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Abstract This paper deals with blow-up of positive solution of the nonlinear heat equation with absorption subject to a
nonlinear boundary condition. The conditions under which the solutions may exist globally or blow-up are obtained by the
comparison principles.
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Introduction

In this paper, we investigate the finite time blow-up
and global existence of positive solutions of the following
initial-boundary value problem

ut = ∇u · (a(u)∇u) − f(u), in Ω × (0, T ), (1)
∂u

∂n
= b(u), on ∂Ω × (0, T ), (2)

u(x, 0) = u0(x) > 0, in Ω , (3)

where Ω is a bounded domain in RN with C2 bound-
ary, ∂u

∂n the outward normal derivative, u0(x) ∈ C(Ω) ∩
C2(Ω) a positive function, satisfying compatibility con-
dition, a(·), f(·), b(·) positive (a(·) � a0 > 0), nonde-
creasing and C1.

Problems (1)–(3) have been formulated from physical
models arising in various fields of the applied sciences.
For example, it can be interpreted as a heat conduction
problem with nonlinear diffusivity, absorption at inte-
rior of the domain and a nonlinear radiation law on the
boundary of the material body.

In the case f < 0 with is a heat source in the inte-
rior of the domain, blow-up phenomena for the problems
have been studied by many authors[1−7]. In the cases
f ≡ 0, some necessary conditions for the global exis-
tence and blow-up of the solutions are given in [8–11].
Here we are interested in the blow-up phenomenon of
the solution of the problems (1)–(3) as f > 0.

The local existence and uniqueness of the positive

classical solutions of the problems (1)–(3) were estab-
lished by Amann[12]. We say that the solution u blows
up in a finite time if there exists 0 < T < +∞ such that
lim
t→T

‖ u ‖L∞(Ω)= +∞.

In this paper, we obtain the conditions under which
the solutions may exist globally or blow up in a finite
time for the problem (1)–(3) by upper and lower solu-
tion techniques. Our results generalize and deepen the
ones from [13–15].

1 Blow-up and global existence

The theorems presented here show that blow-up of
solutions of (1)–(3) are related to the behavior of posi-
tive solutions w(σ) of the ordinary problem:

{
w′(σ) = μb(w(σ)), μ > 0,

w(0) = ϕ0.
(4)

We first give the following hypothesis:
(H) The functions f and b satisfy γb(s) � f(s) for

s > 0, where γ = a0|∂Ω |
2|Ω | , and |Ω | and |∂Ω | denote the

measures of Ω and ∂Ω respectively.
Theorem 1.1 Let (H) hold. If every positive so-

lution of (4) blows up, then every positive solution of
(1)–(3) blows up.

Theorem 1.2 Suppose that (4) has global positive
solutions and G(σ)

w(σ) increase or decrease monotonously,
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where G is given by

G(σ) = a(w(σ))w′(σ) + (a(w(σ))w′(σ))′.

Then, (i) if (H) holds and∫ +∞ w′(σ)
G(σ)

< +∞,

then every positive solution of (1)–(3) blows up.
(ii) If∫ +∞ w′(σ)

G(σ)
= +∞,

then every positive solution of (1)–(3) exists globally.
Examples We can apply the above theorems to

the following cases:
(i) a(u) ≡ 1, b(u) = Aur + Bu, f(u) = Cuq with

1 > q > 0, r > 0, and A and B are some large enough
constants.

(ii) a(u) = up, b(u) = Aur, f(u) = Buq + Cu with
p > 0, r � q � 1, and A is a large enough constant.

Before giving the proofs of the above theorems, we
first state a comparison theorem.

Comparison principle Let u(x, t), u(x, t) be two
positive smooth functions satisfying

ut − div(a(u)∇u) + f(u) � 0 � ut − div(a(u)∇u)
+f(u), in Ω × (0, T ),

∂u

∂n
− b(u) � 0 � ∂u,

∂n
− b(u), on ∂Ω × (0, T ),

u(x, 0) � u0(x) � u(x, 0), in Ω .

Then u(x, t) � u(x, t) � u(x, t) for all x ∈ Ω , t ∈ (0, T ),
where u(x, t) and u(x, t) are respectively called a super
solution and a lower solution of (1)–(3).

The proof of the comparison principle is similar to
those given in [12], therefore we omit it here.

Proof of Theorem 1.1 We will construct a
smooth positive lower solution of the form u(x, t) =
w(t + α(x)) ≡ w(σ), where w and α are some functions
to be determined later. Direct computation yields

ut = w′(σ), (5)
div(a(u)∇u) = a′(w(σ))(w′(σ))2 | ∇α(x) |2

+a(w(σ))(w′(σ)Δα(x) + w′′(σ) | ∇α(x) |2), (6)
∂u

∂n
= w′(σ)

∂α(x)
∂n

. (7)

Hence, the following conditions insure that u is a lower
solution:

(a′(w′)2 + aw′′) | ∇α |2 +aw′Δα � w′ + f,

in Ω × (0, T ), (8)

w′ ∂α

∂n
� b, on ∂Ω × (0, T ), (9)

u0(x) � w(α(x)), in Ω . (10)

We find that (8) is true if both w′′ � 0 and the following
holds:

w′(aΔα − 1) � f, in Ω × (0, T ). (11)

Let w be the solution of

w′(σ) = γb(w(σ)), for σ > 0 and w(0) = w0 > 0,

where w0 is a constant. Define α(x) as the solution of
the following problem:

a0Δh = 2, in Ω ,

∂h

∂n
= γ−1 =

2|Ω |
a0|∂Ω | , on ∂Ω . (12)

If h(x) ∈ C2(Ω) is a solution of (12), it is easy to see
that h(x) ± c is also a solution of (12) for any constant
c > 0. Thus we may take α(x) > 0 which satisfies
u0(x) � w(α(x)).

It is easy to check that (9)–(11) hold if we use w and
α(x) chosen as above and the assumption (H) are true.
In addition, one can see that w′′ = γb′w′ = γ2b′b � 0.
Therefore, u is a lower solution. Since u = w(t + α(x))
blow up hence the solution u of the problems (1)–(3)
also blows up by the comparison theorem. Theorem 1.1
is proved.

Proof of Theorem 1.2 (i) Analogous with the
proof of the Theorem 1.1, we look for suitable functions
β(t), α(x) such that u(x, t) = w(β(t) + α(x)) ≡ w(σ) is
a smooth positive lower solution of (1)–(3).

Let w be the solution of

w′(σ) = γb(w(σ)), for σ > 0 and w(0) = w0 > 0

where w0 is a constant. Then the function w(σ) is pos-
itive global and w′′ = γb′w′ � 0.

Let α(x) be a positive solution of the problem (12).
We can assume that 0 < α(x) � w−1(u0(x)), i.e.,
u0(x) � w(α(x)) > 0, and there exists a constant ε0 > 0
such that |∇α(x)| � ε0.

Let β(t) be the solution of the ordinary differential
equation

β′(t) = δ(a(w(β)) + a(w(β))b′(w(β))
+ a′(w(β))b(w(β))),

β(0) = 0, (13)

where t > 0 δ = min{ε0, ε0γ, 2
a0
}.

Now we will validate that u(x, t) = w(β(t)+α(x)) is
a lower solution of (1)–(3). Direct computation yields

ut = w′(σ)β′(t), (14)
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∇ · (a(u)∇u) − f(u)
= (a′(w)(w′)2 + a(w)w′′) | ∇α |2 +a(w)w′Δα − f(w)

= (a′(w)(w′)2 + a(w)w′′) | ∇α |2 +
1
2
a(w)w′Δα

+
(1

2
a(w)w′Δα − f(w)

)
� ε0

(
a′(w)(w′)2 + a(w)w′′) +

2
a0

a(w)w′

+(w′ − f(w)
)

= ε0(a′(w)(w′)2 + γa(w)b′w′) +
2
a0

a(w)w′

+(γb(w) − f(w))

� δ
(
a(w) + a′(w)b(w) + a(w)b′(w)

)
w′. (15)

Since β(t) is a solution of problem (13), from (14) and
(15) we have that

ut −∇ · (a(u)∇u) + f(u) � 0.

On the other hand,

∂u

∂n
− b(u) = w′ ∂α

∂n
− b(w)

= γb(w)γ−1 − b(w) � 0, (16)
u(x, 0) = w(β(0) + α(x)) = w(α(x)) � u0(x). (17)

This shows that u(x, t) = w(β(t)+α(x)) is a lower solu-
tion of (1)–(3); therefore, u(x, t) � u(x, t). Since β(t) is
a solution of problem (13) and

∫ +∞ w′(σ)
G(σ) < +∞, then

β(t) blows up in finite time and hence u(x, t) blows up.
So does u(x, t).

(ii) Now we look for a global upper solution. Let
u(x, t) = w(β(t) + α(x)) ≡ w(σ), where w(σ) is the
solution of

w′(σ) = b(w(σ)), for σ > 0 and w(0) = w0 > 0.

Then the function w(σ) is positive global and w′′ =
b′w′ � 0.

We choose α(x) as a C2 function such that ∂α
∂n � 1

at ∂Ω (for instance a smooth extension of the distance
to ∂Ω). We can assume that α(x) > 0 in Ω (just add a
constant). With this α we have that

∂u

∂n
− b(u) = b(w)

∂α

∂n
− b(w) � 0.

To satisfy the initial condition u(x, 0) � u0(x), we take
w0 big enough. For the equation, we choose β(t) to be
a solution of the Cauchy problem

β′(t) = L
( G(β(t + k))

w′(β(t + k))

)
, β(0) = β1 > 0,

if G
w′ is increasing, or the Cauchy problem

β′(t) = L
( G(β(t))

w′(β(t))

)
, β(0) = β2 > 0,

if G
w′ is decreasing. Here k = max

x∈Ω
α(x), L = max(1,

Δα, |∇α|2). We observe that β(t) is global because of
our hypothesis.

Since w and β exist globally, we know that u(x, t)
exists for all t > 0. So does u(x, t). This concludes the
proof of Theorem 1.2.

In Theorems 1.1 and 1.2, if f(u) ≡ 0, then the fol-
lowing conclusion holds.

Corollary 1.1 Let v(x, t) be a smooth solution of
the following problem:⎧⎪⎪⎨
⎪⎪⎩

vt = ∇·(a(v)∇v), in Ω × (0, T ),
∂v
∂n = b(v), on ∂Ω × (0, T ),

v(x, 0) = v0 > 0, in Ω .

Then it holds:
(i) If

∫ +∞ ds
b(s) < +∞, then v(x, t) blows up in finite

time.
(ii) Let

∫ +∞ ds
b(s) = +∞ and a(s) + (a(s)b(s))′ be

nondecreasing.
(a) If

∫ +∞ ds
a(s)+(a(s)b(s))′ < +∞, then v(x, t) blows

up in finite time.
(b) If

∫ +∞ ds
a(s)+(a(s)b(s))′ = +∞, then v(x, t) exists

globally.
This is the case of [10].

2 Concluding remarks and applications

Problems (1)–(3) arises in the nonlinear diffusion
process, in which ∇u · (a(u)∇u) denotes the nonlinear
diffusion effect, f(u) absorption in the interior of the
domain, and ∂u

∂n the boundary flux along the outward
normal to the domain. With this model, all the results
obtained in the preceding sections are physically mean-
ingful.

Our results show that the strength of the boundary
flux plays a key role in the blow-up properties of the
problems (1)–(3). If the boundary flux is sufficiently
strong, then it may cause blow-up in a finite time. If
the boundary flux is not sufficiently strong, it is proba-
ble that the solution will never blow up.

As an, application of theorems, now we consider the
following porous medium problem:

ut = Δup − uq, in Ω × (0, T ),
∂u

∂n
= ur, on ∂Ω × (0, T ),

u(x, 0) = u0(x) > 0, in Ω ,

where p � 1, q, r > 0.
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By our theorems, it is easy to obtain: if r � 1 � p �
2, every positive solution u(x, t) of the problem exists
globally. If r > p � 1, r > q, every positive solution
u(x, t) of the problem blows up in a finite time.

References

[1] Acosta G, Rossi J D. Blow-up vs global existence for
quasilinear prabolic systems with a nonlinear bound-
ary condition [J]. Journal of Applied Mathematics and
Physics, 1997, 48(5): 711–724.

[2] Ding J, Li S. Blow-up solutions and global solutions
for a class of quasilinear parabolic equations with Robin
boundary conditions [J]. Computers and Mathematics
with Applications, 2005, 49(5): 689–701.

[3] Friedman A, McLeod J B. Blow-up of positive solu-
tions of semi-linear heat equations [J]. Indiana Univer-
sity Mathematics Journal, 1985, 34(2): 425–447.

[4] Fujita H. On the blowing up of solutions of the Cauchy
problem for ut = �u+u1+α [J]. Journal of the Faculty
of Science, 1966, 16(1): 105–113.

[5] Pinsky R. Existence and noexistence of global solu-
tions for ut = Δu + a(x)up in Rd [J]. Journal of Differ-
ential Equations, 1997, 133(1): 152–177.

[6] Yu Wei, Wang Yuan-di. Properties of parabolic partial
differential equation of the first kind boundary condi-
tion problems [J]. Journal of Shanghai University (Nat-
ural Science Edition), 2005, 11(4): 391–401 (in Chi-
nese).

[7] Zhang H, Liu Z, Zhang W. Growth estimates and
blow-up in quasilinear parabolic problems [J]. Applica-
ble Analysis, 2007, 86(2): 261–268.

[8] Hu B, Yin H M. The profile near blowup time for so-
lution of the heat equation with a nonlinear boundary
condition [J]. Transactions of the American Mathemat-
ical Society, 1994, 346(1): 117–135.

[9] Levine H, Payne L. Nonexistce theorems for the heat
equation with nonlinear boundary conditions and for
the porous medium equation backward in time [J].
Journal of Differential Equations, 1974, 16(2): 319–334.

[10] Wang M, Wu Y. Global existence and blow-up prob-
lems for quasilinear parabolic equations with nonlinear
boundary conditions [J]. SIAM Journal on Mathemat-
ical Analysis, 1993, 24(6): 1515–1521.

[11] Ying H M. Blow-up versus global solvability for a class
of nonlinear parabolic equations [J]. Nonlinear Analy-
sis, 1994, 23(7): 911–924.

[12] Amann A. Quasilinear parabolic systems under nonlin-
ear boundary conditions [J]. Archive for Rational Me-
chanics and Analysis, 1986, 92(2): 153–192.

[13] Boni T K. Sur i’explosion et le comportement asympto-
tique de la solution d’une equation parabolique semili-
naire du second ordre [J]. Comptes Rendus de UA-
cadémie des Scuebces, Série I, 1998, 326(3): 317–322.

[14] Galaktionov V A, Vazquez J L. Asymptic be-
haviour of nonlinear parabolic equations with critical
exponents [J]. Journal of Functional Ananlysis, 1991,
100(2): 435–462.

[15] Quittner P. On global existence and stationary
solutions for two classes of semilinear parabolic
problems [J]. Commentationes Mathematicae Univer-
sitatis, 1993, 34(1): 105–124.

(Editor HONG Ou)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


