Front. Comput. Sci., 2021, 15(3): 153104
https://doi.org/10.1007/s11704-020-9387-3

RESEARCH ARTICLE

Fault-tolerant hamiltonian cycles and paths embedding into locally

exchanged twisted cubes

Weibei FAN!, Jianxi FAN (<)%, Zhijie HAN?, Peng LI', Yujie ZHANG!, Ruchuan WANG

1 College of Computer, Nanjing University of Posts and Telecommunications, Nanjing 210023, China
2 School of Computer Science and Technology, Soochow University, Suzhou 215006, China
3 Jiangsu High Technology Research Key Laboratory for Wireless Sensor Networks, Jiangsu Province, Nanjing 210003, China

© Higher Education Press 2020

Abstract The foundation of information society is computer
interconnection network, and the key of information exchange
is communication algorithm. Finding interconnection networks
with simple routing algorithm and high fault-tolerant perfor-
mance is the premise of realizing various communication al-
gorithms and protocols. Nowadays, people can build complex
interconnection networks by using very large scale integration
(VLSI) technology. Locally exchanged twisted cubes, denoted
by (s + t + 1)-dimensional LeTQ;,, which combines the mer-
its of the exchanged hypercube and the locally twisted cube. It
has been proved that the LeTQ,, has many excellent properties
for interconnection networks, such as fewer edges, lower over-
head and smaller diameter. Embeddability is an important indi-
cator to measure the performance of interconnection networks.
We mainly study the fault tolerant Hamiltonian properties of
a faulty locally exchanged twisted cube, LeTQ;, — (f, + fe),
with faulty vertices f, and faulty edges f,. Firstly, we prove
that an LeTQ;, can tolerate up to s — 1 faulty vertices and edges
when embedding a Hamiltonian cycle, for s > 2, ¢ > 3, and
s < t. Furthermore, we also prove another result that there is
a Hamiltonian path between any two distinct fault-free vertices
in a faulty LeTQ;, with up to (s — 2) faulty vertices and edges.
That is, we show that LeTQ; ; is (s — 1)-Hamiltonian and (s —2)-
Hamiltonian-connected. The results are proved to be optimal in
this paper with at most (s — 1)-fault-tolerant Hamiltonicity and
(s — 2) fault-tolerant Hamiltonian connectivity of LeTQy,.
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1 Introduction

Interconnection network is an important factor, which directly
affects the performance of parallel computing system. It con-
sists of a network of switching elements with a certain topology
and control mode. It is used to realize the interconnection of
multiple processors or multiple functional components within a
computer system. With the gradual increase of network scale,
its connection mode becomes more complex [1].
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Large-scale integrated circuit technology can be used to build
complex Internet and predict the next generation of super-
computer systems. While adopting faster processors, it also
achieves high speed and rapidity by increasing the number of
processors [2, 3]. Therefore, how to design an excellent inter-
connection network to connect these processors is a technical
difficulty in building supercomputer systems. Hypercube is one
of the most commonly used interconnection structures. It has
many good properties, such as regularity, recursive, low vertex
degree and so on. Due to its powerful computing function and
high efficiency, it is very important to run parallel algorithms
on it. Almost all algorithms on linear arrays, cycles and trees
can be effectively simulated on hypercubes with only constant
factor delay.

Not all properties of hypercube are optimal, such as large
diameter, which will cause large communication delay in com-
munication. Therefore, many important variants are proposed
based on hypercubes, such as crossed cubes [4], twisted cubes
[5], locally twisted cubes [6, 7], alternating group graphs [8],
exchanged hypercubes [9], exchanged crossed cubes [10] etc.
Locally twisted cube, denoted by LTQ,, [11,12], which is a reg-
ular graph with the same number of vertices as hypercubes, but
its diameter is only half of that of hypercubes. Exchanged hy-
percube [13, 14], denoted by EH,,, with s+t + 1 = n. EHy,
is obtained by symmetrically deleting some edges of hyper-
cubes. It has the same diameter as the hypercube, but the link
overhead is only half that of the hypercube. Exchanged hyper-
cubes have been used in the construction of P2P networks [15].
Chang et al. [16] proposed a novel interconnection network
which is called locally exchanged twisted cube LeTQ;,. This
new interconnection network combines the advantages of lo-
cally twisted cubes and exchanged hypercubes. For example, its
diameter is the same as that of a locally twisted cube, which is
much smaller than that of an exchanged hypercube. Moreover,
its hardware overhead is the same as that of exchanged hyper-
cubes, but much less than that of locally distorted cubes. In
addition, it has good scalability, isomorphism and strong con-
nectivity. Therefore, locally exchanged twisted cube becomes
an effective logic structure for parallel computing processors.

Since interconnection network has a strong practical applica-
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tion, and the vertices and links of the network may fail, the fault
tolerance of the network attracts a lot of researches [17-19].
Network fault tolerance means that when some components and
connections fail at the same time, the remaining subnetworks
still have some special functions [20-22]. Paths and cycles are
two basic network topology for parallel computing. They can be
used in the design of parallel algorithms, and they are suitable
for designing simple and effective algorithms with low com-
munication costs. The algebraic problems, graph problems and
some parallel applications can be solved by using efficient al-
gorithms on cycles and paths. Paths and cycles can also be used
as control (or data) flow structures in parallel and distributed
computing systems. What’s more, if an interconnection net-
work contains paths (or cycles) of different lengths, it can ef-
fectively simulate many algorithms designed on linear arrays
(or cycles). The number of analog processors can also be ad-
justed in time to meet flexible requirements. In particular, the
use of Hamilton paths in network multicast routing algorithms
can effectively reduce or avoid deadlocks and congestion.

The ability of fault-tolerance is a crucial parameter in mea-
suring performance of an interconnection network [23-26].
Thus, it is natural to consider how to tolerate as many faults as
possible in the network. Numerous research has been studied on
the Hamiltonicity in different special interconnection networks.
In [27], Li et al. studied the embedding of many-to-many dis-
joint paths in hypercube with vertex failure. Zhou et al. [10]
studied the embedding of the optimal path in the ECQj, of the
switched intersection cube, and obtained the following conclu-
sions: For any integer s > 3) and ¢ > 4), there is a path of
length [ between any two different vertices in ECQ;,, where
S5 +4 < 1 < 2! — 1. Lu and Wang [28] studied
the embedding of Hamiltonian paths in balanced hypercubes.
In [29], Liu et al. proved that if the number of fault vertices
or edges does not exceed n — 3 in n-dimensional twisted hy-
percube H,, there is a fault-free Hamiltonian path between any
two fault-free vertices. Xu et al. [30] studied the vertex pan-
cyclicity of locally twisted cubes under fault conditions. They
proved that in LTQ,, with locally twisted cube, if f, is the num-
ber of fault vertices in LTQ,, and if n > 3 and |F| < n - 3,
LTQ, contains fault-free cycles of arbitrary length [, of which
4 <1< 2"- f,. Cheng and Hao [31] studied the cycle embed-
ding of n-dimensional balanced hypercube BH,, in the case of
edge faults. They proved that when the fault edge |F,| < 2n -3,
BH, — F, contains a cycle of length I, of which 6 < L < 2%".
EH,, and EH;, are not even pancyclicity, but except EH; >,
EH,,(2 < s < t) are even-pancyclicity, and EH,(3 < 5 < 1)
are vertex even-pancyclicity. Cheng and Hsieh [32] studied the
pancyclicity and even-pancyclicity of cartesian product graphs
in the case of edge faults. Lv et al. [33] studied the embedding
of Hamiltonian cycles and Hamiltonian paths in 3-ary n-cubes
with structure faults K 3.

In this paper, we focus on the robustness capability of LeTQ;
in Hamiltonian properties despite the faulty vertices or edges.
The results are proved to be optimal in this paper with at
most s — 1-fault-tolerant Hamiltonicity and (s — 2) fault-tolerant
Hamiltonian connectivity of LeTQy,. So far, this is the first re-
sult reported about the fault-tolerant Hamiltonian properties of
LeTQy,. The original results of this paper are obtained as fol-

lows.

(i) We prove that an LeTQj;, can tolerate up to s — 1 faulty
vertices and edges when embedding a Hamiltonian cycle, for
s=>2,t>3,and s < 1.

(i1)) We prove another result that there is a Hamiltonian path
between any two distinct fault-free vertices in a faulty LeTQ;,
with up to (s —2) faulty vertices and edges, for s > 2, ¢ > 3, and
s <

The rest of this paper is organized as follows: Section 2
presents some useful related definitions and lemmas. Section 3
discusses the fault-tolerant Hamiltonicity of LeTQ;,. Eventu-
ally, our work is summarized in Section 4.

2 Preliminaries

For a simple graph G = (V, E), The path from vertex x to
vertex y is a vertex sequence x = wovi---v, = y, where
v € VIO < k < n), (vij-1,vijy € E,(1 <i,j < n). We also
denote path P by (xo, X1, ..., X;) + P{ + (X}, Xjs1, ..., Xx), where
Py is the subpath (x;, Xjs(,...,x;) and 0 < i < j < k. If the
vertices on the path do not repeat each other, such a path is
called a simple path. If the first vertex on the path coincides
with the last vertex, such a path is called a cycle. In a simple
connected graph G, we call a cycle that has passed every vertex
once and only once as a Hamiltonian cycle. If there are Hamil-
tonian cycles in graph G, we call this graph Hamiltonian or
Hamiltonicity. Similarly, we call the Hamilton path that passes
every vertex once and only once. For any two vertices # and v
in graph G, if there are Hamiltonian paths connecting « and v,
then G is called Hamiltonian connected graph or Hamiltonian-
connectivity. For any faulty elements FF c {V(G) U E(G)} in
graph G, if and only if |F| < f, G\ F is Hamiltonian graph,
then we call G is f-fault-tolerant Hamiltonian. For any faulty
elements F C {V(G) U E(G)} in graph G, if and only if |F| < f,
G \ F is Hamiltonian connected graph, then we call G is f-
fault-tolerant Hamiltonian connectivity. Graph G| = (V, E}) is
a subgraph G, = (V», E,) (written by G; C Gy) if V; € 'V,
and E; C E,. G| and G, is isomorphic if and only if there is a
bijection® : V; —» Vo and @ : E| — E».

Definition 1  [12]. For n > 2, the n-dimensional locally
twisted cube LTQ,,, which is defined recursively as follows:

(1) LTQ, is a graph with four vertices, which labeled as 00,
01, 10, and 11. Four edges (00, 01), (00, 10), (01, 11), and (10,
11), which formed by these vertices.

(2) LTQ,, is constructed by two disjoint copies of LTQ,,_, for
n > 3. Let LTQS_1 to denote the subgraph of LTQ,,, where ver-
tex prefix of LTQ,,—; is 0, and let LTQ,II_1 to denote the subgraph
of LTQ,, where vertex prefix of LTQ,_; is 1. Connect each ver-
tex u = Oupus ... u, of LTQS_1 to the vertex 1(un + u,)us . ..u,
of LTQ,II_1 with one edge, where ‘+’ denotes the modulo 2 ad-
dition.

Figures 1(a) and 1(b) demonstrate LTQ3, LTQ4 and LTQs.

Definition 2  [16]. For s, ¢ > 1, the locally exchanged twisted
cube, denoted by LeTQ;,, where the vertex set V = {u =
Upyg .. Uty ... ugupl; € {0,1} for 0 < i < ¢t + s}, and the
edge set E consists of three disjoint sets £, E, and E3:

Ei = {wuv) € VxVuev = 29 where &
is the exclusive — OR operator,
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Fig. 1 Locally twisted cube (a) LTQ3; (b) LTQ4

E,={u,v) e VxV:iup=vo=1lu=vi=0andud®v =
2" forh € 3, U{wv) € VX Viug = vg = uy = v =
landu@®v =2"+2""forh e [3, 1} U{(u,v) € VX V|ug = vy =
landu®v e {21,2%)},

and

Es={(u,v) e VXVug=vog=tts41 =viy1 =0andudv =
2 forh e [t+3,t+ s} U{(u,v) € VX Vlug = vy = 0,141 =
Vel =landu®v=2"+2"1forhe[t+3,1+s]}U{uv) e
VX Viug=vo=0andu@v e {271, 2+2}}.

By the definition of LeTQy,, the number of vertex is 2°**!
and the number of edge is (s + ¢ + 2)2°*~1. As illustrated by
Fig. 2, the 6-dimensional LeTQ, 3, where E| edges are denoted
by dashed lines, E, edges are denoted by bold lines, and E3 are

denoted by and solid lines.
LeTQ,, is partitioned two disjoint  sub-
graphs LeTQY, and LeTQ!, where V(LeTQ!) =
{as_l tee Llo/lb,_g e -b0d|aj, bk,d S {O, 1}, ] € [O, s — 1],k S
[0, — 2]}, for w € {0,1}. It is clear that both LeTQ?J and
LeTQj, are isomorphic to LeTQ,. The edges among LeTQ",
and LeTQ;,, which are named crossing edges, be geared to
E;. LeTQy;, can also be partitioned into 2’ disjoint subgraphs
isomorphic to LTQy, which are denoted by LTQ,[L] and 2*
disjoint subcubes isomorphic to LTQ,, which are denoted by
LTQ,[R]. An edge between LTQ, and LTQ;, belongs to E;.

into

3 Hamiltonian cycle and path embedding
Networks with Hamiltonian paths (cycles) can communicate

00010

00111

01111

1oL |

11010

Fig. 2 Locally exchanged twisted cube LeTQ1 3



4 Front. Comput. Sci.,

linearly efficiently. For example, the deadlock free and ad-
ditional resource free multicast routing algorithm based on
Hamilton model is more efficient than the traditional multicast
routing algorithm based on multicast tree. The problem of find-
ing Hamiltonian paths or cycles is NP-Completeness [34].

In this section, we will study the fault-tolerant Hamiltonian
of the locally exchanged twisted cube, LeTQ;-(f, + f.), with
faulty vertices f, and faulty edges f,. Specifically, LeTQ;, is
(s—1)-Hamiltonian and (s—2)-Hamiltonian connected. To prove
the main results, we first give the basic lemmas as follows.

Lemma 1l [12]. LTQ, is Hamiltonian connected, for n > 3.

Lemma 2 [35]. LTQ, is (n — 2)-Hamiltonian and (n — 3)-
Hamiltonian connected, for n > 3.

Lemma3 [16]. LeTQ;, is partitioned into 2’ disjoint sub-
cubes Q,, which Q, = LTQ; and 2* disjoint subcubes Q,, which
O, = LTQ,.

Lemma4 [36]. For any integer k € { — 2,25+l 1))
there is an (u, v)-path of length k between two arbitrary distinct
vertices u and v in LeTQ,, for s > 2 and ¢ > 3.

23+z+1

The following lemma can be obtained directly from
Lemma 1.
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Lemma5 LeTQ;3 is 1-Hamiltonian and Hamiltonian con-
nected.

Lemma 6 LeTQj33 is 2-Hamiltonian.

Proof By Lemma 3, LeTQs3 can be seen as the dis-
joint union of 8 copies of LTQs3[L] and 8 copies of LTQ3[R].
Hence, we can denote LTQs[L;], LTQ3[L,], ..., and LTQ3[Lg]
as 8 copies of LTQ3 that contain the edges E», and LTQ3[R;],
LTQs[R], ..., and LTQs[Rg] as 8 copies of LTQ3 that contain
the edges E3. We denote uj, u, ..., and u} as 8 vertices of

1
LTQs[Ly], uy, u3, ..., ul as 8 vertices of LTQ3[Ls], ..., and ug,

ug, ..., and ug as 8 vertices of LTQ3[Ls]. And we denote v}, vy,
..., and V¥ as 8 vertices of LTQ3[R;], v}, v3, ..., and v} as 8
vertices of LTQ3[R,], ..., and vg, g, ..., and v§ as 8 vertices of

LTQs[Rg]. What’s more, each vertex of LTQ3[L;] has only one
neighbour in LTQ,[R;] and each vertex of LTQ,[R;] has only
one neighbour in LTQ3[L;] (1 <i < 8,1 < j < 8). Let Fy and
F be the two faults in LeTQ3 3. By the location of Fy and F.
Case 1 Both F( and F; are in the same copy of LTQ5. Sup-
pose that Fy, F; € V(LTQ3[L,]). Imaging that Fy is fault-free,
there is a fault-free Hamiltonian cycle HC[L,] in LTQ3[L,] by
Lemma 2. In fact, Fy is faulty. Thus, there is a Hamiltonian
path HP(u%, uf) in HC[L,]. Suppose that v% is the neighbour of
u} and vé is the neighbour of uf Select vé € V(LTOs[R:)) — {v}}

FCIL ] :
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1 s / v v2
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= 5
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Fig. 3 Illustrations for the proof of Cases 1 (a) and 2.1 (b)
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and ué e V(LTOs[L,]) — {u%} such that u% and vé are the neigh-
bours of v% and ué, respectively. Using the similar method, se-
lect u%, vé, uﬁ, vi, el vé, vé such that v%, u_%, v_%, u}‘, e, v%,
vé are the neighbours of v_%, vé, uﬁ, vi, e, u%, vé, respectively.
By Lemma 1, there is a Hamiltonian path in each copy LTQ;
except for LTQ3[L;]. Thus, a required fault-free Hamiltonian
cycle HP(ué,u}) + (u%,v}) + 0 + (v%,u%) + P+, ..., +0s
+ (v%, u%) can be constructed by linking the Hamiltonian paths
with the edges E| in Fig. 3(a).

Case 2 F(and F are in different copies of LTQ3.

Case 2.1 Fj and F; are in different copies of LTQ3[L].
Suppose that Fy € V(LTQs[L;]) and F| € V(LTQs[L]). By
Lemma 2, there exist fault-free Hamiltonian cycle HC[L;] in
LTQOs[L] and HC[L,] in LTQs[L,], respectively. Select the
edges (u}, u%) in HC[L,] and (ué, u%) in HC[L;] such that the
neighbours of u% and u% (ué and ué, respectively) are in the
same copy of LTQs3[R]. Suppose that the neighbours of u},
u%, ué and u% are v}, v%, vé and v%. By Lemma 1, There ex-
ists a Hamiltonian path Q; between v% and v% in LTQ3[R,].
Using the similar method, it can be constructed Hamiltonian
path Q; in LTQ5[R;] (2 < j < 8) and Hamiltonian path P; in
LTQ3[L;] (3 < i < 8). Then, HC[L] — (uj,u}) + (u},v}) +
0+ (v%, u%) + HC[L,] - (u;, u%) +(u;, v£)+Q2 + (v%, u§)+P3+,
..., +0s+(vg, u7) is a required fault-free Hamiltonian cycle in
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LeTQs 3 (refer to Fig. 3(b)).

Case 2.2 Fj and F are in different copies of LTQ3[R]. The
proof is the same as Case 2.1.

Case 2.3 Fyisin LTQ3[L] and F| is in LTQ3[R]. Suppose
that Fp € V(LTQs[L,]) and F| € V(LTQs3[R,]). By Lemma 2,
there is a fault-free Hamiltonian cycle HC[L;] in LTQ3[L,] and
HCIR:] in LTQ;3[R;], respectively. Select the edges (u,u?) in
HCI[L,] and (vj,v3) in HC[R,] such that the neighbours of u;
or u7 are not in LTQ3[R,] and the neighbours of v} or v3 are not
in LTQj3[L,]. Suppose that the neighbours of u], uj, v, and v
are vi in LTQ3[R,], v§ in LTQs[Rs], uy in LTQ3[L3] and uj in
LTQs3[Ly4], respectively. The desired fault-free Hamiltonian cy-
cle HC[L] - (ui,u% + (ui,vi) + Q) + (v%,u%) + Py+,...,+08
+ (vi,u?) can be obtained by Case 2.1 in Fig. 4(a).

Case 3 Both Fj) and F are in E;. Since the number of edges
E, is 64 > 2, we can select 16 fault-free edges E; between
LTQs3[L;] and LTQO3[R;] (1 < i< 8,1 < j<8).ByLemmal,
there is a Hamiltonian path in each copy LTQ5. Thus, a desired
fault-free Hamiltonian cycle Py + (uj,v}) + Q1 +, (v, u3) + P»
+ (U3, vy) + Or + ..., + Qs + (v}, u?) can be constructed by
linking the Hamiltonian paths with the edges E;.

Case 4 Fy is in LTQOs[L] and F is in E;. Suppose that
Fo € V(LTQs[L,]). By Lemma 2, there is a fault-free Hamil-
tonian cycle HC[L] in LTQs[L;]. Select an edge (uj,u?) in

HC[L ] :
“{ Vi
0 u12 V%
Q
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2 | u3 .
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Fig. 4 Illustrations for the proof of Cases 2.3 (a) and 4 (b)
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HCIL,] such that the edges who are composed by u}, u% and
their neighbours in LTQO3[R;] (1 < j < 8) are all fault-free.
Suppose that the neighbours of u} and uf, vé are v} and v§, re-
spectively. Using the similar method, it can be found other 14
fault-free edges E1 between LTQ3[L;] and LTQ3[R;] (1 <i <8,
1 < j < 8). By Lemma 1, There exists a fault-free Hamiltonian
path in every copies of LTQ3 except for LTQ3[L;]. A desired
fault-free Hamiltonian cycle HC[L,] - (u:, u%) + (u:, v}) + 0
+ (v%, u%) + Py +,...,+0g + (v§, u%) can be obtained by Case
2.1 in Fig. 4(b). O

Lemma 7 For s > 4, LeTQ; , is (s — 1)-Hamiltonian

Proof By Lemma 3, LeTQ; s can see as the disjoint union of
2° copies of LTQ,[L] and 2° copies of LTQ,[R]. Hence, we can
denote LTQ,[L], LTQ,[L;], ..., and LTQ[L,:] as 2° copies
of LTQ; that contain the edges E,, and LTQ[R], LTO,[R:],

., and LTQ,[Rys] as 2° copies of LTQ; that contain the edges
Es. Let F be a faulty set of LeTQ, with F; = F N LTQ,[L],
F, = FNLTQ,[R], and F| = FNE|. Among them, let f; = |F|,
fr = |F,|, and f; = |F|. By the location of faults, we have the
following cases.

Case 1 All faults are located in the the same copy of LTQ;.
Suppose that all of the faults are located in LTQ,[L,], Then,
fi = s — 1. Since LTQ; is (s — 2)-Hamiltonian by Lemma 2,
there exist two vertices u: and u% such that there is a Hamilto-
nian path Py between u] and u? in LTQ,[L;].

Suppose that v is the neighbour of u] in LTQ,[R,] and v3, is
the neighbour of u% in LTQ,[R>:]. Select v% € V(LTQ,[R,)) —
{vi} such that u3 is the neighbour of v} in LTQj3[L]. Select
u, € V(LTQ,[L,)) — u3, v; € V(LTQ([R:]) — v5, uy, v;

% %7 u37 v%’ b
Vi, u; € V(LTQ,[Lx]) - {u;} such that v}, u2, vl, s
u%x, v2x are the nelghbours of u% 1S V(LTQX[LQ]) ”2’ v% €
V(LTQ,[R>]) — {v3}, uz, v3, ..., Vz.ﬂ,uzx € V(LTQ,[Lx]) — u3,,

respectively. Since LTQ; is Hamiltonian connected by Lemma
2, there is a Hamiltonian path in each copy fault-free LTQ;.
Thus, a required fault-free Hamiltonian cycle P; + (u{, v%) +
0 + (v%,u%) + Py + (ué,vé) + Or+, ..., +0y + (V;,u%) can
be constructed by linking the Hamiltonian paths with the edges
E, (refer to Fig. 3(a)).

Case 2 Faults are dispersed in LTQ[L], LTQ,[R], and E;.
Suppose that f; is the greatest of f;, f, and fi. Since at least two
of fi, f, and fi are greater than zero, then f; < s — 2, f; <
and f,+ fi < s—2(s > 4). Without loss of generality, we assume
that F; is in LTQ[L,]. Because LTQ; is (s — 2)-Hamiltonian,
there is a Hamiltonian cycle HC[L;] with at least 2° — (s — 2)
edges. Also because 2° — (s — 2) > 2(s — 2), we can select a
fault-free edge (uj,u7) in HC[L;] such that the edges E; who
are composed by ui, u% and their neighbours are all fault-free.
Without loss of generality, we assume that vi is the neighbour
of uj in LTQ,[R,] and v}, is the neighbour of u? in LTQ,[R:].
Since LTQy is (s — 3)-Hamiltonian connected, there is a Hamil-
tonian path in each copy LTQ; except for LTQ,[L;]. Then, a
desired fault-free Hamiltonian cycle HC[L;] -(u}, u3) + (uj, v})
+ Q1+ (v, u3) + P+, ..., +0s + (v3,,u}) can be constructed
by linking the Hamiltonian paths and the path HC[L,] - (u}, u})
with the fault-free edges E; (refer to Fig. 3(b)).

Case 3 All of the faults are in the E;. The discussion for the
situation is the same as Case 3 of Lemma 6. m]

Lemma8 LeTQs3 is 1-Hamiltonian connected.

Proof By Lemma 3, LeTQ33 can be divided into 8 copies
of LTQs[L] and 8 copies of LTQs[R]. Hence, we can denote
LTQOs[L], LTQOs3[L,], ..., and LTQs[Lg] as 8 copies of LTQ;
that contain the edges E, and LTQ3[R;], LTQ3[R>], ..., and
LTQs[Rg] as 8 copies of LTQ3 that contain the edges E;. We
denote uj, ui, ..., and u? as 8 vertices of LTQ3[L], uy, u3,

, ub as 8 vertices of LTQs[Ly], ..., and ug, ug, ..., and uy
as 8 vertices of LTQ3[Lg]. And we denote v}, vi, ..., and v%
as 8 vertices of LTQg[Rl] vz, vz, ..., and v as 8 vertices of
LTQO3[R5], ..., and vg, vg, ...,and v8 as 8 vertlces of LTQOs[Rs].
What’s more, each vertex of LTQ3[ ;] has only one neighbour
in LTQ[R;] and each vertex of LTQ[R;] has only one neigh-
bour in LTO3[L;] (1 <i< 8,1 < j<8). According to the loca-
tion of the faulty vertex z, we have the following three cases:

Case 1 z € LTQ;[L]. There are four subcases:

Case 1.1 x,y, and z are in the same copy of LTQ3[L]. Sup-
pose that x = u%, y = ué, and z are in LTQs[L,]. Imaging that
z is fault-free, there is a fault-free Hamiltonian path HP[L]
between x and y by Lemma 1. Find the neighbours u’l and
u (1 < i< 6)ofzin HP[L,]. Suppose that the neighbour of 1’
is v% in LTQ3[R;] and the neighbour of u’i*z is vi in LTOs[R].
Select vi € V(LTQs[R(]) — {vi}, vi € V(LTQ3[R:]) — {v}},
uy € V(LTQ3[L3)) — u3, ..., vg € V(LTQs[Rg]) — {vg} such
that u%, u%, v;, e, u% are the neighbours of v%, v%, ué, o, vé,
respectively. By Lemma 1, there is a Hamiltonian path in each
copy LTQs. Thus, a required fault-free Hamiltonian path be-
tween x and y can be constructed by linking the Hamiltonian
paths with the edges £ in Fig. 5(a). That is, (x, u}) + (u},v}) +
Oy + (V3 3y + Py +, ..., +0s + (vg,u3) + P2 + (u3,v) + Oy
+ <V%,MH—2> + <ul+2 y>

Case 1.2 x (or y), z are in the same copy of LTQ3[L]. Sup-
pose that x = u}, z€ V(LTQs[L]) and y = ué € V(LTOs[L,)).
By Lemma 2, there is a fault-free Hamiltonian cycle HC[L,] =
(x,ut,...,u,x)in LTQ3[L,]. Find u} € V(LTQ3[L,]) — {u}},
then, there is a fault-free Hamiltonian path H P(u2, y) between
u2 and y. Select an edge (uz, u’”) (2<i<6)in HP(uz,y) such
that the neighbours of u] (u7) and u’” are 1n the same copy of
LTQO; [R] Suppose that the nelghbours of u1 s u’2+1 s u2, and u2 are
v%, v}, v2 and vg, respectlvely Select v2 € V(LTOs[R»)) — {vz}
v € V(LTQ3[Rs]) — i}, ul € V(LTOs[Ls]) — {3}, ... ul €
V(LTQ5[L3]) — {u3} such that u%,ui,vé, . ..,vé are the ncigh—
bours of v%, v%, ué, .. u%, respectively. By Lemma 1 there ex-
ists a Hamlltonlan path in each copy LTQO3[L;](2 < j < 8) and
LTO3[R:](1 < k < 8). Thus, a desired fault-free Hamlltonlan
path between x and y can be constructed by linking the Hamil-
tonian paths, (x, u7)-path, (u5"!, u3)-path, and (u5, y)-path with
the edges E; in Fig. 5(b). That is, HC[L] — (x, u5"" + (uf,v?)
+ 01+ (vpuy ™y + P ub) +, L, +08 + (vs, uy) + P3 +
U3,v3) + Q2 + P(v), y).

Case 1.3 x and y are in the same copy of LTQs[L], x
and z are in different copy of LTQs[L]. Suppose that x = u:,
y = uﬁf € V(LTQs3[L]) and z € V(LTQs[L,]). By Lemma
1, there is a Hamiltonian path HP[L,] between x and y in
LTQs[L,]. By Lemma 2, there exists a fault-free Hamiltonian
cycle HC[L,] in LTQ3[L,]. Select an edge (u}, u'*") (1 < i< 6)
in HP[L;] and an edge (b,c) in HC[L;] such that the nelgh—
bours of u’1 and (b, ¢) are in the same copy LTQ3[R]. Suppose
that the
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neighbours of u', ¢, u}"', and b are v}, v3, v} and v}, respec-
tively. Select vj, v3, uy, ... , ug, u3 such that uj, uj, vy, ... , v,
vg are the neighbours of v}, v3, uy, ..., ug, u3, respectively. By
Lemma 1, there is a Hamiltonian path in each copy LTQ3 ex-
cept for LTQs[L,]. Thus, a desired fault-free Hamiltonian path
between x and y can be constructed by linking the Hamilto-
nian paths, (x, u})-path, and (u{*', y)-path with the edges E; in
Fig. 6(a). That is, P(x,u}) + (u},v) + Q2 + (v3,¢) + HC[L;]
(b, ¢y + (b, v}y + Q1 + (v}, u}) + P3 + P(u3, vg) + Qs + (vg, ug)
+ Pg + (ug,v3) + Q7+, -+, +P(v},y).

Case 1.4 x, y, and z are in different copy of LTQ3[L]. Sup-
pose that x = u} € V(LTQs[L1]), y = uy € V(LTQ3[L;]), and
z € V(LTQs[Ls]). Imaging that z is fault-free. Since LTQj is
Hamiltonian connected, it can be selected a Hamiltonian path
(uy, u3, ... u)y in LTQ3[L3] such that z = u} (3 < i <6).

Suppose that the neighbours of u3, uf — 1, u5" and uf are
v}, vi, v, and vZ, respectively. Select u3 € V(LTQ3[L,]) — {x}
in LTQs[Li], 5 € V(LTQs[La]) - {y} in LTQs[Lo). 2, vl

.., vg such that v, v3,vi,uj, ..., ug are the neighbours of

ut, u3, uz,vi, . .., vs, respectively. (if the neighbours of x or y
are in LTQ3[R,] or LTQ3[Rg], we can choose other Hamilto-
nian path which meet the condition z = u} (3 < i < 6)).

By Lemma 1, there is a Hamiltonian path in each copy LTQ3
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Tllustrations for the proof of Cases 1.1 (a) and 1.2 (b) of Lemma 8

except for LTQ3[Ls]. Thus, a desired fault-free Hamiltonian
path between u and v can be constructed by linking the Hamilto-
nian paths, (i3, u5!)-path, and (i, u3)-path with the edges E|
in Fig. 6(b). That is, Py + (u%, vi) + 01 + (v}, ug‘l) + P(ug‘l, u_%)
+ (s, Vi) + Qs+, +0g +(vg, ul) + PO, b)) + i v)) +
0, + P(v, ).

Case 1.5 x and z are in different copy of LTQs[L], y €
V(LTQ3[R]). Without loss of generality, suppose that x = ui €
V(LTQs[Ly)), y = v} € V(LTQ3[R,]), and z € V(LTQ3([L;]). By
Lemma 2, there exists a fault-free Hamiltonian cycle HC[L,] =
(uy, u3, ..., ué, uy) in LTQ3[L,]. Select a vertex u) in HC[L;]
and a vertex uj in V(LTQ3[L]) —{x} such that the neighbours of
uy and w7 are in the same copy of LTQ3[R;] (2 < i < 8). Suppose
that the neighbours of u}, u?, and u3 are v3, v}, and v}, respec-
tively. Select v}, u3, u3, vy, ..., ug such that uy, v, vi,u) ..., v
are the neighbours of v},u3,uj,vy,...,us, respectively. By
Lemma 1, there is a Hamiltonian path in each copy LTQ3 ex-
cept for LTQs[L,]. Thus, a desired fault-free Hamiltonian path
between x and y can be constructed by linking the Hamilto-
nian paths and u}, u3 -path with the edges E; in Fig. 7(a). That
is, Py + (uf, v3)+02 +(vy, ub)+HC[Ly]-(ub, u3)+hus, vi)+ ...,
+Q0g +(vg, u3)+P3 + P(u}, ).

Case 2 7z € LTQ3[R]. There are four subcases:
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Fig. 6 Illustrations for the proof of Cases 1.3 (a) and 1.4 (b) of Lemma 8

Case 2.1 x, y are in the same copy of LTQ3[L]. Suppose that
x =uj,y =u € V(LTQ3[L ), z € V(LTQ3[R;3]). By Lemma
2, there is a fault-free Hamiltonian cycle HC[R3] in LTQ3[R3]
and a fault-free Hamiltonian path HP[L,] in LTQs[L;]. There
exists a vertex v in HC[R3] such that the neighbour of v is not
in LTQ5[Ly]. Select an edge (v, v3) (or (v,v3)) in HC[R3] such
that the neighbour of vé (v%) is not in LTQs[L,]. Select an edge
(u?, u‘l‘) in HP[L,] such that the neighbours of w3 and u‘l1 are not

in LTQ3[R3]. Suppose that the neighbours of u7, u? , v, and vé
are vi, vé, u;, and ui, respectively. Select u%, ug, vi, ... ,and vg

27 2 1 2 : 2 02 .1
such that Vs Vs Uys s and uy are the neighbours of us, U3, vy,

...,and vé, respectively. By Lemma 1, there is a Hamiltonian
path in each copy LTQ; except for LTQ3[R3]. Thus, a desired
fault-free Hamiltonian path between u and v can be constructed
by linking the Hamiltonian paths, (x, u*?)- path, (vé, v)-path, and
(u?,y)-path with the edges E; in Fig. 7(b). That is, P(x, uf) +
(u%, VY + 01+ (VL u3) + Py + ... +08 + (v, ul) + Pa+ (uy, v3)
+ HC[R3] - (v, v_%>+ P(v,y).

Case 2.2 x, y are in different copy of LTQs[L]. Sup-
pose that x = u] € V(LTQs[Li]), y = u) € V(LTQs[Ls]),
z € V(LTQs3[R»]), and u% is the neighbour of v%. By Lemma
2, there is a fault-free Hamiltonian cycle (vé,v%, . ..,v;, vé)
in LTQO5[R;]. Since LTQs is Hamiltonian connected, we can
choose a Hamiltonian path (y, u%, el u§> in LTQ5[L,] such that

the neighbours of u3 and uj are not in LTQ3[R;]. Suppose that

the neighbours of 5, u3 and u are v3, v; and vz, respectively.
Find an edge (vg,vz) in HC[R;] such that the neighbours of
vg and v‘21 are not in LTQ3[L;] and LTQ3[L;]. Suppose that the
neighbours of v and v are u3 and u7, respectively. Select v1,
Vi, vy, ..., vg, and u3 such that u3, us, uj, ..., ug, and vy are
the neighbours of v%, vé, v}l, e, vé, and ué, respectively. By
Lemma 1, there is a Hamiltonian path in each copy LTQ3 ex-
cept for LTQ3[R;]. Thus, a desired fault-free Hamiltonian path
between u and v can be constructed by linking the Hamiltonian
paths, (u‘z‘, ug)-path, (v%, v;‘)-path, and P(u;,y) with the edges
E| in Fig. 8(a). That is, P(x, u%) + (u%, vf) +01 + (vi, ué) + P3
+ P(u3, v3) + P(vy, ub) + (ul, u2) +, ..., +Qs+ P(vi, y).

Case 2.3 x is in LTQ3[L], y and z are in different copy
of LTQs[R]. Suppose that x = u} e V(LTQs[L1)), v €
V(LTQs[R,]), and z € V(LTQs3[R;]). By Lemma 2, there exists
a fault-free Hamiltonian cycle (vé, v%, e, vZ, vé) in LTOs[R,].
Find an edge (vé, v%) ((v%, vZ)) in HP[R;] such that the neigh-
bour of vé and v%(v%) are not in LTQ3[L;]. Without loss of
generality, suppose that the neighbour of vé and v% are ué and
u%, respectively. Select v{ e {V(LTQ3[R,]) — y} and u% €
{V(LTQOs[L]) — x} such that the neighbours of v} are not in
LTOs[L,], LTQs[L,], and LTQ3[Ls] and the neighbours of u%
are not in LTQ3[R] and LTQ3[R;]. Suppose that the neigh-

[IS 58]
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Fig. 7 Tllustrations for the proof of Cases 1.5 (a) and 2.1 (b) of Lemma 8

bours of v{ and u% are ui and v_% in LTQ3[R3], respectively.

Select v%, uﬁ, e, v§ such that u%, u%, el uﬁ are the neigh-

bours of u%,vi, e, vi, respectively. Since LTQ3 is Hamilto-
nian connected, a desired fault-free Hamiltonian path between
x and y can be constructed by linking the Hamiltonian paths and
wh, v%)-path with the edges E; in Fig. 8(b). That is, P(x, u%) +
(u%, Vi)Y + Q3 + (v3,u3) + Py + P(ul,uy) + Py + (u3, vi) +, ...,
+Q0s + P(vg,y).

Case 2.4 xisin LTQs[L], yisin LTQ3[R]. Andy, z are in the
same copy of LTQ3[R]. Suppose that x = u% € V(LTQOs[L4]),
y = v}, z € V(LTQ5[R1]). Select a vertex u% in V(LTO5[L1])—{x}
such that the neighbours of u% are not in LTQ3[R,]. By Lemma
2, there exists a fault-free Hamiltonian cycle (y, v%, e, VZ’ y)in
LTQs[R;]. Then, the neighbours of v%(v7) are not in LTQs[L,].

b

Suppose that the neighbours of v% and uj are u% and v%, respec-
tively. Select uévé, e, ué, and v§ such that vé, u_%, e, v%, and u§
are the neighbours of uévé, e, ué, and vé, respectively. Since
LTQ5 is Hamiltonian connected, a desired fault-free Hamilto-
nian path between x and y can be constructed by linking the
Hamiltonian paths and (v%,y)-path with the edges E; in Fig.
9(a). That is, P(x, u%) + (u%, v%) +QOr+,...,+08 + P(vé,y).

Case 2.5 x, y, and f are in the same copy of LTQ3[R]. The
case is the same as Case 1.1.

Case 3 z € E|. There exists 63 fault-free £ edges between
LTQs[L] and LTQs[R]. By the location of x and y, we have the
following cases.

Case 3.1 x and y are in the same copy of LTQ3. Suppose
that x = u%, y = u? € V(LTQs[L1]). There is a Hamiltonian
path HP[L,] between x and y in LTQ3[L;] by Lemma 1. Select
an edge (u},u*") (1 < i < 6) in HP[L,] such that the edges
who are composed by u| and its neighbour which is in LTQ5[R]
and u’f’l and its neighbour which is in LTQs[R] are fault-free.
Suppose that the neighbours of u’1 and ”Tl are v{ and vé. Using
the similar method to Case 1.3, it can be constructed a desired
fault-free Hamiltonian path between x and y. That is, P(x, u’i) +
U, vi) + Q1 +, ..., +0g + P(v3,y) (refer to Fig. 9(b)).

Case 3.2 x and y are in different copy of LTQ3;. Without
loss of generality, suppose that x = u], y = v} € V(LTQ3[Rs]).
We can select 16 fault-free edges E; between LTQs[L;] and
LTO3[R;] (1 < i < 8,1 < j < 8). By Lemma 1, there ex-
ists a Hamiltonian path in each copy LTQ3. A desired fault-free
Hamiltonian path between x and y can be constructed by linking
the Hamiltonian paths. The method of constructing is similar to

Case 2.3. Thus, we omit it. O

Lemma9 For s > 4, LeTQ, is (s — 2)-Hamiltonian con-
nected.
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Fig. 8 Illustrations for the proof of Cases 2.2 (a) and 2.3 (b) of Lemma 8

Proof By Lemma 3, LeTQ;  can be seen as the disjoint
union of 2° copies of LTQ,[L] and 2° copies of LTQ[R]. Hence,
we can denote LTQ (L], LTQ[L,], ..., and LTQ,[L>s] as
2% copies of LTQ; that contain the edges E,, and LTQ[1],
LTQ,[2], ..., and LTQ{R»s}] as 2° copies of LTQ, that con-
tain the edges E3. Let F be a faulty set of LeTQ,  with F; =
FNLTQ[L], F, = FNLTQ4[R], and F; = F N E;. Among
them, let f; = |F||, f, = |F,|, and f; = |E}|. By the location of
faults, we have the following cases.

Case 1 All the faults are located in E or the same copy of
LTQj;. The proof is the same as LeTQ33 in Lemma 13.

Case 2 The faults are scattered in LTQ,[L], LTQ,[R], and
E|. Suppose that f; is the greatest of f;, f, and f;. Since at least
two of fj, f, and f; are greater than zero, then f; < s—3, f, < 5s-3
and f; + fi < s —3(s > 4). By the location of x and y, we have
the following cases.

Case 2.1 x and y are in the same copy of LTQ;. Suppose
that x = u% andy = u% are in LTQ,[L,]. By Lemma 2, there
is a fault-free Hamiltonian path HP(x,y) in LTQ4[L,]. Since
28— 1-2=(s—3) > 2(s — 3), there is an edge (u},ut + 1)
(1 < k < 2% — 1) such that the neighbours of u’f and ull‘ + 1 are
in LTQ,[R;] and LTQ,[R;] (1 <i < 2,1 < j < 2% and i, ),
respectively. And both LTQ,[R;] and LTQ,[R;] are fault-free.
Since LTQ; is (s — 3)- Hamiltonian connected, by the Case 1.3

of Lemma 13, a desired fault-free Hamiltonian path between x
and y is constructed by linking the Hamiltonian paths, (x, u’f )-
path, and (u’f”, y)-path with the edges E| (refer to Fig. 6(a)).

Case 2.2 xand y are in different copy of LTQ;. We have the
following cases.

Case 2.2.1 x and y are in different copy of LTQ,[L]. Sup-
pose that x = u{ € V(LTQ [L]) and y = ué € V(LTQ,[L,)).
Since 2° — 2 > s — 3, we can select a fault-free LTQ,[L;]
(s # 1,2). Suppose that LTQ,[L3] is fault-free. By Lemma
6, there is a Hamiltonian path HP(u_%, ng) in LTQ,[L3]. Since
2% —3 > 2(s — 3), there is an edge (u’§,u’§+1) 2<k<2°-1)
such that the neighbours of u’§ and u§+2 are in LTQ,[R;] and
LTO(R;] (1 < i < 2% 1 < j< 2% andij), respectively.
And both LTQ,[R;] and LTQ[R;] are fault-free. Select a ver-
tex u% in V(LTQ,[L]) — F; — {x} such that the fault-free neigh-
bours of u% and ué‘ are in the same copy of LTQ,[R;]. Select
a vertex u% in V(LTQ,[L,]) — F; — {y} such that the fault-free
neighbours of u% and ug‘“ are in the same copy of LTQ,[R;].
Without loss of generality, suppose that the neighbours of i = 1
and j = 2. Since LTQ; is (s — 3)-Hamiltonian connected, by
the construction method of Case 1.4 of Lemma 13, a desired
fault-free Hamiltonian path between x and y can be constructed
by linking the Hamiltonian paths, (i}, u4)-path, and (u4*", 13 )-
path with the edges E; (refer to Fig. 6(b)).
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Fig. 9 Illustrations for the proof of Cases 2.4 (a) and 3.1 (b) of Lemma 8

Case 2.2.2 x and y are in different copy of LTQ,[R]. The
case is the same as Case 2.2.1.

Case 2.2.3 xisin LTQ,[L] and y is in LTQ,[R]. Suppose
that x = ui € V(LTQ,[L;]) and y = vi € V(LTQ,[R,]). Since
2872 — (s = 3) > s — 3, it can be selected a fault-free vertex u?
in V(LTQ,[L;]) — {x} such that the neighbour of u% is in fault-
free LTO[R;] (1 < i < 2%). Since 272 — (s = 3) > s — 3, it
can be selected a fault-free vertex v% in V(LTQ,[R:]) — {y} such
that the neighbours of v} is in fault-free LTQ,[L;] (1 < j < 2%).
Suppose that the neighbours of 7 and v} are v and u3. Select
vy, vi, u}, ..., vy, such that ul,u3, vi, ..., u) are the neighbours
of v}, v3,uy, ..., v, respectively. By Lemma 2, there is a fault-
free Hamiltonian paths in each copy LTQ;. Thus, a required
fault-free Hamiltonian path between x and y can be constructed
by linking the Hamiltonian paths with the edges E (refer to the
construction method of Case 1.5 of Lemma 13 in Fig. 7(a)). O

Theorem 1 If LeTQ;; is (s — 1)-Hamiltonian and (s — 2)-
Hamiltonian connected for s > 2, k > 3 and s < k, then
LeTQq k41 is (s — 1)-Hamiltonian.

Proof Let E. be the set of crossing edges and E, =
{(ug, u)|(ug, u1) € E3, uy € LeTQ(s)kH and u; € L».‘,’TQ1 )

s,k+1
Let F be a faulty set of LeTQq .1 with F; = F N LeTQ(S’ ol
F, = F N LeTQ!

sAAD and F; = F N E;. And let fi = |F,

fr = |F,|, and f, = |E.|. By the location of faults, we have the
following cases.

Case 1  All the faults are located in the same copy of
LeTQ!,

wxs1 € 0,1). Suppose that all of the faults are in
LeTQ?,kH and |F;| = s—1. Since LeTQ, is (s — 1)-Hamiltonian
and LeTQy ;.1 at least have 2% — (s — 1) > 2 fault-free E.
edges, there exist a fault-free edge (g, vg) € E3 in LeTQ?,k »
such that there is a Hamiltonian path H P(xy, yo) between x, and
vo. Let x; and y; be the neighbours of xy and y( in LeTQ;,k e
Since LeTQ;k +1 18 (s — 2)-Hamiltonian connected, there is a
Hamiltonian path HP(u;,v;) between u; and v;. Thus, (uo,
HP(ugy, vo), vo, vi, HP(uy, v1), uy, up) is a fault-free Hamiltonian
cycle.

Case 2 All of the faults are located in E.. Since LeTQj 1
has at least 25*% — (s — 1) > 2 fault-free crossing edges
where s > 2 and k > 3. We always can choose two
fault-free crossing edges (uo, ;) and (vo,v;). Because both
LeTQ?,k 41 and LeTQ} | are Hamiltonian connected, there ex-
ists a Hamiltonian path HP(ug,vo) in LeTQ?,k ., and Hamil-

tonian path HP(u;,v,) in LeTQ! Thus, {xo, HP(x0,Y0),

s.k+1°
¥o, V1, HP(x1,y1), X1, Xo) is a fault-free Hamiltonian cycle in

LeTQ; kv

Case 3  The faults are scattered in LeTQ(S”k +» Ec and
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Algorithm 1 Fault-tolerant hamiltonian cycle (a, b)

Input: LeTQ;, and an edge e = (a, b); Faulty elements F.
Output: A Hamiltonian cycle in LeTQy,-F.

1: if (s,1) € {(2,2)} then

2: return A Hamiltonian cycle in LeTQ5 »-F;
3: end if

4: if (s > 2 and ¢ > 2 then

5: return LeTQHP; 4 p+(b, a);

6: end if

7. if (s=1and ¢ > 1 then

8: return HC(1,1,e);

9: end if
10: if (1,7) € (1, 1),(1,2), (1, 3) then
11: return A Hamiltonian cycle in LeTQ ,-F;
12: else
13:  C*=HC(l,t-1,e);
14:  Co=C"i;
15:  Cy =C*i(1 -i);
16:  Select (xp,y0) € E3) on Cg and (x1,y;) € E3) on Cy, such that (xo, yo)

and (x1,y;) are all belong to the crossing edges of E3;
17: return (Co — (x0, y0)) + (C1 — (x1,¥1));
18: end if

LeTQi’k +1- Then 3 < s < k. Suppose that f; is the greatest of
fi, fr and f.. Since at least two of f;, f, and f. greater than
zero, then f, < f; < s—2and f, + f, < s — 2. Because
25tk _ (s = 2) > 2, it can be found two fault-free crossing
edges (u, u1) and (vo, v1). Since both LeTQ‘S),kJr1 and LeTQi’k+l
are (s — 2)-Hamiltonian connected, there is a Hamiltonian path
HP(ug, vp) in LeTQ(S”kJr1 and a Hamiltonian path HP(u;,v;) in
LeTQi kel® Thus, <u(), HP(M(), V()), Vo, V1, HP(Ml,Vl), up, u0> is a

faultfree Hamiltonian cyclein LeTQy 1.

The theorem is thus proved. O

Theorem2 Fors > 2,1 > 3, and s < t, LeTQ;, is (s — 1)-
Hamiltonian.

Proof We prove this by induction on ¢. It is clearly holds
for LeTQ; ;s (s > 3) by Lemma 6 and Lemma 7. Suppose
that LeTQx (3 < t = k) is (s — 1)-Hamiltonian and (s — 2)-
Hamiltonian connected. By Theorem 1, the conclusion holds
for t = k+ 1. Since LeT(Q,3 is 1-Hamiltonian and Hamilto-
nian connected by Lemma 5, we can easily obtain that LeTQ>,
is 1-Hamiltonian by Theorem 1. Therefore, LeTQ;, is (s — 1)-
Hamiltonian. O

Lemma 10 If LeTQ;y is (s — 1)-Hamiltonian and (s — 2)-
Hamiltonian connected for 3 < s < k, then LeTQj ¢+ is (s — 2)-
Hamiltonian connected.

Proof Let E. be a class of crossing edges and E. =
{(uo,u1)|(uo,u1) € E3, uy € LeTQ(s)kH and u; € LETQ1 }.

s,k+1

Let F be a faulty set of LeTQx+; with F; = F N LeTQ(S”kH,

F, = F N LeTQ,,,,, and Fi = F N Ey. And let f; = |Fl,

fr = |F,|, and f, = |E.|. By the location of faults, we have the
following cases.

Case 1 All faults are located in the same copy of

LeTQfY " 1@ € {0,1}). Suppose that all of the faults are in

LeTQg’k .1 and f; = s — 2. There are three subcases.
Case 1.1 x and y are in different LeTQf;’kH(i e {0,1}).

Suppose that x € V(LeTQ(S) ) and y € V(LeTQi i) Select
a fault-free vertex u € V(LTQ;) in V(LeTQ(S)’kH) — {x} such

that its neighbour #’ in LeTQi,k 1 1is different from y. Since
LeTQy  is (s—2)-Hamiltonian connected, there is a Hamiltonian
path HP(x, u) in LeTQ(S)’ «+1 and a Hamiltonian path HP(«',y) in
LeTQ;kH. Thus, (x, HP(x,u), u,u’, HP(u',y),y) is a fault-free
Hamiltonian path between x and y in LeTQj .

Case 1.2 Both x and y are in LeTQ‘j,kH. Since LeTQ, is
(s — 2)-Hamiltonian connected, there is a fault-free Hamilto-
nian path HP(x, y) in LeTQg’kH. Since 2571 -3 — (s —2) > 1,
there exists an edge (ug,vo) € E3 in HP(x,y) such that their
neighbours u; and v; are in LeTQ;,k +1- By the condition of the
lemma, there is a Hamiltonian path HP(u;, v;) between u; and
vy in LeTQ;kH. Thus, {(x, ug) + {ug, u1)y + HP(uy,vy) + {vi, vo)
+ (vo,y) is a fault-free Hamiltonian path between x and y in
LeTQ; k+1.

Case 1.3 Both x and y are in LeTQLk +1- By the condition
of the lemma, there is a Hamiltonian path HP(x,y) between
x and y in LeTQsl,,kH. Since 251 — 3 > 2(s — 2), there is
an edge (u;,vy) € E; in LeTQ;’k +1 such that the neighbours

uy and vg are fault-free in LeTQ?,kH. Since LeTQ;y is (s — 2)-
Hamiltonian connected, there is a fault-free Hamiltonian path
HP(ugp, vp) in LeTQ?,kH. Thus, (x, u1) + (uy, up) + HP(up, vo) +
(vo,v1) + (v1,y) is a fault-free Hamiltonian path between x and
yin LeTQ; k+1.

Case 2 All of the faults are located in E.. There are two
subcases.

Case 2.1 x and y are in different LeTQ’;’kH(i e {0,1}).
Suppose that x € V(LeTQ(S”kH) and y € V(LeTQi’kH). Since
25k _ (s —2) > 3, we can select a fault-free vertex u € V(LTQ,)
in V(LeTQ(S)’k +1) — {x} such that its neighbour «’ in LeTQ;’k ")
is different from y. Since LeTQ;; is Hamiltonian connected,

there is a Hamiltonian path HP(x, u) in LeTQ(S)’ 1+ and a Hamil-
tonian path HP(i/',y) in LeTQ! Thus, {x, HP(x,u), u,u’,

s,k+1°
HP(u',y),y) is a fault-free Hamiltonian path between x and y
in Lé‘TQ&kH.

Case 2.2 Both x and y are in LeTQ', (i € 0,1). Sup-
pose that x,y € V(LeTQ?»k .1)- There exists a Hamiltonian path
HP(x,y)between x and y in LeTQ‘;,kH. Since 25H1-2(5-2)>2,
we always can choose an edge (up,vo) in HP(x,y) such that
the two crossing edges (ug,u;) and (vo,v;) are fault-free.

Since LeTQ; +1 18 Hamiltonian connected, there is a fault-free

Hamiltonian path HP(u;,v;) between u; and v; in LeTQi k1

Thus, (x, uo), {uo, ur), HP(uy,v1), {(v1,vo), (v, y) is a fault-free
Hamiltonian path between x and y in LeTQ(s, k + 1).

Case 3  The faults are scattered in LeTQg’k .1 Ec and
LeTQsl,,k +1- Without loss of generality, suppose that f; is the

greatest of fj, fr and f.. Then fy < s—3 and f, + f. < s—3. We
have the following cases.
Case 3.1 x and y are in different LeTQ’;’kH(i e {0,1}).

Suppose that x € V(LeTQ(S”kH) and y € V(LeTQi’kH). Se-

lect a fault-free vertex u € V(LTQ,) in V(LeTQ(S”k 2 —
such that the neighbour «'(¥’ # y) in LeTQi’k+l and the
edge (u,u’) are both fault-free. Since LeTQ;y is (s — 2)-
Hamiltonian connected, there is a Hamiltonian path HP(x, u) in
LeTQ),,, and a Hamiltonian path HP(«',y) in LeTQ! , .. Thus,

s,k+1°
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(x, HP(x,u),u,u’, HP(u', y), y) is a fault-free Hamiltonian path
between x and y in LeTQj x+1-

Case 3.2 Both x and y are in LeTQ',, (i € {0,1)).
Suppose that x,y € V(LeTQ‘S),kH). Since LeTQyy is (s — 2)-
Hamiltonian connected, there is a fault-free Hamiltonian path
HP(x,y) in LeTQ(s),k+1' Because 2°*% 1 — 3 — (s = 3) > 2(s -
3), there is an edge (up,vo) in HP(x,y) such that u(s and
v,s neighbours u; and v in LeTQsl,,kH, (uo, u1), and (vo,vy)
are all fault-free. By the condition of the lemma, there is a
Hamiltonian path HP(u;,v;) between u; and v; in LeTQi’k o
Thus, {x,ug)+{uo, ur)+ HP(uy, vi)+{vi,vo)+{vo,y) is a fault-
free Hamiltonian path between x and y in LeTQj x+1- O

Theorem3 Fors > 2,¢ > 3, and s < t, LeTQ;, is (s — 2)-
Hamiltonian connected.

Proof We prove this by induction on ¢. It is clearly holds
for LeTQq s (s > 3) by Lemmas 8 and 9. Suppose that LeTQj x
(3 <t =k)is (s—1)-Hamiltonian and (s — 2)- Hamiltonian con-
nected. By Lemma 10, the conclusion holds for ¢t = k + 1. We
easily obtain that LeTQ,, is Hamiltonian connected by Lemma
4. Thus LeTQy, is (s — 2)-Hamiltonian connected. O

Theoremd4 Fors > 2,¢ > 3,and s < ¢, let a and b be two
different vertices in LeTQj ;. There exists an (NlogN) time algo-
rithm which can construct a Hamiltonian path and Hamiltonian
cycle between a and b in LeTQ;,;, where N is the number of
vertices of LeTQj ;.

Proof In a graph LeTQ;, with fault elements, given a
source vertex a = (a,-1,a,-2,... ap) and a target vertex b =
(bp-1,bp-2, ... bp). Our algorithm needs to output a fault-free
Hamilton path from a to b. We first select a as the starting ver-
tex and record the vertices in the path with the linear table P.
Add vertices a and b to P, and then find any vertex a; that is
adjacent to a but does not join path P. Next, vertex a; is added
to P to further find any vertex a, adjacent to a; but not added
to path P. Until a vertex v is reached, all its fault-free adjacent
vertices have been added to P. In this case, if P contains all
fault-free vertices and vertex b is adjacent to vertex b, then the
construction is successful. P is a Hamiltonian path from a to
b. Otherwise, other fault-free adjacent vertices of vertex a are
selected to perform the above process. Until the construction is
successful or all the fault-free adjacent vertices of vertex b are
searched, the return fails.

We use T'(n) to represent the time complexity of Algorithm 1
(Algorithm 2), for n = s+¢+1. In the algorithm description, iP*0
(or jP*1) means adding 1 bit i (or j) to each vertex on the path
P*0 (or P*1), where P*0 and P*1 represent the Hamiltonian
path on LeTQ;_; ;. Therefore, statement 14 of Algorithms takes
O(N). It takes 2T (n1) to find the Hamiltonian Path P*0 (Hamil-
tonian cycle) and Hamiltonian Path P*1 (Hamiltonian cycle). It
is easy to verify that when s =2 and 7 = 3, T(6) = O(1).

From the above discussion, the following recursive equation
can be obtained:

T(n)=2Tn-1)+02",(n=06).
Therefore, T'(n) = O(NlogN). m]

4 Simulations and experiments
In this section, we will verify the effectiveness of the algorithm
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Algorithm 2 Fault-tolerant hamiltonian path (a, b, A, P)

Input: Starting node a, ending node b; Available node set A; Node set P.
Output: A Hamiltonian path P in LeTQ,-F or return failure;

1: if A = @ then

2:  if a is the neighbour of b then;

3: return (true, P);
4:  else
5: return (false, P);
6:  endif
7: else
8:  while there exists a neighbor @’ of @ such that a’ € A do;
9: A=A—-{d};
10: P=PUl{d};
11: (v, Px)=conHC(d’, b, A, P)
12: if A = ( then
13: if w is a neighbor of 7 then
14: return (true , P);
15: else
16: return (false, P);
17: end if
18: else
19: while there exists a neighbor w’” of w such that w” € A do
20: A=A-{w}
21: P=PU{W};
22: (b, P")=conPath(w’, t, A, P)
23: if b==true then
24: return (true, P’);
25: else
26: A=AU{wY);
27: P=P—{w'};
28: end if
29: end while
30: end if
31: if v==true then
32: return (true,P*);
33: else
34: A=Auld);
35: P=P-{d};
36: end if
37:  end while
38: end if

39: return (false,P);

Hamiltonian Cycle through simulation experiments. Our exper-
imental platform consists of three CPUs with Intel (R) Xeon
(R) E5420/8 core/2.50GHz and 32GB memory. The operating
system is Ubuntu 16.04 Linux. Based on the algorithm Hamil-
tonian Cycle, we also write the corresponding C language pro-
gram, and generate an executable program through the GCC
compiler. The simulation experiment shows how to constructs
Hamiltonian cycles on LeTQj, network.

In a faulty LeTQy,, we first select a fault free vertex s as the
starting vertex, and record the vertices in the cycle with vertex
set C. Add a vertex s to C, and then find any vertex s' adjacent
to s but not joined in cycle C. Next, add vertex s' to C, and
further find any vertex s that is adjacent to s' but does not join
cycle C. Until a vertex ¢ is reached, all its fault free adjacency
vertices have been added to C. In this case, if C contains all the
fault free vertices and vertex 7 is the adjacency vertex of vertex
s, then the construction is successful, and C is the Hamilto-
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nian cycle. Otherwise, select other fault free adjacent contacts
of vertex s to perform the above process. Until the construction
is successful or all the fault free adjacency vertices of vertex s
are found, return failure.

In the experiment, we first simulate Le7Q;;, LeTQ,,
LeTQ13, LeTQ1 4, LeTQ, 5, LeTQx 2, LeTQ> 3 networks accord-
ing to the definition of locally exchanged twisted cube net-
works. Then we run the corresponding programs of the algo-
rithm Hamiltonian Cycle to construct corresponding Hamilto-
nian cycles on LeTQy, LeTQ, 2, LeTQ,3, LeTQ;4, LeTQ s,
LeTQs 5, LeTQ; 3 networks (See Fig. 10). The experimental re-
sults further verify the validity of the algorithm Hamiltonian
cycle.

We compare the time consumption of N from 1-Dimension
to 10-Dimension by using Algorithms 1 and 2, for N = s+7+1.
The results are illustrated in Fig. 11. It shows that the time con-
sumption for constructing a Hamiltonian path is approximately
equal when N =3, 5 or N = 6, 8. The trend of time consump-
tion of constructing a Hamiltonian path is similar to that of con-
structing a Hamiltonian cycle. It can be explained by the proof
of Theorems 2 and 3. For s > 2 and ¢t > 3, a Hamiltonian
path is constructed by calling the function HC in Algorithm 2.
Compared with the construction of Hamiltonian cycles, the
time consumption of constructing Hamiltonian paths is slightly
higher in the same dimension. The experimental results show
that the algorithms have good performance and simulation re-
sults indicate that both the time complexity of Algorithms 1
and 2 meet O(NlogN).

5 Conclusions

We studied the tolerant Hamiltonian properties of a faulty lo-
cally exchanged twisted cube, LeTQ;; — (f, + f.), with f, faulty
vertices and f, faulty edges. We showed that an LeTQ;, can
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Fig. 11 Time consumptions of Algorithms 1 and 2

tolerate a set F' of up to s — 1 faulty vertices and edges when
embedding a Hamiltonian cycle provided that s > 2, ¢ > 3,
and s < ¢. We have also showed another result that there is a
Hamiltonian path between any two distinct fault-free vertices
in a faulty LeTQ,, with up to s — 2 faulty vertices and edges
provided that s > 2, ¢ > 3, and s < . The results are optimal
that the fault-tolerant Hamiltonicity of LeTQ;, is at most s — 1,
and the fault-tolerant Hamiltonian connectivity is at most s — 2.
This paper reveals the fact that faulty LeTQ;, nearly remains
the fault-tolerant Hamiltonicity although it has about one half
edges of LTQ,. Although the architecture of locally exchanged
twisted cube has not been really applied in practice, it brings
opportunities for future parallel systems.
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LeTQy Hamiltonian cycle

s=t=1 000 100 101 111 110 010 011 001 000

s=1,t=2

0000 0001 1001 1101 1100 0100 0101 0111 0110 1110 1111 1011 1010 0010 0011 0001 0000

s=1,t=3

00000 10000 11000 01000 01001 01101 01111 01011 01010 00010 10010 11010 11011 11001 11101 11111 11110 01110 00110 10110 10111
10011 10001 10101 10100 11100 01100 00100 00101 00111 00011 00001 00000

s=t=2

00000 10000 11000 01000 01001 01101 01111 01011 01010 00010 10010 11010 11011 11001 11101 11111 11110 01110 00110 10110 10111
10011 10001 10101 10100 11100 01100 00100 00101 00111 00011 00001 00000

000000 100000 110000 010000 010001 011001 011101 010101 010111 011011 011111 010011 010010 110010 100010 000010 000011 001111
001011 000111 000101 001101 001100 011100 111100 101100 101101 100101 100100 000100 010100 110100 110101 111101 111001 110001
110011 111111 111110 011110 001110 101110 101111 101011 101010 001010 011010 111010 111011 110111 110110 010110 000110 100110
100111 100011 100001 101001 101000 111000 011000 001000 001001 000001 000000

000000 100000 110000 010000 010001 011001 011101 010101 010111 011011 011111 010011 010010 110010 100010 000010 000011 001111
001011 000111 000101 001101 001100 011100 111100 101100 101101 100101 100100 000100 010100 110100 110101 111101 111001 110001
110011 111111 111110 011110 001110 101110 101111 101011 101010 001010 011010 111010 111011 110111 110110 010110 000110 100110
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1011000 0011000 0011001 0010001 0010000 1010000 1010001 1010011 1010010 0010010 0010011 0010111 0010110 1010110 1010111
1010101 1010100 0010100 0010101 0000101 0000100 1000100 1000101 1000111 1000110 0000110 0000111 0000011 0000010 1000010
1000011 1000001 1000000 0000000 0000001 0001001 0001000 1001000 1001001 1001011 1001010 0001010 0001011 0001111 0001110
1001110 1001111 1001101 1001100 0001100 0001101 0101101 0101100 1101100 1101101 1101111 1101110 0101110 0101111 0101011
0101010 1101010 1101011 1101001 1101000 0101000 0101001 0100001 0100000 1100000 1100001 1100011 1100010 0100010 0100011
0100111 0100110 1100110 1100111 1100101 1100100 0100100 0100101 0110101 0110100 1110100 1110101 1110111 1110110 0110110
0110111 0110011 0110010 1110010 1110011 1110001 1110000 0110000 0110001 0111001 0111000 1111000 1111001 1111011 1111010
0111010 0111011 0111111 0111110 1111110 1111111 1111101 1111100 0111100

Fig. 10 Hamiltonian cycles in LeTQs,
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