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Abstract We develop a general theorem to prove the uniform in bandwidth consis-
tency of kernel-type function estimators. This method unifies the approaches in some
other recent papers. We show how to apply our results to kernel distribution function
estimators and the smoothed empirical process. The results are applicable to establish
strong uniform consistency of data-driven bandwidth kernel-type function estimators.

Keywords Kernel estimation - Distribution function - Uniform in bandwidth

Mathematics Subject Classification (2000) 60F15 - 62G07 - 62G08

1 A general uniform in bandwidth result

We present a general method based on empirical process techniques to prove uniform
in bandwidth consistency of kernel-type function estimators. It is a distillation of
some recent results by Einmahl and Mason (2005) and Dony et al. (2006), whose
work was motivated by original groundwork by Nolan and Marron (1989). Our main
theoretical result, the Theorem below, may be viewed as a notational reformulation
and generalization of Theorem 2 of Dony et al. (2006). However, we greatly extend
its scope and applicability. Our featured applications will be to kernel distribution
function estimators (kdfe’s) as well as to the smoothed empirical process. Both of
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A general result on the uniform in bandwidth consistency 73

these statistics have attracted a considerable amount of attention in the literature,
some of which we cite below.

We shall show how our results are useful to establish strong uniform consistency
of data-driven bandwidth kdfe’s. For more applications refer to Einmahl and Mason
(2005), Dony et al. (2006) and Dony and Mason (2008).

Here is our basic setup. Let X, X1, X», ... be i.i.d. random variables from a proba-
bility space (£2, A, P) to a measure space (S, S). In the following, || - || .o denotes the
supremum norm on £°°(S), the space of bounded real valued measurable functions on
S. Let G denote a class of measurable real valued functions g of (u, h) € § x (0, 1].
We shall assume that G satisfies:

(G.i) supg_j<i sup,eg 118 ") |loo =: k < 00.
Assume that there exists a constant C > O such that for all 4 € (0, 1]
(G.ii) supgeg E[g*(X,h)] < Ch.

We shall also assume that the class of functions G satisfies the following uniform
entropy condition:

(F.i) Forsome y >0, Co>0and vp >0, N(¢,G,) < Coe™ ™, 0 <€ <1, where
Gy =1{gy(.h): gy (.h)=h"g(-,h), forg € Gand h € (0, 1]}.

We shall see that the introduction of the parameter y > 0 will permit us to treat the
smoothed empirical process.

Next, to avoid using outer probability measures in all of our statements, we impose
the measurability assumption:

(Fii) G is a pointwise measurable class.

(For the definitions of pointwise measurable and of N(e, G, ), see the Appendix,
where we use « as our envelope function.)
Foranyn>1,g€Gand 0 <h < 1, define

n
guni=n""Y g(Xi.h).

i=1
Here is our main result. Its proof is deferred to Sect. 4.
Theorem Assuming (G.i), (G.ii), (Fi) and (F.ii), we have for ¢ > 0,0 < hg < 1,
wp. 1,
Vnlgnn —Egnnl

limsup sup  sup =: A(c) < o0. (1.
n—>00 clogn _p_p e€g \/h(|logh| Vv loglogn)

Remark 1 1t is straightforward to modify the proof of the Theorem to show that it
remains true when (F.i) is substituted by the bracketing condition:

(F'.i) For some Co > 0and vy >0, Njj(e, F, L2(P)) < Coe ™™, 0<e < 1.
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74 D.M. Mason, J.W.H. Swanepoel

Refer to p. 270 of van der Vaart (1998) for the definition of N[ (e, F, L2(P)). All
that one must do is replace the use of Proposition A.l in the Appendix by Lemma
19.34 of van der Vaart (1998).

Remark 2 The results in Einmahl and Mason (2005) on the uniform in bandwidth
consistency of kernel density and regression function (bounded case) estimators can
be readily derived from our Theorem. For example, in the former case one simply
takes G = {k((x — -)/hl/’) : 0<h <1, x e R"}, for an integer r > 1, where k(-) is
the kernel function of the kernel density estimator, which is assumed to be bounded,
in L1(R") and satisfy fR, k(x)dx = 1. In addition, assume that the underlying dis-
tribution function F (-) has a bounded density. Under these assumptions, it is readily
verified that (G.ii) is satisfied. ((G.i) holds trivially.) We also assume that (F.i), with
y =0, and (F.ii) hold. In this case foreach g € G, gn n = hf, j1/r(x), where f, ;1/r (x)
is the kernel density estimator

Fur ) =Y k((x = Xp) [h7) /(nh). (1.2)

i=1

Our Theorem also implies Theorem 2 of Dony et al. (2006), which concerns a general
class of regression function estimators. The application of our general result is not
confined to these classical nonparametric function kernel estimators. We shall not re-
derive results for such estimators here, and instead we shall focus on the uniform in
bandwidth consistency of kdfe’s and the smoothed empirical process. We shall soon
see that these form classes of estimators that are different from the classical kernel
density and regression function estimators.

2 Kernel distribution function estimators

In this section we shall apply our Theorem to the standard kdfe as well as to a trans-
formed kdfe. Hereafter we discuss the strong consistency of data-driven bandwidth
kdfe’s.

2.1 Standard kdfe

As above, let X, X1, X»,... be i.i.d. with distribution function F. Suppose that F
satisfies the Lipschitz condition

|F(x) = F(y)| <Clx —y|, forallx,y€R, some0 < C < oco. .1

Let K be a distribution function on R and consider the standard kdfe of F based on

Xl,...,Xn:
), x eR.

e -1 " x—X,
Fan)=n"'>"K -
i=1
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‘We shall assume that

/ |z|dK (z) < oo. 2.2)

—00

As usual, F;, will denote the empirical distribution function

n
Fa(x)=n""Y"1{X; <x}, x€R,
i=1

where 1{-} is the indicator function. By results in Sect. 5 of Nolan and Pollard (1987),

the class of functions
x—.
IC:{K( . ):0<h§1,xeR}

satisfies (F.i), and trivially also (F.ii). Moreover, the class

g:{K(x—_>—1{-§x}:0<h§1,xe]R}

is also readily shown to fulfill (F.i) and (F.ii).
Towards verifying (G.ii), observe that foreach0 </ <1 and x € R,

2
]E(K(x ; X) —1x §x}>
:IE)K2<x;X) —2E<K<XZX>1{X§)C}) +F().
X 00 _
(55 (5

which after integrating by parts and the change of variables z = (x — y)/h,

Now

= /OO F(x —hz)dK*(z).

—0o0

- X x —
(5 i)« ()

which by integration by parts and the change of variables z = (x — y)/h,

Also,

=K(0)F(x) +f F(x —hz)dK(2).
0
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76 D.M. Mason, J.W.H. Swanepoel

:(1—2K(O))F(x)—2/ F(x—hz)dK(z)—i—/ F(x —h2)dK>(2)

0 —00

:—2/ (F(x—hz)—F(x))dK(Z)+/ (F(x—hz)—F(x))dKz(Z),
0 —00

which by the Lipschitz assumption in (2.1), the inequality
o oo
[ wawo =2 [ paxe.
—00 —00
and (2.2) is
oo o o
5hC<2/ zdK (2) +/ |z|d1<2(z)) §h4C/ 2| dK (z) < oc.
0 —00 —00
Thus (G.ii) holds. Condition (G.i) is satisfied trivially. Therefore we can apply our

Theorem to infer the following useful result.

Proposition 1 Assume that F satisfies (2.1) and K fulfills (2.2). Then for ¢ > 0,
0 < ho < 1,wp. 1, for some constant 0 < A(c) < 00,

VA Fy 3 (X) = Fy(x) = (EF, 4 (x) — F(x))|

limsup sup  sup =A(c). (2.3)
n—>00 clogn _p_p xR \/h(|logh|vlog10gn)
Define the classical empirical process by
an(x) =+/n{F,(x) — F(x)}, xeR. (2.4)

Notice that (2.3) readily implies the following result.

Corollary 1 Under the assumptions of Proposition 1, for any sequence of positive
constants 0 < b, < 1 satisfying b, — 0 and b, > (logn)~!, w.p. 1,

(2.5)

wp P VFui () —EFy @) —en @ _ (/o)
clogn _p, p, J/loglogn "

From (2.5) we obtain a uniform in bandwidth extension of the results derived by Boos
(1986) in his Theorems 1 and 2.

Corollary 2 Under the assumptions of Proposition 1, if b, — 0, b, > (logn)~! and

sup  sup \/ﬁ|]EI?,,,h(x) - F(x)| = O(N/b,, loglogn), (2.6)

clogn
né <h<b, xeR

then

sup  /nlFup — Fulloo = O(v/byloglogn)  a.s. 2.7

clogn
TR <h<by
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A general result on the uniform in bandwidth consistency 77

By (2.10) below, (2.6) holds if /nb, = O (s/b, loglogn). Also, from (2.13) below it
follows that (2.6) holds if ﬁbﬁ = O(/b,loglogn) and the more restrictive condi-
tions (2.11) and (2.12) below are imposed on F and K respectively.

We can readily derive from (2.5) a uniform in bandwidth Finkelstein-type func-
tional law of the iterated logarithm [FLIL] for the sequence of classes of random
functions

N, (°) . clogn
J2loglogn =~ n

where 1, 1, (+) is the centered kdfe process
M () = {Fn () —EF, 4 ()}

Towards formulating our uniform FLIL, let B[O, 1] denote the space of bounded
functions ¢ on [0, 1] equipped with supremum norm ||¢|[[0,1] = sup;¢[o, 17 l¢(#)|, and
B[R] denote the space of bounded functions on R equipped with supremum norm
lollr = sup;cg l¢(¢)|. Further, let

]:n:{ Shibn}v

1
H= {(/) 19(0) = ¢ (1) =0, ¢ is absolutely continuous and / ((p/(s))2 ds < 1}.
0
For all ¢ > 0, let
HE = {¢:¢ € B[R] and inf ¢ o F — ¢ 58}
peH
and for each ¢ € H, let

B.(p)=|¢p:¢€B[Rland g o F — ¢l < ¢}.

Finkelstein (1971) proved the following FLIL (now called the compact LIL) for the
empirical process o, (-): w.p. 1, for all € > O there exists an N > 0 such that for all
n>N,

an (') &
—————c H
+/2loglogn
and for every ¢ € H there exists a subsequence {ny} such that for all k > 1,
(o777 ()
—————¢€8B .
2loglogny (%)

Clearly it is routine to combine (2.5) with the Finkelstein FLIL to infer the following
FLIL.

Corollary 3 Under the assumptions of Proposition 1, for any sequence of positive
constants 0 < b, < 1 satisfying b, — 0 and b, > (logn)~!, wp. 1, for all ¢ > 0
there exists an N such that F, C Hy, for all n > N and for every ¢ € H there exists
a subsequence {ny} such that for all k > 1,

nnk,h(') . . C]Ognk
————— € B , I <h<b,,. 2.8
Toglog € B:(¢p), uniformly in e = =bm (2.8)
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78 D.M. Mason, J.W.H. Swanepoel

Notice that, in particular, Corollary 3 implies the following uniform in bandwidth
Chung (1949) LIL:

Fon(x) - EF, 1
limsup sup sup Vi () . ()| =—, as. 2.9)

n—>o0 clogn <h<bnxe]R «/210g10g}’l 2’
no ==

Remark 3 By imposing further regularity conditions on b, we can replace the
EF, »(x) centering term by F(x) in (2.5), (2.8) and (2.9). Observe that

EFy(x) — F(x)
equals, after integrating by parts and the change of variables z = (x — y)/h,
oo
f (F(x —hz) — F(x)) dK (2).
—0o0
Therefore using (2.1) and (2.2) we see that

o
sup|IEF,,,h(x)—F(x)| th/ |z|dK (z) < oo,
o

xeR -
which gives

sup  sup|EF, 4(x) — F(x)| = O(by). (2.10)

clogn
Tgfhfbn xeR

Thus for any sequences 0 < b, < 1 such that /nb, //loglogn = o(1), we can re-
place EF, (x) by F(x) in (2.5), (2.8) and (2.9).
If further we assume that

F has a bounded density with a uniformly bounded derivative (2.11)
and
o0 oo
/ zdK(z) =0, / 22 dK (z) < 00, (2.12)
—00 —00

then it is easy to show by Taylor’s theorem that

sup  sup|EF, ,(x) — F(x)| = O(b2). (2.13)

clogn
clogn <y <p, ¥€R

In this case, if \/ﬁbﬁ/«/log logn = o(1), we can replace EE,h(x) by F(x).

Remark 4 Swanepoel (1987) was the first to establish under various regularity con-
ditions a Finkelstein-type FLIL for the sequence of kdfe processes

Vi(Fan() = F())
/2loglogn '
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A general result on the uniform in bandwidth consistency 79

More recently Giné and Nickl (2009) have obtained under smoothness conditions a
FLIL for the special case of the kdfe process when I?n n(x) = ffoo fu.n(y)dy, where
fu.n 1s the kernel density estimator defined in Remark 2. When the kernel k used
to define f; 5 is a bounded density, Corollary 3 can be shown to imply their FLIL
by choosing K (x) = ff oo k(¥) dy. They derive their FLIL via a general exponential

inequality for /|| fn n — Fulloo and they do not assume that the kernel k is a density.

Remark 5 Since the empirical process o, (-) converges weakly to the Brownian
bridge B(F(-)), we see from (2.5) that for any sequence of positive constants
0 < b, < 1 satisfying b, — 0, b, > (logn)~" and /b, loglogn = o(1) that the cen-
tered kdfe process 0, (-) converges weakly to B(F (-)), uniformly in “1(’% <h<b,,
in the sense that

sup  Sup|nui(x) — an(x)| =0, (1). (2.14)

Cl(r’lg” <h<b, xeR
2.2 Transformed kdfe

Swanepoel and Van Graan (2005) have recently proposed a new kdfe based on a
nonparametric transformation of the data. Their estimator is defined by

Batry=n- 1ZK< Fop(x) — n,h(Xi))

It was shown by these authors that the asymptotic bias and mean squared error of
F, »(x) are considerably smaller than those of the standard kernel estimator Fn n(x).
We shall now show in Proposition 2 (the proof is deferred to Sect. 4) that modi-
fied versions of the results in (2.3)—(2.14) continue to hold if fn,h(x) is replaced by

Fn,h(x) and the supremum is taken for a, < h < b, instead of Cl(’% <h<b, for
appropriate a,, and b,,.

Proposition 2 Assume:

(A) K has a continuous density k which has support in a compact interval with
continuous derivative k' such that

/ xk(x)dx =0.

—0o0

(B) F has derivatives f and f' which exist everywhere on (—00, 00) with | f |lco <
00 and || f']|co < 00.

(C) {a,} and {b,} are sequences of real numbers such that 0 < a,, < b, <1, satis-
fying as n — o0,

(C i) na,% loglogn

.. nbﬁ
(ogn)? — 00 and (C.ii) Toglogn 0.

Then (2.3)—(2.14) hold with 1?,1,;1 (x) replaced by Fn,h (x) and the supremum is taken
for ay < h < b, instead of &% < h < b,.
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80 D.M. Mason, J.W.H. Swanepoel

2.3 Applications to the strong consistency of data-driven bandwidth kdfe’s

The smoothed kdfe has been investigated by many authors, who have found that to
use it in practice a data-driven choice of # is required. A number of suggestions for
choosing & depending on the data have been made in the literature for the standard
kernel estimator }/7\,, n(x). The proposals by Sarda (1993), Altman and Léger (1995),
Bowman et al. (1998), and Polansky and Baker (2000) are analogs of the “leave-
one-out” and “plug-in” methods, which have been widely used in density estimation.
These data-based bandwidth sequences, ﬁn, satisfy w.p. 1 for all large enough n > 1,
the following inequality

an~ '3 <h, <bn"'/3, (2.15)

for some constants 0 < a < b < co. Under the assumptions (2.1) and (2.2), it imme-
diately follows from (2.9) and (2.10) that for any ¢ > 0 and sequence of constants

0 < b, < 1 satistying b, > (logn)’1 and /nb, //loglogn = o(1),

sup III?,,,;, — Flloo >0, as.asn— oo,

clogn _p, <p,
which in turn implies that
lim |F,+ — F =0, as.
n—)oo” n,hy “OO

Further, if we assume condition (2.11) and the first equality in (2.12), it follows
from (2.9) and (2.13) that, for any sequence of constants 0 < b, < 1 such that

b, > (logn)~! and \/nb2 //Toglogn = o(1),

Vil Fop = Flloo
sup @ ——

clogn J/loglogn

=0(1), as.asn— o0,

which implies that

Vil 5, = Fl
J/loglogn
since, w.p. 1, (2.15) holds for all large n, for some constants 0 <a < b < 00.

As far as the estimator F}, , (x) is concerned, it is clear from the proof of Proposi-
tion 2 that under conditions (A) and (B) we have

® —0(l), as.asn—> oo, (2.16)

lim sup ||F,,,h — Fllo =0, as.,

n—00 an<h=<by

for any sequences 0 < a, < b, < 1 satisfying b, — 0 and na,/logn — oo.
Swanepoel and Van Graan (2005) derived an optimal bandwidth selector 4, for
F, n(x) that satisfies w.p. 1, for all large enough n > 1, the inequality

an V7 <h, <bn\/7, 2.17)
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A general result on the uniform in bandwidth consistency 81

for some constants 0 < a < b < 0o. Consequently, we deduce that

lim |F, 7 — F =0, a.s.
1im |1, 7, = Fllow =0,

Furthermore, suppose that condition (B) in Proposition 2 is replaced by (B’): F has
four bounded derivatives on (—o0, 00). Also, assume that (C.ii) is replaced by (C’.ii):
nb)?

g 0. Under conditions (A), (B"), (C.i) and (C'.ii), it then follows from the

proof of Proposition 2 and (2.17) that (2.16) also holds if F,, 7 is replaced by F,, 7 .

3 Further applications

We shall begin by showing that the oscillation result of Serfling (1982) and Boos
(1986) can be derived from our Theorem. Their papers were in a sense the motivation
for our work. Next we consider the smoothed empirical process.

3.1 An oscillation result

Assume that F' satisfies the Lipschitz condition in (2.1). Consider the class of func-
tions
g:{l{-e(x,x—i—th]} 0<t<1,0<h< l,xeR}.

Notice that for each integer n > 1,

n! Zl{Xi € (x,x +thl} = Fy(x +th) — Fy(x).
i=1

It is well known that the class G satisfies (F.i) and (F.ii). Also, by the Lipschitz as-
sumption (2.1),
E12|X € (x,x +th]} = F(x + th) — F(x) < Cth < Ch.

Thus we clearly see that (G.i) and (G.ii) hold. Therefore by our Theorem for ¢ > 0,
0 < hp <1, w.p. 1, for some constant 0 < A(c) < oo,

g th) —
limsup sup sup sup lon (x + 1) — an ()| = A(c), (3.1
n—o0 cogn ;. xeRref0.1] y/h(|logh| v loglogn)

where o, (-) is the classical empirical process defined in (2.4). Now choose any se-
quence of positive constants b,, such that

b, — 0 and nb,/logn — oo. 3.2)

Obviously from (3.1) we get for any ¢ > 0,

li oty (x + thy) — atp (X))
imsupsup sup
n—>00 xeRtel0,1] \/bn(llogbn| Vv loglogn)
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82 D.M. Mason, J.W.H. Swanepoel

=limsupsup sup o (¥ + 3) = 0 )| <A(c), as.

n—00 xeR |y|<b, v/bn(|1l0gby| v loglogn) ~

This of course implies the oscillation result

. lotn (x + ) — an (%)
limsup sup sup

< 00,
n—00 xeR|y|<by /by logn

which was proved by Serfling (1982) in the uniform case and Boos (1986) in the
case when F' is Lipschitz. Under additional growth conditions on b, Stute (1982)
established an exact version of this result. It is easy to formulate and derive a general
R”, r > 1, version of these results where the X takes values in R” and the intervals
(x, x + th] are replaced by rectangles (x, x| + "] x oo x (xp, xp + 10171, For
closely related results along this line refer to Stute (1984).

a.s., (3.3)

3.2 Smoothed empirical process

Let H be a nonnegative nonincreasing bounded right-continuous function defined on
[0, 00) such that

/ H(el)dz =1, (3.4)
Rr

for an integer r > 1, where |z| stands for the Euclidean norm of z € R". Define the
kernel k on R” by

k(z)=H(lz|), zeR". (3.5)

Let G be a class of measurable real valued functions defined on R” such that for some
M >0,

sup sup [¢(2)| < M. (3.6)
geG zeR"

Assume that G is pointwise measurable and that with the envelope function constantly
equal to M, for some Cp > 0 and vy > 0,

N(e,G) <Coe™, O<e<l. (3.7)

Define the class of real valued measurable functions I" on R" by

1 —.
= {<pg,h fpen() = W er g(y)k(yT) dy,geG, he(0, 1]}- (3.8)

Now let X, X1, X5... be i.i.d., taking values in R" with density f. Notice that for
each integern > 1 and ¢, ;, € I',

1 n
_Z(Pg,h(xi)Z/ g fan(y)dy,
e RY
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A general result on the uniform in bandwidth consistency 83

where f, 5 (y) is the kernel density estimator (see (1.2) in Remark 2):

L& (v X
fn,h(}’)—nhr;k< - ) (3.9)

As in Yukich (1992), van der Vaart (1994) and Giné and Nickl (2008), the centered
smoothed empirical process indexed by G with kernel & is defined to be

% (8) = /n /R B fun®) —Efun}dy, geG. (.10

We shall first study the behavior of the difference between «, 5(g) and the usual
empirical process indexed by G:

] n
an(g) = ﬁ{— Y e(Xi) —Eg<X>], g€g. (3.11)
e
Assume that for some constants A >0and p >0, forallze R " and0<h <1,
supE(g(X + hz) — g(X))” < Ahlz|’ (3.12)
geg
and
/R YIPAG) dy < oo. (3.13)

Remark 6 Notice that (3.12) is satisfied by any class G of measurable real valued
functions g defined on R” such that for some D > 0 and p > 1,

2
sup(g(x +y) —g(x))” < Dly”, x,yeR".
g€g

It also holds for the class of indicators of lower quadrants in R”,
g:{l{-eR(x)}:xeR’}, (3.14)
where
R(x)=(—=00,x1] X -+ x (=00, x,], x€R",
whenever the distribution function F of X is Lipschitz. To see this notice that
E(1{X € R(x + )} - 1{X € R)})
< F(xi+Iyiloxr +1yel) = F(xr = Iyils - .ox — 1yel),

which, since F is assumed to be Lipschitz, is for some D > 0, < D|y|. We see that
the class in (3.14) gives as a special case the centered smoothed empirical process

X1 Xy
o n () = Vi / / (fon®) —Efun)dy, xeR. (.15
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84 D.M. Mason, J.W.H. Swanepoel

Now, introduce the class of functions
T'={pen—g:2€G.he(0,1]}.

This class obviously fulfills (G.i) with the bound k¥ = 2M, where M is as in (3.6).
Notice that

1 -X 2
]E(‘”gsh(x)‘g(x)f:]E(/Rr h—,(g(y)—g(X))k(—y - )dy)

2
= E(/ (8(X +hz) — g(X))k(2) dz) ,
.

which by the Cauchy—Schwarz inequality, (3.4), (3.12), and (3.13) is
<A [ ik dy <oc.
RI‘

Thus the class I" satisfies (G.ii), too. Since G satisfies (F.i), it is readily checked that
the class of functions G, = {h" g : g € G and h € (0, 1]} does as well. Proposition A.2
in the Appendix says that the class of functions I, = {h"@,; : g € G, h € (0, 1]}
fulfills (F.i). From this we readily conclude that

Ty={h"gen—h'g:geG he (1]}
also does. Further, since G satisfies (F.ii), the class T} does as well.
We can now apply our theorem with y = r to infer the following result.

Proposition 3 Let k be a kernel defined on R" that satisfies (3.4) and (3.5). Let G be
a pointwise measurable class of real valued functions defined on R” fulfilling (3.6)
and (3.7). Assume, in addition, that (3.12) and (3.13) hold. Then for any ¢ > 0 and
0<ho<1,wp. 1, for some constant 0 < A(c) < 00,

limsup sup  sup 1.1 (8) — o (8)] = A(c). (3.16)
n—>00 clogn _p_p geG \/h(llogh| Vv loglogn)

Finally, we point out that the empirical process «,(g) indexed by a class of func-
tions G fulfilling (3.6) and (3.7) converges weakly to a Brownian bridge indexed by
G (consult pp. 141-142 of van der Vaart and Wellner 1996) and it satisfies the com-
pact LIL as well (see Theorem 9 on p. 609 of Ledoux and Talagrand 1989). There-
fore a uniform in <1%2% < h < b, weak convergence theorem and a compact LIL for
oy 1 () can be inferred from (3.16) just as we did above from (2.3) for the centered
kdfe process 7, 5(-). We should mention here that for positive sequences h, — 0
and classes G that satisfy much less restrictive assumptions than (G.i) and (G.ii), the
process oy, (-) converges weakly to a Brownian bridge indexed by G. For details
refer to Giné and Nickl (2008) and the references therein.
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Remark 7 The discussion in Remark 3 above regarding the replacement of the center-
ing in the kdfe process 1, 5 (-) carries over verbatim to the process o, ;, (g). Analogous
statements hold concerning the replacement of the centering fR, gWE fun(y)dy in
o, 1 (g) by Eg(X). It is all a matter of deriving uniform bounds on the bias

/R eEME fun(y)dy —Eg(X).

For an in-depth study of bounds on this bias term, confer Giné and Nickl (2008).

4 Proofs
4.1 Proof of theorem

Let o, be the empirical process based on the sample X1, ..., X,;i.e.,if¢: S — R,
we have

1 n
=— X)) —Ep(X)),
()=~ ;(w( D) —Ep(X))
whenever E¢(X) is finite and meaningful. Notice that in this notation
1
8n,h — ]Egn,h = Tﬁan (g('a h))a

so we get that foranyn > 1and 0 < h <1,

Vnlgnn —Bgnnl - ln (g(-, 1))
2€G \/h(| logh| Vv loglogn) geg \/h(llogh| V loglogn)

We first note that by (G.ii)
E[r* g*(X.h)] =E[g;(X.h)] < Ch'+?7. 4.1
Set for j > 0 and ¢ > 0,
hjn=(2/clogn)/n
and
Gin={gy(.h):g€G. hjn<h<hjia}.
Clearly by (4.1)forhj, <h <hjiin,

E[g, (X.h)] < CQhj)'"™ =i0} 4.2)

J.n:

(From this point on the proof follows closely the lines of that of Theorem 2 in Dony
et al. 2006.) We shall use Proposition A.1 in the Appendix to bound

> eip(X))
i=1

E

gj,n
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(For a functional ¥ defined on a class of functions F, [ ¥ || 7 denotes sup,c = ¥ (¢)].)
To that end we note that each gj, n satisfies (A.1) of the proposition with G = 8 =
k(2h; )Y and (A.3) with o= a] . Further, since G; , C G,,, we see by (F.i) that
each G; , also fulfills (A.2). Finally to see that (A.4) holds, observe that

sup 1&gy lloe < 2hj )k,

gegj,n

which by keeping in mind that ajz’n = C(2h j,,,)H'zV is for large enough n and all
j 2 O,

1
< W\/noin/log((/c@hj,n)l’) V100

Now by applying Proposition A.1 we get for some D > 0 and D, > 0 for all large
enough n and j > 0,

< Dy (k)2 [log(Dah ). @3)
gj,n

Let for large enough n
In:=max{j:hj, <2ho},
then a little calculation shows that

nhg

lOg(clogn )
log2

4.4)

n

Fork > 1, setn; = 2", and let

Cjk = nk(hj,nk)1+21’(| log D2k j p, | \/loglognk), j=>0.
Recalling (4.2) and applying Inequality A.1 in the Appendix with
M= Q2hj,)'«c and of= aéjvnk < CQhjn )™ = Do(hjn)' ™,
we get for any ¢ > 0,

]P’{ max |’fan||g >A1(D1€j,k+t)}
1 <n=<njg

< 2[exp(—Aat? / (Donk (hju) T27)) + exp(—Aat/ (k 2k 47 ))]-

Setforany p > 1, j >0and k> 1,

pikp)i=B|, max |Viag = a1Di+p)ci].

ng—1=n=njg
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As we have ¢ i/ /ni(hj )12 > /loglognk, we readily obtain, for j > 0,

2
A A
pjk(p) = Z[CXP(— pD 2 10g10gnk> +exp<— o2 log ng loglognk)],
0 K
which for y = g_?) A @ implies
pjk(p) <4exp(—py loglogny).
Thus

n —1

Pi(p) =Y pji(p) <4y (logni) ™7,
j=0

which by (4.4) is for all large k and large enough p > 1:

py—1
) <k2.

Pe(p) <801 I=py =8
k(p) < 8(lognk) <klog2

Notice that by definition of /,,, for large &,
2hlnkv”k = hlnk-H,nk = ZhOa

which implies that we have for nx_1 <n <ny,

clogn clogny
[ g 1h0] C|: g vhlnk,nki|-
n ng

Thus for all large enough k and ny_1 <n <ny,

—E
Ax(p) := { max Ssup  sup L) gn.h| >2A1(D; + ,0)}

M-I SNk e clogn _p, g Vh(|logh| v loglogn)

ng—1<n=ng

Iy —1
C U { max ”ﬁan ”g/nk > A1(D +,0)Cj,k}-
et j,

It follows now for large enough p that

P(Ak(p)) < Pr(p) <k~2,
which by the Borel-Cantelli lemma implies our Theorem.
4.2 Proof of Proposition 2

Throughout the proof, without loss of generality, we shall assume that k has support
in [—1, 1]. By applying a Taylor series expansion, we have

~ ©  (Funx)—F,
Fn,h(x>=f K( ’h(x)h ’“”)d&(y)

—0o0
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T (PO g

—00

1 [~ ~
+o / [(Fnn(x) = Fan(») = (F(x) = F(y)) ]k

(F(X)—F(y)
x |22

Y )an (6))

1 oL ~
5 / [(Fan ) — Fun ) — (F&) — FO)) PR () Fa ()

—00

= nl(x) + [n2(x) + In3(x)s

where A is between h ' [F, 4 (x) — F,4(y)] and h~'[F(x) — F(y)]. Note that we
suppress the dependence of 1,1 (x), I,,2(x) and I,,3(x) on h.
Consider I,,2(x). Write

[(Fan () = Fan () — (Fx) = F())]
= [(Fan(®) = Fa(0)) = (Fun(») = Fa()]
+{[Fa) = FO) ] = [Fa(») — F() ]}
= [Qn1(®) = Qi (M] + {Qu2(x. M)} 4.5)

Let Uy, U, ... denote a sequence of i.i.d. uniform (0, 1) random variables. For
each n > 1 write f,, for the empirical distribution function based on the first n of
these random variables. Then, as a sequence of processes, 0,2 (x, y) is equal in dis-
tribution to

[Fn(Fx)) = F)] = [Fa(F(y) = F(»)]. (4.6)

Therefore in our treatment of the almost sure limiting behavior of Q,2(x,y) as
n — oo we can assume that it has the form (4.6).
From (3.3) and the conditions (C) we get, after a little change of notation, that

1/2
n
sup sup [ } [Qn(x, [=0M), as. @47
an<h=by {(x,y):I F(x)—F(y)| <hj LA 1ogn

Furthermore, from assumptions (A) and (B) as well as the proofs of Theorems 1 and 2
of Boos (1986), it easily follows using (4.7) that for some 0 < C; < 00,i =1, 2, w.p.
1 for all large enough n uniformly in a, <h <b,,

~ hlogn 172
||Fn,h—Fn||ooscl[ ng} + G, 4.8)

Since k vanishes outside [—1, 1], the integration in ,,2(x) can be restricted to those
y for which |F(x) — F(y)| < h. Therefore from (4.5)—(4.8) we now conclude that
for some finite positive constant C3, uniformly in x € R, we have w.p. 1 for all large
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enough n, uniformly in a, <h <b,,

1/2 R
|Ln(0)] < {C3[ } + th}fn,h(x)

by 1 172 R
< {Cs[ L Og"} +czb,%}fn,h<x>,
n

where

n
. _ F(x) — F(X;)
— 1
fun(x) == (nh) ZI‘ k <?>
1=
is the kernel density estimator based on i.i.d. uniform (0, 1) random variables F (X;),
i =1,...,n,evaluated at the point F (x). Using assumptions (A), (B), (C) and Corol-
lary 1 of Einmahl and Mason (2005), it readily follows that

li \/Z”In2”oo
im sup —m—=
n—>00, <p<p, ~/loglogn

(4.9)

Now consider I,3(x). To handle this term we shall need the following fact, which is
a special case of Theorem 2 of Mason et al. (1983).

Fact Ler X1, Xy, ... be i.i.d. with continuous cumulative distribution F. For each
n > 1 let F, be the empirical distribution based on X1, ..., X,. For some constant
D>0,wp.1,asn— oo,

sup
{(x,):|F(x)=F(y)|> n~!logn}

{ n |Fn(x>—Fn(y>—(F(x)—F(y>)|}% b
2logn |F(x) - F(y)I'/? '
(4.10)

Applying the above fact we see that w.p. 1 for all large n whenever

F() — F(y)| = 22,
n

then

1
|Fu(x) = Fu(») — (F(0) = F()| < 2D|F(x) — Fo») |2 %

Thus for any C > 1 w.p. 1 for all large n whenever a, <h < b, and |F(x) — F(y)| >
Ch and keeping in mind that by (C.i),

na,zl/ logn — oo,

we see that both (F(x) — F(y))/h and (F,(x) — F,,(y))/h are of the same sign and
lie outside of the interval [—1, 1]. Applying (4.8), we readily check that the same
statement holds when F;, (x) — F; (y) is replaced by fn,h(x) — fn,h(y). Since k’ van-
ishes outside [—1, 1], the integration in I,,3(x) can be restricted to those y for which
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|A| < 1. Therefore we conclude from our discussion that for all n sufficiently large
for each x we can restrict the integration to those y for which

|F(x) — F(y)| <Ch,

where a, < h < b, and C is a constant greater than 1. Hence, (4.5)—(4.8) are once
again applicable. Using assumptions (A), (B), (C) and the fact that k" is bounded, it
easily follows that for some constant Dy, uniformly in a, <h < by,

Do [hlogn
||1n3||oosh—§{ g +h4},

which gives

logn
sup ||In3||oo=0< i +b£), a.s.

ap<h=by n

Therefore by the assumptions in (C),

lim sup \/E||In3”oo_
n_)oounfhfbn \% IOglogn

Hence, from (4.9), (4.11), and the above Taylor series expansion we conclude that

a.s. 4.11)

Fop—1
lim sup Vil Fnn — Intlloo =0, as.
n—00 ap<h<b, \% lOg lOg n
Finally, note that 1,1 (x) becomes the kernel estimator I?n 1 (+) (for which (2.3)—(2.14)
hold) by simply replacing in the latter x and X; by F(x) and F(X;), respectively.
Keep in mind that we take the supremum over a,, < h < b, instead of Cl?# <h<b,.

Acknowledgements The authors acknowledge the constructive comments from the referees and the
associate editor.

Appendix

A class of measurable real valued functions G defined on a measure space (X, A) is
said to be a pointwise measurable class if there exists a countable subclass Gy of G so
that we can find for any function g in G a sequence of functions {g,,} in Gy for which
gm(x) = g(x), x € X. (See Example 2.3.4 in van der Vaart and Wellner 1996.)

Let X, X1, ..., X, beii.d. from a probability space (X, A, P) with common dis-
tribution w. Further, let €1, ..., &, be a sequence of independent Rademacher random
variables independent of X1, ..., X,,.

The following inequality is essentially due to Talagrand (1994) (see Einmahl and
Mason 2000).
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A general result on the uniform in bandwidth consistency 91

Inequality A.1 Let G be a pointwise measurable class of functions satisfying for
some 0 < M < 00, ||glloc <M, g €G. Then for all t > 0 we have, for suitable finite

constants Ay, Ay > 0, a
n
> eig(Xn| + r)}
i=1 G

< 2(exp(—A2t2/naé) + exp(—Azt/M)),

IP’: max ”\/rZozmngAl(]E

1<m=<n

where aé = sup,g Var(g(X)).

It enables us to reduce many problems on almost sure convergence to investigating
the moment quantity w, :=E| > 7_, &;g(Xi)llg-

The following proposition proved in Einmahl and Mason (2000) is very helpful for
obtaining bounds on this quantity, when the class G has a polynomial covering num-
ber. For a similar inequality, see Giné and Guillou (2001). Assume that there exists a
finite valued measurable function G, called an envelope function, which satisfies for
allx e X, G(x) > SUPgeg [8(x)]. We define for € > 0

N(e, G) = sgpN(e,/ 0(G?). 6, dQ>,

where the supremum is taken over all probability measures Q on (X, .A) for
which 0 < Q(G?) := sz(y)Q(dy) < 00 and dg is the Ly(Q)-metric. As usual,
N (e, G, dp) is the minimal number of balls {g : dp (g, f) < €} of dp-radius € needed
to cover G.

Proposition A.1 Let G be a pointwise measurable class of bounded functions such
that for some constants B,v,C > 1, o < 1/(8C) and function G as above, the fol-
lowing four conditions hold:

E[G*(X)] < B (A1)

N, G)<Ce™, 0O0<e<l; (A.2)

ag = sup E[gz(X)] <o (A.3)
g€g

1
0 L ———— 2/1 1/0). A4
SUp ¢l < 5710/ loE( ¥ 1) (A4)

Then we have for a universal constant A:

D eig(Xi)

i=1

< A\/vnazlog(,B v 1/o). (A.5)
g

E

Proposition A.2 Under the assumptions (3.4)—(3.7) we have, for some Cy > 0,

N, I)<Cie ™' 0<e<l. (A.6)
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Proof Choose 0 <€ <1 and select 0=hg <hy) <--- <h, =1, m > 1, such that

h;+1 —hi <e/2fori=0,...,m — 1. Notice that we can take
-1
m<3(e/(2r) . (A7)
Foreachi =1,...,m,let P; denote the probability measure on R” with density
1 y—X
() = —=Ek , eR".
pi(y) i ( I, ) y
Further, let ¥; be an R” valued random variable with density p;. Foreachi =1,...,m
choose g 1,...,&in;» i > 1,sothatforall g € G,
. 2
min \/IE(g(Yi) — gi,j(Yi)) < Me/2. (A.8)
I<j=n;

By (3.7) we can take
ni < Co(e/2)™". (A9)

For1<j<n;,1<i<m,set

i () = / gw(y)k(y - ) dy.
R i

o()= / g(y)k(%) dyerl.
Rr

For the h appearing in ¢(-) find 1 <i <m — 1sothath; | <h <h; and g; j, 1 <
Jj <n;, so that (A.8) holds. Clearly, with

wi<~>=/ g(y)k(yh_'>dy,
R’ i

we get by the triangle inequality,

Select

VE(e(0) — 01 00)?

< VB0 — i 00) +E(@i 00 — 01, (X)) (A.10)

Notice that

8o -0 00) =£( [ e (k(*57) -#(*57)) dy>2
o[ (5) (5 o)
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which since H is nonincreasing and k(1) = H (|u]),

(LG =)
= M2(h} — )" < MP(h} —h}_,)* < (%)2 (A.11)

Also observe that
2 y—X ’
B0~ 000 =2( [ (60 = 1,01 ) )
- X
< h?’/ (g - gi,j()’))zhi_rE(k(y W >> dy
R !

Me\2
=h}"E(g(¥;) — gi,j(Yi))2 < (T€> . (A.12)

Thus by (A.10), (A.11) and (A.12), we have \/IE(gp(X) — <p,-,j(X))2 < Me¢. Obvi-
ously, from (A.7) and (A.9) we get

Bl 1<j<n1<i<m)<3(e/2r) " Cole/2)™ =: Cre 1,

Hence (A.6) holds. O
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