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ABSTRACT A cell-based smoothed discrete shear gap method (CS-FEM-DSG3) was recently proposed and proven to
be robust for free vibration analyses of Reissner-Mindlin shell. The method improves significantly the accuracy of the
solution due to softening effect of the cell-based strain smoothing technique. In addition, due to using only three-node
triangular elements generated automatically, the CS-FEM-DSG3 can be applied flexibly for arbitrary complicated
geometric domains. However so far, the CS-FEM-DSG3 has been only developed for analyzing intact structures without
possessing internal cracks. The paper hence tries to extend the CS-FEM-DSG3 for free vibration analysis of cracked
Reissner-Mindlin shells by integrating the original CS-FEM-DSG3 with discontinuous and crack – tip singular
enrichment functions of the extended finite element method (XFEM) to give a so-called extended cell-based smoothed
discrete shear gap method (XCS-FEM-DSG3). The accuracy and reliability of the novel XCS-FEM-DSG3 for free
vibration analysis of cracked Reissner-Mindlin shells are investigated through solving three numerical examples and
comparing with commercial software ANSYS.

KEYWORDS cracked Reissner-Mindlin shell, free vibration analysis, cell-based smoothed discrete shear gap method (CS-
FEM-DSG3), extended cell-based smoothed discrete shear gap method (XCS-FEM-DSG3), smoothed finite element methods
(SFEM)

1 Introduction

Shell structures are widely used in many engineering
disciplines such as civil, mechanical, aerospace, marine
engineering, etc. They can appear in various structures like
shell roofs, pressure vessels, pipelines, tubular joints,
offshore oil tanks, aircraft, submarines, etc. Similar to
other types of structures, shell structures suffer from many
types of defects in their service life owing to external
agents such as corrosion, chemical attack, degradation, and
so on. Among them, the appearance of cracks in shell
structures is one of the most popular causes and makes

reduce significantly their loading capacities. When a crack
appears in shell structures, local flexibility and anisotropy
arise right at the crack location. As a result, the
characteristics of shell structures would significantly differ
from those of intact shells. The simulation of the behavior
of flawed shell structures thus becomes very important to
evaluate the effects of these imperfections on loading
capacity and safety in designing shell structures.
From the realistic demand of deep understanding

cracked shell behaviors, many studies were conducted in
the past decades. For example, in 1988, Kwon [1]
developed a set of singular finite elements for application
to problems of fracture mechanics in general. This set
contained elements with derivative singularity between 0
and 1 which helps describe constant strain field and satisfyArticle history: Received Jan 28, 2015; Accepted May 2, 2015
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the compatible condition along inter-element boundaries.
Krawczuk et al. [2] analyzed the static deflections and
natural frequencies of thin, rectangular shell structures
with transverse, internal, open cracks. In this study, the
crack was modeled by additional flexibility matrices
calculated on the basic laws of fracture mechanics. Liu et
al. [3] developed the formulation of crack shell based on
the linearized shallow shell theory, by including the effect
of the crack-face closure on the stress intensity factors.
Vaziri et al. [4], in 2006, used linear eigenvalue analysis to
formulate cracked cylindrical shells under combined
internal pressure and axial compression. In this study,
some insight into the effect of internal pressure on critical
crack length was provided. Fu et al. [5], in 2012, proposed
an approach based on the transverse or out-of-plane
nonlinear dynamic response at the centers of crack edges
in a cracked cylindrical shell structure. This approach
helped avoid the problem of mesh selection at the crack tip
in the finite element analysis for bulging factors and
provided information about the influence of crack lengths
as well as crack widths on responses. Among these
proposed methods, eXtended Finite Element Method (X-
FEM) proposed by Belytschko et al. [6–8] is shown as one
of the most robust and effective numerical methods for
analyzing the behaviors of cracked structures. In this
methodology, the enriched approximation is constructed
from the interaction of the crack geometry with the mesh.
In association with the level set method (LSM), the XFEM
allows the entire crack to be represented independently of
the mesh, and thus remeshing is not necessary in process of
modeling crack growth. Banchene et al. [9] applied this
method to study the free flexural vibrations of cracked
plates using 4-noded field consistent enriched element.
Natarajan et al. [10] also applied XFEM for free vibration
analysis for FGM plates and obtained some good results.
Besides, the enriched and extended formulations related to
XFEM have been also employed by various methods for
fracture analysis of plates and shells such as meshfree
methods [11–13], phantom node method [14], isogeo-
metric analysis [15,16], finite element methods [17–20],
etc. It can be seen from the literature that studies related to
analysis of cracked shells using shear-locking-free trian-
gular shell elements is somewhat limited. This paper hence
will try to fill this gap by using a new three-node triangular
shell element proposed recently for free vibration analysis
of cracked Reissner-Mindlin shells.
In the other front of the development of numerical

methods, Liu and Nguyen-Thoi et al. [21] have integrated
the strain smoothing technique into the FEM to create a
series of smoothed FEM (S-FEM) such as cell-based
smoothed FEM (CS-FEM) [22–24], node-based smoothed
FEM (NS-FEM) [25–27], edge-based smoothed FEM (ES-
FEM) [28,29], face-based smoothed FEM (FS-FEM) [30]
and a group of alpha-FEM [31–34]. Each of these
smoothed FEM has different properties and has been
used to produce desired solutions for a wide class of

benchmark and practical mechanics problems. Several
theoretical aspects of the S-FEM models have been
provided in Refs. [35,36]. The S-FEM models have also
been further investigated and applied to various problems
such as plates and shells [37–50], piezoelectricity [51,52],
fracture mechanics [53], visco-elastoplasticity [54–56],
limit and shakedown [57,58], and some other applications
[59,60], etc.
Among them, the cell-based smoothed discrete shear

gap method CS-FEM-DSG3 [45], which is a combination
of the CS-FEM and discrete shear gap method (DSG3)
[61], is one of the most effective methods for static and free
vibration analyses of Reissner-Mindlin shells. The CS-
FEM-DSG3 is free of shear locking and achieves the high
accuracy compared to the exact solutions and others
existing elements in the literature. Besides such advan-
tages, the implementation of the CS-FEM-DSG3 is also
simple since it only uses the three-node triangular elements
which can be easily generated automatically, especially for
arbitrary complicated geometric domains. Due to these
outstanding properties, the CS-FEM-DSG3 then has been
extended to analyze various problems such as flat shells
[45], stiffened plates [43], FGM plates [62], composite
plates [63], piezoelectricity plates [51], and dynamic
responses of plates on the viscoelastic foundation
[64,65]. However so far, the CS-FEM-DSG3 has been
only developed to analyze perfect structures without
possessing internal cracks.
The paper hence extends the CS-FEM-DSG3 for free

vibration analysis of cracked cylindrical shells by
integrating itself with discontinuous and crack – tip
singular enrichment functions of the XFEM to give a so-
called extended cell-based smoothed discrete shear gap
method (XCS-FEM-DSG3). In the formulation of XCS-
FEM-DSG3 method, enrichment functions are used to
model the discontinuities at crack locations. By using
level-set method in the X-FEM, the finite element mesh
can be discretized independently of the crack locations.
The formulation of CS-FEM-DSG3 will be combined with
the discontinuous enrichment functions and the singular
functions of X-FEM to compute the stiffness matrices of
elements cut by the crack. On the other hand, for un-cut
elements, stiffness matrices are normally computed by the
original CS-FEM-DSG3. The obtained results through
three numerical examples are compared with those of
commercial software ANSYS to illustrate the accuracy and
robustness of the XCS-FEM-DSG3 in solving free
vibration analysis of cracked cylindrical Reissner-Mindlin
shells.
The paper is then organized as follows. Section 2

generally introduces the weakform of the Reissner-Mindlin
shells. In Section 3, the formulation of XCS-FEM-DSG3
for cracked shells are presented. Section 4 performs
numerical examples to verify the reliability and efficiency
of the proposed method. Finally, some conclusions are
withdrawn in Section 5.
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2 Weakform of the Reissner –Mindlin
shells

Shell structures are usually subjected to both membrane
and bending forces. Hence, in this paper, the cylindrical
shell is modeled by the flat shell element which is a
combination of a membrane element and a bending plate
element. In this flat shell element, the middle surface of
shell is chosen as the reference plane that occupies a
domain Ω 2 ℝ3 as shown in Fig. 1.
Let u, v, w be the displacements of the middle plane in

the x, y, z directions, and βx, βy, βz be the rotations of the
middle plane around y-axis, x-axis, and z-axis respectively.
Then, the unknown vector of six independent field
variables at any point in the Reissner –Mindlin shell

domain is written as, u ¼ u v w βx βy βz
� �T, in

local coordinate system oxyz.
According to the first-order shear deformation theory

(FSDT), the membrane strain εm, the bending strain κ and
the shear strain γ are respectively defined as

εm ¼
u,x

v,y

u,y þ v,x

2
664

3
775; κ ¼

βx,x

βy,y

βx,y þ βy,x

2
664

3
775;

γ ¼
βx þ w,x

βy þ w,y

" #
, (1)

where the subscript “comma” represents the partial
derivative with respect to the spatial coordinate succeeding
it.
Using the Hamilton principle, the general weakform of

the Reissner –Mindlin shells for free vibration problems
can be expressed as

!
Ω

δðεmÞT δðκÞT δðγÞT
� � Dm 0 0

0 Db 0

0 0 Ds

2
64

3
75 εm

κ

γ

2
64

3
75dΩ

þ!
Ω
δðuÞTmudΩ ¼ 0, (2)

where Dm, Db   and Ds are the material matrices related to

the membrane, the bending and the shear deformations,
calculated respectively as

Dm ¼ Eh

ð1 – v2Þ

1 � 0

� 1 0

0 0 ð1 – �Þ=2

2
664

3
775;

Db ¼
Eh3

12ð1 – v2Þ

1 � 0

� 1 0

0 0 ð1 – �Þ=2

2
664

3
775;

Ds ¼ kh
� 0

0 �

" #
, (3)

in which E, h, v and μ are, respectively, Young’s modulus,
shell thickness, Poisson ratio and shear modulus; k ¼ 5=6
is the shear correction factor; and m is the mass matrix
containing the mass density of the material � and is
expressed as

m ¼ diag½�h,  �h,  �h,  �h3=12,  �h3=12,  0�: (4)

3 Formulation of the extended cell-based
smoothed discrete shear gap method
(XCS-FEM-DSG3) for cracked cylindrical
shells

3.1 A brief on the formulation of the CS-FEM-DSG3 for
shell structures

For the formulation of shell structures, the flat shell
element is formulated first in local coordinate system oxyz,
then, it is transformed to the global coordinate system
OXYZ. In the formulation of the CS-FEM-DSG3, each
triangular element Ωe is further divided into three sub-
triangles Δ1 , Δ2 and Δ3 by connecting the central point O
of the element to three field nodes as shown in Fig. 2.
Then, in each sub-triangle, the stabilized DSG3 [61] is
used to compute the strain field of shell. Finally the strain
smoothing technique is applied on the whole triangular
element to smooth the strains on these three sub-triangles.

Fig. 1 Reissner –Mindlin flat shell and positive directions of displacements u, v, w and three rotations βx, βy and βz
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More details of the formulation of the CS-FEM-DSG3 can
be found in [43,45,62,64].

In the CS-FEM-DSG3, the displacement vector deO ¼
ueO veO we

O βexO βeyO βezO
� �T at the central point O
of an element is assumed to be the simple average of three
displacement vectors de1, d

e
2, d

e
3 of three field nodes, and

has the form of

deO ¼ 1

3
ðde1 þ de2 þ de3Þ: (5)

On the first sub-triangle Δ1 (triangle O-1-2), the linear
approximation ueΔ1 ¼ ueΔ1 veΔ1 weΔ1 βeΔ1

x βeΔ1
y

�
βeΔ1
z �T is constructed by

ueΔ1 ¼ NeΔ1
1 deO þ NeΔ1

2 de1 þ NeΔ1
3 de2 ¼ NeΔ1deΔ1 , (6)

where deΔ1 ¼ deO de1 de2½ �T is the vector of nodal

degrees of freedom of the sub-triangle Δ1 and NeΔ1 ¼
NeΔ1
1 NeΔ1

2 NeΔ1
3

� �
contains the linear shape functions

created by the sub-triangle Δ1 in natural coordinate defined
by

N1 ¼ 1 – η – �;  N2 ¼ �;  N3 ¼ η: (7)

Using the DSG3 formulation [61] for the sub-triangle

Δ1 , the membrane, bending and shear strains εeΔ1
m , κeΔ1 and

γeΔ1 in the sub-triangle Δ1 are then obtained, respectively,
by

εeΔ1
m ¼ bmΔ1

1 bmΔ1
2 bmΔ1

3

� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
bmΔ1

deO

de1

de2

2
64

3
75 ¼bmΔ1deΔ1 , (8)

κeΔ1 ¼ bbΔ1
1 bbΔ1

2 bbΔ1
3

� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
bbΔ1

deO

de1

de2

2
64

3
75 ¼bbΔ1deΔ1 , (9)

γeΔ1 ¼ bsΔ1
1 bsΔ1

2 bsΔ1
3

� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
bsΔ1

deO

de1

de2

2
64

3
75 ¼bsΔ1deΔ1 , (10)

where bmΔ1 , bbΔ1 and bsΔ1 are the matrices of shape
function derivatives related to membrane, bending and
shear deformation of the triangular elements, calculated as

bmΔ1 ¼
b – c 0 0 0 0 0

0 d – a 0 0 0 0

d – a b – c 0 0 0 0

c 0 0 0 0 0

0 – d 0 0 0 0

– d c 0 0 0 0

– b 0 0 0 0 0

0 a 0 0 0 0

a – b 0 0 0 0

2
64

3
75 , (11)

bbΔ1 ¼
0 0 0 b – c 0 0

0 0 0 0 d – a 0

0 0 0 d – a b – c 0

0 0 0 c 0 0

0 0 0 0 – d 0

0 0 0 – d c 0

0 0 0 – b 0 0

0 0 0 0 a 0

0 0 0 a – b 0

2
64

3
75 , (12)

bsΔ1 ¼ 1

2Ae

0

0

0

0

b – c

d – a

Ae

0

0

Ae

0

0

0

0

0

0

c

– d

ac=2

– ad=2

bc=2

– bd=2

0

0

0

0

0

0

– b

a

– bd=2

ad=2

– bc=2

ac=2

0

0

" #
, (13)

with a ¼ x2 – x1; b ¼ y2 – y1; c ¼ y3 – y1; d ¼ x3 – x1
where xi ¼ xi yi½ �T,  i ¼ 1,2,3 are coordinates of three
nodes in the local coordinate system and Ae is the area of
the triangular element as shown in Fig. 3.
Substituting deO in Eq. (5) into Eqs. (8–10), and then

rearranging, we obtain

εeΔ1
m ¼ 1

3 b
mΔ1
1 þ bmΔ1

2

1

3
bmΔ1
1 þ bmΔ1

3

1

3
bmΔ1
1

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

BmΔ1

de1

de2

de3

2
64

3
75

¼ BmΔ1de,

(14)

Fig. 2 Three sub-triangles (Δ1 , Δ2 and Δ3 ) created from the
triangle 1-2-3 in the CS-FEM-DSG3 by connecting the central
point O with three field nodes 1, 2 and 3
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κeΔ1 ¼ 1

3
bbΔ1
1 þ bbΔ1

2

1

3
bbΔ1
1 þ bbΔ1

3

1

3
bbΔ1
1

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

BbΔ1

de1

de2

de3

2
64

3
75

¼ BbΔ1de,

(15)

γeΔ1 ¼ 1

3
bsΔ1
1 þ bsΔ1

2

1

3
bsΔ1
1 þ bsΔ1

3

1

3
bsΔ1
1

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

BsΔ1

de1

de2

de3

2
64

3
75

¼ BsΔ1de: (16)

Similarly, by using cyclic permutation, we easily obtain

the membrane, bending and shear strains εeΔj
m , κeΔj , γeΔj and

matrices BmΔj , BbΔj , BsΔj , j ¼ 2,3, for the second sub-
triangle Δ2 (triangle O-2-3) and third sub-triangle Δ3
(triangle O-3-1), respectively. Then, the strain smoothing
technique is applied on the whole triangular element to
smooth the strains. The elemental smoothed strains ε~em, κ

~e

and γ~e are then expressed by

~εem ¼ ~B
e
md

e;  κ~e ¼ ~B
e
bd

e;  ~γe ¼ ~B
e
sd

e, (17)

where ~B
e
m,  ~B

e
b,  ~B

e
s are the smoothed strain gradient

matrices, respectively, given by

~B
e
i ¼

X3
j¼1

!
Δj

B
Δj

i ΦeðxÞdΩ; i ¼ m,b,s; j ¼ 1,2,3, (18)

in which ΦeðxÞ is a smoothing function presented as

ΦeðxÞ ¼
1=Ae x 2 Ωe

0 x =2Ωe

(
, (19)

with Ae is the area of the whole triangular element; B
Δj

i is

the strain gradient matrix with respect to the sub-triangular
element Δj.
By substituting Eq. (17) to the general weakform of the

Reissner –Mindlin shells in Eq. (2), the governing
equation for free vibration analysis becomes

ðK�ω2MÞd ¼ 0, (20)

where ω is the natural frequency; d is the nodal unknown
vector of variables; M  and K are the global mass and
stiffness matrices computed by assembling the elemental
mass and stiffness matrices as

Me ¼ TT �!
Ωe

ðNÞTmNdΩ �T, (21)

Ke ¼ TT !
Ωe

~B
e
m
TDm

~B
e
mdΩþ !

Ωe

~B
e
b
TDb

~B
e
bdΩ

�

þ!
Ωe

~B
e
s
TDs

~B
e
sdΩ �T, (22)

where T is the transformation matrix of coordinates from
the local coordinate system oxyz to the global coordinate
system OXYZ as shown in Fig. 4.

It was suggested [66] that a stabilization term should be
added to improve the accuracy of approximate solution and
to stabilize shear force oscillations. In this modification, Ds

in Eq. (22) is replaced by D̂s as

D̂s ¼
kh3

h2 þ αh2e

1 0

0 1

" #
, (23)

in which he is the longest length of the element and α is a
positive constant [67].
From Eqs. (11) – (17) and (22), it can be seen that the

values of stiffness matrix at the drilling degree of freedom
βz is equal to zero. This causes the singularity to the global
stiffness matrix when all elements meeting at a node are
coplanar. To overcome this problem, these null value in the
stiffness corresponding to the drilling degree of freedom

Fig. 4 Coordinate transformation in the triangular flat shell
elements

Fig. 3 Three-node triangular element and local coordinates in
the conventional DSG3
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are replaced by approximate values which equal to 10–3

times the maximum diagonal value in the element stiffness
matrix [60]. It also can be observed that the element
stiffness matrix in the CS-FEM-DSG3 is no longer depend
on the sequence of nodes in elements as in the
conventional DSG3. This helps improve accuracy as well
as the stability of the DSG3, especially for the coarse or
distorted meshes.

3.2 A brief on extended finite element method (X-FEM)
and its integration to CS-FEM-DSG3

Based on the idea of partition unity of Babuška et al. [68],
Belytschko and Black [6] proposed the extended finite
element method (X-FEM) for solving linear elastic fracture
mechanic problems. The key point of the X-FEM is adding
discontinuous and singular enrichment functions besides
conventional expansion of the displacement field in order
to capture the effects of cracks or other local discontinuities
within the mesh. In the XFEM, the mesh is first generated
normally without considering the presence of cracks or
discontinuities. This helps overcome the difficulties of
remeshing as in conventional FEMwhen solving problems
related to crack, especially crack propagation. Then, the
cracks or other discontinuities are modeled by the
generalized Heaviside function and singularly asymptotic
functions. This section will present a brief overview of the
X-FEM for shells. Further formulation can be found at
[6,69–72] for interested readers.
In general, the field variables are approximated by

uhðxÞ ¼
X

i2NFEM

NiðxÞdi þ enrichment  parts, (24)

where NiðxÞ are standard finite element shape functions; di
are nodal variables associated with ith node; NFEM is the
number of nodes in the whole mesh.
For cracked shells, the finite element approximation of

shell displacements and section rotations is expressed in
the form [73] of

ðuh,vh,whÞðxÞ ¼
X

i2NFEM

NiðxÞðui,vi,wiÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
uh,vh,wh

:cont

þ
X
j2NH

NjðxÞHðxÞðbuj ,bvj ,bwj Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
uh,vh,wh

:split

þ
X
k 2NB

NkðxÞ
X4
l¼1

Glðr,�Þðcukl,cvkl,cwklÞ
 !

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
uh,vh,wh

:tip

,

(25)

ðβhx ,βhy ,βhz ÞðxÞ ¼
X

i2NFEM

NiðxÞðβxi,βyi,βziÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
βhx ,β

h
y ,β

h
z:cont

þ
X
j2NH

NjðxÞHðxÞðbβxj ,bβyj ,bβzj
	

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
βhx, ,β

h
y ,β

h
z:split

þ
X
k 2NB

NkðxÞ
X4
l¼1

Flðr,�Þðcβxkl ,c
βy
kl ,c

βz
kl Þ

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

βhx ,β
h
y ,β

h
z:tip

:

(26)

In Eqs. (25) and (26), ucont ¼ uh:cont vh:cont wh
:cont

�
βhx:cont βhy:cont βhz:cont �T is the continuous displacement

and rotation fields; usplit ¼ uh:split vh:split wh
:split βhx:split

h
βhy:split βhz:split �T is the displacement and rotation field of

elements split by cracks; utip ¼ uh:tip vh:tip wh
:tip βhx:tip

h
βhy:tip βhz:tip �T is displacement and rotation field of
elements containing crack tips. NFEM, NH, NB are,
respectively, the total number of nodes of the mesh,
number of enriched nodes whose support is split by
cracks and number of enriched nodes whose

support contains crack tips as shown in Fig. 5; di ¼
ui vi wi βxi βyi βzi
� �T is the nodal unknown
vector associated with the continuous part of the

finite solution, bj ¼ buj bvj bwj bβxj b
βy
j bβzj

h iT
is

the nodal enriched degree of freedom vector related to

Heaviside function HðxÞ, and ckl ¼ cukl cvkl cwkl cβxkl

h
c
βy
kl cβzkl  iT is the nodal enriched degree of freedom vector

associated with the elastic asymptotic crack-tip functions
Flðr,�Þ or Glðr,�Þ.
The first term of enrichment involves a Heaviside jump

function H(x) whose value is+ 1 above the crack and – 1
below the crack and can be expressed as

HðxÞ ¼ þ1, if   ðx – x*Þ$n³0;

– 1, otherwise,

(
(27)

where x is a sample (or Gauss) point; x* (lies on the crack)
is the closest point to x; and n is the unit outward normal to
the crack at x* as shown in Fig. 6.
The second additional part of the enriched displacement

field involves set of branch functions Gl, Fl to model the
asymptotic features of the displacement field at the crack
tip and defined by
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Glðr,�Þj4l¼1

� r3=2sin
�

2
,r3=2cos

�

2
,r3=2sin

3�

2
,r3=2cos

3�

2
 
�

Flðr,�Þj4l¼1

� rsin
�

2
,rcos

�

2
,rsin

�

2
sin�,rcos

�

2
sin�

� 

, (28)

where ðr,�Þ are polar coordinates in the local coordinate
system with the origin at the crack tip.
When these enrichment functions are implemented to

the CS-FEM-DSG3, the governing equation for free
vibration of cracked shell now becomes

ðK�ω2MÞe ¼ 0, (29)

where ω is the natural frequency; e ¼ d bj ckl
� �

is the
nodal unknown vector of variables (for both classical and
enriched ones). M and K are the global mass, stiffness
matrices computed by assembling the element mass and
stiffness matrices. For standard elements (unenriched
elements), these Me and Ke are normally calculated
using the CS-FEM-DSG3 as stated in Section 3.1. For
elements associated with cracks (enriched elements), these
matrices are defined by follows. Note that in the following

Fig. 5 Various kinds of elements and nodes in the XCS-FEM-DSG3

Fig. 6 Illustration of the unit outward normal to the crack at x*: (a) a smoothed crack; (b) a crack with a kink
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equations, superscript d, b, c are respectively present for
matrices related to un-enriched nodal degree of freedom,
nodal degree of freedom enriched by Heaviside function bj
and nodal degree of freedom enriched by elastic
asymptotic crack-tip functions ckl.

Me ¼
Mdd Mdb Mdc

Mbd Mbb Mbc

Mcd Mcb Mcc

2
6664

3
7775;

Ke ¼
Kdd Kdb Kdc

Kdc Kbb Kbc

Kcd Kcb Kcc

2
6664

3
7775, (30)

in which

Mrs ¼ !
Ωe

ðNrÞTm NshdΩ  ðr,s ¼ d,b,cÞ, (31)

Krs ¼ !
Ωe

~B
r
m

� 
T
Dm

~B
s
mdΩþ !

Ωe

~B
r
b

� 
T
Db

~B
s
bdΩ

þ!
Ωe

~S
r� 
T

Ds
~S
s
dΩðr,s ¼ d,b,cÞ, (32)

where Ωe indicates the domain of the element; Nr,s are the

matrices of shape functions given by

Nd ¼ N1 N2 N3½ �;Nb ¼ N1H N2H N3H½ �;
Nc ¼ Nc1 Nc2 Nc3 Nc4

� �
 

where Ncα ¼ N1Fα N2Fα N3Fα½ �;α ¼ 1� 4:

(33)

B
~r
m ,B

~r
m ,S

~r
,r ¼ d,b,c, are the matrices of shape function

derivatives related to membrane, bending and shear
deformation calculated as followings. Note that in these
equations, the notation A∘B represents Hadamard product
of the two matrices A and B.

Bd
m ¼ ~B

e
m;B

b
m ¼ H ∘ ~B

e
m;

Bc
m ¼ F1 ∘ ~B

e
m F2 ∘ ~B

e
m F3 ∘ ~B

e
m F4 ∘ ~B

e
m

� �
,

(34)

Bd
b ¼ ~B

e
b;B

b
b ¼ H ∘ ~B

e
b;

Bc
b ¼ F1 ∘ ~B

e
b F2 ∘ ~B

e
b F3 ∘ ~B

e
b F4 ∘ ~B

e
b

� �
, (35)

Sd ¼ ~B
e
s ;S

b ¼ S ∘ ~B
e
s ;

Sc ¼ G1 ∘ ~B
e
s G2 ∘ ~B

e
s G3 ∘ ~B

e
s G4 ∘ ~B

e
s

� �
, (36)

where H, Fα, S, Gα; α¼ 1� 4 are matrices containing
partial derivative of enrichment functions which is defined
as follow:

H ¼
H,x

0

H,y

0

H,y

H,x

0

0

0

H,x

0

H,y

0

H,y

H,x

0

0

0
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0

H,y

0

H,y
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0

0

0

H,x

0
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0

H,y

H,x

0

0

0
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0

H,y

0

H,y

H,x

0

0

0

H,x

0

H,y

0

H,y

H,x

0

0

0

2
64

3
75, (37)

Fα ¼
Fα,x

0

Fα,y

0
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0
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0

Fα,x

0
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0
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0

0

0
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0
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0
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0

0
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0
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0

0

0
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0
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0
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0

0

0

2
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3
75, (38)

S ¼ 0

0

0

0

H,x

H,y

H

0

0

H

0

0

0

0

0

0

H,x

H,y

H

0

0

H

0

0

0

0

0

0
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H,y

H

0

0

H

0

0

" #
, (39)

Gα ¼
0

0

0

0

Gα,x

Gα,y

Fα

0

0

Fα

0

0

0

0

0

0

Gα,x

Gα,y

Fα

0

0

Fα

0

0

0

0

0

0

Gα,x

Gα,y

Fα

0

0

Fα

0

0

" #
, (40)

in which ~B
e
m, ~B

e
b and ~B

e
s are strain gradient matrices

related to membrane, bending and shear deformation of
triangular element which are calculated as Eq. (18).

3.3 Methodology of the coupling XCS-FEM-DSG3

As presented above, the CS-FEM-DSG3 is extended for
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free vibration analysis of cracked FGM shells by
integrating the CS-FEM-DSG3 itself with discontinuous
and crack – tip singular enrichment functions of the X-
FEM. This novel element is hence called the extended cell-
based smoothed discrete shear gap shell element (XCS-
FEM-DSG3).
In summary of the formulation of XCS-FEM-DSG3 for

cracked shell, first, the mesh is generated independently of
cracks location. After that, the formulation of CS-
FEM-DSG3 is used to calculate strain gradient matrices
~Bm, ~Bb, ~Bs of all elements without any notion about
cracks as in Eq. (18). Then, these matrices are enriched
with discontinuous Heaviside function or elastic asympto-
tic crack-tip functions appropriately as in Eqs. (34)–(36) to
calculate ~B

r
m, ~B

r
m, ~S

r
; r ¼ d,b,c. The global mass, force

and stiffness matrices M, K are then computed using
Eqs. (30)–(32).
In numerical implementation of XCS-FEM-DSG3, these

strain gradient and global matrices are computed at the
Gauss points using numerical Gauss quadrature. As a
result, it is necessary to define the number of necessary
Gauss points for each type of elements as shown in Fig. 5.
In general, the elements can be classified into five types
such as
i) Tip element is the element containing a crack tip. All

nodes belonging to a tip element are enriched with the
near-tip fields of Eq. (28).
ii) Split elements are elements that completely cut by the

crack. Their nodes are enriched by the discontinuous
Heaviside function displayed in Eq. (27).
iii) Tip blending elements are elements which is around

tip elements. Some of these elements’ nodes are enriched
with the near-tip fields and others are not enriched at all.
iv) Split blending elements are elements neighboring

split elements. Some of these elements’ nodes are enriched
with the discontinuous function, and others are not
enriched at all.
v) Standard elements are elements that are in none of the

above categories. None of their associated nodes are
enriched.
In the numerical implementation [74], the tip elements

and split elements are first subdivided into 3 or 5 sub-
triangles as shown in Fig. 7. Then the number of necessary
Gauss points for five types of elements, as shown in Fig. 8,
can be defined as below:
$Tip elements: 65 Gauss points for each triangular sub-

element.

$Split elements: 3 Gauss points for each triangular sub-
element.
$Tip blending elements: 13 Gauss points.
$Split blending elements: 1 Gauss point.
$Standard elements: 1 Gauss point.

4 Numerical results

In this section, a cracked shell with geometry as shown in
Fig. 9 with different crack locations is investigated to
illustrate the robustness and effectiveness of the XCS-
FEM-DSG3 for free vibration of cracked shell analysis.
Material parameters of the shell is given by the elastic
modulus E ¼ 2:1� 1011ðN=m2Þ, Poisson’s ratio � ¼ 0:3
and material mass density � ¼ 7860ðkg=m3Þ. For each
crack location, free vibration behaviors of the shell are
analyzed and compared to that of the commerical software
ANSYS in order to confirm the accuracy of XCS-FEM-
DSG3. In the analysis performed by the ANSYS, the “shell
63” element is used to model and analyze the problem.

4.1 Free vibration analysis of cylindrical shell with middle
crack along y-axis

This section investigates the free vibration behavior of a
cracked shell possesing middle crack along y-axis as
shown in Fig. 10 and compares to that of ANSYS sofware
to illustrate the robustness of XCS-FEM-DSG3 in free
vibration analysis of cracked shell. The shell behavior with
different crack lengths is analyzed to further investigate the
effect of crack length on shell structures’ vibration
response.
The results of first five natural frequency values with

different values of crack lengths are shown in Table 1.
From the table, it can be seen that results by the XCS-
FEM-DSG3 agree very well with those by commercial
software ANSYS. In fact, all relative errors for cases of
crack lengths are less than 5%. It can also be observed from
the table that crack length significantly affects free
vibration behavior of cracked shell. The natural frequency
values decrease largely when crack lengths increase for all
vibration modes. This phenomenon is understandable
because the presence and propagation of crack cause the
decrease of shell’s stiffness which results in decrease of
natural frequency values. This hence illustrates the
robustness and reliability of XCS-FEM-DSG3 for free

Fig. 7 Illustration of subdividing the Heaviside enriched elements and the crack-tip elements into sub-triangles
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vibration analysis of cracked cylindrical shell.
The results of free vibration analysis with crack length

l = 0.3 m at different mesh sizes and crack location are
presented in Table 2 to investigate the convergence of
XCS-FEM-DSG3. From the table, it can be seen that when
the mesh size increases, the natural frequency values
decrease in a stable rate. This again illustrates the stability
and reliability of XCS-FEM-DSG3. At the same mesh size
of 40 � 40, the results by XCS-FEM-DSG3 are pretty
worse than that of ANSYS, but the results brought by
XCS-FEM-DSG3 are very close to those by ANSYS at the
mesh 60 � 60. It is worthy to note that the XCS-FEM-
DSG3 uses only low order triangular elements, while
ANSYS uses the nine-node quarter-point quadratic
element which is a high order quadratic element. As a
result, it can be seen that XCS-FEM-DSG3 is a simple and
robust method for free vibration analysis of cracked
cylindrical shell.

Fig. 8 Gauss quadrature rules for elements: tip elements, split element, tip blending element, split blending element and standard element

Fig. 9 Simple supported shell model (length unit mm)

Fig. 10 Finite element model of shell with middle crack along y-
axis at mesh 24�24
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The first three vibration mode shapes of both intact shell
and cracked shell with crack length l = 0.3 m are presented
respectively in Fig. 11 and Fig. 12 in comparison with
those by commercial software ANSYS. From the figures, it
can be seen that vibration mode shapes are changed
considerably with the presence of crack. This shows that
the crack has significant impact on cylindrical shell’s
vibration behavior. As a result, the presence of crack
should be taken into account seriously in process of
analysis for shell structures. It also can be seen that the free
vibration mode shapes by XCS-FEM-DSG3 are closely
similar to those by ANSYS in all cases. This further
illustrates the suitability and accuracy of XCS-FEM-DSG3
for free vibration analysis of cracked cylindrical shell.

4.2 Free vibration analysis of cylindrical shell with side
crack along y-axis

Free vibration behavior of the cracked cylindrical shell
with side crack along x-axis as shown in Fig. 13 is

examined. The numerical results are compared with those
by ANSYS to illustrate the effectiveness of XCS-FEM-
DSG3 in solving free vibration of shell strucutres.
The first five natural frequencies of side cracked shell

with different crack lengths are presented in Table 3 in
comparison with those by ANSYS. As shown in the table,
all relative error values between results by XCS-FEM-
DSG3 and those by ANSYS is smaller than 5%. This
further illustrates the reliability and accuracy of XCS-
FEM-DSG3 in analyzing free vibration behavior of crack
shell. In good agreement with the case of middle crack
along y-axis, the presence and propagation of crack cause
the frequency values to decrease significantly. This
illustrates the important influence of crack on shell
structures’ free vibration behavior.
The frequency values of first five vibration modes are

presented in Table 4 with crack length 0.3 and different
mesh sizes. As seen in the table, the results converge in a
stable rate. With the same mesh size, the difference
between results by the XCS-FEM-DSG3 and those by

Table 1 First five natural frequency values of shell with middle crack along y-axis

crack length/m methods & comparison natural frequency values

mode 1 mode 2 mode 3 mode 4 mode 5

l = 0.1 XCS-FEM-DSG3 249.26 277.92 411.24 488.39 568.60

ANSYS 244.10 272.54 401.60 474.27 556.95

relative error/% 2.07 1.94 2.34 2.89 2.05

l = 0.2 XCS-FEM-DSG3 247.85 271.55 406.21 466.53 566.92

ANSYS 242.37 267.97 396.79 453.44 555.08

relative error/% 2.21 1.32 2.32 2.81 2.09

l = 0.3 XCS-FEM-DSG3 240.81 253.83 398.18 438.11 556.27

ANSYS 234.81 246.18 389.12 427.74 543.40

relative error/% 2.49 3.01 2.28 2.37 2.31

l = 0.4 XCS-FEM-DSG3 221.91 224.20 387.53 414.70 454.11

ANSYS 215.89 216.56 379.10 406.20 439.79

relative error/% 2.71 3.41 2.18 2.05 3.15

l = 0.5 XCS-FEM-DSG3 191.08 192.29 373.29 395.25 397.38

ANSYS 184.26 186.56 365.01 386.79 389.47

relative error/% 3.57 2.98 2.22 2.14 1.99

Table 2 Natural frequency values of shell with middle crack along y-axis and crack length l = 0.3 m

methods & comparison mesh size natural frequency values

mode 1 mode 2 mode 3 mode 4 mode 5

XCS-FEM-DSG3 24�24 247.32 262.68 405.77 460.88 565.14

28�28 243.11 254.39 401.37 445.34 557.17

32�32 240.89 252.51 398.64 438.53 556.82

40�40 240.81 253.83 398.18 438.11 556.27

60�60 235.09 249.80 386.56 425.42 540.76

ANSYS 40�40 234.81 246.18 389.12 427.74 543.4
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ANSYS are relatively small. In addition, the first three
vibration mode shapes are shown in Fig. 14 in comparison
to those by ANSYS. It can be seen that the mode shapes are
significantly different to mode shapes of the intact

structure. This is because the presence of crack at shell’s
side significantly cause shell stiffness to decrease con-
siderably right at crack location. It is this localized
decrease that cause free vibration modes to be asymetric
which far different from that of the intact structure. This
further confirms the considerable impact of crack on
cylindrical shell. As presented in the figure, the mode
shapes by XCS-FEM-DSG3 agree well with that of
ANSYS. The accuracy and reliability of XCS-FEM-
DSG3 in free vibration analysis for cracked cylindrical
shell is hence further verified.

4.3 Free vibration analysis of cylindrical shell with middle
crack along x-axis

The final numerical example is the cylindrical shell with
middle crack along x-axis as shown in Fig. 15. As in two
examples presented above, free vibration behavior of the
shell is analyzed with various crack length l ¼ 0:1� 0:3m

Fig. 11 The first three free vibration mode shapes of the intact cylindrical shell

Fig. 12 The first three mode shapes with middle crack along y-axis at crack length l = 0.3

Fig. 13 Finite element model of cracked shell with side crack
along y-axis at mesh 24�24 and crack length l = 0.5 m
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to further investigate the effect of crack on shell structures.
The first five frequency values are shown in Table 5

compared to that from ANSYS software for different cases
of crack length. For this case, almost all the relative errors
between XCS-FEM-DSG3 and ANSYS are less than 3%.
The difference is understandable because the XCS-FEM-
DSG3 used only low order triangular element while
ANSYS used nine-node quarter-point quadratic elements.
As predicted, the high order elements used by ANSYS
would give better results compared to lower order
elements. This one more time strengthens the conclusion
that XCS-FEM-DSG3 is a simple, robust and appropriate
method for free vibration analysis of cracked cylindrical
shell.
With different mesh size, the first five frequency values

of the XCS-FEM-DSG3 are presented as in Table 6 and
compared to that of ANSYS. The stability of XCS-FEM-
DSG3 is further proven by the fact that the change rate of
natural frequency values through different mesh sizes is

stable for all vibration modes. Figure 16 demonstrates the
first three mode shapes of cylindrical shell with crack
length l = 0.3 m compared with that of ANSYS. It can be
seen that the mode shapes with presence of crack along x-
axis are slightly different to that of intact structures.
However, the difference is still considerable, especially for
mode 1. This shows that middle crack along x-axis might
has less impact on free vibration behavior of cylindrical
shell than middle and side crack along y-axis. The good
agreement in mode shapes between XCS-FEM-DSG3 and
ANSYS in Fig. 16 illustrates the accuracy and reliability of
XCS-FEM-DSG3 for free vibration analysis of cracked
cylindrical shell.

5 Conclusion

In the paper, the XFEM is integrated into the CS-FEM-
DSG3 to give a so-called XCS-FEM-DSG3 for free

Table 3 First five natural frequency values of shell with side crack along y-axis

crack length/m methods & comparison natural frequency values

mode 1 mode 2 mode 3 mode 4 mode 5

l = 0.1 XCS-FEM-DSG3 249.26 279.09 409.57 493.0 567.90

ANSYS 243.76 273.71 399.53 481.3 555.75

relative error/% 2.21 1.93 2.45 2.37 2.14

l = 0.2 XCS-FEM-DSG3 247.47 278.34 399.44 490.17 541.51

ANSYS 242.28 272.79 389.19 477.75 521.17

relative error/% 2.10 1.99 2.57 2.53 3.76

l = 0.3 XCS-FEM-DSG3 242.41 270.90 376.62 418.65 480.85

ANSYS 237.07 264.78 365.07 402.18 467.74

relative error/% 2.20 2.26 3.07 3.93 2.73

l = 0.4 XCS-FEM-DSG3 224.35 239.52 327.81 354.57 452.75

ANSYS 218.70 231.64 318.68 345.45 440.96

relative error/% 2.52 3.29 2.79 2.57 2.60

l = 0.5 XCS-FEM-DSG3 190.28 194.66 303.68 344.93 423.02

ANSYS 183.29 186.01 296.54 338.43 412.55

relative error/% 3.67 4.44 2.35 1.88 2.48

Table 4 Natural frequency values of shell with side crack along y-axis and crack length l = 0.3 m

methods & comparison mesh size natural frequency values

mode 1 mode 2 mode 3 mode 4 mode 5

XCS-FEM-DSG3 24�24 246.31 274.19 388.88 441.14 493.54

28�28 243.12 270.44 377.33 418.37 485.06

32�32 242.78 270.41 377.19 421.77 483.57

40�40 242.41 270.9 376.62 418.65 480.85

60�60 241.23 270.11 373.01 413.14 477.12

ANSYS 40�40 237.07 264.78 365.07 402.18 467.74
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vibration analysis of cracked cylindrical shell structures. In
the process of analysis, the stiffness matrix of uncut
elements is formulated by the conventional CS-FEM-
DSG3, while stiffness matrix of elements cut by crack is
calculated by the XCS-FEM-DSG. In the formulation of
XCS-FEM-DSG3, the discontinuity and localization of
crack in shell structures are formulated by enrichment
functions. Three numerical example of free vibration
analysis of cracked cylindrical shell with different crack
locations and crack lengths are solved and compared with
the commercial software ANSYS to illustrate the accuracy
and reliability of XCS-FEM-DSG3. The numerical results
show that the XCS-FEM-DSG3 is a simple, robust and

Fig. 14 The first three mode shapes with middle side along y-axis at crack lengths l = 0.3 m

Table 5 First five natural frequency values of shell with middle crack along x-axis

crack length/m methods & comparison natural frequency values

mode 1 mode 2 mode 3 mode 4 mode 5

l = 0.1 XCS-FEM-DSG3 250.06 275.03 412.17 494.88 569.96

ANSYS 244.71 269.96 405.08 480.69 554.18

relative error/% 2.14 1.84 1.72 2.87 2.77

l = 0.2 XCS-FEM-DSG3 249.57 258.09 406.18 492.72 567.84

ANSYS 244.69 252.92 403.48 479.71 546.33

relative error/% 1.95 2.01 0.66 2.64 3.79

l = 0.3 XCS-FEM-DSG3 226.39 244.07 388.47 486.68 550.08

ANSYS 221.99 242.21 393.48 479.46 533.76

relative error/% 1.94 0.76 1.29 1.48 2.97

Fig. 15 Finite element model of cracked shell with middle crack
along x-axis at mesh 24�24 and crack length l = 0.3 m
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appropriate method for free vibration analysis of cracked
Reissner-Mindlin cylindrical shells.
In general, the novel method possesses three main

advantages including: (i) the mesh is generated indepen-
dent of cracks which helps avoid remeshing as in
conventional FEM; (ii) the presence of CS-FEM-DSG3
in analyzing the cylindrical shell’s behaviors helps over-
come the shearlocking phenomenon and improve the
accuracy of solutions considerably. This is due to softening
effect of the cell-based strain smoothing technique; and
(iii) the method is very flexible to apply for arbitrary
complicated geometric domains due to using only three-
node triangular elements which can be easily generated
automatically.
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