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Abstract Tight multi-medium oil reservoirs are the main
source of hydrocarbon resources around the world. Acid
fracturing is the most effective technology to improve
productivity in such reservoirs. As carbonates are primarily
composed of dolomite and calcite, which are easily
dissolved by hydrochloric acid, high-permeability region
will be formed near the well along with the main artificial
fracture when acid fracturing is implemented in tight multi-
medium oil reservoirs. In this study, a comprehensive
composite linear flow model was developed to simulate the
transient pressure behavior of an acid fracturing vertical
well in a naturally fractured vuggy carbonate reservoir. By
utilizing Pedrosa’s substitution, perturbation, Laplace
transformation and Stehfest numerical inversion technol-
ogy, the pressure behavior results were obtained in real
time domain. Furthermore, the result of this model was
validated by comparing with those of previous literature.
Additionally, the influences of some prevailing parameters
on the type curves were analyzed. Moreover, the proposed
model was applied to an acid fracturing well to evaluate the
effectiveness of acid fracturing measures, to demonstrate
the practicability of the proposed model.

Keywords tight multi-medium oil reservoir, acid fractur-
ing, stress-sensitive permeability, composite linear flow

1 Introduction

Tight multi-medium oil reservoirs are widely distributed
around the world, and numerous studies have been
conducted on this type of reservoirs (Kossack and
Gurpinar, 2001; Kang et al., 2006; Wang et al., 2018a;
Xing et al., 2018; Xu et al., 2019). In the last few decades,
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many scholars noticed the distinctive pore structure and
fluid flow mechanism in carbonate reservoirs, where
matrix, natural fractures and vugs coexist in naturally
fractured vuggy reservoirs. This renders it complicated and
intractable to characterize reservoirs accurately. Generally,
matrix and vuggy pores act as storage spaces for
hydrocarbon fluids, whereas fractures are usually
considered as a pathway for fluid flow. Furthermore, vuggy
pores can be subdivided as connected and disconnected
with natural fractures. This means that fluid in the vug can
flow into fracture directly or indirectly via the bridge of
matrix.

Due to complex pore types, it is challenging to model
fluid flow through tight multi-medium oil reservoirs. After
decades of researches, scholars have put forward some
effective methods to tackle this problem. Abdassah and
Ershaghi (1986) first proposed triple-porosity/single-per-
meability model. In their model, and unsteady-state
interporosity flow between fracture and other systems
was considered in their model. Later, Liu et al. (2003)
proposed a tri-continuum medium concept considering
pseudo-steady interporosity flow. Wu et al. (2006 and
2007) developed an analytical method for transient flow
analysis in tight multi-medium oil reservoirs, taking the
flow between vug and matrix into consideration. Camacho-
Velazquez et al. (2002) established a triple-porosity/dual-
permeability model to consider primary flow not only
through fracture system to wellbore, but also vugs system
to wellbore. Subsequently, Fuentes-Cruz et al. (2004)
extended the model to partially penetrated well. Yao et al.
(2010) established the discrete fracture-vug network model
and provided to describe fluid flow in the fractured-vuggy
porous media. Wu et al (2019) applied the discrete
fracture-vug model proposed by Yao et al. (2010) to
model macrovugs, while microfractures and microvugs are
modeled with the triple-continuum concept. Guo et al.
(2012) established a test analysis model of a horizontal
well, and triple porosity and dual permeability flow
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behavior were analyzed. Their results showed that type
curves were dominated by external boundary conditions as
well as the permeability ration of fracture system to the
sum of fracture and matrix systems.

In order to reduce flow resistance meanwhile extract
hydrocarbon resources in carbonate formations effectively,
acid fracturing has been the predominant technology
(Abass et al., 2006). Thus, it is significant and attractive
to understand the flow behavior of acid fracturing wells in
tight multi-medium oil reservoirs. Generally speaking,
carbonate minerals are composed of dolomite and calcite
which are easy to be dissolved by hydrochloric acid.
Therefore, acid fracturing can not only act as “hydraulic
fracturing”, but also act as acidification to create different
types of wormholes (Fredd, 2000; Dora, 2008; Liu et al.,
2013). As for the pressure dynamics analysis for acid
fracturing wells in tight multi-medium oil reservoirs, great
efforts have been made in the last several years. Wang et al.
(2014) developed a theoretical wormhole seepage model
for the first time. In this model, wormholes are simplified
as multi-branched fractures with an infinite conductivity.
Later, a semi-analytical model that derives from the
previous one to investigate the pressure behavior for finite
conductivity multi-branched fractures in fractured-vuggy
reservoirs in detail was also suggested by Wang et al.
(2018b). Wang and Yi (2017) studied the flow behavior of
a well with a finite-conductivity fracture in a tight multi-
medium oil reservoir. In their study, the vugs were are
conceptualized as spherical shapes and seven flow regimes
were are observed. Recently, Wang et al. (2018b)
investigated the flow behavior of acid fracturing wells in
a composite fractured-vuggy carbonate reservoirs. Lei
et al. (2018) presented an analytical solution considering
the heterogeneity of the pore networks in acidized region
by the utility of the fractal geometry theory.

It is reported that some tight multi-medium oil reservoirs
may exhibit strong stress-sensitive characteristic, which
has a significant effect on transient pressure behavior
(Zhang et al., 2017; Yang et al., 2017). Yet, the
aforementioned researches haven’t taken this factor into
consideration. Moreover, all of their wok were based on
the assumption that the fracture is completely penetrated in
the vertical direction. Unfortunately, to be our best
knowledge, fracture may be partially penetrated in actual
acid fracturing implementations. With regard to partially
penetrating fractured well, many researchers (Raghavan
et al., 1978; Rodriguez et al., 1984; Igbokoyi and Tiab,
2008; Zhang et al., 2015; Yuan et al., 2018) developed
point/slab source functions and numerical methods to deal
with it respectively. However, numerical methods are
complex and time-consuming. Compared with numerical
simulation, composite linear flow model can solve the
problem of single vertically fractured well or multi-stage
fractured horizontal well conveniently. Simultaneously, it
also avoids the time-consuming process in numerical
simulation and the complexity of Green function methods
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(Brown et al., 2009; Stalgorova and Matter, 2012; Tao et
al., 2018; Zeng et al., 2018; Zeng et al., 2017).

In this study, we investigate an acid fracturing vertical
well in a rectangular fractured-vuggy carbonate reservoir,
and the acidized region is also rectangular. Besides, the
artificial fracture can be either fully or partially penetrated.
The Pedrosa’s perturbation (Pedrosa, 1986) is utilized to
linearize the non-linear equations caused by stress-
sensitive permeability. The physical model and relevant
assumptions would be elaborated in Section 2. In Section
3, the mathematical model is established and the
corresponding solution is given by Laplace transformation
and Stehfest inversion technology (Stehfest, 1970). The
model verification and parameters sensitivity analysis are
presented in Section 4. Finally, some remarkable conclu-
sions are drawn in Section 5.

2 Physical model

As shown in Fig. 1, a single fractured vertical well is
located in the center of a tight multi-medium oil reservoir.
The reservoir is modeled as triple-porosity medium while
the main artificial fracture is modeled as single-porosity
medium. As for the triple-porosity medium, natural
fractures act as the main pathways, while vug and matrix
provide the storage space. The inter-porosity flow is
assumed to be in pseudo-steady state, and the process is
shown in Fig. 2. The main artificial fracture formed by acid
fracturing is symmetric and it partially penetrates the
formation in both vertical and horizontal directions. There
is an acidized region with lots of wormholes near the main
artificial fracture. Slightly compressible fluid with constant
viscosity is produced at a fixed rate through the well. For
the sake of simplification, some of other tenable assump-
tions are elaborated as following:

Aaocux [
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Fig. 1 Schematic of an acid fracturing well in a fractured-vuggy
carbonate reservoir.

1) The reservoir is horizontal with uniform thickness of
h, and the reservoir pressure is p; at the begining time of
production and the gadient is uniformly distributed;
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Fig. 2 Physical modelling sketch map of tight multi-medium.

2) The upper and bottom boundaries of reservoir are
impermeable, and external boundary is also closed;

3) Main artificial fracture and natural fractures in
regions 1 to 6 possess stress-sensitive permeability and it
can be described as the following formula:

kf = kﬁefa(p[—p/)’ (1)

where kydenotes fracture permeability at current pressure;
ks denotes fracture permeability at initial pressure; a refers
to permeability modulus; p; and p,refer to initial pressure
and fracture pressure.

4) The continuity conditions of pressure and flux at the
interfaces are used to connect the adjacent flow regions.

5) Isothermal and Darcy flow process is assumed while
the gravity and capillary pressure are ignored.

3 Mathematical model and solution

Based on the aforementioned assumption that the hydraulic
fracture is symmetrical both in horizontal and vertical
direction, one-quarter of the rectangular carbonate reser-
voir is implemented to simplify the problem. The system is
divided into seven regions as shown in Fig. 3, and the
shape of each region presents approximately rectangular.
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Fig. 3 Physical modeling sketch map of tight multi-medium.

3.1 Flow in regions without acidification (Region 2 -+
Region 3 + Region 4 4+ Region 5 + Region 6)

Region 6

In Region 6, considering the effect of stress sensitivity,
the governing equations in dimensionless form can be
written as

2 2
o “oPsD 0 péfD_aD Pep
073 0zp
1 Opem OPsmp Pevp
N6 [%f Otp o Otp e op |’ ()
1 Opey,
Den— =2 + Asfn(Psmp — Pesn) ~ 2om (Povp ~Psmp) = 0,
Nep Otp
3)
1 op
Wey—— oDy Agf (Pevp —P6ﬂJ> —Asum(Pevp —Pemp) = 0,
Hep Olp

“4)

where, a is permeability modulus, MPa™; w is storativity
ratio, dimensionless; 7 is diffusivity coefficient, MPa™; 1 is
interporosity flow coefficient, dimensionless; f is natural
fracture property; m is matrix property; v is vug property; p
is reservoir pressure, MPa; t is time; e is Euler number; D is
dimensionless.

Dimensionless parameters in Egs. (2)—(4) are defined in
Appendix A.

The initial condition is

Pefp = Pémp = PevD = 0. (%)

The outer boundary condition (no-flow) is

OPep
1o/4

=0, (6)
Zp=2p

where z is distance.
Based on pressure continuity, the inner boundary
condition is given as

p6D|zD=le = p2D|ZD=ZID = p4D|zD=le' (7)

With Pedrosa-substitution (Pedrosa, 1986), perturbation
and Laplace transformation methods (detailed derivations
are in Appendix B), we can obtain
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. ) MeD
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where s is dimensionless time variable in Laplace domain,
dimensionless; £ is a variable after Pedrosa’s substitution;
~ is laplace transform; /4 is formation height, m.

Region 5

Analogously, the governing equations of Region 5 in
dimensionless form can be written as

2 2
o P O Psp " s
oz b 0zp

1 19) 15 19)
= — oy Psm . P5mD ws, PsvD )
15D otp Otp otp
1 0Opsy,
DD 1 Asfin(Psmp —DPsmp) — Asym (Psvp —Psmp) = 0,
Nsp Ofp
(10)
1 0Opsy,
R L Asf(Psvp —Dsip) — Asym (Psvp —Psmp) = 0.
Nsp Olp
(11
The initial condition is
D5 = Psmp = Psw = 0. (12)
The outer boundary condition (no-flow) is
0
9Psp —0. (13)
aZD
Zp=22p

Based on pressure continuity, the inner boundary
condition is given as

(14)

After eliminating the nonlinearity by applying the
Pedrosa substitution, the solution of Region 5 can be
obtained as following:

pSfD|ZD:Zm =Pip Zp=Zip :p3fD|ZD:Zm'

o ~ sgs(s sgs5(s
3 DN =& p(zip) gs—()tanh s )(ZID_ZZD>
ZD . UR)) Nsp
~ sgs(s sgs(s
= &plzip) &s( )tanh l sl )(210—220)1 :
Ns5D Nsp
(15)
Region 4

In Region 4, the flow is in x and z directions, and the
governing equations considering the effect of stress
sensitivity in dimensionless form can be written as

& ol 0 2 ) 2
P p4/DaD<p4fD> aD<p4fD)
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Nap Olp
(18)
The no-flow outer boundary in x direction is
1%
P4D —0. (19)
6)CD

X2p
The pressure continuity condition between Region 4 and
Region 2 on the interface is

Paly—eiy = P2y (20)

Based on the definite conditions, the solution of Region
4 can be written as

o& 2

Bl e aip) vty a i w0)). @D
D X1p

Region 3

In Region 3, the flow is in x and z directions, and the
governing equations considering the effect of stress
sensitivity in dimensionless form can be written as

o 0 2 0 2
() ()
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+ A3 (P3vp —P3yD) — A39m (P390 — P3mp) = 0.
(24)
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The no-flow outer boundary in x direction is

Pl _
axD

X2p

25)

The pressure continuity condition between Region 3 and
Region 1 on the interface is
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p3fD|xD=xlD :pljD’xszlD~ (26)

Based on the definite conditions, the solution of Region
3 can be written as

o¢ 3

B0 & p(eip)yatanklya(ap o). 27)
b X1p

Region 2

In Region 2, the flow is in x, y and z directions, and the
governing equations considering the effect of stress
sensitivity in dimensionless form can be written as
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The no-flow outer boundary in y direction is
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The pressure continuity condition between Region 2 and
Region 1 on the interface is

piD(le) = plfD(le)z (32)
O& N
g;;D = Sip(Vip)voatanh[y/a; (vip—yap)].  (33)
Yip

3.2 Flow in acidized region (Region 1)

In Region 1, the flow is also in x, y and z directions, and the
governing equations considering the effect of stress
sensitivity in dimensionless form can be written as
2
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The solution of region 1 can be obtained as
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where w is wellbore property; f is intermediate variable;
FD is dimensionless fracture conductivity.

3.3 Flow in artificial main fracture

In the main artificial fracture, the single-porosity model is
applied. Thus, the diffusivity equation can be written as

prp P _ i prp (38)
oxp p  Nep Olp
The boundary conditions in x direction are
0
PFD —0, (39)
ox D N
0 0
'PFD -0 Prp| _ T ’ (40)
8xD 6xD 0 F cD
X1D

where Fcp is dimensionless artificial fracture conductivity,
dimensionless.
Therefore, the pressure solution for fracture region is

: ncosh|\/og (Xp—x1p)]
Fp SFCD\/@Sinh[\/@(xlD)].

Set xp=0, we can obtain the final solution for well
bottom-hole pressure in Laplace domain as following

(41)

T

sFepy/ogtanh[\/ag(xp)]

EWD =

(42)
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According to the Duhamel and superposition theory, the
dimensionless well bottomhole pressure responses incor-
porating wellbore storage and skin effect in Laplace
domain can be written as follows:

Sc + SEWD
N + C'DS2 (SEWD + Sc) ’

EwD(SaCD7SC> = (43)

where Cp denotes dimensionless wellbore storage coeffi-
cient; S, denotes skin factor.

Finally, the well bottomhole pressure can be obtained by
the following equation:

1
Pwp = —a—ln(l —apyp).- (44)

D

4 Results and discussion
4.1 Model verification

In order to verify the proposed model, the results obtained
by this model and by trilinear flow model in the reference
(Brown et al., 2009) are compared with. Let g(s) equal to 1,
y1p equal to y,p and z;p equal to zp to make the two
models the same. In addition, skin factor is not considered
in this case. Some other relevant parameters are presented
in Table 1.

Figure 4 presents a log/log plot of dimensionless
pressure and pressure derivatives vs. dimensionless time
solved by the two model. As we can see, the results
obtained by this model shows good agreement with the
trilinear flow model, which demonstrates the accuracy of
this model.

1x10°

Table 1 Basic dimensionless parameters for model validation

Parameters Value
Dimensionlessacidized main fracturehalf-length, x,p 1
Dimensionlessacidized main fracturehalf- width, wp 0.000001
Dimensionlessacidized main fracture conductivity, Fp 1.2
Dimensionlessacidized regionhalf-width, y, 10
Dimensionlessacidized regionhalf-height, z; 10
Dimensionless reservoir half-length, x, 8
Dimensionless reservoir half-width, y,p 10
Dimensionless reservoir half-height, z,p 10
Dimensionless wellbore storage coefficient, Cp 0.1

4.2 Flow regimes recognition

In order to obtain the transient pressure type curves, a
series of parameters are set as listed in Table 2, and the
corresponding type curves are shown in Fig. 5. There are

Table 2 Basic dimensionless parameters for flow regimes recognition

Parameters Value
Dimensionlessacidized main fracturehalf-length, x, 1
Dimensionlessacidized main fracturehalf- width, wp 0.000001
Dimensionlessacidized main fracture conductivity, Fcp 0.8
Dimensionlessacidized regionhalf-width, y;p 1
Dimensionlessacidized regionhalf-height, z; 8
Dimensionless reservoir half-length, x,p 8
Dimensionless reservoir half-width, y,p 10
Dimensionless reservoir half-height, z, 10
Dimensionless wellbore storage coefficient, Cp, 0.1

1x10° |

1><104 L

1x10° E .

—— Dimensionless pressure, this model
===- Dimensionless pressure derivative, this model

® Dimensionless pressure, trilinear-flow results

Dimensionless pressure derivative, trilinear-flow results

1x10?

Pup» dp,,p/ding,

1x10!

1x10°

1x107!

1x1072 : ' '
1x102  1x107'  1x10°  1x10!

1x10?
tl)/ CI)

1x10°  1x10*  1x10°  1x10°

Fig. 4 Comparison of the results between this model and trilinear-flow method.
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1x10°
; —— Dimensionless pressure, with wellbore storage
X107 ===- Dimensionless pressure derivative, with wellbore storage
Ix10° L Dimensionless pressure, without wellbore storage
* Dimensionless pressure derivative, without wellbore storage
1x10° ¢
£ 1x10*
Sl
2 1x10°
s Ix
2 >
< 1x10
1x10'
1x10°
1x107" F
1x 10—2 1 1 1 1 1 1 1 ! 1 -
1107 1x107* 1x107 1x107" 1x10° 1x10" 1x10® 1x10° 1x10* 1x10° 1x10°
tl)/Cl)
ig. ressure type curves of an acid fracturing well in a tight multi-medium oil reservoir.
Fig. 5 P typ f id fi ing well i igh Iti-medi il i

eight flow regimes can be observed as following
respectively from Fig. 5.

Regime I: bilinear flow in artificial fracture and in the
acidized region (Region 1). The pressure derivative curve’s
slope is 1/4 in the regime;

Regime II: first linear flow in the acidized region. The
pressure derivative curve shows a straight line with a slope
of 1/2;

Regime III: interporosity flow from vug system to
natural fracture system in acidized region;

Regime IV: interporosity flow from matrix system to
natural fracture system and from vug system to matrix
system in acidized region;

Regime V: second linear flow from un-acidized region
to acidized region. The pressure derivative curve shows a
straight line with a slope of 1/2;

Regime VI: interporosity flow from wvug system to
natural fracture system in un-acidized region;

Regime VII: interporosity flow from matrix system to
natural fracture system and from vug system to matrix
system in un-acidized region;

Region VIII: pseudo-steady flow (boundary-dominant
flow).

4.3 Parameters analysis

4.3.1 Effect of fracture conductivity

Figure 6 shows the effect of fracture conductivity on
dimensionless pressure and pressure derivative. It can be
seen that fracture conductivity mainly influences the type
curves at the early stage. The greater the fracture

conductivity is, the smaller the dimensionless pressure is.
It means that lower flow resistance in the artificial main
fracture. It can also be seen that the bilinear flow stage
disappears when fracture conductivity equals to 10, and the
“concaves” in the third and fourth flow regimes have an
apparent “dip”, which indicates that fracture conductivity
has a significant influence on the pressure behavior of
acidized region.

4.3.2 Effect of permeability modulus

Figure 7 illustrates the effect of permeability modulus on
transient pressure behavior. As shown in the picture, stress
permeability has an apparent impact on the type curves in
the late time period. The greater the permeability modulus
is, the faster the permeability decreases and it leads to
larger pressure consumption at the same production. As the
permeability modulus increases from 0.00009 to 0.00019,
the boundary dominated flow shifts to an early time.

4.3.3 Effect of the coefficient of interporosity flow between
matrix and vug system

Figure 8 depicts the effect of coefficient of cross-flow from
vug to fracture on transient pressure behavior. As is
known, the coefficient of interporosity flow from vug to
fracture in acidized region represents permeability ratio of
the vug system in the fracture system. Therefore, a large
value of A4, denotes a high permeability of vug and leads
to an early occurrence of first interporosity flow stage. As
Fig. 8 shows, the first interporosity flow stage advances
with the increase of the parameter A4,;. It can also be seen
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1x10%
1x107 L Dimensionless pressure, Fp = 10
----- Dimensionless pressure derivative, F.p, = 10
1x10° £ Dimensionless pressure, Fp =5
I S Bl Dimensionless pressure derivative, Fop =5
1x10° ¢ — Dimensionless pressure, Fep =1
a N Rl Dimensionless pressure derivative, Fp, =1
= Ix10%f
S}
2 a0
&
3 ,
< 1x10
1x10'
1x10°
Ix107"
1x 1072 1 L 1 1 1 1 L 1 L -
1x107* 1x107* 1x107 1x107" 1x10° 1x10' 1x10* 1x10° 1x10* 1x10° 1x10°
tl)/cl)
Fig. 6 The effect of fracture conductivity on transient pressure behavior.
1x10%
1x107 b ——— Dimensionless pressure, a;, =0
----- Dimensionless pressure derivative, a;, = 0
1x10° k& Dimensionless pressure, &, = 0.00009
----- Dimensionless pressure derivative, a;, = 0.00009
1x10° £ Dimensionless pressure, ¢¢;, = 0.00019
e b | Dimensionless pressure derivative, a;, = 0.00019
= 1x10*
S}
2 a0
&
3 ,
< 1x10
110"
1x10°
Ix107"
1x 1072 1 L 1 1 1 1 L 1 L

1x107* 1x107* 1x1072 1x107" 1x10°

1x10!

1x10> 1x10° 1x10* 1x10° 1x10°

1/Cp

Fig. 7 The effect of permeability modulus on transient pressure behavior.

that a bigger will pose a smaller pressure depletion because
dimensionless pressure curve descends as parameter A4,
increases from 0.1 to 1.

4.3.4 Effect of storativity ratio of natural fracture in
acidized region

Figure 9 shows the effect of storage ratio of natural fracture
system in Region 1 on the flow regimes. The natural

fracture storativity ratio refers to the ratio of the fluid
storing volume in natural fracture system to the total
capacity of fluid storing in the reservoir. Furthermore, it
reflects the fracture growth level as well, so it can be called
fracture intensity as well. Similar to the coefficient of
interporosity flow from vug to fracture, storativity ratio of
natural fracture in acidized region mainly takes effect
during the first interporosity flow stage as well. The
smaller the parameter wy is, the lower the first V-segment
becomes.
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1x10°
, Dimensionless pressure, 45, = 0.1
X107 | e Dimensionless pressure derivative, 44, = 0.1
1x10° D?mensﬁonless pressure, AM = 9.5
————— Dimensionless pressure derivative, 45, = 0.5
1x10° Dimensionless pressure, 45, = 1
----- Dimensionless pressure derivative, A4, = 1
£ 1x10*
3
S 1x10°
g Ix 0
S Ix10?
1x10'
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1x 10—2 1 1 1 1 1 1 1 ! ! -
1x107* 1x107* 1x107 1x107" 1x10° 1x10' 1x10> 1x10° 1x10* 1x10°
tl)/cl)
Fig. 8 The effect of interporosity flow coefficient on transient pressure behavior.
1x10°
1x107 Dimensionless pressure, @, = 0.00001
----- Dimensionless pressure derivative, w,, = 0.00001
1x10° Dimensionless pressure, @, = 0.0001
----- Dimensionless pressure derivative, w,; = 0.0001
1x10° —— Dimensionless pressure, 0y = 0.001
R Dimensionless pressure derivative, w4 = 0.001
= 1x10* -
3
S 1x10°
g Ix 0
S Ix10? o
- - < e
- ~o”
1x10" R
1x10°
1x107" ¢
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Ix10' 1x10*> 1x10®° 1x10* 1x10° 1x10°
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Fig. 9 The effect of storativity ratio on transient pressure behavior.

4.3.5 Effect of width of acidized region

To investigate the width of acidized region separately, the
length of acidized region is considered as a constant.
Figure 10 indicates the effect of the width of acidized
region on the transient pressure behavior. As shown in
Fig. 10, the interporosity flow in acidized region happens
later with the increasing of the width of acidized region,
while the interporosity flow in unacidized region happens
earlier. Meanwhile, the larger the size of acidized region is,

the lower the dimensionless pressure curve falls, and the
fact implies that engineer should try to enlarge the volume
of acidized region to reduce the flow obstacle and improve
well productivity.

4.3.6 Effect of reservoir size

Figure 11 displays the effect of the reservoir size on the
transient pressure behavior. As is shown in the figure, the
dimensionless pressure decreases especially in the late time
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Fig. 10 The effect of acidized region width on transient pressure behavior.
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Fig. 11 The effect of reservoir size on transient pressure behavior.

with the increase of reservoir size. It is mainly because that
larger reservoir size can provide more fluid to slow down
the pressure depletion when well produces at the same rate.
Thus, a smaller reservoir size leads to an early boundary-
dominant flow.

4.4 Real case application

This section provides an application of the presented

model. Well A is located in Tarim oil field in northwest
China. The effective height of well A is 28m. Figure 12
presents the buildup data fitting with the proposed model
through an algorithm of auto history matching. As
presented in Fig. 12, the model is able to match the real
testing data perfectly. The interpretation parameters are
shown in Table 3. As we can see in Fig. 12, the
permeability of Region 1 is 325 mD, which demonstrates
that the acidized fracturing makes an effective work.
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Table 3 The interpretation results of pressure-curve fitting

Parameters Interpretation
Results

Half artificial fracture length, x; (m) 31

Attificialfracture permeability, kg (10 um?) 2928

Natural fracture permeability in acidized region, 325

ke (107 pm?)

Matrix permeability in acidized region, k,,; (10> pm?) 7.3

Natural fracture permeability in un-acidized region, %6

kp= k= kp= k5= kg (10 pm?)

Matrix permeability in un-acidized region,

K= b= K= K5 K (107 pm?) 73

Interporosity flow coefficient between vugand fracture 0.1

in acidized region, A4,

Interporosity flow coefficient between matrix and 0.001

fracture in acidized region, Az,

Interporosity flow coefficient between vug and matrix in 0.001

acidized region, A,

Storativity ratio of natural fracture, w/ 0.001

Storativity ratio of matrix, @, 0.994

Storativity ratio of vugs, @, 0.005

Dimensionless wellbore storage coefficient, Cp 0.0013

Skin factor, S, 0

5 Conclusions

In this paper, an efficient alternative for the analysis of acid
fracturing well in carbonate oil reservoir is developed.
Acidized regions in acid fracturing carbonate reservoir are

considered as the same as SRV concept in hydraulic
fracturing tight and shale reservoir. The fracture, matrix
and vug are conceptualized as multiple-continuum med-
ium and the composite linear model is used to solve the
problem. The stress-sensitive permeability and partially
penetrated fracture are both taken into consideration.
Based on the investigation of this paper, the following
conclusions can be drawn.

1) As for an acidized fracturing well in a carbonate oil
reservoir, the flow regimes can be subdivided into the
following stages, e.g., bilinear flow stage; linear flow
stage; cross flow in acidized region; second linear flow
from un-acidized region to acidized region; cross flow in
un-acidized region; boundary-dominant flow.

2) Parameters sensitivity analysis demonstrates that
fracture conductivity mainly influences the type curves in
the early stage while permeability modulus influences the
late stage; storativity ratio and interporosity flow mainly
influences the cross flow stage; large acidized region size
can reduce the pressure loss and enhance well productivity.

3) The presented solution combining with the algorithm
of auto history matching can be used to obtain reservoir
parameters and evaluate the effectiveness of acid fracturing
measures.
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20177ZX05030-002).

Appendix A. Dimensionless definitions

To simplify the equations and the corresponding solutions,
some associated dimensionless variables are defined as
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follows:
Dimensionless pressure:

_ 27Tkrefh (pi 7p)

Pp=—" 5 (A1)
P quB
Dimensionless time:
Hrett
D = lf; » (Az)

ref

where kier, e, and L are reference permeability,
diffusivity and length respectively. Besides, the expression
of 7, 1 given as

kref

oc)r + (0c)m + (0¢)lrertt”

Nreft = [( (A3)
where ¢ is porosity, fraction; ¢, is compressibility, MPa™'; u
is fluid viscosity, 10 Pa-s.

Dimensionless distances:

- Xr - X2 yip = 1
1D — s A2D — s V1D — 5
Lref Lref Lref
Y2 2] 2
=== =—, = . A4
Y2p I Z1D I 22D I (A4)

ref ref

Dimensionless permeability modulus:

o — o quB
D Ponk oh

(A5)

where r is wellbore radius, m; 4 isformation height, m.
Dimensionless diffusivity:

n/Dzia]:Fa 19 23 3, 43 55 6.

ref

(A6)

The storativity ratios of fracture, matrix and vug are
respectively listed as following:

o (pc)r A
= ey + (pedm + (0). (a7
(pCi)m
= 8 A8
o (¢cf)f + (¢ct)n1 + ((oct)c (A%)
wc — (¢Ct)c (A9)

(pc)r + (0c)m + (9cr)e

The interporosity coefficients of vug to fracture, matrix
to fracture and vug to matrix are defined as following
respectively:

k
M = Oy Lrers (A10)
fi
k
Afm = Ufmk_legef’ (Al 1)
‘fi

k,
Aom = Uvmk_Lfef P (A12)
m
where o is shape factor, m 2.
Dimensionless fracture conductivity:
k, k
v D (A13)

F =
@ kl Lref kl

Appendix B. Derivation of the Mathematical
Model

Region 6

Region 6 is the unstimulated region due to partial
penetration in vertical direction, and we assume that the
flow in this section is a 1D linear flow in z direction. Thus,
the diffusivity equations in natural fracture, matrix and vug
are respectively given as

patri-ri) | OPer (P
0z? 0z

_ (@ct)6f/1’ apéf (Q)Ct)6m/.1, ap6m ((pct)6v:u’ 6P6v
kg ot kg ot [T
(B1)
ap m k m k %
(§DCZ)6ma—j + O—ﬁfm% (Pom *Paf)*%vm%(l?évfpém) =0,
(B2)

apév k6v k6v
—_ —_— — 3 —_ — e 0.
(pci)ey ot + Oep " (Pev—Der) + Toum u (P6v—Peom)
(B3)

Based on the dimensionless definitions in Appendix A,
Egs. (B1) to (B3) can be converted into dimensionless
form as following:

2 2
e %pPep 0 Pep —ap ap6m
0z 0zp

1 Pem Pemp Peup
- ) B4
Nep |:w6f a[D + Wem atD + wey atD ) ( )
1 Opem
Wepm p) o + A6fm (p6m 7p6f) 7A6vm (p6v 7p6m) = 0=
Nep Olp
(B5)
1 Opep
Wey : + Aéﬁ/(pGV _p6f> - A6vm (pév _p6m> =0.
Nep Olp

(Bo)
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Since Eq. (B4) is strongly nonlinear due to the
consideration of pressure-dependent permeability, we
introduce Pedrosa’s substitution to eliminate the non-
linearity [] (Pedrosa, 1986):

1 ,
Pep = ——In(1—-apep). (B7)
ap
Thus, Eq. (B4) can be converted into
Eem _ Py 1 e | Oem OPempD
0z} Nep 1—apSem Otp Nep Otp
Nep Ofp

A perturbation in a is conducted:

1
———=1+aplep + (ang/D)z + (abfefD)3 +ee,
l—anst
(B9)
1 1 l 5.
——In(1-apéep) = e + 5 apeop + 50pSem - -

ap 2 3

(B10)

For small ap, the higher-order terms in the series
become smaller successively and the zero-order perturba-
tion solution cansatisfies the accuracy requirement. Thus,
Egs. (B4)—-(B6) can be rewritten as

1 Opey
Wey—— ° + Aéﬁ’(p6v_56f) + A6vm(p6v_p6m) =0.
Nep Olp

(B13)

The initial and boundary conditions can be transformed
into

¢onliy—0 =0, (B14)
%]
Sop =0, (B15)
GZD
ZIp=2p
§6D|2D=le = §2D|2D=zm = §4D|ZD=21D' (B16)

Subsequently, we apply the Laplace transformation of #p
to convert Eqs. (B11)~(B13) into Laplace domain. The
Laplace transformation with respect to 75 is defined as
following:

+00
Eop(zp.s) = j e *"Cep(zpstp)dip. (B17)
0
Eqgs. (B11)~(B13) can be written as
Dom

525 6/D Wef ~ ~ Wy, .
2f —L Eop + 55— Pemp + s—pe> (BI8)
oz NMeD NeD MeD

@ m ~ ~ g ~ ~
s’776p6m + A6fm (p6m 756_/‘) 7A6vm (p6v 7p6m) = 0’ (B19)
D

Wy SRR L
5 s o Pev + A6)‘i/ (p6v 766)‘) + A6vm (p6v 7p6m) =0. (B20)
0 56fD _ % aéféfD m ap6mD Wy, ap6vD (Bl 1) fep
oz3, nep Otp nep Ofp Nep Otp Substituting the matrix and vuginterporosity flow Egs.
(B19) and (B20), we can obtain
1 apém 825
i - — — = 6 S %
w6m’76D alD + A6fm (pém §6f) ;{6vm (p6v pém) Oa aszD — n;g()(s)éést (le)
(B12) P
S 1 —Wg
(A + Agm)— + o w6f [AepAesin + (Ae + Aefin) A6
26(8) = wer + 5 v ) (B22)
‘ s Aeiv  Aspin 1 1 Asphssin + (Ao + Assin) Asvm
(_) +{i+6_f+( +_>W]L+ g hgim + (e + ggn) e
HeD Wy W Wey Do oD WevDem
The boundary conditions in Laplace domain are following:
ep
= (B23) cosh |\ [z, zp)
Zp=z ~ ~ 6D
o Sep = Ean(21p) 5 . (B29)
- ~ ~ 5gs(s
§6D|ZD:ZID = é:2D|ZD:ZlD = f4D|ZD:ZlL)' (B24) cosh [ 7766D (ZID_ZZD)]

Combining boundary conditions of Egs. (B23) and
(B24), we can obtain the pressure solutions for Region 6 as
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58s(s) _
COShl Tep (zp 20)1

cosh [ Siifj) (ZIDZ2D)]

Therefore, the flux between Region 6 and 2, and Region
6 and 4 is proportional to

E6D = E4D(ZID) (B26)

= E4D(Z1D)\/Sg6(S)tanh l\/sgé ) (ZIDZZD)] .
. NeD NeD

(B28)

Region 5
Analogously, the diffusivity equation and boundary
conditions in Region 5 in Laplace domain are

aZESfD S ~
~ 02 =—8s (S)fsm, (B29)
OSen : 5g6(s) 5g6(s) Zp 5o
= &plzip) || ———tank (zip—220) |
Ozp . NeD NeD where
1 [
Esp = —(1-e™P"), (B30)
(B27) %D
s 1—-ws
(Aspy + Aspn)— + / [AspAsin + (Asf + Asfin) Asym]
— Nsp  Ws5,Wsp B31

&) = oy + T 1 s AspAsm + (s & Agm) Ao (®B31)

(_) +[_.fv+ﬂ+<_+_)ASVm]_+ Asin + (Ao + Asjn) Asom

Msp W5y, W5y Wsy,  Wspy 5D Ws5,0s5p,
The boundary conditions in Laplace domain are o s
- gs(s sgs(s
5 aSD = &ip(zip) sl )tanh ol )(ZlD—Zzb) :
o& ZD |, Nsp Nsp
oD =0 (B32) ‘”
0zp ’ (B35)
Zp=2Z»
Region 4

&s playezy = & Dloyezy = & Dy (B33) In Region 4, the diffusivity equation in Laplace domain is

The flux between Region 5 and Region 1, and Region 5 Fép | Plp 584 )z 0 (B36)
and Region 3 is proportional to ox2, oz, Nap 24D
o ~ sgs(s sgs(s where
aZSD = ¢ip(zip) S()tanhl st )(211)*220) , 1
D, Nsp Nsp Eap = —(1—P0), (B37)
(B34) 0p
S 1 — Wyf
(A4 + A4fm)n— T oo L g hagn + (agy + Aagn) A
gals) =0y + g s Tandam + Gapo -+ Aagn) o (B38)
(_) + l:ﬂ + 4fin + ( + )/14vmj| =~ 4 4fv "\ Afim 4fv 4fin ) vm
Hap WDygy WOy W4y WOy Nap W4y Osp,
To convert Eq. (B36) into a 1D form, we integrate each PEip ~
of its term from 0 to z;, with respect to zp. Assuming that oxd 4Cap =0, (B40)
the pressure in Region 4 does not depend on zp, and
combining the flux continuity condition between Region 6  where
and Region 4,Eq. (B36) can be rewritten as
584(s) ks [sgs(s) 586(s)
g % oy = - tanh Zip—2Z .
azé;D k6f,v 866[) —Sg4(S);4D —0. (B39) 4 Hap k4f,vZID HeD HeD ( 1D 2D)
Oxp, k4f,leD Ozp - Nap (B41)

Substituting Eq. (B28) into (B39), we can obtain

The boundary conditions in Laplace domain are
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Region 3

o
541) =0, (B42) Similarly, the governing equation in Region 3 in Laplace
D, domain is
~ ~ P o s23(8) ~
Eupleya = Eapleyu: (B43) cw  Tow bz o (pas)
Oxp) 0z Mp
The flux between Region 4 and 2 is proportional to
where
Oap| ) 1
Em = &p(xip)v/astanh|\/og(x;p—x3p)].  (B44) Eap = —(1—e"P0), (B46)
D X1p ap
1 — 3
(Zap + Aafm)n— + o w3f A3 Az + (A + Asgin) Asum]
g3(s) = oy + N2 P 1 vlm - T T o i e (B47)
(_) n {ﬂ LA <_ +—)/\3vm]— L A & (Ao & Aajn) Asum
3p 3, W3y W3, W3y 3D 3,03y,
To convert Eq. (B45) into a 1D form, we integrate each 653 D
of its term from 0 to z;p with respect to zp. Assuming that oxp op =0, (B51)
pressure in Region 3 does not depend on zp, and using the
flux continuity condition between Region 5 and Region 3, < <
o4 g g 53D|xD:x|D = §1D|x,;:xm' (B52)

Eq. (B45) can be rewritten as
osp

21D
k3f,vZ ip 0Ozp 3D

P&
o3,

7sg3(s)7

ks
s <ap = 0.

(B48)

Substituting Eq. (B35) into Eq. (B48), we can obtain

Flux between Region 3 and Region 1 is proportional to

op -
Db lv,, = P1p(x1p)v/ostankly/as(xip —x2p)].

B
e (B53)

5 Region 2
0 P3p —aspp = 0 (B49) In Region 2, the diffusivity equation in Laplace domain
—ax% 3D3p . is
where Fép | Php | Pl 5&(s) -0 (B54)
v oxp ozpy Mp =3P ’
oy = B Ky [sgs(6) 1 Jses(s) (210 220) .
M3p k3f,vZID M3p M3p where
1
(B30) Eip = —(1-€™), (BSS)
The boundary conditions in Laplace domain are P
s 1-w,
(Ao + A2jfm)’7— to— / [AapiAafin + (Ao + Aofin) Adym]
gz(s) = Wy + . 3 . p 2D 1 2v 12m ; 3 n (A e ),\ . (B56)
(_) N {ﬂ P ( N _) szm]_ 4 Japhapn & (o + Aagin) Ao
M2p Woy Wy Wy, Wy M2p W2y W2,
To convert Eq. (B54) into a 1D form, we integrate each 58 (s). —0 (B57)
of its term from 0 to z;p with respect to zp, and from 0 to Map Pap =P

x1p with respect to xp. Assuming that the pressure in
Region 2 does not depend on x and zp, and combining the
flux continuity condition between Region 2 and 4, and
Region 2 and 6, Eq. (B54) can be rewritten as

8¢
" ka,vZID Ozp -

ki, 04
ka,vx ip Oxp

&
3

k()f Ry

X1 1D

Substituting Eqs. (B27) and (B44) into (B57), we can
obtain

(B58)

where
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ty = —— - ka Vogtanh[\/og(x1p—xyp)] oS %
2y koxip ¥ 4D 2D | = $ipip)vagtanhly/on (vip—yap)].  (B62)
D
YiD
ke s s Region 1
hyzip @tanh {\/ @(z 1D ZZD)} . (B39) In Region 1, the diffusivity equation in Laplace domain
is
The boundary conditions in Laplace domain are
5251D 5251[) 8251[) 5g1(s) 5
* - =0, (B63)
%w| _ 0, (B60) oV ox2) oz3, nmp P
Wp
Yap where
- - 1 .
&p(in) = Sipip)- (Bol) Cip = %(1 —en), (B64)
The flux between Region 2 and 1 is proportional to
S 1 —Wqr
(2 + Alfm)n_ +— g + i + Avgn) At
Qi) =oyt o s i+ Gy + A Ao (B63)
<_> + |:1_fv +ﬂ+ < +—>/-{1vm:|— + 1AM 1 fin v 1fm ) 1vm
Mp D1y Oy W1y Oy Nap W1y D1
To convert Eq. (B63) into a 1D form, we integrate each ~ where
of its term from 0 to z;p with respect to zp, and from 0 to W wp
x1p with respect to xp. Assuming that the pressure in exp[f\/E{T] fﬁlexp[\/a—IT}
Region 1 does not depend on x, and zp, and combining the B = oy Wp WhT? (B70)
flux continuity condition between Region 1 and 3, and eXP[*\/&IT} + Brexp [\/51'7}
Region 1 and 5, Eq. (B54) can be rewritten as
825‘1[, ks GESD ks 6551) 581(5) + Pr = expl=va 2]
8y% kixip Oxp i | kizip Ozp 5y D =P
0 (kl VO + kyJontanh], /on (vip _J’ZD)D B71)
(B66) (kl Vo —ky\/aztanh|\/a; (vip _yZD)])
. Fracture
0¢ip g The diffusivity equation for main artificial fracture in
5~ —aiéip =0, (B67) B
oy, Laplace domain is
where B P& _
SO Sz om0 @7
581(s) ks XD Yp  HrFD
a) = - Vastanh[\/az(x1p—x;p)]
mp  kxip where
1
— *DPFD
k $rp = —(1-€™). (B73)
_k 5 ng(S)tanh l Sgs(s) (Z]D_22D>1 ) (B68) ap
1Z1D Y TIsD 1D To convert Eq. (B63) into a 1D form, we integrate each

Based on the flux continuity condition at the interface of
Regions 1 and 2, and the pressure continuity condition at
the interface of Region 1 and main artificial fracture, we
can obtain

8&1p

ol = Bin() (B69)

Wp
2

of its term from 0 to x;p with respect to xp. Assuming that
the pressure in Region 1 does not depend on xp, and
combining the flux continuity condition between fracture
and Region 1 Eq. (B54) can be rewritten as

& Em

2k1 8&'1[) S =
ax%) 7—§FD =0.

wpkp Oyp % i)

(B74)
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Based on the dimensionless fracture conductivity
defined in Eq (A13), we can obtain

&’ EFD 2 65 1D S =
——<¢pp = 0. (B75)
o Fep Oyp ¥ NEp FD
Substituting Eq. (B69) into (B75), we can obtain
&éE 5
3 fD apCpp = 0, (B76)
XD
where
2
. R, (B77)
Fep  nep
The boundary conditions in x direction are
oz
S | _ 0, (B78)
5xD
X1D
55 FD n
= - . B79
6xD 0 SFCD ( )

Therefore, the pressure solution for fracture region is
Fop = ncosh|y/ar (xp—X1p)]

FD = . .

sFepy/opsinh|\/og(x,p)]

Set xp=0, we can obtain the final solution for the well
bottom-hole pressure in Laplace domain as following:

(B80)

I

Swp = sFcpy/artanh|\/az(xp)]

(B81)
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