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Abstract This paper deals with blow-up of positive solution of the nonlinear heat equation with absorption subject to a
nonlinear boundary condition. The conditions under which the solutions may exist globally or blow-up are obtained by the

comparison principles.
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Introduction

In this paper, we investigate the finite time blow-up
and global existence of positive solutions of the following
initial-boundary value problem

uy = Vu - (a(u)Vu) — f(u), in 2 x (0,T), (1)
gz = b(w), on I x (0,T), 2)
u(z,0) = uo(x) >0, in £, (3)

where 2 is a bounded domain in RY with C? bound-
ary, 9" the outward normal derivative, ug(z) € C(£2) N
C?(£2) a positive function, satisfying compatibility con-
dition, a(-), f(+),b(-) positive (a(-) = ao > 0), nonde-
creasing and C'.

Problems (1)—(3) have been formulated from physical
models arising in various fields of the applied sciences.
For example, it can be interpreted as a heat conduction
problem with nonlinear diffusivity, absorption at inte-
rior of the domain and a nonlinear radiation law on the
boundary of the material body.

In the case f < 0 with is a heat source in the inte-
rior of the domain, blow-up phenomena for the problems
have been studied by many authors®~7. In the cases
f = 0, some necessary conditions for the global exis-
tence and blow-up of the solutions are given in [8-11].
Here we are interested in the blow-up phenomenon of
the solution of the problems (1)—(3) as f > 0.

The local existence and uniqueness of the positive
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classical solutions of the problems (1)—(3) were estab-
lished by Amann['?/. We say that the solution u blows
up in a finite time if there exists 0 < T' < 400 such that
i [ w [ (2)= +oo.

In this paper, we obtain the conditions under which
the solutions may exist globally or blow up in a finite
time for the problem (1)—(3) by upper and lower solu-
tion techniques. Our results generalize and deepen the
ones from [13-15].

1 Blow-up and global existence

The theorems presented here show that blow-up of
solutions of (1)—(3) are related to the behavior of posi-
tive solutions w(o) of the ordinary problem:

p >0,

{ w'(0) = pb(w(o)), (4)

w(0) = ¢o.

We first give the following hypothesis:

(H) The functions f and b satisfy vb(s) > f(s) for
s > 0, where v = agll?;‘?l, and |2| and |042| denote the
measures of {2 and 0f2 respectively.

Theorem 1.1 Let (H) hold. If every positive so-
lution of (4) blows up, then every positive solution of
(1)-(3) blows up.

Theorem 1.2 Suppose that (4) has global positive

. G .
solutions and wEZg increase or decrease monotonously,
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where G is given by
G(o) = a(w(o))w'(0) + (a(w(o))w'(0))".
Then, (i) if (H) holds and

[ 7o

then every positive solution of (1)—(3) blows up.
(i) If

[

then every positive solution of (1)—(3) exists globally.

Examples We can apply the above theorems to
the following cases:

(i) a(u) = 1, b(u) = Au” + Bu, f(u) = Cuf with
1>¢g>0, r>0, and A and B are some large enough
constants.

(i1) a(u) = u?, blu) = Au", f(u) = Buf + Cu with
p>0,7r>q>1,and A is a large enough constant.

Before giving the proofs of the above theorems, we
first state a comparison theorem.

Comparison principle Let u(z,t),u(z,t) be two
positive smooth functions satisfying

uy — div(a(w)Vu) + f(u) = 0 > u, — div(a(u)Vu)
+f(u),in 2 x (0,T),

ou ou

— >0> -
on b(u) 20> on b(u), on 92 x (0,T),
u(z,0) = uo(x) 2 u(x,0), in £.

Then u(z,t) > u(z,t) > u(zx,t) for all x € 2,¢t € (0,T),
where u(z,t) and u(z,t) are respectively called a super
solution and a lower solution of (1)—(3).

The proof of the comparison principle is similar to
those given in [12], therefore we omit it here.

Proof of Theorem 1.1 We will construct a
smooth positive lower solution of the form u(z,t) =
w(t + a(x)) = w(o), where w and « are some functions
to be determined later. Direct computation yields

u, = w'(0), (5)
div(a(u)Vu) = o' (w(0)(w'(0))* | Va(z) |*
+a(w(o))(w'(0)Aa(z) +w"(0) | Va(z) [),  (6)

ou .  Oa(x)
on " (0) on @

Hence, the following conditions insure that « is a lower
solution:

(a'(w")? +aw”) | Va |? +aw'Aa > w' + f,

in 2 x(0,7), (8)
w' gg < b, on 002 x (0,T), (9)
up(z) = w(a(z)), in 2. (10)
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We find that (8) is true if both w” > 0 and the following
holds:

w'(aAa—1) = f, in 2 x (0,T). (11)
Let w be the solution of
w'(0) = vb(w(o)), for ¢ > 0 and w(0) = wo > 0,

where wg is a constant. Define a(z) as the solution of
the following problem:

apAh =2, in {2,
oh . 2|02

= e Q, 12
o~ aol092|’ on g (12)

If h(z) € C?(N) is a solution of (12), it is easy to see
that h(x) & ¢ is also a solution of (12) for any constant
¢ > 0. Thus we may take a(x) > 0 which satisfies
uo(z) = wla(z)).

It is easy to check that (9)—(11) hold if we use w and
a(z) chosen as above and the assumption (H) are true.
In addition, one can see that w” = yb'w’ = ~+2b'b > 0.
Therefore, u is a lower solution. Since u = w(t + a(x))
blow up hence the solution u of the problems (1)-(3)
also blows up by the comparison theorem. Theorem 1.1
is proved.

Proof of Theorem 1.2 (i) Analogous with the
proof of the Theorem 1.1, we look for suitable functions
B(t), a(zx) such that u(z,t) = w(B(t) + a(z)) = w(o) is
a smooth positive lower solution of (1)—(3).

Let w be the solution of

w'(0) = vb(w(c)), for ¢ > 0 and w(0) = wg > 0

where wy is a constant. Then the function w(o) is pos-
itive global and w” = vb'w’ > 0.

Let a(x) be a positive solution of the problem (12).
We can assume that 0 < a(z) < w™(ug(x)), i.e.,
uo(x) = w(a(x)) > 0, and there exists a constant g > 0
such that |Va(z)| = eo.

Let B(t) be the solution of the ordinary differential
equation

(13)
where t > 0 6 = min{eg, 0, (120 }.

Now we will validate that u(z,t) = w(8(t) + a(z)) is
a lower solution of (1)—(3). Direct computation yields

u, = w'(0)3'(t), (14)



= eo(a’ (W)()? + ya(@) ) + >

ao
+(vb(w) — f(w))
> 5(a(w) + a (w)b(w) + a(w)b’(w))w'. (15)

a(w)w

Since () is a solution of problem (13), from (14) and
(15) we have that

u, — V- (a(w)Vu) + f(u) <0.
On the other hand,
Ju , O

on b(u) = w on b(w)
= b(w)y™" = b(w) <0, (16)
u(z,0) = w(B(0) + a(z)) = w(a(z)) < uo(z) (17)

This shows that u(x,t) = w(B(t) + a(x)) is a lower solu-
tion of (1)—(3); therefore, u(x,t) > u(x,t). Since B(t) is
a solution of problem (13) and [T g((g)) < +00, then
B(t) blows up in finite time and hence u(z,t) blows up.
So does u(z,t).

(ii) Now we look for a global upper solution. Let
u(z,t) = w(B(t) + a(z)) = w(o), where w(co) is the
solution of

w'(0) = b(w(o)), for o >0 and w(0) = wp > 0.

Then the function w(c) is positive global and w” =
bw' > 0.

We choose a(z) as a C? function such that ‘gz >1
at 912 (for instance a smooth extension of the distance
to 012). We can assume that a(x) > 0 in 2 (just add a
constant). With this o we have that

ou Oa

- = - > 0.
on b(u) = b(w) on b(w) >0
To satisfy the initial condition u(x,0) > uo(z), we take
wo big enough. For the equation, we choose 3(t) to be
a solution of the Cauchy problem

T

5O =L iz s 1) PO =8 >0
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if S, is increasing, or the Cauchy problem

iy 7 GBR) _
FO=L( 0 510y)) PO =2 >0,
if 5, is decreasing. Here k = maxa(z), L = max(l,

2
Aa, |Val?). We observe that §(t) is global because of
our hypothesis.

Since w and (3 exist globally, we know that u(x,t)
exists for all ¢ > 0. So does u(z,t). This concludes the
proof of Theorem 1.2.

In Theorems 1.1 and 1.2, if f(u) = 0, then the fol-
lowing conclusion holds.

Corollary 1.1 Let v(z,t) be a smooth solution of
the following problem:

vy = V-(a(v)Vv), in 2 x (0,T),

gfl =b(v), on 92 x (0,T),

v(x,0) =vp >0, in 2.

Then it holds:

i) If [T ds o —+00, then v(z,t) blows up in finite

b(s)

time.

ii) Let [T 95 = 400 and a(s) + (a(s)b(s))" be

b(s)
nondecreasillg.
00 ds

.(a) If’f a(s)+(a(s)b(s))’
up in finite J;mme.

(b) If [ a(s)+(j(z)b(s)), = +oo, then v(z,t) exists
globally.

This is the case of [10].

< +o00, then v(z,t) blows

2 Concluding remarks and applications

Problems (1)—(3) arises in the nonlinear diffusion
process, in which Vu - (a(u)Vu) denotes the nonlinear
diffusion effect, f(u) absorption in the interior of the
domain, and gz the boundary flux along the outward
normal to the domain. With this model, all the results
obtained in the preceding sections are physically mean-
ingful.

Our results show that the strength of the boundary
flux plays a key role in the blow-up properties of the
problems (1)—(3). If the boundary flux is sufficiently
strong, then it may cause blow-up in a finite time. If
the boundary flux is not sufficiently strong, it is proba-
ble that the solution will never blow up.

As an, application of theorems, now we consider the
following porous medium problem:

up = AuP —u?) in 2 x (0,7),
gz =u", on 92 x (0,7,
u(z,0) =uo(z) >0, in £,

where p > 1, ¢, r > 0.
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By our theorems, it is easy to obtain: if r <1< p <
2, every positive solution wu(z,t) of the problem exists
globally. If r > p > 1, r > ¢, every positive solution
u(x,t) of the problem blows up in a finite time.
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