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Abstract Body-diagonal diffusion couples provide a sys-

tematic way to investigate the diffusivity of high entropy

alloys, a.k.a. HEAs. By definition these alloys contain

5-elements or more. All independent concentration differ-

ences in a body-diagonal couple are equal, except for being

positive or negative. They are similar to diagonal diffusion

couples for 3-element alloys, but the term body-diagonal

applies only to couples with 4-elements or more. Compo-

sition vectors for these couples are aligned with body-di-

agonals in cubes located in the multi-element composition

space of HEAs. The body-diagonals can be represented

with a simple vector notation. The notation and other

properties of body-diagonals are given in this work,

including the number of diagonals and the angles between

them. An advantage for HEAs is the fact that there are

more diagonal directions and, therefore, more potential

diffusion couples than needed to measure or validate dif-

fusivity databases. That advantage gives flexibility to avoid

2-phase regions and, when validating databases, to avoid

eigenvector directions of the diffusivity matrix. When

body-diagonal diffusion couples are compact, their diffu-

sion paths cross at the same composition, making it pos-

sible to measure an HEA diffusivity using the Boltzmann–

Matano–Kirkaldy method.

Keywords body-diagonals � diffusion couples � diffusivity
database validation � diffusivity measurement � high
entropy alloys

1 Introduction

A body-diagonal diffusion couple contains four or more

elements and has the same differences in the independent

concentration variables between elements in the couple,

except that the differences can be positive or negative. The

dependent concentration variable makes up the difference

to reach 100% and is not necessarily equal to the other

differences.

These characteristics have been used before in a 4-ele-

ment body-diagonal diffusion couple by Kulkarni et al.[1]

Similar diffusion couples can be made from 3-element

alloys. These are diagonal diffusion couples because, as

shown in Fig. 1, their composition vectors correspond to

diagonals on a square in 2-dimensional composition space.

When there are 4-elements in a diffusion couple, their

composition vectors lie along the body-diagonals of cubes

in 3-dimensional composition space. Cubes have eight

corners and four diagonals that cross inside the cube and

connect two cube corners. When there are five or more

components, as in high entropy alloys (HEAs), the com-

position space is 4-dimensional and, by definition, the

cubes are hypercubes in a composition hyperspace. See, for

example, https://en.wikipedia.org/wiki/Hypercube. The

objective of this paper is to extend the idea of diagonal

diffusion couples in ternary systems to body-diagonal dif-

fusion couples in n-element systems and apply them

specifically to the measurement and validation of diffu-

sivities for HEAs.

In Fig. 1 the diagonal directions of the composition

vectors are separated by an angle of 90�. A previous

analysis of constant diffusivity equations showed that the

uncertainty of ternary diffusivity measurements obtained

from two diffusion couples was smallest when their com-

position vector directions were 90� apart and was largest as
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their acute angle approached 0�,[2] i.e. when the composi-

tion vectors coincided. In this work, it is assumed that the

same is true for the directions of body-diagonal diffusion

couples when used for measurements on HEAs.

In early work on multi-element alloys, semi-empirical

databases were validated by comparing measured and

predicted concentration profiles. In a 2003 study of a

7-element alloy system by Campbell et al.[3] the compo-

sition vector directions were dictated by the composition of

commercial alloys. It is, however, more common to use

directions dictated either by the method used or other

factors like the size and shape of the single-phase region in

which the diffusivity database applies.

Another sound method of studying HEAs uses quasi-

binary diffusion couples. It is similar to using body-diag-

onal diffusion couples in that it dictates the directions of

composition vectors. Those directions lie along the con-

centration axes of the multi-element composition space.

They were used by Tsai et al.[4] in their seminal study of

sluggish diffusion in HEAs. Tsai’s concentration profiles

on the Co-Cr-Fe-Mn-Ni system were later used by Zhang

et al.[5] to verify their HEA diffusivity database. In addition

Zhang’s work included comparisons with their own quasi-

binary experiments on Co-Cr-Fe-Ni diffusion couples and

with the work by Kulkarni et al.[1] on body-diagonal Co-

Cr-Fe-Ni diffusion couples. Kulkarni’s diffusion couples

were somewhat unique, because both diagonal and body-

diagonal diffusion couples have been uncommon in recent

multi-element diffusivity measurements, see for example

Ref 6-9.

Reasons why composition vectors in body-diagonal

directions are desirable for studies of HEAs include their

simple vector notation, their uniform distribution in

hyperspace and their large numbers, offering more flexi-

bility when making measurements or validating diffusivity

databases. In the following, the notation for composition

vectors will be introduced first and then diagonals will be

described for ternary thru n-component systems. Examples

will be given specifically for 5 and 6-element HEAs. Then

it will be discussed how to select body-diagonal diffusion

couples for measurement and validation studies.

2 Composition Vector Notation and Directions

The co-ordinates of a diffusion couple composition vector

are given by the initial concentration differences of each

element i between the right and left end of the couple:

DC0
i ¼ CR

i � CL
i ðEq 1Þ

The composition vector for a 5-element HEA can be

written as:

DC0
� �

¼ DC1DC2DC3DC4½ � ðEq 2Þ

Equation 2 reflects the fact that there are only four inde-

pendent concentration variables in a 5-element system.

Another way of writing Eq 2 is:

DC0
� �

¼ DCmax f1f2f3f4½ � ðEq 3Þ

In which the fi are concentration differences divided by the

maximum difference:

fi ¼
DCi

DCmax
ðEq 4Þ

Accordingly, the notation for a composition vector in a 5-

elementt, HEA, body-diagonal diffusion couple can be

written as:

DC0
� �

¼ DC0 1 1 �1 1½ � ðEq 5Þ

in which �1 ¼ �1 and DC0 is the absolute value of all initial

concentration differences:

DC0 ¼ DC0
i

�� �� ðEq 6Þ

Equation 5 is an example of the simple vector notation

possible for body-diagonal composition vectors. It is sim-

ple because all the initial concentration differences are

given by DC0, the diagonal direction is given by the

bracket, and the sign of each concentration difference is

given by components in the bracket. The only additional

Fig. 1 A square in a 2-dimensional, ternary 3-element composition

space. The center of the square is the average composition of two

diagonal diffusion couples, while corners of the square are at

compositions of alloys in the two couples. Composition vectors

connect opposite corners to represent the two diagonal diffusion

couples
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information needed is to connect the name of the elements

with the individual components in the bracket.

3 Body-Diagonals in Hyperspace

The notation and vocabulary needed to discuss body-di-

agonals in HEAs are similar to those used for ternary and

quaternary systems. These will be discussed first, because

they are easier to visualize than body-diagonals in HEA

hyperspace.

3.1 Diagonals for a Ternary System

For a ternary system, the diagonals for a specific alloy

composition were illustrated in Fig. 1. The center of the

square is at the average composition of the diffusion

couple:

�Ci ¼
CR
i þ CL

i

2
ðEq 7Þ

The body-diagonals in Fig. 1 each contain two vectors as

illustrated in Fig. 2. These additional vectors are obtained by

considering all possible permutations of 3-element direc-

tions; DC0 1 1½ �; DC0 1 �1½ � ; DC0 �1 �1½ � and DC0 �1 1½ �.
Each of these vectors is drawn from the center to a corner of

the square. Of the two vectors contained in one diagonal, one

is the negative of the other. Since composition vectors point

in only one direction, only the first two vectors in Eq 8 are

needed to define the two composition vectors in the square.

In what follows the negative directions will be omitted.

3.2 Body-Diagonals for Quaternary and HEA

Systems

The composition space for a quaternary system is 3-di-

mensional and the body-diagonal directions are associated

with a 3-dimensional unit cube: a cube with edges that are

one unit long. As in any cube, it has eight corners and four

body-diagonals. The four body-diagonal directions for

composition vectors can be expressed as permutations

of three positive and negative ones as given by; 1 1 1½ �;
1 1 �1½ �; 1 �1 �1½ �; �1 1 �1½ �: Note that the negative of these

vector directions were not listed.

It follows that extending the number of body-diagonals

to a 5-element HEA involves increasing the dimension of

the vectors to correspond to a 4-dimensional unit hyper-

cube. The various permutations of body-diagonal directions

for that case are given by; 1 1 1 1½ �; 1 1 1 �1½ �; 1 1 �1 1½ �;
1 �1 1 1½ �; �1 1 1 1½ �; 1 1 �1�1½ �; 1 �1 1 �1½ �; �11 1 �1½ �: As before,

no negative directions were listed.

The examples given above demonstrate well-known

relationships between squares, cubes and hypercubes (see

again https://en.wikipedia.org/wiki/Hypercube). These

relationships are that, for ‘‘m’’ dimensions (m equal to

n - 1 elements), the number of corners is 2m and, the

number of body-diagonals is 2m-1. The number of body-

diagonals is half the number of corners, because body-

diagonals have a corner at each end. Also, one can calcu-

late that the length of a body-diagonal in a unit cube or

hypercube is
ffiffiffiffi
m

p
using the Pythagorean Theorem. These

relationships are summarized in Table 1.

4 Selecting Best Body-Diagonals for Experimental
HEA Research

A strategy for selecting the best body-diagonal directions for

composition vectors is to select those that form the largest

acute angle with other selected diagonals.[2] Although this

relationship was proved for ternaries, it makes sense that if

the smallest uncertainty is at the largest angle, then the lar-

gest uncertainty will be at the smallest angle, i.e. when the

vectors coincide and the acute angle is zero.

The angle between body-diagonals is given by the dot

product of vectors. For example, using two vectors for a 5-

element system the dot product is:

1 1 1 1½ � � 1 1 �1 1½ � ¼
ffiffiffi
4

p ffiffiffi
4

p
cos h ðEq 8Þ

or

1þ 1� 1þ 1 ¼ 4 cos h ðEq 9Þ

Fig. 2 A square in a 2-dimensional, ternary, composition space

illustrating vectors with directions corresponding to all permutations

of plus and minus concentration differences. By comparing Fig. 1 and

2 one sees that a composition vector is along a diagonal that has two

directions, one of which is the negative of the other. In this work it is

not necessary to consider the negative directions. Therefore they are

ignored in the text except to indicate they exist
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Solving Eq 9 yields an angle of h = 60�, which is not the

best body-diagonal, because other diagonals have acute

angles of 90�. For comparison, in Ref 2 the sample studied

had an inherent uncertainty of 10% for an acute angle of

90� and 14% for an acute angle of 60�.
A method for selecting best-directions, i.e. those direc-

tions with the largest acute angles, is illustrated in Tables 2

and 3 for 5 and 6-element alloys, respectively. In the

Tables, all possible directions are listed along both the

columns and rows. Then the dot product is used to deter-

mine angles between directions associated with each

coefficient in the table.

As shown in Table 2, the only acute angles for 5-ele-

ment HEAs are 60� and 90�. There are two groups of

directions in which all the directions are mutually per-

pendicular, i.e. each direction in the group makes an angle

of 90 degrees with every other direction in the group.

These groups of best-directions have their angles written in

bold type and are the groups 1 1 1 1½ �; 1 1 �1�1½ �;
1 �1 1 �1½ �; �11 1 �1½ � and 1 1 1 1½ �; 1 1 �1�1½ �; 1 �1 1 �1½ �; �11 1 �1½ �:
As shown in Table 3, the only acute angles for

6-element HEAs are 78� and 53�. In this Table, five direc-

tions, 1 1 1 1�1½ �; 1 1 1�11½ �; 1 1�1 1 1½ �; 1�11 1 1½ �; �111 1 1½ �;
have mutual angles of 78�. These directions have angles

written in bold type and are best-directions for measuring a

6-element HEA diffusivity with the least inherent

uncertainty.

5 Discussion

This work combines what is well known about the geom-

etry of hypercubes with a symmetric model for diffusion

couples. The center of the hypercube in composition space

is the average composition of the body-diagonal diffusion

couples. The body-diagonals radiate from the center of the

cube in multiple, systematic directions. Differences in the

directions are different permutations of plus and minus

concentration differences.

An important difference between HEA and ternary dif-

fusion couples is the concentration ranges that equi-ele-

ment alloys can have. For example in a single-phase,

ternary diffusion couple, the difference in concentration

between the equi-element alloy and its corners is 30 at.%,

while for a 5-element HEA the difference is 10 at.% as

seen in Ref 5, 6. However in practice the difference may be

smaller and closer to 5 at.% as in Ref 6.

With smaller concentration differences, variations in the

diffusivity with composition become less important. With

smaller differences the diffusion couples can be ‘‘com-

pact’’[2] i.e.; act as if their diffusivity is constant[10] and,

thereby, their predicted concentration profiles follow error

function solutions to Fick’s Second Law, within the

experimental error, as was seen, for example, in Ref 11 and

12. According to the properties of error functions, compact

diffusion couples have diffusion paths that cross the initial

interface at their average composition given by Eq 7. In

that case, all m2 diffusion coefficients in an n-element

diffusivity, [D], can be measured using the Boltzmann–

Manato–Kirkaldy (B–M–K) method.[13]

Note that the B–M–K method is applicable in general to

an n-element system when diffusion paths from m diffusion

couples obtained from the B–M Analysis cross at the same

composition. At the crossing point all B–M Analysis

equations apply to that same composition and, therefore,

can be solved analytically for all diffusion coefficients in

[D]. In the limit as DCi goes to zero, [D] is a constant and

the B–M–K method is exact. As DCi increases and

[D] begins to vary, the crossing points will start to drift

Table 1 Body-diagonals as a function of number of alloy elements

Number of alloy elements n 3 4 5 6

Number of independent variables and diffusion couples needed to measure [D]. m = n - 1 2 3 4 5

Corners on a unit concentration square, cube or hypercube 2m 4 8 16 32

Number of body-diagonals 2m-1 2 4 8 16

Body-diagonal length
ffiffiffiffi
m

p
DC0

ffiffiffi
2

p
DC0

ffiffiffi
3

p
DC0

ffiffiffi
4

p
DC0

ffiffiffi
5

p
DC0

Table 2 Method for determining best-angles between body-diagonal

directions for 5-element HEAs

Directions 1111 111�1 11�11 1�111 �1111 11�1�1 1�11�1 �111�1

1111 0 60 60 60 60 90 90 90

111�1 60 0 90 90 90 60 60 60

11�11 60 90 0 90 90 60 60 60

1�111 60 90 90 0 90 60 60 60

�1111 60 90 90 90 0 60 60 60

11�1�1 90 60 60 60 60 0 90 90

1�11�1 90 60 60 60 60 90 0 90

�111�1 90 60 60 60 60 90 90 0

Note that directions are given as vector components. The m vector

components contain all permutations of ± 1 s, but exclude negatives

of these directions. Angles in degrees are determined from the dot

product between directions. Mutually perpendicular directions can be

found in the table e.g. in bold
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apart and an error is introduced. However if they drift apart

less than the experimental error then the analysis is as

accurate as when it is applied to a ternary system. As

clearly shown in Fig. 5 of Ref 8, the actual crossing point

cannot be known for ternary diffusion couples. The dif-

ference in the actual crossing points may be on the order of

the experimental error, as is the case for multicomponent

compact diffusion couples.

Information on possible body-diagonals and angles

between them were given in this work for both 5 and

6-element HEA’s. Extension to more components is

straightforward by calculating the necessary combinations

and permutations of plus and minus direction components.

What remains before experiments can be performed is to

decide on a suitable DC0 and on which body-diagonal

directions to use for the body-diagonal diffusion couples.

If the objective is to validate a composition dependent

diffusivity database, the first step should be to verify the

composition dependence of the database. That can be

determined by calculating concentration profiles using both

Table 3 Angles between body-

diagonal directions for

6-element HEAs. The table has

been cut into two parts. (a) is the

left side of the table and (b) is

the right side

Directions 11111 1111�1 111�11 11�111 1�1111 �11111 111�1�1 11�11�1

(a)

11111 0 53 53 53 53 53 78 78

1111�1 53 0 78 78 78 78 53 53

111�11 53 78 0 78 78 78 53 78

11�111 53 78 78 0 78 78 53 53

1�1111 53 78 78 78 0 78 78 78

�11111 53 78 78 78 78 0 78 78

111�1�1 78 53 53 78 78 78 0 78

11�11�1 78 53 78 53 78 78 78 0

1�111�1 78 53 78 78 53 78 78 78

�1111�1 78 53 78 78 78 53 78 78

11�1�11 78 78 53 53 78 78 78 78

1�11�11 78 78 53 78 53 78 78 53

�111�11 78 78 53 78 78 53 78 53

1�1�111 78 78 78 53 53 78 53 78

�11�111 78 78 78 53 78 53 53 78

�1�1111 78 78 78 78 53 53 53 53

Direction 1�111�1 �1111�1 11�1�11 1�11�11 �111�11 1�1�111 �11�111 �1�1111

(b)

11111 78 78 78 78 78 78 78 78

1111�1 53 53 78 78 78 78 78 78

111�11 78 78 53 53 53 78 78 78

11�111 78 78 53 78 78 53 53 78

1�1111 53 78 78 53 78 53 78 53

�11111 78 53 78 78 53 78 53 53

111�1�1 78 78 78 78 78 53 53 53

11�11�1 78 78 78 53 53 78 78 53

1�111�1 0 78 53 78 53 78 53 78

�1111�1 78 0 53 53 78 53 78 78

11�1�11 53 53 0 78 78 78 78 53

1�11�11 78 53 78 0 78 78 53 78

�111�11 53 78 78 78 0 53 78 78

1�1�111 78 53 78 78 53 0 78 78

�11�111 53 78 78 53 78 78 0 78

�1�1111 78 78 53 78 78 78 78 0
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the database in question and a constant value of the dif-

fusivity. The constant diffusivity should be calculated by

the database at the average composition of the intended

body-diagonal diffusion couples. When concentration

profiles overlap or the differences seem insignificant for a

given body-diagonal, one can assume that they would be

the least important directions to test with experiments. If

only a few diffusion couples are planned, the focus should

be on directions in which the difference between the

database and constant diffusivity profiles is the greatest.

When validating databases, one should calculate eigen-

vector directions of the diffusivity, as well. These direc-

tions should be avoided, because such directions and other

nearby directions do not contain sufficient information to

detect even very large errors in certain of the m2 compo-

nents in an n-element diffusivity matrix.[2,14] Such pre-

liminary calculations on a computer can save time in

experimental investigations by identifying the most pro-

ductive body-diagonals to test. However, the caveat is that

predictions made by the database will be no better than the

database making them. The more accurate the database, the

more help it will be in selecting best directions to pursue.

6 Conclusions

Body-Diagonal diffusion couples provide a systematic

method of designing HEA diffusion couples to measure

diffusivities or validate diffusivity databases. They are an

alternative to using quasi-binary couples, which is another

sound and systematic method. Other conclusions are:

1. Body-diagonal diffusion couples can be described

using a simple vector notation.

2. Body-diagonal diffusion couples are in directions that are

distributed uniformly throughout the multi-dimensional

composition space of HEA and are greater in number

than needed to measure experimental HEA diffusivities

or to fully validate their diffusivity databases.

3. The excess number of body-diagonals facilitates

designing diffusion couples that can avoid phase

boundaries and, in the case of diffusivity database

validation, avoid eigenvector directions of the diffu-

sivity matrix.

4. Body-diagonals can be grouped according to the angles

they make with other body-diagonals. The angles are

associated with an inherent measurement uncertainty

that is least when the angle is 90� and increases as the

angle is smaller.

5. When body-diagonal diffusion couples are compact,

their diffusion paths cross at a single composition and

the diffusivity can be measured using the Boltzmann–

Matano–Kirkaldy method.
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