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Abstract A parameter-free electronic structure approach is

applied to the study of stability and chemical order in the

15 substitutional body-centered cubic (bcc)-based alloys

made of the six transition metals of groups 5 (V, Nb, Ta)

and 6 (Cr, Mo, W) of the periodic table. The method is

based on a Green’s function description of the electronic

structure of the random alloys. Configurational order is

treated within the generalized perturbation method, and

temperature effects are examined with a generalized mean-

field approach. In contrast to the results summarized in the

assessed phase diagrams, stability and ordering trends are

predicted in a broad range of alloy composition for at least

seven alloys, and explanation is found in their electronic

structure properties. Short-range order results, thermody-

namics analysis, and bcc-based phase diagrams are also

presented.

Keywords ab initio methods � metallic alloys � phase

diagram � stability

1 Introduction

Much attention has been paid to alloys made of refractory

transition metals (TM) of groups 5 (V, Nb, Ta) and 6 (Cr,

Mo, W) of the periodic table (also referred to as columns

VA and VIA in the old IUPAC labels), and in particular,

Nb, Mo, Ta, and W that display high melting points. In this

manuscript, the alloy notation is based on the group and

period of the elements, i.e., V-Nb, V-Ta, V-Cr, V-Mo,

V-W, Nb-Ta, Nb-Cr, Nb-Mo, Nb-W, Ta-Cr, Ta-Mo, Ta-W,

Cr-Mo, Cr-W, and Mo-W. These alloys show excellent

strength at elevated temperature and therefore have been

found useful for high-temperature space and nuclear

applications, among other applications. According to the

fifteen reported phase diagrams,[1] most substitutional

alloys should display complete solubility in the solid phase

with a bcc (or a) crystalline structure before melting,

except for the existence of a Laves phase (C14 and/or C15)

in the case of V-Ta, Nb-Cr, and Ta-Cr, and a miscibility

gap in the case of Cr-Mo and Cr-W. For the remaining ten

bcc alloys of this class, no intermediate phases have been

reported in the literature, although in some instances it has

been claimed that chemical order ‘‘may’’ exist because of

the variation of the lattice parameter with composition that

shows a negative departure from Vegard’s law,[2] and also
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of the activities of the alloy components determined at

temperature that indicates negative deviation from Raoult’s

law, and therefore from ideality.[3] Furthermore, the mea-

sured negative excess free energies of mixing are attributed

to mostly negative enthalpies of mixing and also small

negative excess entropies of solution.[2
,3] Let us review in

more details what has been found so far experimentally.

In the case of Cr-Mo, a continuous series of solid

solutions has been originally established,[4] but subsequent

studies have revealed that it is a system that should exhibit

a bcc miscibility gap.[1] For Nb-Cr, in addition to the

existence of a bcc solid solution, a C15 Cr2Nb (of Cu2Mg-

type) Laves phase has been identified.[4
-6] Although the

existence of a high-temperature C14 Cr2Nb (of MgZn2-

type) Laves phase was initially reported, it was recently

concluded that this phase was not thermodynamically

stable, but only metastable and that diffraction lines from

contaminations were mistaken for this phase.[5] For Ta-

Cr,[7] both C14 Cr2Ta (high temperature) and C15 Cr2Ta

(low temperature) phases have been reported. V-Cr[8]

exhibits a continuous bcc solid solution in the solid-phase

(however it is worth noting the ‘‘artistic’’ solidus–liquidus

line in the reported phase diagram). Cr-W is a system that

should exhibit a bcc miscibility gap.[1] Electromotive force

(EMF) experiments[9] revealed that the enthalpy values for

the Nb-Mo alloys are negative and relatively large, and

since the excess integral entropies are small, the excess

integral free energy are therefore almost equal to the

integral enthalpies. Activities of Nb and Mo exhibit neg-

ative deviation from ideality, and the same is true from

activities in the Ta-Mo system but negative deviation from

ideality is smaller for the Nb-Mo system than for the Ta-

Mo system. Small negative excess entropies could be

attributed to the possible presence of short-range order

(SRO) in these alloys. And the highly negative heats of

mixing indicate a preference for unlike pairs in these

alloys. For Ta-Mo,[10] similar observations to those for Nb-

Mo are applicable; SRO and size effect in a wide range of

Ta-Mo alloy composition is primarily responsible for the

cleavage fracture in the central part of the Ta-Mo phase

diagram. Based on x-ray diffraction, B2 type order has

been observed, although not explicitly specified by the

authors, and once again, lattice parameter versus alloy

composition shows a negative deviation from Vegard’s

law,[10] and the Gibbs energies versus composition mea-

sured at 1200 K exhibit high negative values.[11] V-Mo[12]

and Mo-W[1] are considered as bcc solid solutions in the

solid phase of the phase diagram. V-Nb, Nb-Ta, and Nb-

W are considered as bcc solid solutions in the solid

phase.[13] The phase diagram of V-Ta displays a bcc solid

solution, and C15 V2Ta of Cu2Mg-type (at LT) and C14

V2Ta of MgZn2-type (at HT) Laves phases.[14-18] Based on

EMF measurements, there is a negative deviation of the

activities from ideality that is smaller in Ta-W than in Nb-

Mo and Ta-Mo. The small negative values for the excess

integral entropy of mixing has been attributed to vibra-

tional contribution to the entropy and/or the presence of

SRO.[3] Finally, V-W is still indicated as a case where bcc

solid solution should exist in the solid part of the phase

diagram.[1] This brief experimental review is summarized

in Table 1.

These sparse experimental facts have led us to a reex-

amination of these fifteen alloy systems with a first-prin-

ciples approach to stability and chemical order. Our focus

will be primarily on the short-range order (SRO) taking

place at high temperature and its extension to long-range

order (LRO) at low temperature in the supposedly existing

a solid solution (note that phases that may develop with

Table 1 Summary of experimentally known solid phases for the 15 binary phase diagrams made up of the six bcc transition metals

Cr Nb Mo Ta W

V SS SS SS
LP (C15, C14)–V2Ta

LT and HT up to 1310 °C
SS

Cr
LP (C15)–Cr2Nb

up to 1770 °C
MG 880 °C
39 at% Mo

LP (C15,C14)–Cr2Ta
LT and HT up to 2020 °C

MG 1677 °C
50 at.% W

Nb SRO SS SS

Mo B2 SS

Ta SRO

SS = bcc solid solution, MG = bcc miscibility gap (maximum temperature and alloy composition), LP = Lave Phase(s) (in two cases a low (LT)

and high (HT) temperature Laves phase, C15 and C14, respectively, have been reported) up to a temperature (in �C) associated with the LP-bcc

SS transition. In red, the difference in the numbers of valence electrons, DN = 0, and in blue, DN = 1 (N = 5 for V, Nb, and Ta, and N = 6 for Cr,

Mo, and W). (For interpretation of the reference to color in this figure, the reader is referred to the web version of this article.)
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structures other than bcc such as the tetragonal C11b of

MoSi2-type will not be considered in this study). Needless

to say that this chemical (or atomic, or spatial, or compo-

sitional) order plays a critical role in controlling materials

properties, and as pointed out by Cahn[19] randomness in

alloy structure is the exception rather than the rule, as it

will be shown in this paper. To quote Cahn again, ‘‘The

order–disorder transformation in alloys, and concerns

associated with it, present a paradigm of modern physical

metallurgy’’.[19]

With the substantial literature that has been produced in

recent years on high entropy alloys and its derivatives, this

study becomes even more relevant. Indeed, since a couple

of years ago, more and more studies have been published

on the role of SRO and LRO in these alloys that were

supposed to be single phase (either bcc, or fcc, or hcp-

based solid solutions), but as emphasized before, solid

solutions (i.e., chemically random alloys) are more the

exception than the rule. Therefore, one should expect to

generate chemical order or phase separation (that can be

viewed as a special case of ordering) with a proper time-

dependent heat treatment. For example in a recent

paper,[20] the lattice parameter of the quinary W-Nb-Mo-

Ta-V follows the rule of mixtures, hence is likely a case of

fully disordered solid solution, whereas the quaternary

W-Nb-Mo-Ta lattice parameter (obtained from composi-

tion average of the lattice parameters of the pure metals) is

about 0.3% larger than the experimentally measured value,

indicating that some solution ordering may be occurring,

and this ordering can also be responsible for the absence of

peaks from the crystallographic planes (222), (800), (660),

etc., even though they are present in the x-ray diffraction

pattern of the quinary alloy. As a reminder, it is worth

noting that ordering in alloys was a very active and

‘‘fashionable’’ topic in the seventies and eighties, and

indeed emphasized the impact of order on materials prop-

erties: i.e., not only thermal stability but also on electric,

magnetic, and mechanical properties, fracture behavior,

corrosion resistance, etc.

To discuss in a consistent way the results on stability

and order as well as the trends for these fifteen bcc-based

alloys, the configurational order will be examined within

the generalized perturbation method (GPM).[21,22] The

electronic structure properties of the reference medium on

which the GPM relies will be described in the framework

of the first-principles fully-relativistic self-consistent tight

binding-linear muffin-tin orbital (TB-LMTO) multiple

scattering formulation of the coherent potential approxi-

mation (CPA).[22-24] Finally, temperature effects on local

order and stability will be examined by means of a standard

generalized mean-field approach, namely the cluster vari-

ation method (CVM).[25]

The paper is organized as follows. In Sect. 2, we discuss

the electronic structure methodology and properties of

these alloys based on the first-principles TB-LMTO-CPA

results. In Sect. 3, tendencies toward order or phase sepa-

ration are examined in the context of the GPM. It will be

shown that the nature and the strength of local order in

these alloys can be well explained in terms of simple

electronic parameters. In Sect. 4, the influence of temper-

ature on stability and local order based on a standard

generalized mean field approach will give us an opportu-

nity to present the predicted coherent phase diagrams for

this class of bcc-based alloys, before some concluding

remarks summarized in Sect. 5.

2 Electronic Structure Methodology
and Properties

Except in the case of the binary Ta-W[26] and the ternary

Ta-Mo-W[27] systems, a systematic electronic structure-

based study of these bcc alloys with a proper treatment of

the disordered alloys has not been reported.

The motivation for the use of a quantum–mechanical

based methodology is the need to perform an unbiased

study on these alloys, in which the resulting thermody-

namic behavior is determined on the basis of ab initio

obtained interaction parameters that are free of imposed

constraints, parametrization schemes, or fitting procedures.

The mean-field single-site CPA,[22,23] expressed with the

Green’s function formalism and implemented within the

TB-LMTO-CPA,[24] provides an appropriate basis for such

a study. This methodology allows us to define an effective

medium whose scattering properties on the average reflect

those of a chemically random alloy. Calculations based on

this method yield relevant physical properties such as

equilibrium lattice constants, energies of mixing, and bulk

moduli for substitutionally disordered alloys. The effects of

statistical local composition fluctuations away from this

chemically disordered medium can be studied through the

generalized perturbation method or GPM[21,22] that leads to

uniquely defined, concentration-dependent effective cluster

interactions (ECI). When used in conjunction with a sta-

tistical model, such as the cluster variation method

(CVM),[25] these composition-dependent effective interac-

tions and mixing energies lead to the prediction of the most

stable ordered structures at zero temperature, and of con-

centration/temperature alloy phase diagrams.[28] For bcc-

based chemically random alloys, electronic structure cal-

culations were carried out on the basis of the charge self-

consistent fully relativistic version of the TB-LMTO-CPA

method[24] within the atomic sphere approximation (ASA)

and the local density approximation (LDA) of density

functional theory. The LDA calculations were based on the
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exchange–correlation energy of Ceperley and Alder[29] as

parameterized by Perdew and Zunger[30]. To eliminate the

charge transfer effects, at each lattice parameter and alloy

composition, the atomic sphere radii of the two species

were adjusted in such a way that atoms were charge neutral

while preserving the total volume of the alloy. Since the

difference in the numbers of valence electrons is 0 or 1 for

these fifteen alloys, very small charge transfer is expected,

and therefore this approximation seems reasonable. In our

calculations we used 168 k-points in the irreducible wedge

of the Brillouin zone to perform the integrations that are

necessary during the self-consistent calculations, and

2320 k-points in the full Brillouin zone for the calculation

of the ECI. Twelve energy points on a semi-circle in the

upper half-plane of complex energy were considered to

perform the energy integration using Gauss’ method. The

densities of states were evaluated on a line 5 mRy above

the real axis (with an energy step of about 5 mRy) and then

deconvoluted on the real axis. The CPA equations were

solved iteratively using the method described in Ref. 24.

By considering the number of valence electrons, N, and

the difference in the numbers of valence electrons, DN, we

will consider in the following two categories of alloys:

(a) 6 alloys with DN = 0, i.e., iso-electronic alloys from

group 5 (N = 5: V-Nb, V-Ta, and Nb-Ta) and group 6

(N = 6: Cr-Mo, Cr-W, and Mo-W); and (b) 9 alloys with

DN = 1 (for which N varies between 5 and 6 as a function

of alloy composition: V-Cr, V-Mo, V-W, Nb-Cr, Nb-Mo,

Nb-W, Ta-Cr, Ta-Mo, and Ta-W).

It is worth noting that although fully relativistic elec-

tronic structure calculations (i.e., by solving the Dirac

equation) were carried out, spin polarization was ignored.

The only systems that could have been affected by this

approximation are those for which Cr is one component of

the alloy. However Cr is the only element that displays a

transition from anti-ferromagnetism (non-magnetic Cr) to a

rather weak ferromagnetism (para-magnetic Cr) at 311 K,

with the possibility of a more complex magnetic behav-

ior—magnetism was not considered in this work.

In Fig. 1 the density of states of each of the six bcc-

based transition metals (TM) are displayed. On the one

hand, note that when N moves from 5 to 6, the Fermi

energy spans a deep minimum of density of states that

clearly separates the bonding and antibonding states, with

high (low) densities of states (DOS) at the Fermi energy for

N = 5 (6); on the other hand, for each subgroup associated

Fig. 1 Electron density of states of the 6 bcc-based transition metals as a function of energy. The Fermi energy EF (in Ry) is indicated by a

vertical line and taken as zero of energy
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with N = 5 and N = 6, the changes in the overall DOS,

although mild, are due to an increase in the relativistic

effects moving down from 3d to 4d, and 5d.

In Fig. 2, the DOS of the chemically random alloys

within the TB-LMTO-CPA at equi-atomic composition are

displayed. For DN = 0 (and N = 5 or 6), the DOS are rather

Fig. 2 Electron density of states of the bcc-based chemically random

alloys within the TB-LMTO-CPA at equi-atomic composition for

DN = 0 and N = 5 or 6 (top), and DN = 1 and N = 5.5 (bottom)

groups. The solid line indicates the total density of states, whereas the

dashed lines refer to the partial densities of states. The Fermi energy

EF (in Ry) is indicated by a vertical line and taken as zero of energy.

(For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article)
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similar to those of the pure metals, except for the disorder

effect that translates in less structure in the features of the

DOS, an effect that is even more pronounced in the case of

chemically and topologically random alloys (i.e., amor-

phous alloys). In the case of the group of alloys with

DN = 1, the alloy species are neighbors in the periodic

table, and therefore the scattering properties of the elec-

trons, and the DOS remain practically unchanged with

alloy composition (not shown). Since disorder is not major

for these alloys, the deep minimum observed in the DOS

still corresponds to a clear separation between bonding and

antibonding states in the alloy band structure, and the

overall DOS, again, remain practically unchanged with

alloy composition (not shown). The minimum in the DOS

is, to some extent, related to a negative energy of forma-

tion, more so for the Cr, Mo, or W-rich alloys. Note also

that the species-resolved DOS for the alloys are very

similar to those associated with the pure metals. Thus the

Fig. 2 continued
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variation of the electronic structure properties with alloy

composition is almost entirely reflected in the variation of

N, and therefore in the location of the Fermi energy, as

would be the case for an alloy treated within the virtual-

crystal approximation (VCA) or even the rigid-band model

(RBM), despite the fact that chemical disorder is poorly

treated within these two approximations (see below).

Some ab initio studies have been carried out by simulating

alloy disorder within the so-called special quasi-random

structure (SQS) approach.[31] This method assumes that one

can generate a chemical ‘‘disorder’’ state by constructing a

periodic ordered alloy structure with atomic pair correlation

functions up to some distance that equate those of a truly

disordered state of the same alloy. In other words, electronic

structure properties of a SQS-based disordered alloy are

those of an ordered structure, and this approach, although

convenient for those who carry out ab initio calculations with

wave-type method (such as VASP, WIEN2K, etc.), totally

ignores the fundamental features of disorder such as the

existence of a finite electron life time, one reason why DOS

are never shown for disordered alloys built with this method.

And one may wonder why this approach would systemati-

cally provide accurate results for derived quantities such as

equilibrium properties, formation energies, elastic constant,

and obviously transport properties for which the application

of this method is highly arguable. Meanwhile this approach

has been used in the past to study some of the alloys we are

discussing in this paper such as Nb-Mo and Ta-W,[32] and

Ta-W and V-W.[33]

Another method that has been used to deal with disorder

is the VCA [see Ref. 34 for details]. As in the case of the

SQS method, VCA cannot handle truly chemical random

states, since this method is also dealing with a periodic

lattice and the design of a virtual ‘‘average’’ atom on each

site that interpolates between the behavior of the actual

alloy components, hence preserving the periodicity of the

lattice. Once again, the pitfalls of the SQS apply to this

method, which is, in addition, mathematically flawed.[34]

For completeness, the simplest and most basic approxi-

mation is based on the RBM, which consists in taking a

composition average of the DOS of the pure alloy con-

stituents and fixing the Fermi energy to the one that cor-

responds to the proper average number of electrons per

atom. Once again, this method is not well suited to account

for chemical disorder in alloys.

In Fig. 3 (top) the lattice parameter at 0 K of each bcc

TM is shown, and the 3d electrons-type metals (V, Cr) are

clearly distinguished from the 4d (Nb, Mo) and 5d (Ta, W)

ones. There is about a 1% discrepancy as generally

observed between the ab initio and experimental values.

In Fig. 3 (bottom), the bulk modulus at 0 K for each TM

is shown, and there is a typical 15% discrepancy between

predicted and measured values. In this case, the distinction

between metals from groups 5 (V, Nb, Ta) and 6 (Cr, Mo,

W) is worth noting. One should also note that, as observed

experimentally, a one-valence electron difference leads to a

50% or more increase in the bulk modulus. The variation of

the lattice parameter and bulk modulus with alloy com-

position is shown for all 15 bcc-based TM alloys in Fig. 4,

and the departure of the lattice constant from Vegard’s law,

although small, is an indication that a tendency towards

alloy formation and order is expected.

Finally, in Fig. 5 the variations of the mixing (or for-

mation) energy of the chemically random alloy versus

composition are shown. This energy is given by

DEMix ¼ ECPA
Alloy � cAE

Eq
A � 1 � cBð ÞEEq

B ðEq 1Þ

where ECPA
Alloy is the total energy of the alloy described

within the CPA at its equilibrium lattice parameter, and EEq
i

is the total energy of pure species i at its corresponding

equilibrium lattice parameter. As a reminder, a negative

(positive) mixing energy favors the formation (phase sep-

aration) of the random alloy.

As shown in Fig. 5, the mixing energies in the whole

range of alloy composition are negative for DN = 0 except

for Mo-W which exhibits insignificantly positive mixing

energy. Small negative magnitude is also observed in the

case of Nb-Ta, V-Nb, and Cr-Mo (DN = 0). As for DN = 1,

slightly positive values are found for Nb-Cr.

Fig. 3 Lattice parameter (top), in Å, and bulk modulus (bottom), in

GPa, at T = 0 K, are shown for 3d, 4d, and 5d electrons-type bcc

transition metals
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These results confirm a previous conclusion drawn from

a semi-empirical tight-binding (TB) estimation of the

energy of formation of the random Ta-W alloy as a func-

tion of composition.[35] However in this earlier study, the

tight-binding energies were underestimated by about 40%,

and the general evolution of the formation energy with

alloy composition did not reveal any asymmetry as it

should since the DOS at the Fermi energy that controls the

strength of the bonding in this alloy varies significantly

with the number of valence electrons. The same TB

approach has been applied to bcc-based Cr-Mo, Cr-W, and

Mo-W alloys, with similar output.[36] Based on the use of

the VASP code[37-39] for the description of the electronic

structure and the SQS approach to deal with ‘‘chemical

disorder’’, mixing enthalpies have been calculated for

V-Nb, and Nb-Ta (DN = 0), V-Mo, Nb-Mo, and Ta-Mo

(DN = 1).[40] With a similar approach, ‘‘random’’ alloy

enthalpies have been reported for Nb-Mo, Nb-W, Ta-Mo,

and Ta-W in Ref. 41. Both studies[40,41] provide results that

are qualitatively in agreement with those presented in the

present work.

Fig. 4 Variation of the lattice parameter (top), in Å, and bulk

modulus (bottom), in GPa, with alloy composition for all 15 bcc-

based TM alloys. For all alloys the composition along the horizontal

axis refers to the second element of each alloy. (For interpretation of

the references to color in this figure legend, the reader is referred to

the web version of this article)
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3 Ground-State Properties

In recent years, a number of methods have been devel-

oped[28] to map the quantum mechanical description of the

energetics of an alloy in the form of an Ising model, which

is most appropriate for a subsequent statistical-mechanics

treatment of order–disorder phenomena in alloys as

functions of temperature and composition. This mapping

has been originally achieved within the so-called general-

ized perturbation method (GPM),[21,22] which will be used

here. Within the GPM, ‘‘only the configuration-dependent

contribution to the total energy is expressed by an expan-

sion’’ in terms of effective pair and multi-site interactions,

and since the reference medium, which, in the case of the

GPM, is the chemically random state of the alloy, the terms

that populate the expansion are composition-dependent, so

are these interactions. One should emphasize that this

method is in contrast with the ones based on the knowledge

of the electronic structure properties of ordered configu-

rations of the alloy, such as the so-called Connolly–Wil-

liams Method (CWM),[42] which lead to ‘‘an expansion of

the total energy itself in terms of cluster interactions’’

which are composition-independent, except via volume

effects. Within the GPM, the ordering contribution to the

total energy of an A–B alloy is given by

dEord pnf gð Þ ¼
X1

k¼1

1

k

X0

n1...nk

V kð Þ
n1...nk

dcn1
. . .dcnk ðEq 2Þ

where dcni refers to composition fluctuation on site ni,

dcni ¼ pni � c, around the average composition of the

random medium, characterized by c that is the composition

in B-species, and pni is an occupation number associated

with site ni, equal to 1 or 0 depending on whether or not

site ni is occupied by a B-species. V kð Þ
n1...nk

corresponds to a

kth-order ECI involving a cluster of k sites. The prime in

the summation over the ni indicates that consecutive site

indices must be different. Note that, as in any perturbation

theory that relies on the CPA medium, the small parameter

in the GPM only depends on the scattering properties of the

electrons (and not the composition), which means that the

expansion for the ordering energy is valid even for large

fluctuations of local composition. In practice, the second

order contribution to the ECI, V 2ð Þ
nm is, within the GPM,

essentially numerically indistinguishable from the full

summation of all scattering processes taking place between

the two sites n and m. Hence, to second order in pertur-

bation (i.e., k � 2), and for alloys based on simple lattices

described by one type of site per cell, such as bcc, Eq. 2 is

rewritten as

DEOrdðfpngÞ �
X

s

V
2ð Þ

0s dc0dcs ðEq 3Þ

or equivalently, at zero temperature

DEOrd qsf gð Þ �
X

s

qsVs ðEq 4Þ

with qs ¼ c
2
nBB
s � cns

� �
, where nBB

s and ns refer to the

number of BB pairs and the total number of pairs per site,
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Fig. 5 Variation of the mixing energy DEMix (in mRy/atom) of the

bcc-based chemically random alloys with composition, within the

TB-LMTO-CPA for (top) DN = 0 and (bottom) DN = 1 groups. For

all alloys the composition along the horizontal axis refers to the

second element of each alloy. (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of

this article)
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respectively, associated with the sth-neighbor shell, and c

is the composition in B species.

In this last equation, the effective pair interaction (EPI)

Vs represents a sth EPI given by Vs ¼ VAA
s þ VBB

s � 2VAB
s

that, by definition, corresponds to the 2nd-order interaction

V
2ð Þ

0s , entering Eq. 3, between a site at the origin and a site

belonging to the sth-neighbor shell. In the following the

superscript ‘‘(2)’’ of V will be dropped out: Vs � V
2ð Þ

0s .

Hence, the sign convention that has been adopted is such

that when Vs [ 0 (\ 0), AB (AA or BB) pairs associated

with a species at the origin and the other in the sth-neighbor

shell are favored. As seen from Eq. 4, any alloy configu-

ration is specified by a unique set of parameters qs that only

depends on site occupancies. For example, at zero tem-

perature and for s = 1–5, these parameters take the values

(- 1, 3/4, 3/2, - 3, 1) for B2 order (of CsCl-type; cP2;

Fm�3m) and (0, - 3/4, 3/2, 0, - 1) for B32 order (of NaTl-

type; cF16; Fd�3m) at equi-atomic composition, and (- 1/4,

- 3/16, 9/8, - 3/4, - 1/4), for D03 order (of Fe3Al-type;

cF16; Fm�3m) at c = 1/4, 3/4.

In this context, phase separation (segregation or clus-

tering) can be considered as a particular state of order for

which qs ¼ c 1 � cð Þns=2 (since nBB
s ¼ ns) with, for a bcc

lattice, ns = 8, 6, 12, 24, 8 (s = 1–5). As explained in Ref.

43, the clustering energy is estimated from the concentra-

tion-weighted average of the DOSs of the pure metals, each

calculated at the average Fermi level of the average CPA

medium, in the spirit of the GPM. On the other hand, the

formation energy of the alloy is obtained from the contri-

bution of the two sub-bands that are associated with each

species and its own Fermi level. As long as the interfacial

energies are negligible (which would be the case for alloy

species exhibiting similar electron scattering properties; an

assumption that is applicable to the present class of alloys),

it is expected that the total energies that correspond to both

situations (i.e., segregation within an alloy sample and

juxtaposition of two metals) to be the same. Hence, in the

following, the formation energy of the alloy will be

approximately given by �DESeg.

It is worth noting that B2 and B32 can be described as

layered structures with one (two) layer(s) of A species and

one (two) layer(s) of B species along the [111] direction of

the bcc lattice, as compared to the segregated state where

the bcc lattice is fully occupied by A (or B) species only.

Before presenting the results, it is worth commenting on

the major differences between the GPM and the CWM,[42]

or as it is referred now by the cluster expansion method

(CEM). In the case of the GPM, the formation energy of a

particular alloy configuration / is given by:

DE/
Alloy ¼ DEMix þ DE/

Ord ðEq 5Þ

where DEMix and DE/
Ord are the mixing energy of the dis-

ordered alloy and the ordering energy given by Eqs. 1 and

3 (or 4), respectively. And both energies depend on alloy

composition. Note that the ordering depends directly on

composition through the {qsg in Eq. 4, but also through the

composition-dependence of the interactions themselves

that are formulated with reference to the disordered med-

ium, also composition dependent. This formulation allows

an alloy to be stable in the chemically random state and

displays at the same time a tendency towards phase sepa-

ration (because of the decoupling between the mixing

energy of the disordered state and the ordering energy).

Similarly, an alloy can display ordering in some compo-

sition range and phase separation in another range (because

of the composition dependence of both the mixing energy

of the disordered state and the ordering energy). Finally,

the method that has been discussed here is valid for binary

alloys but can be easily extended to multi-component alloy

systems. Now a question that has been raised in many

occasions on this GPM approach concerns the role of

multi-component interactions beyond the pair interactions.

This question relates to the more fundamental definition

and significance of an interaction in an alloy. According to

the GPM, the scattering of electrons is what governs the

sign and magnitude of an EPI according to the following

equation:

Vpq ¼ �Jm

np

ZEF

de Dtð Þ2
X

kl

\Gkl
pq [

� �2

ðEq 6Þ

where n is the number of orbital (9 orbitals in the present

case since s, p and d electrons are included in the ab initio

calculations), Dt ¼ tA � tB, with ti being an onsite energy

associated with species i (A or B), and\G[ is a an off-

diagonal in site component of the Green function for a

particular set of orbitals k and l and sites p and q, and the

integral is considered up to the Fermi energy. The G’s

decrease rapidly with distance, and for an ECI that involves

a cluster of more than two sites, this Eq. 6 can be easily

generalized, and now, instead of a product of two G’s, this

product involves a number of G’s corresponding to the

number of sites considered to describe the ECI. It is this

product that rapidly decreases with the number of sites, and

based on our experience with the application of the GPM to

many transition metals alloys, usually the expansion in

Eq. 2 is converged by considering the nearest EPIs and

excluding any ECI. In conclusion, this method provides a

way to predict ordering in alloys by considering the

response of a reference medium (here the chemically ran-

dom state of the alloy as described by the CPA) to

746 J. Phase Equilib. Diffus. (2020) 41:737–755

123



composition fluctuations and its energetics. It becomes

clear that the strength of an interaction between two sites

should be affected by the surrounding composition, and

more generally to the surrounding topology as it would be

the case for amorphous alloys. This property required

physical metallurgists to recognize its importance, and the

first experimental report on SRO effects in Fe-Cr alloys[44]

confirmed the relation between ordering and electronic

properties of the EPIs.

Now in the case of the CEM, the formation energy of a

given alloy configuration is given by the following

equation:

DE/
Form ¼ V0 þ

X

a

r/1 r
/
2 � � � r/a

� �
Va ðEq 7Þ

where

DE/
Form ¼ E/ � 1 � c/B

� �
EA � c/BEB ðEq 8Þ

with r/n ¼ 2p/n � 1 is equal to - 1 or ? 1 depending of the

occupation of a site n by an A or a B species, and Va is an

interaction associated with a cluster of a sites. Note that in

this case the mixing energy of the disordered state con-

figuration ‘‘Dis’’ is specified by the same interactions that

describe a specific alloy configuration / according to:

DEDis
Form ¼ V0 þ

X

a

2c� 1ð ÞaVa ðEq 9Þ

In practice, the formation energy associated with each / of

a large set of configurations and the knowledge of the {r/a }

for each sub-cluster a included in a maximum cluster

allows to solve the system of equations that will return the

interactions fVag. The CEM is easy to implement and is

not limited to any structure (as practically the case for the

GPM approach). However, there is the question about the

number and type of clusters, and the selection of the

ordered configurations {/} that need to be selected. Note

also that the interactions are composition independent

(except via volume effect), and it was shown in practice

that the expansion defined in Eq. 7 slowly converges in

terms of interactions. Besides these aspects of the CEM,

more fundamental questions have been raised,[45] and

despite technical progress on this methodology,[46,47]

additional questions have been raised by one of the origi-

nators himself of the methodology.[48,49] The only viable

version of the CEM would be to account like in the GPM

on the composition dependence of the interactions, and this

could be implemented easily by generating at each alloy

composition c a set of configurations, /i cð Þ, and solving for

the pair and multi-site interactions: this would corresponds

to developing a CEM in the canonical ensemble. The only

remaining major difference with the GPM approach would

be about the assumption that the chemically random state

of the alloy should be defined with the same interactions as

those that describe any ordered state at a given composi-

tion, an assumption that has been rejected in the past.

The first and second nearest neighbor EPIs, V1 and V2, are

shown as functions of composition for the 15 bcc-based TM

alloy as obtained from TB-LMTO-CPA-GPM in Fig. 6. The

EPIs beyond the 2nd nearest neighbors are at least an order of

magnitude smaller than the first two EPIs, as shown in Fig. 7

for five alloys at equi-atomic composition as examples; and

the same applies to multi-site effective interactions (not

shown). Also, we found that each EPI varies very little with the

lattice parameter (not shown), and therefore with pressure, at

any alloy composition. There is also a variation in the mag-

nitude of the EPIs with alloy composition, but rarely a change

in sign is observed. Overall, the ordering tendencies are

stronger for the A–B alloys with B belonging to Group 6 of the

periodic table, and this trend is consistent with what is

expected for transition metal alloys.[22,28] Indeed, the variation

of the dominant EPIs displays as a function of the number ofd-

electrons two zeros which are located around 3d and 7d-

electrons, with a positive sign of the EPIs in the central region.

Although the location of the zeros varies with the scattering

properties of the electrons and alloy composition, hetero-

atomic pairs are increasingly favored when the number of d-

electrons increases from A (about 3d-�e) to B (about 4d-�e),

which is what Fig. 6 shows in a more quantitative way.

According to the results of the ground-state analysis of

the Ising Hamiltonian applied to the bcc lattice[22] with first

and second nearest pair interactions, B2, B32, and D03 are

the most probable ground states at zero temperature (see

Fig. 8), in addition to phase separation (N.B.: the analysis

of the Ising model has been extended up to the fifth

neighbor pair interaction, with the exclusion of V4, in Refs.

50-52). The resulting ordering map in the {V1;V2} space is

displayed for all fifteen bcc-based TM alloys at equi-

atomic composition in Fig. 9; and a summary of the results

are given in Table 2 with its quantitative counterpart in

Table 3. As a reminder, by accounting for composition-

dependent EPIs, the trajectory around each point associated

with an alloy in Fig. 9 is very limited according to Fig. 6,

and therefore does not modify the ground-state predictions

that were made exclusively at equi-atomic alloy composi-

tion. Finally, it is worth noting that a B32 ordered state is

predicted for V-Mo, V-W, and Nb-W, which is rather

unusual for TM alloys since it is found in compounds such

as NaTl.

4 Stability at Finite Temperature

To extend the study at finite temperature, the Ising model

has been solved within a generalized mean-field approxi-

mation with the CVM[25] in the canonical ensemble (i.e., at
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Fig. 6 First and second nearest

neighbor effective pair

interactions, V1 and V2, in mRy/

atom, as functions of

composition for bcc-based

alloys, as obtained from TB-

LMTO-CPA-GPM. Top

figure for alloys characterized

by DN = 0 and the bottom two

for DN = 1. For all alloys the

composition along the

horizontal axis refers to the

second element of each alloy.

(For interpretation of the

references to color in this

figure legend, the reader is

referred to the web version of

this article)
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constant alloy composition) by making use of the ener-

getics (i.e., mixing energies and EPIs) presented in Sect. 2

and 3. At each temperature and alloy composition, the

configurational part of the free energy has been minimized

with a Newton–Raphson technique with respect to the

Fig. 9 Ground state analysis of

the Ising model applied to the

fifteen bcc-based transition

metal alloys. The first and

second effective pair

interactions (in mRy/atom) for

each alloy at equi-atomic

composition are plotted in the

{V1;V2} ordering map, in a

domain where the most

stable ground state is indicated.

‘‘A’’ in this map refers to phase

separation whereas B2, B32 and

D03 are described in Fig. 8. (For

interpretation of the references

to color in this figure legend, the

reader is referred to the web

version of this article)

Fig. 8 Description of the B2, B32 and D03 ordered structures based

on the bcc lattice

Fig. 7 Effective pair interactions, in mRy/atom, as functions

of distance, as obtained from TB-LMTO-CPA-GPM, for bcc-

based VNb, VW, and NbMo (top), and NbTa and MoW

(bottom). (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this

article)
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correlation functions defined as the following thermody-

namic average product:

na ¼ r1 � � � rah i ðEq 10Þ

where rn corresponds to the so-called spin variable defined

in Eq. 7, and the maximum value of a corresponds to the

number of sites in the maximum cluster that characterizes

the level of approximation of the CVM. In the present case,

the maximum cluster corresponds to the irregular tetrahe-

dron made of four first and two second-nearest-neighbor

pairs.[53,54] This cluster allows a proper statistical treatment

with the EPIs V1 and V2 included in the pair expansion of

the Ising model, an approximation which is justified here

since the more distant EPIs have negligible amplitude, see

Fig. 7. Hence the ab initio information for DEMix (see Eq. 1

and Fig. 5) and the EPIs (see Eq. 6 and Fig. 6), V1 and V2,

are used to carry out the CVM calculations of the Gibbs

energy as a function of alloy composition and temperature

for each of the fifteen alloy systems.

The predicted phase diagrams shown in Fig. 10 that are

likely to need to be confirmed are: V-Cr, Nb-Mo, Ta-Mo,

Ta-W that display a domain of stability of the ordered B2

phase, and V-Mo, V-W, and Nb-W that exhibit a region of

B32 order. In the case of V-Cr and Ta-W a domain of

stability of the D03 ordered phase around VCr3 and TaW3,

respectively, has not been reported in the phase diagrams

since the order -disorder transitions are below 75 and

200 K, respectively. Confirmation of a miscibility gap is

also required in the newly predicted V-Nb, V-Ta, Nb-Cr,

and Ta-Cr alloy systems (above 1000 K), in addition to Cr-

Mo and Cr-W that have been already confirmed experi-

mentally.1 Two phase diagrams have not been discussed:

those of Nb-Ta and Mo-W, since for both systems, extre-

mely small magnitudes of the mixing energy and the EPIs

that build up the ordering contribution to the formation

energy lead practically to an ideal behavior, i.e., the exis-

tence of a bcc-based solid solution, which is indeed more

the exception than the rule. The asymmetry of some phase

diagrams is a direct consequence of the alloy energetics,

i.e., an extremum of energy of mixing, and stronger

ordering trends in some composition range away from

equi-atomic composition. For this class of phase separating

alloys (DN = 0), Fig. 11 shows that along groups 5 (N = 5)

and 6 (N = 6), the trends are very similar for both the

mixing energy and the first and second neighbor EPIs with

higher magnitudes for the 3d–5d mixtures than for the 3d–

4d ones, and this is reflected in the location of the top of the

miscibility gap for the respective alloys. In the case of the

other subset of alloys (DN = 1), there is a trend associated

to which row the elements belong to (3d, 4d, or 5d),

whereas for the remaining mixtures, a more subtle evolu-

tion exists. The same remark applies to the evolution of the

first and second EPIs.

Despite the noticeable difference in the elastic proper-

ties of group 5 and 6 elements (see Fig. 3), one could

question the absence of vibrational contribution to the

Gibbs energy in the present treatment. Based on calcula-

tions carried out for Ta-W alloys,[26] it has been found that

the vibrational free energy is more than an order of

Table 2 Summary of the ab initio theoretical predictions of the bcc

ordering tendency (no other phases such as the existence of Laves

phase is considered) at equi-atomic composition for the fifteen binary

alloys made up of the six bcc transition metals

Cr Nb Mo Ta W

V B2 MG B32 MG B32

Cr MG MG MG MG

Nb B2 MG B32

Mo B2 B32

Ta B2

The color code is the same as for Table 1. (For interpretation of the

reference to color in this table, the reader is referred to the web

version of this article.)

Table 3 All energies are given in mRy/atom at equi-atomic

composition

Alloy DEMix EPI V1 EPI V2 DEB2 DEB32 DESeg

DN = 0

CrW - 8.971 - 8.663 ? 4.637 ? 12.14 - 3.48 2 5.19

VTa - 6.510 - 5.855 ? 1.754 ? 7.17 - 1.31 2 4.54

VNb - 0.548 - 4.860 ? 0.910 ? 5.55 - 0.69 2 4.17

CrMo - 1.709 - 4.364 ? 2.047 ? 5.90 - 2.02 2 2.83

NbTa - 0.133 - 0.429 - 0.318 ? 0.19 ? 0.24 2 0.67

MoW - 0.035 - 0.467 ? 0.381 ? 0.75 2 0.29 - 0.18

DN = 1

VCr - 6.179 ? 2.886 ? 0.066 2 2.84 - 0.05 ? 2.95

NbMo - 8.464 ? 4.119 ? 0.279 2 3.91 - 0.21 ? 4.33

TaW - 8.893 ? 4.561 ? 0.658 2 4.07 - 0.49 ? 5.05

VMo - 15.699 ? 2.719 ? 2.588 - 0.78 2 1.94 ? 4.66

NbCr ? 0.429 - 5.285 ? 0.670 ? 5.79 - 0.50 2 4.78

NbW - 3.910 ? 1.846 ? 2.278 - 0.14 2 1.71 ? 3.55

TaMo - 13.328 ? 5.543 - 1.188 2 6.93 ? 0.89 ? 4.65

VW - 18.442 - 2.227 ? 6.447 ? 7.06 2 4.84 ? 2.61

TaCr - 9.431 - 5.672 ? 0.516 ? 6.06 - 0.39 2 5.29

DEMix is the mixing energy, the next two columns indicate the mag-

nitude of the first and second nearest neighbor EPIs, DEB2 and DEB32

are the ordering energies associated with the B2 and B32 ordered

states, and DESeg is the energy associated with the segregated state, all

based on the bcc lattice. For each alloy the number identified in bold

corresponds to the energy at equi-atomic composition of the most

likely stable ordered state
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magnitude smaller than the contribution from the config-

urational configuration and ordering contributions. Hence,

at least for this class of alloys, the vibrational free energy

has little effect on the predicted phase diagram displayed in

Fig. 10.

Fig. 10 Predicted bcc-based alloy phase diagrams, as obtained from

the tetrahedron approximation of the CVM with input from ab initio

energetics. For all alloys the composition along the horizontal axis

refers to the second element of each alloy. (For interpretation of the

references to color in this figure legend, the reader is referred to the

web version of this article)
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It is worth noting that since the order–disorder transition

is second order in accordance with the results of the Lan-

dau theory of phase transitions, one would expect the SRO

to exist well above the transition temperature, and also in a

broad range of alloy composition, as it has been shown in

the case of the Ta-W alloy system.[26] This property could

help to identify, if not LRO, at least qualitatively, SRO that

should be revealed on samples well annealed at relatively

high temperature above the order–disorder transition tem-

perature to promote the thermally activated ordering pro-

cess; and performed by transmission electron microscopy

(which is easy in the case of B2 since additional diffusion

scattering intensities at the (100) and (300) reciprocal lat-

tice positions should exist), and more quantitively by

anomalous x-ray diffuse scattering experiments at a syn-

chrotron source or with neutron diffraction experiments.

The confirmation of LRO may be more challenging

because of an expected slow transformation kinetics at

relatively low temperature.

Still on the experimental side, the existence of chemical

order in alloys should obviously translates in a negative

departure of the species-resolved activities[53] from lin-

earity, as derived from electromotive force experiments, as

a function of alloy composition (Raoult’s law). Qualitative

experimental confirmation of chemical order in Nb-

Mo,[9
,11] Ta-W,[3

,11] and Ta-Mo[10,11] is worth noting, with

a large deviation of the activities from ideal behavior.

Finally, without drawing strong conclusions, the cleav-

age behavior is found for alloys that display order (e.g., Ta-

Mo, Ta-W) whereas for those with very small tendency

toward order or near ideality (such as Mo-W), a flow

behavior is observed.[55] This change in mechanical

response is consistent with the difference in the ordering

trends that are predicted here.

5 Conclusion

Detailed calculations on electronic structure and related

thermodynamic properties of the fifteen bcc-based TM

alloys were carried out with the TB-LMTO formulation of

the coherent potential approximation. The CPA and the

GPM were used to obtain ordering tendencies and related

thermodynamic information across the concentration range

of these alloys. Temperature effects were accounted for

within the generalized mean-field approach on which the

CVM is based. The results from this work is summarized in

Table 4, and among the fifteen alloys systems five (e.g.,

Cr-Mo, Cr-W) were already, at least qualitatively for some

(i.e., Nb-Mo, Ta-Mo, Ta-W), confirmed.

Although the solid phase part of the phase diagrams

(i.e., below the solidus line) reported in the literature is in

most cases predicted, the second-order nature of the order–

Fig. 11 Mixing energy (top two figures) and first and second nearest

neighbor effective pair interactions, V1 and V2 (bottom two figures),

in mRy/atom, for bcc-based alloys at equi-atomic composition

characterized by DN = 0 and DN = 1, as obtained from TB-LMTO-

CPA-GPM. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article)
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disorder transition can be used advantageously to identify

short-range ordering at temperatures well above the order–

disorder transition temperature. Anomalous dispersion

x-ray diffuse scattering measurements at a synchrotron

source[20] or neutron diffraction experiments should reveal

unambiguously the nature of the SRO on samples well

annealed at relatively high temperature to promote the

thermally activated ordering process, and provide a quan-

titative measure of the EPIs that have bene predicted in this

study.

In the case of the bcc-based TM alloys, ordering (or

clustering) trends can be rationalized in terms of the

number of valence electron N (5 or 6) and the difference in

the numbers of valence electrons DN (0 or 1): DN controls

the tendency towards order or phase separation, and

N controls its magnitude with an increase in the trend with

N (Figs. 9, 11).

This study also shows the limitation of a phenomeno-

logical approach to thermodynamics since

CALPHAD[56,57] cannot predict phases that are not

experimentally confirmed, except in the cases of Cr-Mo

and Cr-W that were finally known experimentally to

exhibit phase separation.[1] For example, CALPHAD

thermodynamic assessments have been proposed in the

case of V-Mo,[12] and V-Ta,[58] by assuming the existence

of bcc solid solution instead of B32 ordering and phase

separation, respectively. It is also worth noting that, from

our study, some of the phase diagrams display an asym-

metry in composition, such as in the case of the three phase

separating systems: V-Ta, Ta-Cr and Cr-W, and the alloys

that display ordering: V-Cr, V-Mo, V-W, Nb-Mo, Nb-W,

Ta-Mo, and Ta-W. That is a good example of what ab initio

studies can provide to the CALPHAD methodology to

enhance its power,[58] as was shown in the case of the Mo-

Ta-W system,[27] although it is always wise to quantita-

tively confirm the predicted results from experiments. As a

final remark, since the approach that was used here

decouples the energetics of the reference chemically ran-

dom state and the effective interactions that build up the

ordering part of the energy, richer conclusions can be

reached on alloy stability. For the present class of alloys,

the mixing energy in all cases is practically negative, i.e.,

favors alloy formation, whereas the interactions depending

on the number of valence electrons and their difference

controls the ordering trend. This differentiation among

these two contributions also provided a theoretical expla-

nation for transient ordering in alloys,[59] by recognizing

that the kinetic behavior for phase separation is much

slower than for ordering, but once again, experimental

support is still required to fully confirmed this prediction.
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