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Abstract We develop a procedure for monitoring changes in the error distribution
of autoregressive time series while controlling the overall size of the sequential test.
The proposed procedure, unlike standard procedures which are also referred to, uti-
lizes the empirical characteristic function of properly estimated residuals. The limit
behavior of the test statistic is investigated under the null hypothesis as well as un-
der alternatives. Since the asymptotic null distribution contains unknown parameters,
a bootstrap procedure is proposed in order to actually perform the test and corre-
sponding results on the finite—sample performance of the new method are presented.
As it turns out the procedure is not only able to detect distributional changes but also
changes in the regression coefficient.
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1 Introduction

Change-point analysis for distributional changes with i.i.d. observations and the study
of structural breaks in the parameters of time series has received wide attention; see
for instance Yao (1990), Horvath (1993), Bai (1993), Davis et al. (1995), Einmahl
and McKeague (2003), Huskov4 et al. (2007, 2008), and Gombay and Serban (2009).
For a full-book treatment on theoretical and methodological issues of change-point
analysis the reader is referred to Csorgd and Horvath (1997).

On the other hand works on structural breaks due to a change in the distribution
of a time series are relatively few. Huskova and Meintanis (2006a, 2006b) develop
detection procedures for distributional changes with i.i.d. observations. In this paper
we extend their results in two ways. First, the observations need no longer be in-
dependent. Instead we assume a linear autoregressive structure. Second, we operate
within the framework of on-line monitoring analysis whereby data are not observed
at once but arrive in a sequential manner—one by one. Then, following each new ob-
servation we would like to know whether our model is still capable of explaining the
current observations. This type of procedure plays an increasingly important role in
applications as data sets are often collected automatically or without significant costs.
Examples include financial data sets, e.g. in risk management (Andreou and Ghysels
2006) or in CAPM models (Aue et al. 2010), as well as medical data sets, e.g. when
monitoring intensive care patients (Fried and Imhoff 2004). More applications can be
found in other areas of applied statistics. The consideration of such data sets leads to
sequential statistical analysis which is also called online monitoring.

To fix the model, let {X;, j =p+1,...,n} be an AR(p) process defined by the
equation

X;=B"X;_1+ej, (1.1)

where X; 1 = (X1, ...,Xj,p)T, and B8 = (B, ...,,BP)T is an unknown regres-
sion parameter. In (1.1) the errors ¢; are independent, each having a corresponding
distribution function F; with mean zero and finite variance. Also the AR process is
assumed to be causal, i.e., the characteristic polynomial P(z) =1—81z—---— Bz,
is assumed to satisfy P(z) #0, V|z| < 1.

The idea in the sequential testing methods which we consider is as follows: We
suppose that there exists a historic or training data set X1, ..., X7, with no change,
i.e., following (1.1) with F| = --- = Fr. Practically, this is the data set based on
which we estimate the appropriate parameters. In particular, we postulate model (1.1)
with no change in distribution and estimate § as well as the distribution F; of ¢
from X1, ..., X7. Then we start monitoring, i.e., observing the data X711, X142, ...
sequentially. After each new observation we decide whether there is evidence of a
change and in this case we terminate the monitoring procedure and decide for the
alternative. Otherwise we continue monitoring.

Here we monitor for a change in the distributional aspect of the errors ¢}, i.e., we
wish to test the hypotheses

HO:E/‘:FO, j=T+1,T+2,... vs.

(1.2)
Hy: Fryj=Fo, j<T-+jo;Frij=F'#Fy, j>T+ jo,
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Monitoring changes in the error distribution of autoregressive 607

of a change in the distribution F;, where Fy, F 0. and the time of a change jo > 1,
are considered unknown. As it turns out, however, the monitoring schemes devel-
oped for these distributional changes are also able to detect changes in the regression
coefficient.

In view of the fact that the errors are unobserved, typically one computes the
residuals

R AT

sj:Xj—ﬁTX]T-_l, (1.3)
from (1.1) by using some standard estimator BT = 3T(X1, ..., Xt) of B such as the
least squares estimator, based only on the training data set X1, ..., X, and fulfilling

VTBr —B)=0p(1), asT — co.

Note that for asymptotic considerations we let the length of the historic data set
T go to infinity. Hence the estimation of the model parameters from the historic data
set improves. The total number of observations, however, is random (and possibly
infinite) as we stop monitoring as soon as we can reject.

Based on the estimated residuals in (1.3), several monitoring schemes may
be devised, each corresponding to a standard goodness-of-fit statistic. Traditional
goodness-of-fit tests, however, make use of the empirical distribution function (EDF)
of these residuals, whereas here we utilize the empirical characteristic function (ECF)
of the residuals. This approach was employed by HuSkovd and Meintanis (2006a,
2006b) in order to test for distributional changes of independent observations in an
off-line setting and was found to have a satisfactory performance. For earlier attempts
to utilize the ECF in the context of testing with time series the reader is referred to
Hong (1999), Epps (1988, 1987).

In particular, the Fourier formulation which we advocate here utilizes the Cramér—
von-Mises type statistics

Ter(j.y) = pj,T<y>/ 1617400 — G wedu,  (14)

where 0 <y <1, and
J2

§ : eiuét

t=j1+1

Gy () =~

J2—J

is the ECF of the residuals. In (1.4), p; 7(y) denotes a weight function needed to
control (asymptotically) the probability « of type-I error for the sequential test pro-
cedure, while w(u) is an extra weight function introduced to smooth out the periodic
components of the ECF.

We reject the null hypothesis when for the first time Tcp(j, y) > ¢4 for an ap-
propriately chosen critical value c,. In this case we stop monitoring. Otherwise we
continue. The associated stopping rule is given by

_Jinf{l < j < L7 :Tcp(j, y) = ca},

©(T) . : .
oo, ifTcp(j,v) <cqforalll <j<Lry.
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608 Z. Hlavka et al.

We shall distinguish between open-end procedures where Lt = oo and closed-end
procedures where LT = [NT ] + 1 for some N > 0. (Note that the closed-end proce-
dures are sometimes also called curtailed or truncated.)

As in classical hypothesis testing, our aim is to control the overall value of «, i.e.,

Tlim Py, (r(T) < oo) =a. (1.5)

In this context Theorem 2.1 below shows how to choose the critical values so
that (1.5) holds, i.e., so that the procedure has asymptotic size «. On the other hand,
Theorems 2.2 and 2.3 show that this monitoring procedure detects a large class of
alternatives with probability one asymptotically, i.e.,

lim_ Py, (¢(T) < 0) = 1. (1.6)

Thinking of the monitoring procedure in terms of classical statistics yields the
following test statistic

CFr(y) =CFr(Ep+1, Epy2, .3 ¥) = 1 S_HPL Tce(j. v)s (1.7
=J<Lr
which is only used to obtain asymptotics, whereas the actual calculation is performed
sequentially as already explained above.

We have already pointed out that one can also develop related procedures based
on empirical distribution functions. To this end, denote by I:“T,T+ j(z) and F .7 (2)
the EDF based on &741,...,é74; and €511, ..., &7, respectively. Lee et al. (2009)
proposed Kolmogorov—Smirnov-type statistic defined by

(1.8)

KS¥e ()= sup djr(0) sup|FT T4j(2) —
1<j<Lt

where d; 7(¢) = VT (T /(T + j))j/(T + j) for some ¢ > 0 are weights and showed
that the limit null distribution of such test statistic is an asymptotically distribution-
free functional of a two-dimensional Gaussian process. The advantage is that this
limit distribution, unlike the one we obtained for our procedure (cf. Theorem 2.1),
does not depend on the unknown error distribution. However, and in order to obtain
limit properties additional assumptions on the smoothness of the error distribution
are needed. Our preliminary simulation results, not reported in this paper, were in a
good agreement with the simulation study performed in Lee et al. (2009): the KS-test
statistic with Lee’s weights seems to reliably detect the change in the error distribu-
tion only when an early and very large change occurs in a situation with large number
of observations.

Finally we note that along the line of our test procedure based on CFr(y) one
can also develop a KS-type test statistics with d; 7(¢) in (1.8) replaced by ,ojl/T2 ),
where 0 <y <1 asin (1.4),1i.e.,

KS7(y)= sup p,T<y)sup|FTT+,<z> Fpr@)|. (1.9)
1<j<Lt

Certain comparisons based on simulations using the test statistic KS7 () are reported
in Sect. 4.
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Monitoring changes in the error distribution of autoregressive 609

2 Asymptotic results

Here we present and discuss results on the asymptotic distribution of the test statistic
CFr (y) defined in (1.7) both under the null hypothesis and under some alternatives.
The latter results lead to consistency in the sense of (1.5) as well as (1.6). Note that
we suppress the weight parameter y, and write CFr for simplicity.

Recall that we work with the sequence {X;, j = p +1,...} following the model:

XJ'ZﬂTXj_l-l-EJ', j=p+1,...,

where X; 1 = (X;_1,..., Xj_p)T, B is an unknown p-regression parameter, and
€j, j =1,... are innovations which under the null hypothesis satisfy the following
assumptions:

(A.1) {ej, j=0,%£1,...} arei.id. random variables with common distribution func-
tion Fy having zero mean, positive variance and E |¢; |* < o0.
(A.2) The initial values X1, ..., X, are independent of €1, ...; By # 0, and the

roots of the polynomial t? — g7~ —... — 8 p» are less than one in absolute
value.
(A.3) The vector X p11=(Xp,..., X )T of initial observations may be written as
o0
Xpi1 =Y Blepi g, @.1)
j=0
where
B:(ﬁl"“’ﬁﬂ> and e; = (&, 0,...,0)7, (2.2)
I,, O

with I, denoting the (p — 1)-dimensional unit matrix.

It is also assumed that the estimator ,BT = BT(X l,.-.,Xr) of B and the weight
function w(-) satisfy

(A.4)
VT(Br—B)=0p(1), T — oco.

(A5) w(t), r€eRisa symmetric function such that
4
/t w(t)dt < oo.

Theorem 2.1 Let {X;} follow model (1.1) and let Assumptions (A.1)—(A.5) be sat-
isfied. Then under the null hypothesis of no change the following asymptotic results
hold for the test statistic CFr in (1.7).

(a) For the open-end procedure (i.e., Lt =o0)and as T — oo,
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tY (f w(u) du — E/cos((el - sz)u)w(u)du)

00 W2 (t)

Z tly

D
CFr — sup
O<t<l

where E denotes the expectation with respect to the innovations €1, €3,

j 1+y
. S o A , 0 <1, 23
P T(Y) <T+j> <y= (2.3)

W, () are independent Wiener processes and A, are square-summable eigenval-
ues which depend on the unknown underlying distribution function Fy (refer to

(6.4)).
(b) For the closed-end procedure (i.e., Lt = |[NT|+ 1)and as T — oo,

CFr 25 sup cu(t)
O<t<N

t(1+1) (/ wu)du — E/Cos((el — 82)u)w(u) du)

+3 kg (Wa1 (0) = tWe 2 (D) =1 (1 + 1)

where pj T(y) = cw( ) and ¢, (t) > 0 is continuous on (0, N such that there
exists0 <a < 1 wzth 11m,_>0 1%y (t) < 00, and Wy 1(-), Wy 2(-) are independent
Wiener processes and Ay are as in (a).

Theorem 2.1 shows that the limit distribution depends on unknown quantities that
are determined by the unknown distribution of the innovations &; and consequently
does not provide an approximation for critical values of the CF-statistic. Therefore
a bootstrap procedure suitable for the above sequential setup is useful for practical
applications and will be discussed in Sect. 3 below. Also note that the conditions
on the weight function for the closed-end procedure include in particular the weight
functions as given for the open-end procedure, and that the limit distribution of CFr
is the same if we replace the residuals £; by ¢; (see Lemma 6.3).

Remark I The proposed procedure based on CFr defined in (1.7) can easily be ex-
tended to different models such as regression models or ARMA-sequences among
others. The key to the proofs is to be able to estimate the residuals & by &;, such that
the limit distribution of the resulting test procedure does not change.

Next we have a look at the asymptotic behavior of CF7 under a class of alterna-
tives. In particular, Assumption (A.1) is replaced by the following assumption:

(B.1) {gj, j =0, %1, ...} are independent random variables with zero mean, positive
variance and finite moment E |¢; |* < 0o and having the distribution function
Fy for j <T + joand F for j > T + jo, for some jo > 1, Fo # F°.
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Monitoring changes in the error distribution of autoregressive 611

Theorem 2.2 Let {X,} follow model (1.1) and let Assumptions (A.2)—(A.5) and (B.1)
be satisfied, i.e., a change of the error distribution takes place. Let also pj 1 (y) be
defined as in (2.3). Then for the open-end procedure and as T — oo,

CFr — o0, in probability.

Moreover, if jo = | Tto] with some to > 0, then as T — o0,

» t 1+y t—1to 2
CFr/T —-" sup | —— —_—
o<t<oo\ 1 +1 t

X/|§0o(u)—<ﬂ0(u)|2w(u)du,

where @o(t) and ¢°(t) are characteristic functions before and after the change, re-
spectively. The assertion remains true for closed-end procedures if ty < N and where
the sup is taken over the set ty <t < N.

The above theorem shows that our test procedure detects distributional changes
of the type described by (1.2), as required. However, it will be shown below that
the test procedure has also some power with respect to changes in the autoregressive
coefficient. So one should also apply a test for a change in the autoregressive param-
eter, which, however, does not have power against distributional changes, in order to
distinguish between the two (Huskova4 et al. 2007, 2008).

Consider

X;j=B"X;1+8"X,I{j>T+jod+ej, j=1, (2.4)

where § £ 0 and jo > 1 are both unknown, and all other symbols are as in model
(1.1). As in Huskov4 et al. (2007) we also assume:

(B.2) The observations X1, ... follow the model (2.4) with jo = |Tto], to > 0;
X1,...,Xp are independent of £,11,...,&7,...; Bp #0, and the roots of the
polynomial 17 — gtP~1 — ... — Bp are less than one in absolute value. In
addition, 8, + 8, # 0, and the roots of t” — (B; + St — .~ (Bp +6p)
are also less than one in absolute value, for § £ 0 fixed.

Theorem 2.3 Let model (2.4) fulfill (A.1), (B.2), (A.3)—(A.5), jo = |Tto] for some
fo > 0, i.e., a change in the regression coefficient takes place and let pj1(y) be
defined as in (2.3). Then, for open-end procedures and as T — o0,

1 2
CFr/T =% sup ( ! > +7’<t—t0)
to<t<oo\ I+ 1 t

x [ o) (ox () — 1) [Pw(w) du,

where @x(u) is the characteristic function of Zle 8;Zy—; with {Z,}, being an
AR(p) process with parameters 8 + 8. The assertion remains true for closed-end
procedures if to < N and where the sup is taken over the set tg <t < N.
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612 Z. Hlavka et al.

3 Bootstrap procedures

In order to apply the tests we need critical values, and the standard approach would
be to use the quantiles of the asymptotic distribution. However, from Theorem 2.1
it is clear that this is not feasible here as the limit distribution depends on too many
unknown parameters. Therefore, we will apply resampling methods to approximate
the null distribution.

The simplest approach is a classical bootstrap based on the estimated residuals
of the training data: Let Ur(p + 1), ..., UT(iT) be i.i.d. uniformon p+1,..., T,
and independent of {X;}, where we choose I:T = L7 — 1 in case of the closed-end
procedure and Lt /T — oo in case of the open-end procedure. Let

e*(t) = Eup (1)

with &; as in (1.3).
The bootstrap critical value ¢, (X1, ..., X7) is chosen minimal such that

P (CFr(e*(D),....e"(L7)y) <ca(X1s.... X7)) 2 1 — @,

where P}‘(~) = P(:| X1,..., X7). We can easily simulate the above conditional dis-
tribution by drawing B random realizations of {Ur(-)}.
The above bootstrap scheme only uses the training sample X1, ..., X7. There-

fore the following theorem holds under assumptions on the training set only, and no
additional assumptions on the data after monitoring starts are needed.

Theorem 3.1 If X1, ..., X7 follow model (1.1) fulfilling assumptions (A.1)—(A.5),
then

P
Ca(X1,..., XT) —> Cas

where cq is the a-quantile of the asymptotic distribution in Theorem 2.1.

The above theorem shows that a test using critical values based on the bootstrap
approximation has asymptotic size o and asymptotic power one under the alternatives
in Theorems 2.2 and 2.3. In addition, the bootstrap test is asymptotically equivalent
to the large-sample test which, however, is not feasible as ¢, depends on too many
unknown parameters; see Theorem 2.1.

Usually a bootstrap procedure is not optimal in case of smaller training data sets.
This is not surprising as we create a data set of length L7 from a data set of length T’
which is much smaller than L7. In the simpler location setting Kirch (2008) showed
via simulations that this in fact leads to a loss of power. Nevertheless, adaptations of
the above bootstrap schemes, including observations obtained during monitoring, are
possible (cf. Kirch 2008 for the location model and Huskova and Kirch 2011 for a
change in the regression coefficient).

4 Simulation study

In the previous sections we derived monitoring procedures with an asymptotic level «
and asymptotic power 1 for a large class of alternatives. In this section we conduct a
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Monitoring changes in the error distribution of autoregressive 613

small simulation study to see how the test behaves for small samples. A more detailed
simulation study including also some extensions and variations of the procedure is in
preparation.

From (1.4) we have by straightforward calculations that the test statistic admits
the following representation:

| T
Tcr(j, y) = Pj,T(V)|:._2 Z ha (Et5)
J t,s=T+1
| T
+ Z hw(éts)
— )2
(T p) t,s=p+1
) T+j T
- > hw(ém)}, 4.1
J(T'=p) t=T+1s=p+1
where p; 7 (y) is defined in (2.3), & = & — &, and
o0
hy(x) =/ cos(ux)w(u)du. “4.2)
—0oQ

The choice of the weight function w(-) is primarily guided by the desire to render the
integral in (4.2) and the test statistic in (4.1) in closed-form. If this is accomplished
then the procedure can be easily implemented since one can obtain from Tcg(J, y)
the next term Tcr(j + 1, y), by means of a simple recursion. There are several choices
for w(-) that serve the purpose of computational simplicity, the most popular being
exponential-type functions of the form w(u) = exp(—a|u|b ),fora>0and b=1 or
b =2. In the simulations we use w(u) = w, (1) = exp(—alu|), with several values of
a > 0. Also, the weight function for the sequential procedure is given by (2.3) for y =
0.1 and y = 1. We use a historic data set of 7 =50 and 7 = 200 and a monitoring
length NT with N = 4. The residuals & in (4.1) are obtained by using a standard
least squares estimator calculated from the training sample. For the calculation of the
bootstrap distribution 500 random bootstrap samples have been used.

We have already remarked in Sect. 1 that the KS-statistic (1.8) did not work well
in the setup of our simulation study. Therefore, in order to provide also a comparison
with some procedure based on EDF, we include simulation results for the KS-type
test defined by (1.9). We have used bootstrap critical values obtained by the bootstrap
scheme described in Sect. 3. We are not aware of any theoretical results concerning
the application of bootstrap on the sequential test statistic (1.9) but the behavior of the
bootstrap approximation in our simulation study was “very reasonable” and we have
decided to include these results as an illustration comparing an EDF- and ECF-based
procedure.

The training sample is always an AR(1) process (1.1) with the regression pa-
rameter 8 = Bp = 0.5 and normally distributed error terms with standard deviation
sd(g;) = o9 = 1. The symbols ;60 = Bo + 5 and o0 denote the value of the same
parameters after the change at time j.

We consider the following types of change:
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614 Z. Hlavka et al.

— Change in the regression coefficient.

Change in scale.

— Change from a normal distribution to a Student t-distribution with 4 degrees of
freedom.

— Change from a normal distribution to a x 2-distribution with 4 degrees of freedom.

Note that both the Student t-distribution and the x2-distribution were centered and
standardized.

As usual we assess the quality of the tests by (i) the actually achieved level of the
test as well as the achieved power. However, in a sequential setup it is also of interest
to know (ii) how fast a change is detected by the proposed procedure.

To visualize these properties we use the following.

(1) Achieved Size-Power Curves (ASP) Each blue line corresponds to a specific
combination of (y,a) and to the null hypothesis, and shows on the y-axis the ac-
tual (observed) level, for a nominal size given by the x-axis. Likewise, each red line
corresponds to a specific combination of (y,a) and to one specific alternative, and
shows on the y-axis the size-corrected power, i.e., the empirical power of the test cor-
responding to a true (observed) level «, where « is given by the x-axis. These plots
are based on 1000 repetitions of the procedure.

(ii) Estimated density of the run length (EDR) The run length is the point in time
at which the null hypothesis is rejected. In the plots it is calculated for a true size
5% test (not a nominal one). This was done in order to obtain comparable plots for
all procedures without having to take size-differences into account, which obviously
have an important influence on the run length. The vertical dotted line indicates where
the monitoring starts. This is a lower bound for the run length but—due to artifacts
of the kernel density estimation procedure—it can happen that the estimated density
is positive there. The vertical solid line indicates the position of the change. Note that
the density does not integrate to one since it also attains positive mass corresponding
to the samples for which the null hypothesis was not rejected.

In Fig. 1 we consider the influence of the shape of the weight function given by
(2.3), with respect to the value of y. Some typical plots are shown for an early as well
as a late change. From these plots it becomes clear that y = 0.1 detects early changes
better than the procedure based on y = 1, but at the cost of having a high probability
of falsely detecting late changes before they occur. In addition we observe a power
loss for late changes (and moderate monitoring horizon). This behavior is well known
in sequential change-point analysis and has already been reported in different settings
(cf. e.g. Horvith et al. 2004; note that a y close to 0 in our setting corresponds to a y
close to 1/2 in their setting, while y = 1 in our setting corresponds to y = 0 in their
setting due to a different normalization). In Fig. 1 the plots are only given fora =1,
but other values of a lead to similar results.

With Figs. 2 and 3 we assess the influence of the parameter a, which determines
the shape of the weight function w,(u#) of the CFr statistic. To this end we fix the
value of y at y = 1. Also we compare the new procedure with the Kolmogorov—
Smirnov-type sequential test defined by (1.9). In Fig. 2, plots include a change in
the AR-parameter as well as in the scale of the error distribution. From these plots
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(b) Late change: jo = 50

Fig.1 ASP and EDR plots for the CF7 test with normal errors; change in the regression parameter from
Bo=05t08=09(y=01andy =1.0,00=0"=1,a=1,T =50, N =4)

it becomes clear that intermediate values of a hold the level best. However, larger
values lead to more powerful procedures both in terms of overall detection rate as
well as detection delay while still having a reasonable size. They also yield better
results than the Kolmogorov—Smirnov-type test especially in the situation of a change
in scale parameter.

The plots in Fig. 3 include changes in the distribution of the errors from a nor-
mal distribution to a #4-distribution, as well as from a normal distribution to a XZ-
distribution with 4 degrees of freedom. Corresponding results for the Kolmogorov—
Smirnov-type test are also included. According to Fig. 3(a), i.e., for T =50 and a
change from normal to #4, both procedures have a very low power for small samples
(but are unbiased). Apparently, the difference between the two distributions is not
large enough to be detectable at a satisfying power with a historic sample of size only
T =50 at hand. However, this is not due to the change-point setting or the sequential
nature of the test, since even in a simple (non-sequential) two-sample situation both
tests have a very low power in distinguishing these two distributions; for a nice review
of two-sample tests, including the Kolmogorov—Smirnov test, the reader is referred
to Dufour and Farhat (2002). This statement is easily verified by a small simulation
study. For example, with two equally sized samples of length 50 we obtain an empiri-
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cal power (calculated from 500 simulations with 1000 bootstrap replicates) of 0.1 for
the CFr-test with @ = 1, and a corresponding power of 0.072 for the KS-test, each at
nominal level 5%.

The size results depicted in Fig. 3 are reasonable for all values of a, but best for
intermediate values of this parameter. Naturally, for the larger historic data set 7 =
200 (Fig. 3(b)), the power increases and it becomes clear that in this situation small
values of a yield best results in terms of power and detection delay. Furthermore, our
procedure clearly outperforms the Kolmogorov—Smirnov-type test. In Figs. 3(c) and
(d) analogous pictures for a change from a normal to a x 2-distribution with 4 degrees
of freedom can be found. The power is somewhat higher than for the change to a
14-distribution, but the general conclusions remain the same.

As far as the choice of the weight parameter a is concerned it is clear from the
simulation results that the value of a has some effect on the power properties of
the proposed test. In order to motivate the discussion we shall remain within the
context of the weight function w(r) = e~"l but similar considerations hold for other
weight functions, and the issue of the proper choice of the weight function resembles
that of choosing the kernel in non-parametric density estimation: The choice of the
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kernel function (resp. weight function) matters less than the choice of the value of the
bandwidth (resp. of the weight parameter a). In this connection note that choosing
a large value of a causes the weight function to decay rapidly, and consequently the
test statistic is dominated, at least asymptotically, by the behavior of the CF around
zero. Since, however, the tail behavior of a distribution is reflected on the behavior
of its CF around zero, putting most of the weight around ¢ = 0 should render the test
statistic powerful against distributions with markedly different tail characteristics. On
the other hand, by ‘moving’ to a smaller value of a we also put weight in differences
in the middle sections of a pair of distributions (which is expected to compensate
for some loss of diagnostic power against distributions with great differences in the
tails). Of course these comments are of qualitative nature and in order to be more
specific one should have in mind concrete alternative directions away from a specific
null hypothesis, which is clearly not possible in our nonparametric context. But even
within a fully parametric setting the problem of choosing a ‘good’ value for a is
far from trivial and the reader is referred to Epps (1999) and Tenreiro (2009) for
a power analysis in the context of testing for normality against specific alternatives.
Otherwise, proper values of a should be determined empirically via Monte Carlo
simulation of the behavior of the test under a wide variety of alternatives. As an
example and based on our simulation results we could suggest a value in the vicinity
of a =1 as a compromise choice with good overall power properties for the test
statistic.

5 Conclusion

We propose goodness-of-fit procedures for the error distribution of AR models in
the sequential set-up. The new tests utilize an L?-type discrepancy measure between
a couple of empirical characteristic functions (ECFs) of the residuals; the first ECF
includes the residuals computed from a training data set with no change in the dis-
tribution of random errors, while the other ECF is based on the residuals after this
training data set has been observed. Asymptotic results are provided both under the
null hypothesis of no change, as well as under alternative hypotheses. The latter re-
sults imply the consistency of the proposed test in the case of a change in the error
distribution, but also in the case of a change in the parameter of the underlying AR-
model. Additionally, a bootstrap procedure is proposed which is straightforward to
apply, thereby circumventing the drawback that the asymptotic null distribution of
the test statistic is parametric in nature. A simulation study supports our asymptotic
results, by reporting empirical level close to the nominal size even for small samples,
and percentage of rejection under alternatives which suggests that the new test is able
to detect distributional changes as well as changes in the autoregression parameter.
Extra simulation results include favorable comparisons with a Kolmogorov—Smirnov-
type test.

6 Proofs

We start with the proofs of some auxiliary lemmas. D will denote a positive generic
constant.
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Lemma 6.1 Let Assumptions (A.2)—(A.3) and either (A.1) (null hypothesis) or (B.1)
(change in distribution) or (A.1) and (B.2) (change in regression coefficient) be sat-
isfied. Then for an arbitrary k > 0 there exists A > 0 such that for n > 3/2

T+k 2
(a) P<1r<1}<a<XQ k" Z Xgj-1| =z A) <k,
== j=T+1

T+k 2
Z (X q.j— Iqu 1 E(X q.j— Iqu 1)) ZA>§K’
j=T+1

(b) P( max k—"
1<k=<Q

T+k 2
max /‘ (g(tej) — Eg(te)))| w(t)dt =op(1),
k=vT j=T+1
1 T+k 2
(d) max f T Z (g(t&TXq,j) —Eg(nSTXq,j)) w(t)dt =op(l),
k=T j=T+ko+1
where X, j = (X, ..., Xj,q)T,for any fixed q-dimensional vector §, any bounded

function g with bounded first derivative, and any positive integer Q.

Proof We start with the proof if either (A.1) or (B.2) holds. Assertion (b) is given in
Lemma 4.2 in Huskova et al. (2007) for ¢ = p, the assertion for ¢ # p and (a) follows
analogously. The key are the following moment bounds given in Corollary 4.1 in
Huskova et al. (2007) in addition to some Hajek—Rényi type inequalities. For some
o € (0, 1) it holds

EIXjoX—s| < Dp"™!, 1<v,5<j, j=p,
|cov(Xj—vXjs. XjinvX Ty ,)| < D™, (6.1)
h>0,1<v,s<p, j=p.

To prove (c) first note that due to the boundedness of g it holds for any K > 0 that

T+k 2
/‘ (8(rej) —Eg(te)))| w(r)dt
j=T+1
T+k 2
S[w(t)dt sup |- Z (g(lE./)—Eg(tej))
=k |k 5,
+ sup g*(x) w(t)dt,

xeR [t|>K

where the second summand becomes arbitrarily small for K large enough. Concern-
ing the first summand we apply a uniform law of large numbers for stationary and er-
godic sequences by Ranga Rao (1962). Here, the sequence is even i.i.d. up to T + kg
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and starting at T + ko and the condition in Ranga Rao (1962) E SUp|; <k |g(teg)| < o0
is fulfilled due to boundedness of g. We get

T+k 2
sup sup |— Y (g(re;) —Eglte)))
kZﬁltlfK j=T+l
@ ?
= sup sup —Z g(tej)—Eg(tej)) — 0 a.s.
k>f|r\<1< k3

for T — oo. This yields the assertion.

For the proof of (d) first consider X = (,BT + ST)X, 1+¢j, j =T +ko. Further
assume that XT+k0 1 fulfills (2.1) w1th B replaced by f; + &; and all &; following
FO. By (B.2) X is stationary and d ergodic and the same arguments as in (c) lead to the
assertion with X ; replaced by X Similar arguments as in Sect. 4 in HuSkova et al.
(2007) yield

1X; — X1 <Cp/ TR0 X4 h—1 — Xrakg1ll (6.2)

for some C > 0, 0 < p < 1. Since ||X74ko—1 — §T+k0_1|| = Op (1) uniformly
in T, ko we get by the mean-value theorem and the fact that the first derivative of
g is bounded

T+k 2
| +

sup sup |- Z (g(tSTXq,j)—Eg(tSTXq,j))
k=T =K oy

T+k
=op(1)+ 0pIBIK sup = Y p/ TR0 =0p(D).
k=T " j=T 1k O

Lemma 6.2 Under the assumptions of Theorem 2.1, respectively, of Theorem 2.2 it
holds for the open-end as well as closed-end procedure that

sup |Tce(j, ) — Ter(j, vs €1, 62...) | = op (D),
1<j<Lr

where Tcr(j, V; €1, €2 .. .) denotes the test statistic (1.4) with &; replaced by &;.

Proof We will study the differences ék (t) — Cx(¢) and S‘k (t) — Sk (t) where

| Tk T
Cr(t) = % Z cos(te;) — T Z cos(tej),
j=T+1 j=l4p

Sk (t) is defined analogously with cos(-) replaced by sin(-), and é‘k ), S’k () with ¢;
replaced by ;. By the Taylor expansion, cos(t&;) = cos(te;) —t(&; — &) sin(te;) +
Rjc(t), where Rc(t) is a remainder term. Then ék(t) can be decomposed:

Cr(1) — C (1) = Cri (1) + Cra(t)
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Monitoring changes in the error distribution of autoregressive 621

with
1 T+k 1 T
ckm:—(; D 1E —epsinte) = — 3 t(é,'—e»sin(re./)),
j=T+1 j=l+p
T+k
ckzm—— > R]C(f)—— Z Rjc(®).
j=T+1 j=1+p

Since [Rjc(t)| < Dt2(,B — BT)TX 1XT (B — ,BT) for some positive D > 0 we
also have

|C|? < Di*| BB~ Tic X X1 w1 XT: X xT
k2 = T j—1 T J—14 1

J T+1 j=p+1
2
x (B — im) .

Recall that by the Cauchy—Schwarz inequality x” Ax < ||x||>|Allr < DxT Ax <
x| |All, where | - | denotes the Frobenius norm and || - || the Euclidean norm.
Hence we get by (A.4) and Lemma 6.1 that

T+k
|ék2(r>|stz4||ﬂ—BT||4< D XX Z XX} )
Jj=T+1 =p+1
l4
=0r()73 (6.3)

uniformly in k. Hence by (A.5)

T k I+y & 2 dt = On(l 1 4 dr— |
<—T+k) /| ()| w(t)dt = Op( )F/t w()dt =op(1).

1<k<oo

Next we show the negligibility of Cr1(t). We use the decomposition

Cu () =B — By ( Ap(t) — = Bl([)‘i‘%AkZ(f)—%Bz([))»

where
T+k
Ar1(t) = Z X ;_1(—sin(te;) + Esin(te;)),
j=T+1
T+k
Apa(t) = —E(sin(ter)) Y X,
j=T+1
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and B (t), B»(t) are defined analogously with the sum taken from p + 1 to T'.
By (A.4) one obtains

~ 2 1 t t t t 2
|Ci)]” = OP(”?H <%Ak1<t) — 7B+ T AR® - ;Bz(t))

uniformly in k and ¢. {Ax1(¢), 0(X1,..., X74%), k > 1} is a martingale for each
t € R' with EAg1(r) =0, var Ag1 (t) < Dk. Consequently

P Iaao o0 oo xr. k= 1}
is a nonnegative submartingale with
E/t2||Ak1(t)||2w(t)dt < Dk.

By Chows inequality (cf. e.g. Chow and Teicher 1997, Sect. 7.4, Theorem 8) it holds
for a nonnegative submartingale Si, vy > v;41 >0and A > 0

n
kP(maX uS > ,\) <> wES - Si-1) + viES)
1<i<n =

n—1

= (u — v141)ES; + v,ES,.
=1

If v,ES, — 0 asn — oo we get

)\P(max uS > x) <3 (i — v DES:.

1<i<n
>1

From this we can conclude with v; = T-1=Y[¥~L fori=1,...,T and v; =72 for
I > T (D > 0 is a generic constant which may change from line to line)

k 14y 1 ) )
AP 12}{%(“—0 p/t lAx @] w @) dt > A

§AP( max vlft2||Ak1(t)||2w(t)dt >x)

1<k<oo

T
<DT 'Y KT 4 Y kP < DT =o0(1),
k=1 k>T

where the last line follows from the mean-value theorem.

By Lemma 6.1
T+k 2 1 k 14y
ma Xi1| 5|=—— = 1),
15k 250 Z i1 k2<T+k) or(l)
j=T+1
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which implies

k 1+)/ 1 2
 max (m) B / | A2 |*w(t)dr = 0p (1).

Similar relations hold true also for B;(¢) and B> (¢). It is in fact an easier situation
since the random part does not depend on k.
Combining the above arguments we obtain

k I+y . 5
1§}<17§0T(T—+k> /HCH(I)H w(t)dt =op(l).

Analogous argument for Sk (t) — Sk (¢) complete the proof for the open-end procedure,
the result for the closed-end procedure is obtained analogously. g

Lemma 6.3 The assertions of Theorem 2.1 hold under the same assumptions if one
replaces CFT(ép-Fl’ §p+27 cees 7/) by CFT(‘C/‘p-‘rlv €p+2» cees J/)

Proof The proof is very close to the proof of Theorem A in HuSkov4 and Meintanis
(200~6a). Therefore we only give a sketch here. Let h(x, y) = f cos(u(x —y))w(u)du
and h(x,y) =h(x,y)—Eh(x, 1) —Eh(ez, y) +Eh(e1, &2). Analogous to the decom-
position (18) in Huskové and Meintanis (2006a) we get

o0
~ ~ 2
/ |1 74k (W) — Gp.7 (W) |"w(w) du = Ag1 + Agz + Aga,

where

Arl = T—H(/ w(u)du — Eh(eq, 82)),

T+k T+k

T T
Ao=15 YY) Ten ew) %Z zmsm,avg

vi=T+1v,=T+1

V2F#V] v]
T T+k
Z Z h(gvpgvz)
vl 1vp=T+1
T+k
A =—15 Z E(h(ey, £0) | &) — Eh(e1, £2))
v=T+1
) T
— 72 (E(h(ev, €0) | &v) — Eh(er, €2)),
v=I1

where g, €1, ...1.i.d. Note that Z, = E(h(&y, &) | &y) — Eh(e1, &) are i.i.d. with zero
mean and finite variance, hence an application of the Hijek—Rényi inequality e.g. for
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the first term of A3 and the open-end procedure as 7 — oo for arbitrary n > 0 and
0 <y <1yields

T T+k
P max —— Zi| >
(kzi(T+k(k+T> 2. '7)
j=T+1

T
1 1 1
-2
=Cn (mzkmik—z)w
k=1 k>T

for some C > 0. A similar expression holds for the second term of A3 and in case of
the closed-end procedure. This shows that A3 is asymptotically negligible.

We investigate A» now. Analogously to HuSkova and Meintanis (2006a) there
exist orthonormal functions g;(-) and eigenvalues A ; such that

%0
e 23 1g008 (), e,
j=1 ) )
Lle()(}E(ﬁ(sl,Sz)—;Mg;(&)&(&)) =0,
Egj(e1) =0, Eg?(sl) =1, Egi(e)gr(e2) =0, j#k,

6.4)
o

Eﬁz(el, &) = Zkf < 0.
Jj=1

Let EL (x,y)= ZSLZI Asgs(x)gs(y) and Ago (L) defined as Agp with n replaced
by hr. As in HuSkova and Meintanis (2006a)

Sk = Z (E(é‘,‘,é‘j)-ﬁ]‘(&‘,',sj))

I<i<j<k

is a martingale and therefore we get by the Hajek—Rényi inequality for the open-end
procedure and the first term of Ax> — Ax2(L) for all n > 0 and some C > 0

p T k y1|S|>
max ——| ——— -
el T+ k\k+7 ) k=1
1 cC &
—QZ E(R(e1. £2) = hp (e, €2))° =7 Z
k>1 j=L+

and a similar expression for the closed-end procedure and the other terms. Hence for
any 11,2 > 0and all L > Lg (for some Lg) it holds

P(g(r;a}(pk,r(y)Mkz — Ap(L)| = 771) =mn.
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It holds

T k
Aa(L) = ZA <sz @0 - 2 g, k))

pou Tk
T+k T
Bi(g,k) = > (g () — Zg (e;)>,
\/—u T+1 ! j=1 o
T+k 1 T
Ba(g.K) = 15 Z (s2(ev) — 1) —22 g2(e) — 1).
v=T+1 v=1

By the strong law of large numbers we get (as maxy<jog 7 ka'T —0)

max Pk, T(V)B2(q, k) — 0 as.

Concerning B (q, k) we first note that it is sufficient also in case of the open-end
procedure to consider the supremum up to DT for some D large enough.
To this end, note that by the Hijek—Rényi inequality for any > 0 and some C > 0
Z 8q(ey)

k 1/24y/2 7172
P| max | —— —_— >n
k>DT\k+T k
v=T+1

? p3 kz Dn = 37_f %’
k>DT
which becomes arbitrarily small for D large enough, hence it is sufficient to consider
the maximum up to DT even in case of the open-end procedure.
Similarly, using again the Hijek—Rényi inequality one can see that the maximum
over k < §T is negligible for § small enough (in case of the open-end procedure)

(y #0):
T k 1+y
P(?l%% almm) |2 sz
- v=T+1

1 C 1 C
—_ - <« __ TV <« __ gV
TZkl y(T+k)1+yS_ 2T Z l—yS 28 ’

2
77 k<8T

T+k

T+k

which becomes arbitrarily small for § — 0. The result for the closed-end procedure
is obtained similarly. Now, we can use the functional limit theorem and get (noting

that {ﬁ ZZ+715+1 8q(ey) 1k} and % ZJTZI gq(e;) are independent)

L
T T+k
E Ao | — B? k) — ——
arg}ixDTpk’T(y)qil q<k2 1.k Tk )
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= max ()ik z W, E —E @)) 2—T—+k +op(1)
= srekopr PRTY = W\ e\ "'\ 1 T2 Tk PR

where W, 1(-), W, 2(-), ¢ =1,..., L are independent Wiener processes. For the
open-end procedure we still need to note that

T2k 'V T \*(T+k\'"

ﬁ(TJrk) - <T+k> ( k ) '
Similar arguments as before yield that this has the same asymptotic distribution
as the complete maximum over 1 < k < oo for the open-end procedure, respec-

tively, 1 <k < NT for the closed-end procedure. In the proof of Theorem 2.1.
Horvath et al. (2004) show that (r * k/T)

sup|Wq,1(?)—?Wq,z(l)l D Wei(t) — tWyo(D)]
=1 A2 20 (14D () 1=/

After an index transformation / =t /(1 4 t) they further obtain

[Wga (@) —tWeo(D] D Wy (DI
ax -7 = SUP g
=0 (1 —|—t)(1_+t)( v/ o<i<1 10=7)/

where W, (-) are independent Wiener processes.

Similar arguments as above yield that it is asymptotically equivalent to consider
the complete sum over g > 1.

Taking the negligibility of Ax3 into account analogous arguments as above give
the limit behavior as given in Theorem 2.1 for the joint supremum sup;..; |Ax1 +
Ajz + Ags|, thus completing the proof. B O

Proof of Theorem 2.1 It follows immediately from Lemmas 6.2 and 6.3. 0

Proof of Theorem 2.2 By Lemma 6.2 it is sufficient to consider the statistic CFr,
where &; are replaced by &;. By Lemma 6.1 (g = cos, sin) it follows

o\
max —
1§k<oo<T+k) /

k 1+V[ 1 <
max —

I<k<oco\ T + k

2

| TH
w(t)dt =op(1),

- Z (exp(ite;) — E(exp(ite;)))

k.
J=T+1

T Z(exp(itsj) — E(exp(itaj))) w()dt =op(1).
j=1

From this we can conclude immediately that CFr = Op(1/T) as well as the limit
distribution of CF7 /T in case of kg = [T ]. O

The following lemma is needed to prove Theorem 2.3.
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Lemma 6.4 Under the assumptions of Theorem 2.3 it holds for the open-end proce-
dure

(CFr(Eps1.8pt2s -3 ¥) — CFr(ept1, €ptas -5 ¥))/T

1+y _ 2
Ly sup ( ! ) <t to) /|<po(u)((px(u)—1)|2w(u)du. 6.5)

p<t<oo\ I +1 t

For the closed-end procedure an analogous assertion holds where the supremum is
taken overty <t < N.

Proof We follow the lines of the proof of Lemma 6.2. We study the differences
Ce) = CR®), Sk = SE,

where ék (1), S'k () are as in the proof of Lemma 6.2,

T+k T
1
C,?(t):z > cos(t(ej +8" X, 11{j > T +ko})) — T > cos(te)),
j=T+1 j=l+p

and S,? () is defined analogously with cos(-) replaced by sin(-). By a Taylor expan-
sion

cos(té;) — cos(t(sj + STXj_ll{j >T —|—k0}))
=—1(8;—e; — 8T X;_11{j > T +ko})sin(t(e; + 8" X ;1 1{j > T + ko}))

+ Ric(1),

where R;‘C (¢) is a remainder term. Then ék (t) can be decomposed as follows:

T+k T
N A 1 1
_ A A A .
Ce()=Cpr (1) + Ci (1) + X E Ric(0) — T E Rjc(n)
j=T+1 j=l+p

with R;c(t) as in the proof of Lemma 6.2 and

T+k
é?l(t)=—<E Z t(g‘j—(8.j+8TXj_11{j>T+ko}))
J=T+1

xsin(t(e; + 87 X j_11{j > T +ko}))

L
- Z t(éj—ej)sin(tej)>.

j=l+p
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Similarly as in the proof of Lemma 6.2 we get

£\t T+k 2
max (m) Z RY (t)—— Z Ric()| w(t)dt=op(1).
sk=oo ] T+1 j=1+p

Concerning c ,?1 (t) we use the decomposition

ChO=B—-Bp" ( A0 — Bl(t)+£A1?2(t)_%BZ(I)),

where Bj(t), B>(t) are as in the proof of Lemma 6.2 and

T+k
AL (1) = Z X, 1(—sin(t(e; + 8" X;_11{j > T +ko}))
j=T+1
+E(sin(t(e; + 8" X;_11{j > T +ko}))IX j_11)).
T+k
Ay(y=— " X; 1B(sin(t(e; + 8" X1 1{j > T +ko}))|1X;_1]).
j=T+1

Negligiblity of Bi(t), B>(t) follows from the proof of Lemma 6.2 and of AA (1)
analogously. The term A »(?) has to be treated more carefully. Notice that by Jensen’s
inequality, by Lemma 6.1 and the fact that EX ?_ < C for some C > 0:

max (— HyifﬁuA/‘ O w)dr
1<k<oo k—I—T k2 k2

P T+k
2 —
§/t w(t)dt > gllcai;o ;IX/ _,=0p().

Combining the above arguments we have

_— t) — t t)dt
() f160-ctoreo

=0p(T" ") =0p(D).
Analogous arguments hold for Se(t) — S,? (t) as well as the closed-end procedure.

Noticing that

max (0, k — ko)

E(CE () +iSE 1) = po)(ex (1) — 1) p

it remains to show

k I+y 5
13;11’20(T—+k> /|c,j‘(z)—Ec,?(z)| w(t)dt =o0p(1)

which follows by Lemma 6.1 (g = cos, sin). O
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Proof of Theorem 2.3 To prove our theorem it suffices to show that, T — oo,
CFr(ept1.€pt2,---3v)/ T =0p(1) (6.6)

in addition to (6.5). The latter follows immediately from Lemma 6.4, while assertion
(6.6) follows from Lemma 6.3. O

Proof of Theorem 3.1 The proof follows along the line of the proof of Theorem 2.1
but certain parts are more delicate since we work now with a triangular array.
Denote by E*, var*, P* etc. expectation, variance and probability w.r.t. £*(p),
e*(p+1),...given Xy, Xo, ..., i.e., for example E*(-) = E(-| X1, X2, ...).
We have to study conditional limit behavior of

CF; =CFr(e*(p+ D.e"(p+2)....:7)

ko A\ . 2
~n () [ -dhroPuoa
where
T+k
) =7 j;lexp{ius*(j)}, ueR', k>1

and an analogous expression for go;‘; o First, we show that we can replace ¢* by

T+k
Tror) =2 ) expliveu; )
j=T+1
and an analogous expression for g?)“;T(u), @; = CFr(eur (p+1)» EUF (p12)» -3 V)-

Precisely, we will show that for any 7y, 72 > 0 it holds for T large enough
P*(|CF; — CFy| = m) < m +op ().

The proof is essentially analogous to the proof of Lemma 6.2 and will only be
sketched. The decompositions remain true but X; has to be replaced by Xy, () and

euy(j)- In the notation we indicate this by *, e.g. él’{kl (1).
By an application of the Hijek—Rényi inequality it holds for any D > 0
T+k
T T
A > Xur-0X0, o1 — EXur X,

N 1
P™ | max >D
k j=T+1

1 1
< e var* HXUT(pH)XLT/r(pH) H Z 2
k>1

T
1 1 2 1
=57y 2 = (@ ror)
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where C > 0 is now and in the following a generic constant which can change from
line to line. This leads similarly by the analog of (6.3) to

k 1+y R
P*(lgcigT(T—H) /|c;§2(t)|2w(t)dt > n) <e+op(l) (6.7)

for any 5, ¢ > 0. The decomposition of C‘Z‘l (1) is slightly different than in the proof
of Lemma 6.2. Let

Cr()=(B - Br) ( Ciy (1) — é}flz(f)>’

where
T+k
Chu ==Y (Xup(-1sinttev,(jy) — E*(Xup (-1 sinltev, ())),
J=T+1

and CA';:IZ(t) is defined analogously with the sum taken from p 4-1 to T. The assertion
follows analogously to the assertion for Cr1(7) in the proof of Lemma 6.2 proving
(6.7).

The remainder of the proof is close to the proof of Lemma 6.3, so we only sketch
the differences. Equation (6.7) shows that it is sufficient to study

o0
~ ~ 2
/ |07 114 @) — @ 7 )| W) du = Apy + Ay + Afz + ALy
—0oQ

where Ay is as in the proof of Lemma 6.3 and

T+k T+k

T T
1 - 1 -
Azfz=k—2 » Y heur - fur ) + T—E E h(eur))s €U (1)
=1 i

vi=T+1v,=T+1

V2 F#V] vy
T Tk
Z > hevrs EUrem)-
v1 lvp=14T
T+k
Afz = 2 Z E(h(eu; ), €0)leur ) — E*E(h(cur ). €0)|€ur )
v=T+1
, T
-T2 Z (E(h(euy)- €0)1€Ur ) — E*E(h(eu; (v). €0)leUr ) )
v=p+1
k+T

Apy = 27(]5* (h(eur(p+1) €0)l€Ur(p+1)) — Eh(e1, €2)).
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As for Ay in the proof of Lemma 6.3 we obtain by an application of the Hijek—Rényi
inequality for any n > 0

k I4+y
P* (Illclfi(T<T——i—k> |Af;| > 77> =op(l).

Furthermore it holds

max T A
k=1 <T+k) |4l
T

1
5T—_p Z (E(h(ej, e0)le;) — Eh(er, £2))| = op (D).
+1

Define
Sti= Y (heurayeur(p) = heeuriy. eur())-

I<i<j<k

As T — oo an application of the Markov inequality yields

proy = KD 1 353 h h _0pE 22
k= Tﬁ Z Z( (Svl,gvg) - L(gvlrgvz)) = P( )? Z j
vi=1wv=1 Jj=L

for some C by Lemma A in Serfling (1980), p. 183, which shows that

T k'L,
up ——| = ) =+ [E*S;]
e T+k\k+T) &

becomes sufficiently small for L large enough. S; — E*S; can be expressed as a
linear combinations of martingales (cf. Serfling 1980, pp. 178-179), therefore the
Hajek—Rényi inequality yields, as T — oo,

“(max L (Y Nysr _ gy
P*( max |SE—E*S¢[= A
k=1 T+k\k+T) &k
T T

C 1 =~ 7
Eﬁ _T_ZZ h(@j,gy)_hL(sjvgv))z
v=1

k>1 :

> M +op()

j=L+1

for each L, for the open-end procedure and the first term of Ay; (ﬁ) — A (ﬁL) for
all A > 0 and some C > 0. The right hand side becomes arbitrarily small for L large
enough. Hence for any A1, Ap > 0 and all L > L (for some L) T large, it holds

P(max pr ()| Ay = AL (L)] = A1) < Az,
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where

L
T T+k
App(L) = Z)‘q(k_zBiﬁz(qvk) ~TF " Bf(%k)),

qg=1
1 T+k 1 T
Bi(q.k) = —= Z <gq(8U ) — —qu(ev (./>)>,
ﬁv:T-H ' T j=1 '
T+k 1 T
Biq. k) =5 > (gqCeurw) —1) + 75 D (85 vy — 1)
v=T+1 v=1

We start with the term B; (g, k). First note that for r > 1

T

1
E*|gg ) = 1] =T 2 Y (g5 ) = 1) =0p(T7)  (68)

v=1

by Theorem 5.2.3 (i)(«) in Chow and Teicher (1997) since

> P((g2en) = 1) = /) = P(|g2(e) — 1] = j) =E|g2(e,) — 1] < 00.

j=1 j>1

According to Shorack and Wellner (1986), inequality 4 (p. 858) in addition to the von
Bahr Esseen inequality (Shorack and Wellner 1986, p. 858) it holds for i.i.d. random
variables with mean O for 1 <r <2

E max (|Sk|r) <cTE|X.|
1<k<T

for some ¢ > 0, Theorem 1.1 in Fazekas and Klesov (2000) then gives for by > --- >
bT >0

T

E bi|S ' E|X;|" E by,
max <c
(1<k< il k|) = | X1l P k

for some ¢ > 0. We have to distinguish the cases k < T and k > 7. By the above
inequality for 1 <r <min(2,1/(1 — y)),i.e,0<r(1 —y) < 1, and (6.8) it holds

) T Py |
Emax =7 (7% ) o | 2 (satevren —1)
- v=T+1

T
_ 1 2 2
T3 Bledeuray =1 =or )
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Similarly for r =2

E(maxT(——) — ~1
or (T+k> K2 U;l(gq(gl’“”’) )

1 2
=72 g Elegvrm) =1 =op(),
k>T

An application of the Markov inequality yields the negligibility of B} (g, k).

It remains to show that the process {(B} (1, [Ts]), ..., Bf (L, [Ts])); s € [0, Al}
converges weakly (conditionally) to a Wiener process for all A > 0. The convergence
of the finite-dimensional distributions follows e.g. from Singh (1981), Theorem 1,
while tightness follows by Theorem 15.6 in Billingsley (1968) and the finiteness of
the second moments. We can then conclude as in the proof of Lemma 6.3. g
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