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Abstract This paper presents a numerical investigation
on the strain localization of an idealized sand in biaxial
compression tests using the distinct element method
(DEM). In addition to the dilatancy and material frictional
angle, the principal stress field, and distributions of void
ratio, particle velocity, and the averaged pure rotation rate
(APR) in the DEM specimen are examined to illustrate the
link between microscopic and macroscopic variables in the
case of strain localization. The study shows that strain
localization of the granular material in the tests proceeds
with localizations of void ratio, strain and APR, and
distortions of stress field and force chains. In addition, both
thickness and inclination of the shear band change with the
increasing of axial strain, with the former valued around
10–14 times of mean grain diameter and the later overall
described by the Mohr-Coulomb theory.

Keywords idealized sand, strain localization, numerical
analyses, distinct element method (DEM)

1 Introduction

Progressive failure analysis of geomaterials is considered
as one of main parts in modern soil mechanics, because it is
essentially associated with instability of embankments,
slopes, dams, and excavations in geotechnical engineering
[1]. It is well accepted in the geotechnical engineering
community that strain localization (shear band) analysis is
a precursor to solve this important problem [2,3]. In the
past decades, lots of theoretical, experimental, and
numerical works have been carried out on strain localiza-
tion, particularly in granulates [4–7], although few works

can be found on strain localization analysis of clays due to
the theoretical, numerical, and technical difficulties in the
study [8–12].
Strain localization theories are usually employed to

predict the occurrence of shear band in geomaterials. In the
analyses, shear band is regarded as a thin layer of material
‘sandwiched’ by two planes moving at inconsistent strain
rates, and the formation of shear band is treated as a
bifurcation point of homogeneous deformation. Hence, the
condition for formation of shear band becomes mathema-
tically equivalent to the occurrence of non-unique solution
to the equilibrium equations for the geomaterial of a given
constitutive laws in its initial configuration. Theoretical
analyses show that in elasto-plastic materials, ellipticity of
the equation of motion in a one-dimensional context is
typically a result of loss of hyperbolicity, which signals
instability and ill posedness. In the multidimensional
context, strain localization and ill posedness have been
considered as symptoms of material instability [13], and
for non-associative plastic flow rules, the squares of two
wave speeds might become complex conjugate. The
theories have been successfully applied to traditional
elasto-plastic materials without microstructure, which
leads to zero thickness of shear band [4,5,14–18], and to
Cosserat continuum in which the thickness of shear band is
taken into account [19–21]. Nevertheless, the method has
the following four limitations: 1) it is applicable only to the
simple boundary-value problems, e.g., biaxial compression
test, instead of complex problems; 2) it is able to predict
the occurrence of shear band but unable to describe the
subsequent deformation process; 3) it is unable to give a
prediction of proper thickness and inclination of shear
band [1]. This constitutes one strong motivation in this
study.
Many experiments have been carried out on sands with

efforts to clarify the relationships between the strain-
softening behavior of sand and the formation of shear
band, the experimental conditions, and the occurrence and
inclination of shear band [22–27]. Advanced technologies,
such as X-ray [28,29], the stereophoto-grammetric
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technique [30], or particle image velocimetry [31], have
also been employed to investigate the strain field within or
outside shear bands, their thickness and inclination, etc.
The experimental observation demonstrates that shear
bands are formed progressively in laboratory, from the
invisible to the visible state with the naked eye. Generally,
several parallel mini-bands are formed at first, then turn
into several conjugate small shear bands, and finally into
an obvious shear band in the specimen. However, these
advanced technologies are still unable to provide some
other important information about shear bands, such as
particle rotations and contact force chains. This constitutes
another strong motivation in this study.
Numerical analyses have been carried out on strain

localization of sands by lots of researchers mostly using the
finite element method (FEM). Most of the FEM analyses
employ one the following types of methods: 1) special
variables, such as fracture or damage variable [32,33] and
criteria on occurrence and inclination of shear bands
[34,35], are incorporated into constitutive models in FEM
by which the bifurcation theory will be employed in the
analyses. 2) Non-linear and rate-independent stress-strain
relationships and displacement-type FEM are used in the
analyses [36–39], in which the strain-softening behavior of
sands usually needs to be included in the constitutive
models [40]. 3) Non-local constitutive models [41–43],
gradient-dependent constitutive models [44], or Cosserat
continuum theory [19–21, 45–50] are employed in FEM
analyses so that the microstructure of soils and their
inherent internal length can be taken into account.
Nevertheless, none of the methods has received universal
acceptance in strain localization analyses yet [1]. For
example, it is still impossible for method 3) to measure the
model parameter associated with the material internal
length in laboratory, while method 2) suffers from several
defects, such as mesh-dependency [1].
An effective method to investigate the strain localization

and the associated micro mechanisms for sands is the
distinct element method (DEM) first proposed by
Cundall et al. [51]. Unlike FEM that deals with soils as
continuum, DEM treats soils as an assembly of discrete
materials, starts with basic constitutive laws at interparticle
contacts, and provides macroscopic/microscopic responses
of the assembly under complex loading. DEM has been
already employed to examine several aspects of soil
mechanics successfully, including basic mechanical beha-
vior of granulates [52–56], the failure criteria of granular
materials in three-dimensional stress space [57], kinematic
theories for granular flow [58], creep theory [59], the
generalized effective stress and strength functions for
unsaturated soils [60], yielding mechanism of microstruc-
tured soils at both macroscopic and microscopic levels
[61–67], penetration mechanism in granular soils [68,69],
and future constitutive models for penetration analyses
[70]. It can also be used to verify couple-stress continuum

[71]. Moreover, it has been employed to carry out strain
localization analyses of granular materials in biaxial tests
[72–75].
The main objective of this paper is to present an insight

into the strain localization of idealized sands by DEM
analysis. In contrast to the previous study in Refs. [72–75],
the main feature of the study is that in addition to the
dilatancy and material frictional angle, the principal stress
field, and distributions of void ratio, particle velocity and
the averaged pure rotation rate (APR) [76,77] are all
examined within and outside shear bands to understand the
link between microscopic and macroscopic responses
during strain localization. In addition, both the thickness
and inclination of shear bands are analyzed at different
stages of strain localization. Note that compression is taken
as positive in describing stress or strain tensor in this paper.

2 DEM numerical tests

The contact model employed in the study, which controls
the mechanical behavior of a contact between two
particles, is a standard model originally proposed by
Cundall et al. [51,78]. Figure 1 presents the main features
of the model in physics. The model is physically made by a
combination of a spring, a dash-pot, and a divider in both
the normal and tangential direction, plus a slider in the
tangential direction. Therefore, the model parameters are
Kn the normal contact stiffness, Ks the tangential contact
stiffness, and the interparticle coefficient of friction.

Figure 2 provides the particle size distribution, and
Table 1 presents sample size and material parameters used
in the DEM analyses. Ten different radii of particles have
been used with the mean particle diameter d50 being
7.6 mm and the uniformity coefficient Cu 1.3. These ten
types of particles are randomly generated using the method
proposed by Jiang et al. [79], which has been implemented
in the PFC2D [78], a commercial DEM software. The

Fig. 1 Contact model for the idealized sands in DEM analyses.
(a) Normal direction; (b) tangential direction
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width and height of the numerical specimens are 800 mm
and 1600 mm, respectively. The planar void ratio of the
samples is 0.20 before the biaxial tests start, which is
representative of a dense granular material. The total
number of sand particles in a sample is 24000. Fewer
particles, 6000 were used in some preliminary simulations,
and there was no significant difference between them in the
macro mechanical response. However, we find that this

latter number is too small to give rise to accurate
information on shear bands, such as shear band width,
strain, and rotation fields in the shear bands. In contrast, the
24000-particle specimen in this paper is large enough to
obtain reliable information on shear bands, which will be
introduced later in detail. This can be regarded as another
feature in this study, since previous DEM analyses of strain
localization [72–75] in granulates employed too small
number of particles lying within the shear band to draw
conclusions on the strain, stress, and particle rotating fields
outside and within shear bands.
In order to investigate the strain localization of the

idealized sand, the membrane boundary widely used in
geo-laboratory was employed and simulated with a flexible
side boundary consisting of bonded particles, as originally
proposed in Refs. [72,80]. The stress-controlled flexible
boundary is implemented in the PFC2D using the method
that has been also used recently by Wang et al. [65,67]. As
already demonstrated in Refs. [72,80] and further con-
firmed in our preliminary simulations, the employment of
flexible membrane boundaries allows DEM specimens to
capture deformation characteristics of shear bands in
biaxial tests. The input parameters for the grains and
membrane particles are provided in Table 1. The top and
bottom boundaries are simulated with rigid walls having
the same normal and tangential contact stiffness as the sand

Fig. 2 Distribution of grain sizes in DEM analyses

Table 1 Sample size and material parameters used in the DEM analyses

samples parameters value

size width of sample /mm 800

height of sample /mm 1600

initial void ratio 0.2

sand particles total number in sample 24000

density/(kg%m–3) 2600

diameter/mm gradation in Fig. 2

normal contact stiffness for test/(N%m–1) 7.5�107

tangential contact stiffness for test/(N%m–1) 5.0�107

interparticle coefficient of friction for test 0.5

coefficient of friction between wall and particle 0.0

normal contact stiffness for specimen generation/(N%m–1) 1.5�1010

tangential contact stiffness for specimen generation/(N%m–1) 1.0�1010

interparticle coefficient of friction for specimen generation 1.0

normal contact stiffness between sand and membrane particles/(N%m–1) 3.75�106

local damping coefficient 0.5

membrane particles diameter/mm 2.0

density/(kg%m–3) 1000

normal bond strength in normal direction/N 1.0�10100

bond strength in tangential direction/N 1.0�10100

normal contact stiffness/(N%m–1) 3.75�106

tangential contact stiffness/(N%m–1) 2.5�106
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particles. In addition, the coefficient of friction between
walls and particles was set to zero to reproduce ideal
experimental conditions.
The multilayer under-compaction method proposed by

Jiang et al. [79] was implemented in the PFC2D and used
to generate the samples in the study. The details on the
generation procedure were introduced in Ref. [79]. In this
paper, five horizontal layers were used in the specimen
generation with each layer containing 4800 particles
randomly distributed in a rectangular area 800 mm wide
and 437 mm high. Particles were compacted to the target
planar void ratio ep = 0.20 by moving downward the top
rigid wall at a constant speed of 5.0 m/s with the lateral and
bottom walls being fixed. The coefficient of inter-particle
friction used during the generation process wasΦ� ¼ 0:20,
while the wall-particle contacts were set to be frictionless.
The under-compaction criterion was satisfied by compact-
ing each layer of particles to its planar void ratio ep1 ¼
0:224, epð1þ2Þ ¼ 0:221, epð1þ2þ3Þ ¼ 0:218, epð1þ2þ3þ4Þ
¼ 0:212, and epð1þ2þ3þ4þ5Þ ¼ 0:20, respectively.
After the generation of the samples, the interparticle

coefficient of friction was set to 0.5. The samples were then
consolidated one-dimensionally under a small vertical
pressure of 12.5 kPa with the side walls fixed. In this stage,
contacts between particles were found to distribute
uniformly in the samples. Then, the samples were
subjected to an isotropic constant confining pressure,
while two side walls were replaced with membrane
particles to simulate the flexible rubber membranes. This
corresponds to the consolidation stage in geo-laboratory.
Finally, the samples were vertically compressed with the
top wall moving downward and the bottom wall moving
upward at a constant speed, while the lateral pressure on
the specimen remained unchanged on the membrane
particles. The compression rate was 5.0% per minute in
terms of axial strain rate in all the simulations. This low
rate assures that quasi-static condition is always satisfied,
the pressure measured on the top and bottom walls is
nearly identical to each other during the compression test.
and the stress field is uniform within the sample until the
occurrence of shear bands.
The main reason for choosing a material of void ratio

0.20 to investigate the strain localization of granular
material is that our preliminary study shows that shear
band may not necessarily occur in the material of different
void ratios. Figure 3 presents the deformation patterns of
specimens at failure state with their initial void ratio being
0.25 and 0.20, respectively. Figure 3 shows that shear band
does not occur in the specimen with the initial void ratio
0.25 from the viewpoint of naked eye, which corresponds
to a loose granular material but occurs in the specimen of
initial void ratio 0.20.
A series of biaxial compression tests was performed on

the material of void ratio 0.20 under different confining
pressures, i.e., 50, 100, 200, and 400 kPa, first to obtain the

strength envelope of the material. A complete numerical
test was then carried on the material under confining
pressure 100 kPa with focus on the relationship between its
mechanical behavior and strain localization mechanism.
We shall introduce the DEM numerical results in the next
sections.

3 Mechanical behavior of the DEM sample

3.1 Stress-strain and volumetric responses

In order to describe the macroscopic mechanical responses
of the sample, the two-dimensional invariant variables
were employed, i.e., mean effective stress p ¼ ð�1þ
�3Þ=2, deviatoric stress q ¼ ð�1 –�3Þ=2, and volumetric
strain εv ¼ ε1 þ ε3, where �1 ðε1Þ and �3 ðε3Þ represent the
major and minor principal stress (strain), respectively.
Figure 4 provides the deviatoric stress-axial strain and

the volumetric strain-axial strain relationships measured
from the whole specimen under confining pressure
100 kPa, in which strain localization occurs. Figure 4
shows that the deviatoric stress increases nonlinearly with
the increasing of axial strain at first, then decreases with the
axial strain after it reaches its peak value, which is named
“strain-softening” in soil mechanics, and finally arrives at a
constant residual value. In contrast, the volumetric strain
increases (corresponding to compression) at first, then
decreases (corresponding to dilation) with the increasing of
axial strain, and finally arrives at a constant value. These
phenomena are in agreement with the experimental
observation on dense sands in Refs. [23–27]. In addition,
let points A and A′ in Fig. 4 represent the initiation of
minishear bands (to be introduced in detail in Fig. 8) and
the phase-change point, i.e., a state from which compres-
sion turns into dilation. Figure 4 shows that point A
coincides with point A′, where the axial strain is 0.37%.
Note that a state of soils where volumetric strain remains

Fig. 3 Deformation patterns at failure of specimens with
different initial void ratio. (a) 0.25; (b) 0.20
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unchanged under a constant deviatoric stress is named the
critical state in critical soil mechanics [81].

3.2 Stress path and failure envelopes

Figure 5 provides the stress path the specimen experiences
during biaxial compression test, and the predicted
envelopes of the peak and residual strengths obtained
numerically from the idealized sand. In the figure, the peak
(residual) internal frictional angle φp ðφrÞ is 21.5° (14°).
Note that the internal friction angle of real granular
materials is usually between 30° and 40°, which is larger
than the predicted value. A number of researchers have
employed elliptical or other shaped particles in DEM
analyses to inhibit particle rotation in order to increase and
hence produce more realistic strength values [53, 82–85].
Clustering of the discs [84] and angular grains [85] are
efficient to increase the strength. In addition, the predicted
value can be increased to a realistic value even for circular

discs if the rolling resistance due to grain shape or particle
roughness is taken into account [86,87].
Figure 5 shows that the deviatoric stress increases

linearly with the increasing of mean stress up to the peak
strength envelope. It then decreases linearly with the mean
stress to a state swaying slightly about the residual strength
envelope. The numerical results are in agreement with the
experimental data obtained from fully drained compression
tests on sands, confirming that the numerical test is a fully
drained test as planned.

4 Strain localization in the DEM specimen

In this section, the DEM sample will be further examined
numerically with regard to strain localization. Based on the
stress-strain and volumetric responses of the sample, which
is introduced in Fig. 3, the main features of strain
localization will be described at five different axial strains:
1) 0.37%, 2) 0.8%, 3) 3.3%, 4) 6%, and 5) 10%. 0.37% is
the axial strain where mini-shear bands start to form and
where compression turns into dilation. 0.8% corresponds
to the peak deviatoric stress, and 3.3% corresponds to the
point where the volumetric strain or deviatoric stress starts
to become nearly constant. 6% represents a state of strain
localization, and 10% is where the test was stopped.

4.1 Deformed specimens

In order to describe clearly deformation pattern of
specimen during biaxial compression test, we painted the
initial specimen into grids with four different colors before
the test started, which was probably the method first
employed in DEM analyses by Jiang et al. [68–70]. These
painted grids are observed and output to reflect the
deformation patterns of the specimen in analogous to the
FEA at the abovementioned different axial strains. Each
grid of particles is painted with a specific color, and this
color remains intact during the test. As shown in Fig. 3, the
specimen is painted into 325 quadrilateral grids of four
“nodes”, which are similar to quadrilateral elements
commonly used in FEA. Each grid has an initial width
and height close to 8:1d50 and 8:4d50, respectively; and this
is composed of about 74 particles. The grid size is chosen
by considering that 1) it should be small enough to capture
the high gradients of variables in the soil about shear band;
and 2) it should be large enough to represent a ‘continuum
element’ from the viewpoint of micro and macro-
mechanics.
Figure 6 provides the deformation patterns of the DEM

sample observed at those different axial strains.
Figures 6(a) and (b) show that the strain field is nearly
homogeneous in the whole specimen with the naked eye
until the specimen arrives at its peak deviatoric stress.
Figure 6(c) shows that inhomogeneous deformation is
significant enough to be told with the naked eye when the

Fig. 4 Stress-strain relationship of the whole specimen in which
strain localization occurs

Fig. 5 Stress path that the whole specimen experiences in biaxial
compression test

212 Front. Archit. Civ. Eng. China 2010, 4(2): 208–222



specimen arrives at its residual deviatoric stress, while
Figs. 6(d) and (e) show that the shear band is more
pronounced at the critical state with the increasing of axial
strain. In the light of the fact that several mini-shear bands
or small shear bands occur before its peak deviatoric stress
(to be introduced in Figs. 8(a) and (b)), these results are in
agreement with the experimental observations that shear
bands are formed progressively in laboratory from the
invisible to the visible state with the naked eye [22–30].

4.2 Stress fields

In order to describe the stress state within the sample,
particularly during the formation of shear bands, we shall
provide the average stress state within a discrete assembly
of disks by considering a suitable number of particles
within a representative volume and calculating an
equivalent stress tensor from the values of contact
orientations and forces [51,78]. In this paper, a simplified
method implemented in the power factor correction (PFC)

code was used to obtain the averaged stress tensor over a
circle of particles in the two-dimensional analyses. Our
trial simulations show that the accuracy of stresses
obtained depends on the radius of the circle for a given
grain size distribution. If the circle radius is large enough,
e.g., 10–12 times the average particle radius in this paper,
the obtained stress value becomes independent of the circle
radius, and moreover, the stresses measured in two
neighbor circles change in a smooth way.
Figure 7 provides the average stress fields in the

expression of principal stress vectors obtained at various
stages of loading in the DEM sample. Figures 7 (a) and (b)
show that the stress field remains homogeneously
distributed and that the direction of the major principle
stresses is vertical almost everywhere until the peak
deviatoric stress is reached. Figures 7(c)–(e) show that
when the deviatoric stress reaches its residual point and the
specimen reaches its critical state, the direction of the
major principal stresses rotates gradually inside the shear
band with their inclination slightly away from the shear

Fig. 6 Deformation patterns of the specimen at different axial strain (initial void ratio: 0.20; cell pressure: 100 kPa). (a) 0.37%; (b) 0.8%;
(c) 3.3%; (d) 6%; (e) 10%
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band but not eventually perpendicular to the shear band.
However, the major principal stress vectors are still in a
vertical direction in the area away from the shear band.

4.3 Velocity fields

In order to describe the strain fields on the specimen in
association with the formation of shear bands, we shall
output visually velocity vectors of all particles in black
color but with different darkness at the abovementioned
axial strains. The quasi-static velocity of each particle is
computed by its position change of particle centre. If the
maximum velocity Vmax is measured, each velocity vector
is painted with different darkness based on its value. The
darkest one represents Vmax, and the lightest for Vmin.
Figure 8 provides the distributions of particle velocity

vectors in the specimen at different axial strains.
Figure 8(a) shows that the velocity field starts to become
inhomogeneous at axial strain of 0.37%, showing several
mini-shear bands. Such inhomogeneity becomes more
significant, and several conjugate small shear bands appear
when the peak deviatoric stress is reached, as demonstrated
in Fig. 8(b). Figures 8(c)–(d) show that when the specimen
arrives at its residual stress and the critical state, these
conjugate small shear bands turn into an obvious shear
band indicative of shear strain localization. However,

Fig. 8(e) shows that when axial strain is 10%, the specimen
seems not to be featured with the shear band. Instead, the
specimen appears to be composed of two bodies moving in
different direction. This observation does not capture the
instinct nature of the deformation at this stage. In fact,
since the top and bottom walls are assumed to be
frictionless in the numerical simulation, the whole speci-
men moves horizontally in a significant way at this stage,
which makes the velocity vectors conceal the feature of
shear band. By analyzing the results shown in Figs. 6 and 7
in Sections 4.1 and 4.2 or in Figs. 8 and 9, one can find that
strain localization does occur at this stage of axial strain
10%. Hence, the results in Fig. 8 are also in agreement with
the experimental observation on formation of shear bands
in granulates that several parallel mini-bands are generally
formed at first, then turn into several conjugate small shear
bands, and finally into an obvious shear band in the
specimen [22–30].

4.4 Void ratio distributions

Figure 9 presents distributions of void ratio in the DEM
sample obtained at different axial strains. Figures 9(a)
and (b) show that the void ratio is neither perfectly
homogeneously distributed nor concentrated in a narrow
zone before the peak deviatoric stress is reached. In

Fig. 7 Distributions of principal stress vectors in the specimen at different axial strain (initial void ratio: 0.20; cell pressure: 100 kPa).
(a) 0.37%; (b) 0.8%; (c) 3.3%; (d) 6%; (e) 10%
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contrast, Figs. 9(c)–(e) show that the void ratio becomes
larger and larger (i.e., dilation) in a narrow zone, indicating
the volumetric strain localization, as the axial strain
increases when the specimen is in its critical state. By
comparing Figs. 9(c)–(e) with Figs. 8(c)–(e), we find that
the volumetric and shear strain localizations occur in the
same zone. In addition, Figs. 8(c)–(e) show that the void
ratio outside the shear band changes slightly during the
test, which indicates that the volumetric dilation of the
whole sample comes nearly from the dilation in the shear
band. This observation is in agreement with that observed
in sands in geo-laboratories [22–30].
It may be interesting to compare the distributions of void

ratio in this paper with the results introduced in Ref. [72],
which comes from DEM biaxial tests on sand samples
using flexible boundaries as well. In Ref. [72], Bardet et al.
found that the distribution of void ratio is not helpful in
identifying shear bands and therefore concluded that “in
two-dimensional materials, the volumetric strain calculated
form e or G is inappropriate to detect shear bands.”
However, they acknowledged that “this observation
disagrees with the radiographic measurements of shear
bands on real sands in the geo-laboratory.” However, our
simulations show that strain localization does occur in the
granular DEM sample in terms of shear and volumetric
strains, and stress field.

4.5 Distributions of averaged pure rotation rate (APR)

It has been recently proven that the energy dissipation
between sand particles is related to their relative sliding
displacement that can be further expressed in terms of the
sliding rotation rate [76,77]. This sliding rotation rate
consists of two parts, with one part related to the
transmission of particles and the other part to the rotation
and size of the particles. The second part named as the pure
rotation rate �p [76,77] can be expressed by

�
p ¼ 1

r
r1�1 þ r2�2ð Þ, (1)

where r1 and r2 are the radius, while �1 and �2 are the
rotation rate of the two particles in contact, respectively. r
is the common radius of the two particles in contact defined
by

r ¼ 2r1r2
r1 þ r2

: (2)

In light of an assembly of sand particles, the averaged
pure rotation rate ω (hereafter referred to as APR for short)
can be expressed by [76,77]

ω ¼ 1

N
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�
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Fig. 8 Distributions of particle velocity vectors in the specimen at different axial strain (initial void ratio: 0.20; cell pressure: 100 kPa).
(a) 0.37%; (b) 0.8%; (c) 3.3%; (d) 6%; (e) 10%

Mingjing JIANG et al. Strain localization analyses of idealized sands in biaxial tests by distinct element method 215



Fig. 9 Distributions of void ratio in the specimen at different axial strain (initial void ratio: 0.20; cell pressure: 100 kPa). (a) 0.37%;
(b) 0.8%; (c) 3.3%; (d) 6%; (e) 10%
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where N is the total number of the contacts, and rk is the
common radius for the two particles at the kth contact,
which can be calculated from Eq. (2). APR is a new
variable linking the macro- and micromechanics of sand,
which does not exist in classical continuum mechanics. It
can be used to constitute other variables that establish the
framework of nonclassical continuum mechanics for
granulates and have been confirmed to be the right angular
velocity sought for decades in the double-shear kinematic
models for granulates [58,76,77].
Figure 10 provides APR distributions obtained from the

DEM sample at different axial strains mentioned above. In
the figure, each APR is obtained from a measurement
circle of hundreds of particles. A suitable radius of
measurement circle for APR is also chosen to be 10–12
times the average particle radius. Figures 10(a) and (b)
show that APR is neither zero in the whole sample nor
concentrated in a narrow zone until the peak deviatoric
stress is reached. However, Figs. 10(c)–(e) show that the
value of APR becomes larger and larger within a narrow
zone, which coincides with the shear band introduced in
Figs. 6–9, when the specimen arrives at its critical state. In
addition, the APR is almost zero and changes slightly
outside the shear bands during the test. This observation
and those in Figs. 6–9 demonstrate that strain localization
in the granular DEM sample is featured not only by
deformation pattern, strain and stress fields, and void ratio
distribution but also by APR distribution.

4.6 Contact force chains

Figure 11 presents the contact force chains observed in the
DEM specimen at the different axial strains, in which the
line thickness represents the magnitude of contact forces.
Figures 11(a) and (b) show that, as already observed by
many other researchers, the distribution of force chains
exhibits a webbed pattern with thick chains distributed
mostly in the vertical direction in the whole specimen until
the peak deviatoric stress is reached. Then, some thicker
and column-shaped chains develop progressively with
increasing of axial strain in the specimen, as illustrated in
Figs. 11(c)–(e). In addition, Figs. 11(c)–(e) show that the
thicker column-shaped force chains within the shear band
zone, initially in the vertical direction, rotate gradually
away from the shear band inclination but still far from
becoming perpendicular to the shear band in the specimen.
There is no such experimental evidence on it yet, and it is
one of our future works to measure the contact force chains
with regard to shear bands in laboratory.

4.7 Thickness and inclination of shear bands

Thickness and inclination of shear bands are two main
aspects that cannot be well predicted numerically by FEM
so far. Since our study shows that the shear band is featured
not only by deformation patterns, strain fields, and void

ratio distributions but also by APR distributions, we shall
investigate the thickness and inclination of shear band in
the material using four evaluation criteria in this subsection
in terms of deformation patterns, velocity fields, and void
ratio and APR distributions. Table 2 presents the
characteristics of the shear band at different axial strains
where the specimen is at its critical state. Table 2 shows
that 1) different evaluation criterion gives rise to slightly
different thickness and inclination of shear band. For
example, APR is slightly more localized than void ratio; 2)
thickness of the shear band is 10–14 times of the mean
particle diameter d50 on the average and increases
generally with the increasing of axial strain; 3) the
inclination of the shear band generally decreases with the
increasing of axial strain with its value ranging from 54°–
50°.
Thickness observed here is in agreement with the

previous study [22–30]. Note that the peak (residual)
internal frictional angle φp (φr) is 21.5° (14°), which
corresponds to the state at axial strain of 3.3% (6% and
10%) in Table 2. The inclination of shear band predicted by
the Mohr-Coulomb theory is ð45°þ φ=2Þ, which gives rise
to 55.7° (52°) when φp ðφrÞ is used. Hence, the Mohr-
Coulomb theory can predict the decreasing of the
inclination of the shear band against the increasing of
axial strain, provided that both the peak and residual
internal frictional angles are used. In addition, the
inclination of shear band predicted by the Mohr-Coulomb
theory is slightly larger than the measured one.

5 Conclusions

This paper presents an insight into the strain localization of
idealized sands by DEM analyses. Multilayer under-
compaction was employed to generate specimens of a
specific grain-size distribution, which were then investi-
gated under biaxial compression tests. Macroscopic
responses, including stress-strain relationships, distribu-
tions of stress vectors, void ratio and APR, as well as
microscopic responses, are examined. In addition, the
thickness and inclination of shear bands are investigated.
Based on numerical results obtained from the DEM
numerical tests, the main conclusions are as follows:
1) The DEM sample demonstrates strain-softening and

shear-dilatant mechanical behavior, which is in agreement
with experimental results on dense sands. The initiation of
minishear bands coincides with the phase-change point,
i.e., a state from which compression turns into dilation in
specimen.
2) The stress and strain fields are nearly homogeneous in

the whole specimen with the naked eye until the specimen
arrives at its peak deviatoric stress, while minishear bands
or small shear bands occur in fact. When the specimen
arrives at its critical state, these conjugate small shear
bands turn into a shear band obvious enough to be told
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Fig. 10 Distributions of APR in the specimen at different axial strain (initial void ratio: 0.20; cell pressure: 100 kPa). (a) 0.37%;
(b) 0.8%; (c) 3.3%; (d) 6%; (e) 10%
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with the naked eye. In addition, the direction of contact
forces and principle stresses rotates gradually inside the
shear band with their inclination slightly away from the
shear band. Moreover, the void ratio and averaged pure

rotation rate (APR) are all localized in the shear band with
the values larger inside than outside the shear band.
3) Different evaluation criterion gives rise to slightly

different thickness and inclination of shear band.

Fig. 11 Force chains in the specimen at different axial strain (initial void ratio: 0.20; cell pressure: 100 kPa). (a) 0.37%; (b) 0.8%;
(c) 3.3%; (d) 6%; (e) 10%

Table 2 Characteristics of shear band at different axial strains

characteristics of shear band evaluation criteria axial strain

3.3% 6% 10%

thickness ðd50Þ deformation pattern ※ 14 12

velocity field 9 10 ※

void ratio distribution 11 15 18

APR distribution 11 11 12

averaged thickness 10.3 12.5 14

inclination (degree) deformation pattern ※ 53 49

velocity field 53 47 ※

void ratio distribution 54 50 52

APR distribution 54 49 50

averaged thickness 53.6 49.8 50.3
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Thickness of the shear band is 10–14 times of the mean
particle diameter d50 on the average and increases
generally with the increasing of axial strain. The inclina-
tion of the shear band generally decreases with the
increasing of axial strain with its value ranging from
54°–50°, which can be overall predicted by the Mohr-
Coulomb theory.
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