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Abstract We investigate the best performance for linear feedback control systems in the case that plant uncertainty is to be
considered. First, we define an average integral square criterion of tracking error over a class of stochastic model errors. By
utilizing spectral factorization to minimize the performance index, we derive an optimal controller design method and further
study best performance in the presence of stochastic perturbation. The results can be used to evaluate optimal performance
in practical control system designs.
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1 Introduction

Since the seminal work of Bode during the 1940s re-
lated to feedback amplifier design[1], fundamental per-
formance limitations of feedback control loops have been
a topic of interest[2,3].

There always exists plant uncertainty in practice
and model error has great impact on the system
performance[4,5]. Therefore optimal performance in the
presence of plant uncertainty has been studied by many
researchers. One of the main tasks of feedback control
is to handle plant uncertainty, so the paper[6] studied
the maximum uncertainty that can be dealt with by the
feedback mechanism. In the spirit of the questions posed
in [6], the paper[7] utilized the idea of uncertainty em-
bedding to formulate the description of relative model
errors and investigated performance limitations in the
presence of plant uncertainty.

In this paper, we study the best tracking perfor-
mance for systems with stochastic perturbation. Firstly,
based on robust redesign, we present an average perfor-
mance index of tracking error over a class of stochas-
tic model errors. Then, applying spectral factorization
to minimization of the average performance, we derive
an optimal controller design method and investigate the
best tracking performance in the presence of a class of
stochastic model errors. The results can be used to pre-
dict the optimal average performance in practical con-
trol system designs.

2 Robust redesign

Unity feedback control system is shown in Fig.1. We

consider linear SISO system with step reference input
and assume that the plant is open-loop stable, the sys-
tem is initially at rest and there is no output distur-
bance.

C(s) G(s)
u(t)e(t)r(t) y(t)

d(t)
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_

Fig.1 Unit feedback control system

Since the plant is assumed to be open-loop stable,
the parameterization of all stabilizing controllers for the
nominal plant G0(s) can be written in the form

C(s) =
Q0(s)

1 − G0(s)Q0(s)
, (1)

where Q0(s) is a stable and proper transfer function.
Based on Youla parameterization, the nominal comple-
mentary sensitivity function and sensitivity function can
be given by

T0(s) = G0(s)Q0(s), (2)
S0(s) = 1 − G0(s)Q0(s). (3)

As for plant uncertainty, we adopt the class of model
errors described in [8] and the true plant takes the form

G(s) = G0(s) + Gε(s), (4)

where the additive model error Gε(s) possesses the sta-
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tistical properties as follows:

E {Gε(jω)} = 0, (5)

E {|Gε(jω)|2} = E {Gε(jω)Gε(−jω)}
= α(jω)α(−jω) = ᾱ2(ω). (6)

Here, α(s) is a stable, minimum-phase spectral factor
and ᾱ(ω) is a given measure of the modeling error, which
can be obtained by model identification.

To best cope with the class of model errors, we
change Q0(s) to Q1(s). Thus, the sensitivity function
becomes

S1(s) =
1 − G0(s)Q1(s)
1 + Gε(s)Q1(s)

. (7)

In the same spirit as the use of additive model errors,
Q1(s) can be written in terms of Q0(s) as

Q1(s) = Q0(s) + Qε(s). (8)

Substituting into (7), we have

S1(s) =
S0(s) − G0(s)Qε(s)

1 + Gε(s)(Q0(s) + Qε(s))
. (9)

To preserve integral action, we assume that Qε(s) has
the form

Qε(s) = sQ′
ε(s). (10)

Since we are considering the class of stochastic model
errors with properties as in (5) and (6), the performance
index should be described by the average performance.
Therefore, we consider

J̄ = E
{∫ ∞

0

e(t)2dt

}
, (11)

where the expectation is over the class of additive mod-
eling errors.

Making use of Parseval’s theorem and assuming suf-
ficient regularity to interchange the integral and expec-
tation operators, the average performance becomes

J̄ = E
{

1
2π

∫ ∞

−∞

|S1(jω)|2
ω2

dω

}

=
1
2π

∫ ∞

−∞

E {|S1(jω)|2}
ω2

dω. (12)

Now, we determine Qε that optimizes (12). Since
|T0| is less than 1, closed-loop stability requires that
|Gε(Q0 + Qε)| < 1. Thus, we make a Taylor’s series
expansion in Gε(Q0 + Qε) as

S1 ≈ (S0 − G0Qε)[1 − Gε(Q0 + Qε)]
= S0 − G0Qε − S0Gε(Q0 + Qε)

+ G0QεGε(Q0 + Qε). (13)

The last term in the expression depends on the prod-
uct of Qε, Gε and (Q0 +Qε). We know that at those fre-
quencies where |Gε| is small, |Qε| will also be small and
there is no need to change the nominal controller. At
those frequencies where |Gε| approaches |G0|, to pre-
serve stability, it is necessary that Qε go to −Q0 and
(Q0 + Qε) should approach zero. Therefore, combina-
tion of factors Qε, Gε and (Q0 + Qε) ensures that the
last term should be small relative to the others and we
further approximate S1(s) by

S1 ≈ S0 − G0Qε − S0Gε(Q0 + Qε). (14)

Substituting the approximations into (12) and utiliz-
ing (5) and (6), the average performance becomes

J̄ ≈ 1
2π

∫ ∞

−∞

[ |S0 − G0Qε|2
ω2

+
|S0|2|Q0 + Qε|2ᾱ2(ω)

ω2

]
dω. (15)

3 Minimizing performance index

Suppose that the nominal model of the plant has one
non-minimum phase zero and has no pure time delay.
Then, we can write

G0(s) =
−s + c

s + c
Ḡ0(s) = BT (s)Ḡ0(s), (16)

where c > 0 and Ḡ0(s) is rational and minimum phase.
The nominal design for optimal tracking can be given

by

Q0(s) = [Ḡ0(s)]−1 1
(βs + 1)n

, (17)

where β → 0 and the degree n should ensure that Q0(s)
be bi-proper.

Substituting G0(s) = BT (s)Ḡ0(s), S0(s) ≈ 1 −
BT (s), and Q0(s) into (15) and making use of Qε(s) =
sQ′

ε(s), J̄ can be written as

J̄ =
1
2π

∫ ∞

−∞

[ |2 − (−jω + c)Ḡ0(jω)Q′
ε|2

|jω + c|2

+
4|Q0(jω) + jωQ′

ε|2ᾱ2(ω)
|jω + c|2

]
dω. (18)

For any complex function A(jω), there exists the
property |A(jω)|2 = A(jω)A(−jω) = |A(−jω)|2. Thus,
completing the operation of square for (18), J̄ can be
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written as

J̄ =
∫ ∞

−∞

[
|Ḡ0(jω)|2 + 4ᾱ2(ω)

ω2

|jω + c|2
]
|Q′

ε(jω)2|dω

+
∫ ∞

−∞

[−2(jω + c)Ḡ0(−jω)
|jω + c|2

+4ᾱ2(ω)
−jωQ0(jω)
|jω + c|2

]
Q′

ε(−jω)dω

+
∫ ∞

−∞

[−2(jω + c)Ḡ0(jω)
|jω + c|2

+4ᾱ2(ω)
jωQ0(−jω)
|jω + c|2

]
Q′

ε(jω)dω

+
∫ ∞

−∞

4(1 + ᾱ2(ω)|Q0(jω)|2)
|jω + c|2 dω. (19)

The coefficient item of |Q′
ε(jω)|2 in the first portion

can be written as

COEF(s) = Ḡ0(s)Ḡ0(−s) + 4
s(−s)α(s)α(−s)
(s + c)(−s + c)

. (20)

It can be shown that the coefficient item has a spec-
tral factor, which we label H. Utilizing the regularity be-
tween the second and the third portion in (19), we rep-
resent −2(jω+c)Ḡ0(−jω)−4jωᾱ2(ω)Q0(jω)

|jω+c|2 as F (jω) and the
fourth portion as D(jω), then

J̄ =
1
2π

∫ ∞

−∞
{|Q′

ε(jω)|2|H(jω)|2 + [Q′
ε(−jω)F (jω)

+ Q′
ε(jω)F (−jω)] + D(jω)}dω. (21)

Adding plus and minus |F (jω)|2/|H(−jω)|2 to the
preceding equation respectively, J̄ becomes

J̄ =
1
2π

∫ ∞

−∞

{
|Q′

ε(jω)|2|H(jω)|2 + Q′
ε(−jω)F (jω)

+ Q′
ε(jω)F (−jω) +

|F (jω)|2
|H(−jω)|2

+ D(jω) − |F (jω)|2
|H(−jω)|2

}
dω. (22)

The first four portions can be combined as[
Q′

ε(jω)H(jω) +
F (jω)

H(−jω)

]

·
[
Q′

ε(−jω)H(−jω) +
F (−jω)
H(jω)

]
. (23)

Making use of |A(jω)|2 = A(jω)A(−jω) = |A(−jω)|2,
performance index J̄ can be written further as

J̄ =
1
2π

∫ ∞

−∞

{∣∣∣∣Q′
ε(jω)H(jω) +

F (jω)
H(−jω)

∣∣∣∣
2

+ D(jω)

−
∣∣∣∣ F (jω)
H(−jω)

∣∣∣∣
2}

dω, (24)

where

F (jω) =
−2(jω + c)Ḡ0(−jω) − 4jωᾱ2(ω)Q0(jω)

|jω + c|2 , (25)

D(jω) =
4(1 + ᾱ2(ω)|Q0(jω)|2)

|jω + c|2 . (26)

Note that the magnitude of (24) depends only on
the first term, and according to Lemma 15.2 in [8], the
minimum of (24) can be achieved by making the choice

Q′
ε(s) = − 1

H(s)

{
F (s)

H(−s)

}
stable part

. (27)

Substituting the optimal Q′
ε(s) into (18), the optimal

average performance can be obtained. The redesigned
controller can be obtained from (8) and (10).

A pure time delay can be treated by use of a first-
order Padé approximation

e−sτ0 ≈
(
1 − sτ0

2

) /(
1 +

sτ0

2

)
. (28)

Therefore, for the plant with a pure time delay in the
nominal model, the optimal average performance can
be obtained by substituting c = 2/τ0 to the achieved
results.

For general nominal plants such as the case of two
non-minimum phase zeros in the nominal plant, one can
obtain similar results using this methodology. It is cer-
tain that the results become more complex as the com-
plexity of nominal model increases.

As is well known, the sensitivity function describes
the responses of both system output to disturbance and
tracking error to reference input. And the responses
of plant input to both output disturbance and refer-
ence input can be described by the control sensitivity
function[9]. Therefore, in the same way, the system will
possess the optimal performance of disturbance rejec-
tion in the presence of step output disturbance.

4 Simulation

To illustrate the preceding results, we consider stable
plant with a pure time delay and nominal model given
by

G0(s) =
1

s + 1
e−s. (29)

We can obtain

Ḡ0(s) =
1

s + 1
(30)
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and the nominal design for optimal tracking can be given
as

Q0(s) =
s + 1
βs + 1

, (31)

where β → 0.
Now, we consider the case that plant has stochastic

perturbation. Suppose that the true model takes the
form

G(s) =
Ku

Bus + 1
e−Tus, (32)

where Ku, Bu and Tu are uniformly distributed and
independent random variables, which ensure that the
true model satisfy the statistical description centered at
G0(jω) and has standard deviation of

√
0.4.

Substituting (30), (31), ᾱ2(ω) = 0.4 and c = 2 into
(27), we can obtain optimal Q′

ε(s) and further obtain the
redesigned parameterized function, which can be simpli-
fied as

Q1(s) =
0.7503(s + 2.577)(s + 0.8788)

s2 + 2.406s + 1.699
. (33)

From (31) and (33), we can obtain the nominal con-
troller C0(s) and redesigned controller C1(s).

(A) Performance prediction

Substituting the corresponding optimal value of
Q′

ε(s) into (18), we can obtain that the expected perfor-
mance is 1.7489. Thus, we have presented prediction to
the achievable optimal tracking performance.

Assuming that there is no plant uncertainty and the
preceding nominal model is exact, we can obtain the
best tracking error for the plant should be 1. Therefore,
we can find that plant uncertainty has great influence
on the achievable optimal performance in practice.

(B) Stability robustness
By simulation, we can verify that the redesigned con-

troller can stabilize any realization of the uncertainty
with Ku, Bu and Tu, which satisfy the preceding con-
ditions, while the optimal nominal controller has poor
robustness.

For instance, we take a single realization of the un-
certainty as follows:

G1(s) =
1.3

0.5s + 1
e−1.3s. (34)

Note the difference between the perturbed plant
G1(s) and the nominal model is much larger than might
be expected in any practical situation. For the nominal
plant and perturbed plant, controlled by nominal and re-
designed controller respectively, the different closed loop
response of system output is shown in Fig.2.
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(a)  System output response
      for C0(s) and G0(s)

(b)  System output response
      for C1(s) and G0(s)

(c)  System output response
      for C0(s) and G1(s)

(d)  System output response
      for C1(s) and G1(s)

Fig.2 Time response contrast for different combination of plant and controller



84 J Shanghai Univ (Engl Ed) (2008) 12(1): 80–84

We note that nominal controller could control nomi-
nal plant ideally, while the nominal controller could not
stabilize the perturbed plant and the corresponding sys-
tem output is not converged. As for the redesigned con-
troller, there is a price paid in terms of the nominal
performance to achieve robust performance, and, as we
expect, the redesigned nominal controller could stabilize
the perturbed plant commendably.

It is obvious that optimal nominal controller has bet-
ter tracking performance for the nominal plant. How-
ever, the perturbed plant could not be stabilized by the
optimal nominal controller, which is designed to achieve
the limiting performance in the absence of uncertainty.
In contrast, redesigned controller has good stability ro-
bustness to the large plant perturbation.

5 Conclusion

In practice, there exists the case that plant uncer-
tainty is to be considered. In this paper, we have de-
rived an optimal controller design method and inves-
tigated best tracking performance for feedback control
systems with stochastic perturbation, which can be used
to predict the optimal average performance and give a
significant guide for practical control system designs.

One extension is to study similar issues for plants
having unstable poles in nominal model. It is also de-
sirable to study similar issues under control energy con-
straint. These should be future research directions.
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