is, sup,.,;n"! Y iei la|* < oo (when @ = oo we interpret this as
Sup,> 1 maxlskgﬂanu < 00), Cuzick (1995) showed that (1.2) holds under the
moment conditions that EX; = 0 and E|X{|? < oo, where 1/a + 1/8 = 1. When
o = 00, this reduces to the result of Choi and Sung (1987). Bai and Cheng (2000)
extended and generalized the result of Cuzick (1995) to the Marcinkiewicz type strong
law, and Chen and Gan (2007) generalized the result of Bai and Cheng (2000) in some
directions. Huang et al. (2014) extended the corresponding result of Bai and Cheng
(2000) to ¢-mixing random variables with Zf;] 901/ 2(n) < oo.

When the weights a, are independent of n, i.e., axx = ax4+1.x = - - - , itis possible
to prove (1.2) under weaker moment conditions. In fact, Baxter et al. (2004) showed
that if {X,,, n > 1} is a sequence of independent and identically distributed random
variables with EX; = 0, and {a,,n > 1} is a sequence of «-th Cesaro uniformly
bounded constants for some 1 < o < 00, then

n
n! Zaka — 0 a.s. (1.3)
k=1

For the sake of clarity, let us recall the concept of the 1/-mixing random variables
or random vectors.
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602 D. Hu et al.

Definition 1.1 For a sequence {X,,n > 1} of random variables or random vectors,
the ¥ -mixing coefficient ¥ (n) is defined as

P(AB)
Y (n) = sup sup —_— 1,
m=1 AcF" BeFes,, P(A)P(B)£0 | P (A)P(B)

where ' = o(X; : n < i < m). Then {X,,n > 1} is said to be ¥ -mixing or
*-mixing if ¥ (n) - 0asn — oo.

The concept of {-mixing was introduced by Blum et al. (1963). They proved the
Kolmogorov strong law of large numbers for identically distributed 1/-mixing random
variables without any conditions on mixing rate. For {/-mixing random variables with
Yool ¥(n) < oo, Yang (1995) obtained the moment inequality, exponent inequality
and strong law for weighted sums, Wang et al. (2010) obtained the maximal inequality
and gave some applications, Xu and Tang (2013) discussed the strong law for Jamison’s
type weighted sums. Since ¥-mixing is stronger than ¢-mixing (see, for example, Lin
and Lu 1997), the results on ¢-mixing also hold for i-mixing.

Motivated by the work of Blum et al. (1963), it is interesting to obtain the limiting
behavior for some kind of mixing random variables without any conditions on mixing
rate. Shao (1988) obtained the complete convergence for ¢-mixing random variables
without any conditions on mixing rate, Chen et al. (2009) extended the result of Shao
(1988) to the moving average processes based on ¢-mixing random variables. Since
Y-mixing implies ¢-mixing, their result holds for {-mixing random variables without
any conditions on mixing rate. However, it is not known whether (1.2) or (1.3) holds
for ¢-mixing random variables without any conditions on mixing rate. In this paper,
we will prove that (1.2) and (1.3) holds for yr-mixing random variables.

We now state the main results. The first one extends and generalizes that of Baxter
et al. (2004) from independent case to ¥ -mixing, and that of Blum et al. (1963) from
partial sums to weighted sums.

Theorem 1.1 Let {X,,n > 1} be a sequence of identically distributed \r-mixing ran-
dom variables, {a,, n > 1} a sequence of constants satisfying sup,,- | n~! Yooy lal®
< 00 for some 1 < a < 00. Then EX|1 = 0 and E|X1| < 00 impfy that (1.3) holds,
ie, n” 'Y 0 ax Xy — 0 a.s. In particular,

n
n! ZXk — 0 a.s. (1.4)
k=1

The second one extends and generalizes those of Choi and Sung (1987) and Cuzick
(1995) from independent case to ¥-mixing.

Theorem 1.2 Let {X,,,n > 1} be a sequence of identically distributed -mixing
random variables, {anr,n > 1,1 < k < n} an array of constants satisfying

n
supn~! Z lank|® < o0 (1.5)
nzl o
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Jor some 1 < o < 00 (when a = 00 we interpret this as Sup,>| maxj<g<n |ank| <
o0). If EX1 = 0 and E|X1|P < oo, where 1/a + 1/8 = 1, then (1.2) holds, i.e.,
n1 Y i ank Xx — 0 a.s.

Some lemmas and the proofs of the main results will be detailed in the next section.
The applications of Theorems 1.1 and 1.2 to the least-squares estimators will be shown
in Section 3.

Throughout this paper, let C be a positive constant which is not necessarily the
same one in each appearance. The symbol 7 (A) denotes the indicator function of the
event A, |x] denotes the integer part of x, and #B denotes the number of elements
belonged to the set B.

2 Lemmas and Proofs

To prove Theorem 1.1, we need an analog of the Chung strong law of large numbers,
which slightly extends Theorem 2 of Blum et al. (1963), and Theorem 2.20 of Hall
and Heyde (1980).

Lemma 2.1 Letl < p <2,{Y,,n > 1}be asequence of -mixing random variables
with EY, = 0 and E|Y,|? < oo for all n > 1. Suppose that

— E|Y,”
Z <00 2.1)
npbP
n=1
and
n
-1
supn E|Yy| < oo. 2.2)
Then
n
n-! Z Y. — 0 a.s. 2.3)
k=1

Proof By Markov’s inequality and (2.1)

- - o E[Y, |7
DOP £ V(Y <my =) P{IYul>n} <) —— < oo
n=1 n=1

npb
n=1

So to prove (2.3), by the Borel-Cantelli lemma, it suffices to prove that

n
n! Z YeI(|Yi] <k) — 0 as. (2.4)
k=1

@ Springer



604 D. Hu et al.

By EY, =0foralln > 1, (2.1) and Kronecker’s lemma

_ _ _ E|Yi|P
1 1 1
ZEYk1(|Yk|<k> <n ZE|Yk|1<|Yk|>k>< Z e
k=1 k=1
as n — 00. So to prove (2.4), it suffices to prove that
n
n=! Y I Ykl < k) = EYiI (1Y < k)] — 0 ass. (2.5)

k=1

Note that by (2.1)

i EY,1(|Ya] <n) — EY, [ (Y] < n)?
2

n
n=1

00 2 < ') p
ZEY I(IYI n)SZEm'

IA

n=l1 n=1
and by (2.2)

supn 1ZE|Yk1(|Yk|<k) EYiI(|Yk| < k)| <2supn™ 1ZE|Yk| < 0.
n=l o nzl o

Then (2.5) holds from an application of Theorem 2.20 of Hall and Heyde (1980), and
the proof is completed. O

Proof of Theorem 1.1 By Holder’s inequality, we can assume that 1 < o < 2 such
that sup,,- | n~! Y i—; lak|* < oo. By Abel’s method, we have that for all k > 1

o la "
y o — <supn §|ak|“>.k1—“. (2.6)
na

n>1

On account of E|X | < 00

o (o) o
D OP{Xy # X (Xl <m}y=) " PlIXu| > n} =) P{IXi| > n}<E|X;| < o0,
=1 n=1 n=1
and so to prove (1.3), by the Borel-Cantelli lemma, it suffices to prove that
n
n Y al Xel (1Xk] < k) — EXiI(IXk| <6)] = 0 as. 2.7

k=1
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and

n
n' Y aEXid (1Xi| < k) — 0. (2.8)
k=1

By Lemma 2.1, to prove (2.7), it suffices to prove that (2.1) and (2.2) hold for p = «
andY, = an[ X, 1 (X, <n)—EX,I(|X,| <n)],n > 1.Infact, by the c,-inequality,
Holder’s inequality and (2.6)

i Elnl” _ Ci lan|*E1Xa*1(1 Xl <n) _ Ci lan|“E1X1 1“1 (1 X1] < n)

n“ n“ n%
n=1 n=1 n=1

o0 n
Jan |
=CY ) EXiMI(k—1< X1 <k
n=1 k=1

oo o |a |0[
=CY EIX\[*Ik—-1<|X1|<h)) n”a
k=1 n=k

oo

< CY KTUEIX Ik =1 < X1 <k)
k=1

< CE|X4| < oo.

By Holder’s inequality, we have that for all n > 1

n n n l/a
n' Y EW] <207l EIXil (1 Xk | < k) < 2(E|X4)) (n‘ > |ak|“>
k=1

k=1 k=1

n 1/«
< 2(E|X)1)) <supn—1 > |ak|°‘> < 0.

nzl =i
Therefore, (2.7) holds. By E|X| < oo, E|X1|I(|X{| > n) — 0 and hence
n
n' Y IEIXGT(X] > k) — 0
k=1

asn — oo for any s > 0. By EX| = 0 and Holder’s inequality

n n
nY @EX (X < 0| <Y lad EIXT(X0| > k)

k=1 k=1
n 1/a n 1/
< (supn™' Y lal®) (07 Y IEIXI(X)] > B))F
nxl k=1 k=1

— Qasn — oo,
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606 D. Hu et al.

i.e., (2.8) holds for 1 /o 4+ 1/8 = 1. The proof is completed. O

To prove Theorem 1.2, the following two lemmas on ¢-mixing random variables
are needed. The first one is a Rosenthal type inequality for ¢-mixing random variables
(see Shao 1988). The second one shows that Theorem 1.1 holds for uniformly bounded
@-mixing random variables without any conditions on mixing rate and is interesting in
itself. Since ¥ -mixing implies ¢-mixing, Lemma 2.3 also holds for y/-mixing random
variables.

Lemma 2.2 Let {Y,,,n > 1} be a sequence of ¢-mixing random variables with
E\Y,|* < oo forall n > 1 and for some s > 2. Then there exists a positive con-

stant C depending only on s and the ¢-mixing coefficient ¢(-) such that for alln > 1

N

> (Vi — EYy)

k=1

E <C

Liog ] s/2

n

1/2 iy | . 2 s

X exp| 6 .21 @ 72" nl?l?énEYk +k21E|Yk|
1= =

Remark 2.1 Set a(x) = ZiU:O;‘;xJ <p1/2(2i), x > 0. Then by ¢(2") — O asn — oo,
lim, _, o0 a(x)/logx = 0 and hence lim_, o, x ~® exp(sa(x)) = 0 for any s > 0 and
8 > 0. Therefore, the series Z,C;O:1 n~*exp(sa(n)) converges forany s > Oand A > 1.

Lemma 2.3 Let {Y,,,n > 1} be a sequence of ¢-mixing random variables with
Sup,> 1 Y, < M a.s. for some constant M > 0, {ay,n > 1,1 < k < n} an
array of constants satisfying (1.5) for some 1 < a < co. Then

n
n~! Za”k(Yk —EY;) — 0 as. (2.9)
k=1

Proof Seta(n) = Z}:‘;""J /221, n > 1. We first prove (2.9) for the case o = oo.
When o = 0o, we have sup,,.| maxj<i<n lank| < 00. By Markov’s inequality and
Lemma 2.2, we have that for any s > 2 and any ¢ > 0

P { > en}
n

<CnE ) au(Yi — EYy)

k=1

n
> aw Yy — EYy)

k=1

N

s/2
<Cn”* {|:exp(6a(n)) -1 max E(ankYk)z]
1<k<n

n
+ZE|ankYk|S}

k=1
< Cexp(3sa(n)) -n~*/? + cn=7,
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which ensures by Remark 2.1 that

n=1

n

> an (Y — EYy)

k=1

>8n}<oo,‘v’e>0.

Then (2.9) holds by the Borel-Cantelli lemma.
We now prove (2.9) for the case 1 < o < oco. Without loss of generality, we can
assume that for all n > 1

Xn: lank|* < n. (2.10)
k=1
Then by Holder’s inequality
n
max lap| < n'/?, k; lank” < n*'® 2.11)

forall n > 1 and for any s > «. Set
AP ={1,2,.onh, AP = {k s a]® > n™PY, m o> 1,

where 1/ + 1/ = 1. Then ALY 5 A" 5 ..., and by (2.10) and the definition of
A

n
n= Y lawl® = Y lawl* > n"PRAL,
k=1 keA™
which implies that
#AM < pl=m/B gy >, (2.12)

Takem = Sifa > 7/6,and take m > 6 suchthat (m+2)/(m+1) <o < (m+1)/m
if 1 < o < 7/6. Then to prove (2.9), it suffices to prove that

n! Z au(Ye —EYy) >0 as., j=1,....m, (2.13)
keAY D\ AL
and
n! Z an(Yy — EYy) — 0 a.s. (2.14)
keA™
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608 D. Hu et al.

By Lemma 2.2 and (2.11), we obtain that for any s > max{«, 2} and ¢ > 0

P > au(i— EYp)| > en
keAYD\AY)

s/2
<cn | exp6a(n) - #AY ™" max  ElauYil?
keAy " \aY

+ Y. Elau%il
keAY D\ AL

< Cexp(3sa(n)) - n~*12/0*=Gi=D/atjl/2 4 cp=s/B (2.15)
It is easy to show that
2j/a* —@Bj—1Dja+j>0

for j =1,...,5and forany 1 < o < oco. The above also holds for 1 < j < m when
(m+2)/(m+1) <o < (m+ 1)/m. Then we can take s large enough such that

s[2j/e® —(Bj— Dja+j1/2> 1,5/ > 1,

which ensures by Remark 2.1 that

ZP Z ane (Y — EYy)| >ent <00, Ve >0.
n=1 keAY=D\ 49

Then by the Borel-Cantelli lemma, (2.13) holds.
A similar method of (2.15) leads to

P Z anc (Y — EYy)| > en
keAl™
< Cexp(3sa(n)) - n U H1=0ni2/el/2 4 cp=s/F,
Since we always have o > (m + 2)/(m 4+ 1), we can take s large enough such that

sim+1—m+2)/al/2>1, s/B> 1,
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which ensures by Remark 2.1 that

oo
DTPL DY am(i—EYi)| > enp <oo, Ve >0.
n=l keAd™
By the Borel-Cantelli lemma, (2.14) holds. The proof is completed. O

Proof For any A > 0, set

Y, = X111(|Xn| = A) - EXnI(|Xn| =< A),
Z, =X, 1(X,| > A)— EX, I(|X,] > A)

forn > 1. Since |V, | < 2A foralln > 1, Lemma 2.3 implies that

n
n! ZankYk — 0 a.s.

k=1
By Holder’s inequality
1 i“ 7.| < (lim |a>1/a_<12n:|z |ﬂ>1//3 N
n P nk£k| = nk:] nk nk:] k -S.

and by Theorem 1.1

n
n' Y 1zl - EIXi1(X1| > A) = EXi1(1X1] > 4))°
k=1
<2PE1X,1P1(1X1| > A) as.

Noting that X,, = Y, + Z,, foralln > 1 and EX| = 0, we have

n
Zanka

k=1

i 1
lim sup —

n—oo N n>1

1/a
1 n
< 2sup (;Zmnkr’) (EIXPIAX ] > ANYP s,
k=1

which ensures (1.2) by letting A — oo. O

Remark 2.2 The Kolmogorov strong law of large numbers holds for identically dis-
tributed ¢-mixing random variables with ZZOZ 1 (pl/ 2(2") < oo (see, for example,
Theorem 8.2.2 of Lin and Lu 1997). By the same proof of Theorem 1.2, except that
Theorem 1.1 is replaced by Theorem 8.2.2 of Lin and Lu (1997), we can obtain that

Theorem 1.2 also holds for ¢-mixing random variables with ) ° | '2(2") < .

@ Springer



610 D. Hu et al.

3 Applications
We consider the simple linear errors-in-variables (EV) regression model:
=0+ pBxk+ex, &=xx+o l=<k=n, (3.1

where 6, B, x1, ..., x, are unknown parameters or constants, (&x, 8¢), 1 <k <n, are
random vectors and &, nx, 1 < k < n, are observable variables. From (3.1), we have

Nk =0+ B& + (ex — Bdk), 1=k =<n.

As a usual regression model of n; on & with the errors ey — B4y, the least-squares
(LS) estimators of § and 6 are given as

A ZZ:](&I{ - én)(nk — ) A - A =
n = n = s 0 =1y — Buéa,
§ S — B0 = s

where &, = n~! Y i—1 & and other similar notations, such as 7,, 8y and X, are
defined in the same way.

Define s, = ZZ: 1 (xi = )E,,)2 for each n > 1. Based on the above notations, we
have

b, — = Dot Ok = Sn)ex + 2opoy (o — ) (e — BSK) — B 2 ojmi (e — 80)°
! S & — B2
(3.2)
and
O — 60 = %0 (B — Bn) + (B — Bu)bn + En — B (3.3)

This model was proposed by Deaton (1985) to correct the effects of the sampling
errors and is somewhat more practical than the ordinary regression model. Fuller
(1987) summarized many early works for the EV models. The last two decades, the
studies for the EV model have attracted much attention due to its simple form and
wide applicability, for more details, we refer to Liu and Chen (2005), Miao et al.
(2011) and Wang et al. (2015) and their references. In particular, Liu and Chen (2005)
discussed the necessary and sufficient conditions for the strong consistency of ,5n and
the weak consistency of én under the assumptions that the errors (g, §,),n > 1, are
independent and identically distributed random variables. However, the independence
assumption for the errors is not always valid in many applications. In particular, when
the data are collected sequentially in time, e.g., consumer price index and rainfall by
year, the errors do not satisfy independence. The result of Liu and Chen (2005) has
been partially extended to the model with dependent errors. Fan et al. (2010) proved
the sufficient condition for the strong consistency of ,3,, when the errors are stationary
a-mixing with a condition on mixing rate and with higher order moment conditions.
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As the applications of Theorems 1.1 and 1.2, we will extend and generalize the
results of Liu and Chen (2005) from the independent case to the 1/-mixing setting.

In the following, the strong consistency for LS estimators of the unknown param-
eters is given. The first one is the strong consistency for the estimator of .

Theorem 3.1 Under the model (3.1), assume that {(&,,8,),n > 1} is a sequence
of identically distributed r-mixing random vectors with Ee; = E§; = 0, 0 <
Ee%, E(Sf < 00. Then s, /n — oo implies that

ﬁ,, — B a.s.
Conversely, if E(¢161) — ,BE(SI2 % 0, then Bn — B a.s. implies that s,,/n — 0.

Proof of sufficiency Assume that s,/n — oo. To prove ,én — B as., by (3.2), it
suffices to prove that

st Y 6k —bu)er — 0 as., (3.4)
k=1

st — Fa) (e — B8 — 0 aus., (3.5)
k=1

st Y (=8> > 0 as., (3.6)
k=1

5! Z(gk —£)> > 1 as. (3.7)
k=1

By Theorem 1.1

57! Z(ak —8y)ex = ( ZskSk — &, ,,) — 0 x [E(£181) —0] =0 a.s.

and

n n
_ 1 _
sty (6k—8n)2=sﬁ-(;§ 3,%—53)—>O><(E3f—0)=0 as.
k=1 n

k=1

Hence, (3.4) and (3.6) hold. Set a,x = n(xx — x,)/s, forn > 1 and 1 < k < n. Then

supn IZ lank)? supn/s,, < 00.

n>1
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Therefore, by Theorem 1.2

n n
sn_1 Z(xk — Xp)Ef = n-! Zankgk — 0 a.s.

k=1 k=1

and

n n
syt Z(Xk —X)8 =n"" Zankrsk — 0 as.

k=1 k=1

Then (3.5) holds from (3.8) and (3.9). Note that

(3.8)

(3.9)

n n n
S Y G —ED = 14251 Y O — E)S + 5, Y (8 — 80)%
k=1 k=1 k=1

Then (3.7) holds by (3.6) and (3.9).

Proof of necessity Suppose that s,,/n — oo does not hold. Taking a subsequence if

necessary, we may assume that
sp/n — ¢ € [0,00) asn — o0.

By Theorem 1.1

n
n! Z(ak —8,)ex — E(£181) a.s.

k=1
and
n
—1 52 2
n Z(ak 8,)° — E8 as.
k=1
Set ayx = xx — x, forn > land 1 < k < n. By (3.10)
n
supn_1 Zaﬁk =sups,/n < oo.
n>1 k=1 n>1
Then by Theorem 1.2
n
n! Z(xk —Xp)er — 0 a.s.
k=1

n
n! Z(xk — X)8r — 0 a.s.,
k=1

@ Springer
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which follow that

n=' Y O — Ea)(ex — B&) — 0 as. (3.14)

k=1

By (3.10), (3.12) and (3.13)

n! Z(fk —E)? = + Z(xk — Xn)8k + — Z(Sk —5)° > c+ E82 a.s.
k=1 L
(3.15)

Thus by (3.2), (3.11), (3.12), (3.14) and (3.15)

E(£181) — BES?

3, — B —
Pr=P c+E8?

a.s.,

which leads to a contradiction to ,én — B a.s., so we have s,,/n — o0o. The proof is
completed. O

Remark 3.1 When {(e,, 5,),n > 1} is a sequence of independent and identically
distributed random variables, Theorem 3.1 was proved by Liu and Chen (2005). When
{(en,8n),n > 1} is a sequence of stationary «-mixing with higher order moment
conditions E|e;|**" < oo and E|8;|*"" < oo for some ¢t > 0 and with a mixing
condition a(n) = O(log™” n) for some y > 1+ 2/¢, Fan et al. (2010) proved
the sufficiency part of Theorem 3.1. Although ¥-mixing is stronger than «-mixing,
Theorem 3.1 is a complete extension of Liu and Chen (2005).

The second one is the strong consistency for the estimator of 6.

Theorem 3.2 Under the assumptions of Theorem 3.1, further assume that sup,,-. | n)?,zl /
sy < 0o, where sy = max{n, s,}. Then nx,/s; — 0 implies that

én — 6 a.s.

Conversely, if E(e161) — E8f # 0, then 6, — 6 a.s. implies that nx, /s — 0
Proof of sufficiency Assume that nx, /s — 0. By (3.11)

1S 60— B = 1 —Z(5k—5 Jer = 0 as. (3.16)
” k=1
and
lim sup | — Z(ak—an)ek — lim sup | = Z(ak—s Yer| < |E(e181)] a.s.
n—oo [ Si = e R =

(3.17)
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By (3.12)
in 2 X
2N -8 N =8)% = 0 as. 3.18
2 Z( ) Z( i — 8n)? (3.18)
and
hmsup—Z(ak—a )2 _llmsup— —Z(ak—a )2 < Es? as. (3.19)
n—0oo n k=1 n—0oo n k=1
Note that
1 nx, (xx — in) |* nils, nix’
sup — ——— | =sup 5 S Sup—= <00
n=1 1 Sp n=1 ()7 7 =18,
and
1 n(xy — Xp) nsp
sup — = sup 5 =1 <o0.
n>1"N k=1 S;': n>1 (S;’:)

Hence, by Theorem 1.2

E1 S — Ea) e — B) = Z POk =3 o — B3 — 0 as. (3.20)
Si i3 "= Sn
and
— Z(xk — %)k — B = — Z Ok = WP g s @
" k=1 k 1 Sn
By the definition of s;, (3.19) and (3.21)
min{1, E§?} < lim inf — Z(gk —&,)?
n k=1
< lim sup — Z(gk — )’ <1+ E8? as. (3.22)
n—o00 n =1
By (3.2), (3.16), (3.18), (3.20) and (3.22)
(3.23)

(B—PB)— 0 as.
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By (3.2), (3.17), (3.19), (3.21) and (3.22)

. A |E(e181)] + E&}
lim su — <—
,Hoop“g” Pl= min{1, E87}

(3.24)
By (3.3), (3.23), (3.24), and noting that &, — 0 a.s. and 5, = 0 as. by Theorem 1.1

60— 0 as.

Proof of necessity Suppose that nx, /s;; — 0 does not hold. Taking a subsequence if
necessary, we may assume that

nxn/s; — ¢ € [—00,0) U (0, 00] as n — oo. (3.25)
Then
e nk, 1 ¢
N Gk — ek = — - — Y (8 —)ex — cE(e181) as.  (3.26)
Sn k=1 Sno M k=1
and
— n - n
. 1 .
S G — b= Y = 57— 8} as (3.27)
k=1 n k=1

Hence, by (3.2), (3.20), (3.22), (3.26) and (3.27)

|c[E(e181) — ES83]|
1+ E8

lim inf | %, (B, — B)| > a.s. (3.28)
n—0oo

Therefore, by (3.3), (3.28), (3.24), &, — 0 a.s., and 8, — 0 a.s., we have

Ic[E(e181) — ES8?]| X
1+ E8

Dy

liminf |6, — 6] >
n—0oo

which leads to a contradiction to én — 0 a.s., so we have nx, /s — 0. We complete
the proof. O

Remark 3.2 Even though the errors are independent, Theorem 3.2 is not known.

4 Conclusions
For a sequence {X,,, n > 1} of identically distributed 1/-mixing random variables with

EX; = 0 and an array {at,n > 1,1 < k < n} of constant weights, conditions on
both the weights and the moment of X have been given under which the weighted
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sums 7! ZZZI ank X converge to 0 a.s. In general, the condition on weights a,j is
sup,,~ | n! Zzzl lank|® < oo for some 1 < o < oo (when o = oo we interpret this
as sup,,~ | Max|<k<p |ank| < 00), and the moment condition is E|X |ﬁ < 00, where
1/a+ 1_/,3 = 1. When the weights a,; are independent of n, i.e., axk = ak1.4 = -+ ,
the moment condition can be weakened to E|X| < oo.

The above results based on two types of weights have been applied to the simple
linear errors-in-variables regression model:

e =06+ Bxk +er, Ex=xx+8& 1=<k=<n,

where 0, B, x1, ..., x, are unknown parameters or constants, {(¢,,d,),n > 1} isa
sequence of identically distributed y-mixing random vectors with Ee; = E§; = 0,
0 < Eelz, E812 < 00. Under the condition of E(g181) — ,3E812 # 0, the necessary

and sufficient condition for the strong consistency of LS estimator B is sn /n — 00.
Namely,

,3,, — Bas. & sp/n— oo.

Furthermore, under the conditions of sup,,- nx2/s¥ < oo and E(£181) — E 8]2 #0,

the necessary and sufficient condition for the strong consistency of LS estimator 6, is
nx, /sy — 0, where s = max{n, s,}.
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