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A numerical model based on the use of cross-sectional micrographies and a 3D image of thermal barrier
coatings for the estimation of the material effective thermal conductivity is presented. The case of a YSZ
thermal spray coating consisting of a 2 phase network, namely, the coating material and pores, is
considered. The variation of the thermal conductivity of pores caused by their small size was considered
by taking the Knudsen effect into account. The quantification of this effect on the effective thermal
conductivity of the coating was achieved with the help of image analysis combined with an in-house
program coded in C language. Finite-difference (FD) and finite-element (FE) models were applied using
both 2D images and a 3D image. Despite the differences in the computed values obtained with these two
numerical methods, the decrease of the computed thermal conductivity caused by the Knudsen effect was
found to remain quite moderate for both methods (i.e., about 3-5% for the 3D results).

Keywords 2D and 3D, Knudsen effect, numerical modeling,
thermal barrier coatings, thermal conductivity

1. Introduction

The performances of ceramics are affected by various
factors, among which the microstructure may be the most
important, and is the most complex one. Efforts have been
intensively devoted to identify the relationships between
the microstructure and resulting effective properties of
ceramics. Different analytical models were put forward to
solve this problem, such as the Maxwell (Ref 1) and
Bruggeman models (Ref 2). Hasselman proposed a simple
model accounting for the effect of cracks on thermal
conductivity (Ref 3). This approach was also followed by
Sevostianov and Kachanov (Ref 4, 5). Litovsky et al. (Ref
6, 7) suggested a fractal model to represent ceramic and
refractory materials. In their studies, it is worth mention-
ing that the effective thermal conductivity of the gas
trapped within the pores is influenced not only by the

temperature and pressure, but also by the dimension of
the pores at the micro scale level by complying with a
deduced equation (Ref 8). This effect depends upon the
Knudsen number, and is called Knudsen effect or rare-
faction effect. Especially for submicron or nanoscaled
pores, the decrease in the thermal conductivity of the
trapped gas appears obvious. In practice, thermal barrier
coatings (TBCs) present a structure containing mainly
such kinds of pores and cracks. Therefore, many efforts
(Ref 9, 10) were devoted to estimate the Knudsen effect
on the thermal conductivity of TBCs with some analytical
models. In these models, the dimension of a type of pore
was assumed to be uniform so that the applied gas con-
ductivity can not be fully reliable.

More recently, models were also directly developed
from microstructural images with the help of image anal-
ysis (IA) (Ref 11, 12) to describe the real microstructure
of the materials. This type of modeling is called image-
based modeling and was intensively applied for TBCs.
Several studies have taken advantage of using finite-ele-
ment (FE) software tools, such as OOF (Ref 13, 14) and
ANSYS (Ref 15), to estimate the effective elastic modulus
(Ref 16-18) and thermal conductivity of coatings from 2D
cross-sectional images (Ref 19, 20) and 3D images cap-
tured by x-ray tomography techniques (Ref 21-23) or
generated with an image morphing method from 2D
images (Ref 24, 25). An alternative approach was devel-
oped at UTBM and consists in the use of a finite differ-
ence method (FDM) to solve the numerical problem with
an in-house code named TS2C (Ref 26-28). However, the
Knudsen effect on the thermal conductivity of TBCs was
quite difficult to quantify for image-based modeling be-
cause of the variable dimensions of each pore.

This study aimed at combining IA and a FD model
for quantifying the Knudsen effect on the thermal
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conductivity of TBCs. The dimensions of every pore were
measured using an image processing software and by
applying an in-house numerical algorithm. The size-
induced decrease of the gas thermal conductivity was
thus determined for all pixels in the pores. Finally, the
Knudsen effect on the thermal conductivity of TBCs was
computed by both 2D and 3D models developed from
cross-sectional images and a 3D artificial coating image
reconstructed from 2D images with IA, respectively.
Additionally, FE computations were also implemented for
the same images for comparison.

2. Typical Structure of YPSZ Coatings

The coatings were elaborated by atmospheric plasma
spraying of a SULZER-METCO 7 wt.% yttria partially
stabilized zirconia (YPSZ) powder. Polished cross sections
of the coatings were observed with scanning electron
microscopy (SEM). However, calculation results depend,
on the resolution of the coating SEM, which reproduce
more or less faithfully the pore architecture of the coating.
Backscattering electron mode was chosen by virtue of a
very sharp contrast between the YPSZ matrix and the
pores. Images were captured in the format 1024 9 768
pixels with a corresponding resolution of 0.14 lm/pixel.
Figure 1 presents a typical cross-sectional micrography.
The porosity of the coating determined by image analysis
for six images (Ref 28) was 19.0 ± 1.1%.

3. Numerical Computation

The numerical models were developed directly from
the coating cross-sectional micrographies using the FEM
and the FDM (Ref 27): each pixel of the image corre-
sponds to an element in FEM-based model or a cell in
FDM-based model. Figure 2 presents a schematic view of
a 2D model generated from a binary image obtained by
applying an adequate threshold (Ref 28), in which the
thermal properties were assigned to each pixel versus its

color: white pixels are assigned to YPSZ and the black
ones to pores. Additionally, the conductivities of pores
were determined with regard to the Knudsen effect. After
solving the problem, the effective thermal conductivity
(keff) corresponding to the image was calculated from an
equation correlating it to the thermal flux and temperature
gradient across the domain, as follows:

keff ¼
UL

WDT
ðEq 1Þ

in which U represents the thermal flux; DT is the tem-
perature difference across the domain such as on Fig. 2; W
and L are the width and height of the domain respectively.

Figure 3 shows a schema of the 3D model. This model was
built from a 3D artificial image, and one voxel corresponds to
a cubic element. This 3D image was previously reconstructed
from the microstructural information of the pore network
obtained by IA from 2D images (Ref 29). The porosity was
classified into three types (interlamellar, intrasplat, and
globular pores (Ref 30)) and then separately quantified for
the 2D images. These types were, individually, regenerated
into the 3D YPSZ matrix to form a representative image
according to their dimensions, orientations, morphologies,
and porosity rate. Considering the computational capability
of the available PC, the 3D image was represented with a size
of 300 9 300 9 300 voxels.

4. Thermal Conductivity and Knudsen
Effect

The microstructure of the YPSZ phase was considered
to be uniform so that the thermal conductivity of the
7 wt.% YPSZ material (km) was chosen as 2.5 W/mÆK
(Ref 19). Regarding the pores, the conductivity (kg) can be
estimated as the thermal conductivity of air trapped in
pores as first approximation. However, since the mean
free path of air molecules may be of the same order as the

Fig. 1 Example of cross-sectional micrography of plasma
sprayed Y-PSZ coating Fig. 2 Schematic view of a 2D problem
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pore thickness, the effective thermal conductivity of pores
can differ significantly from that of air in an unconfined
environment because of the Knudsen effect (i.e., rarefac-
tion effect). Consequently, for a gas layer, it can be
expressed alternatively as (Ref 6, 7, 9, 10):

kg ¼ katm
1

1þ C T
pd

� � ðEq 2Þ

where katm is the gas conductivity at atmospheric pressure
(0.025 W/mÆK); p is the gas pressure in a crack gap; d is the
thickness of a crack and the coefficient C = 2.5 9 10�5 Pa/
mÆK for air (Ref 7). Although the thermal conductivity of
air within a spherical pore is certainly slightly smaller than
katm according to Eq 2 (Ref 9), most of the spherical pores
are so large that the Knudsen effect can be ignored.

Owing to negligible temperature change (from 20 to
50 �C) and to negligible temperature-induced changes of
the gas pressure, constant values of 300 K and 1 atm were
applied in Eq 2. The value of kg tends thus to decrease
with the decrease of the crack dimension, as shown in
Fig. 4. The maximum value of kg is equal to the thermal
conductivity of air in an unconfined atmosphere
(0.025 W/mÆK). The value of kg is 5% lower for a 1.4-lm
thick pore (~10 pixels in the 1000-time magnified images).
However, for the thinnest observable pores (1 pixel), the
value of kg decreases down to 0.016 W/mÆK. In the fol-
lowing studies, the thickness of the cracks will be deter-
mined by means of IA.

5. Measurement of the Crack Thickness
by Image Analysis

Although kg may be significantly influenced by the
crack thickness, no report taking the Knudsen effect into
account could be found for coatings, maybe because of

difficulties to know the thickness of the crack gaps. For-
tunately, IA allowed us to measure approximately the
thickness for each crack gap. In particular, images were
analyzed by combining the use of Scion image package
(Beta Release 4), followed by treatments and analysis by a
new algorithm.

The detailed process is described as follows: Images,
such as that shown in Fig. 1, are first converted to a binary
image by applying an adequate threshold (Ref 28)
(Fig. 5a). Second, the micro pore network is obtained
after subtracting the pores presenting a diameter or
thickness no smaller than 10 pixels (i.e., 1.4 lm) from the
original image by implementing ‘‘2D rolling ball’’ opera-
tion (Fig. 5b). The subtracted pores are globular and play
a smaller role in the decrease of heat transfers in com-
parison with interlamellar pores. Thus, the change of kg

was ignored for them. Third, the micro pore skeleton
(represented by red pixels in Fig. 5c and d) with a thick-
ness of 1 pixel was obtained by implementing a ‘‘skelet-
onization’’ operation. Fourth, the skeleton within each
pixel is assumed to be straight. Thus, it presents a unique
angle (versus X axis) which could be approximately
determined by the orientations of its neighbors versus it-
self. The angle (0-90�) was thus recorded in an array
Angle nx½ � ny½ � in which the values are null for pixels
without skeleton. Examples of 45� and 22.5� are illustrated
in Fig. 5(d), and the rest can be done in the same manner.
Finally, the orientation of the skeleton can be regarded as
that of the crack. Therefore, the angles were assigned to
the ‘‘flesh’’ (i.e., the black pixels in Fig. 5d) of the crack
perpendicularly to the crack orientation. Meanwhile, all
red and black pixels in the normal (perpendicular) direc-
tion are counted for measuring the thickness of the crack.
For finding them in a convenient and simple method, the
values of the angles and thicknesses were recorded at the
corresponding coordinate positions in arrays Angle nx½ � ny½ �
and Thic nx½ � ny½ �, respectively.

Fig. 3 Schematic view of a 3D problem. In the image, the
symbol ‘‘I’’ points to the interlamellar pores; ‘‘C’’ to the intra-
splat cracks; and ‘‘P’’ to the globular pores Fig. 4 Influence of the thickness of the crack gaps on the

thermal conductivity of air
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6. Numerical Results and Analysis

6.1 Knudsen Effect on the Thermal Conductivity
of Pores in Coatings

In view of its negligible influence for large pores, the
Knudsen effect was taken into account only for pores with
a dimension lower than or equal to 1.4 lm. Thus, a value
of 0.025 W/mÆK was directly assigned to the largest pores.
Figure 6 shows the thermal conductivity field for pores
considering the Knudsen effect. A high conductivity is
represented by light blue and a low one by dark blue, in
the range 0.016–0.025 W/mÆK. The solid material is white.
It can be obviously observed that a lowering of the ther-
mal conductivity arises in thin pores. It mainly confirmed
that the thinner the pores are, the lower the thermal
conductivity is. Furthermore, about 81% of the pores
(versus total porosity) present a thermal conductivity be-
low 0.024 W/mÆK. However, only a small fraction of them
presents a thermal conductivity close to the lower value:
about 30% below 0.020 W/mÆK and 5% only equal to
0.016 W/mÆK.

6.2 Improvement for the Pores Smaller
Than a Pixel

Owing to the existence of pores smaller than a pixel, a
direct measurement seems not applicable for them. For-
tunately, their conductance could be estimated by com-
bining a model to the Knudsen effect.

In practice, a majority of the pixels containing both
pores and solid material will be overestimated and set as
pores after the threshold application. For thick pores, the
effect of the increase in their thickness is thus negligible.
However, for the thinnest pores, the increase in thickness
has to be taken into account. On the other hand, the
maximum temperature gradient is proved to be perpen-
dicular to the orientation of the cracks. Therefore, the
thermal conductivity in the direction perpendicular to the
temperature gradient may be inessential because that in
the parallel direction seems much more important to
influence the thermal resistance.

A model is proposed to illustrate the effective thermal
conductivity of a pixel. In the direction of the temperature
gradient, the pores and the solid material are considered

Fig. 5 Measurement process of the pore thickness by image analysis for pores smaller or thinner than 1.4 lm to apply the Knudsen
effect. (a) Thresholding; (b) micro pores; (c) skeleton; and (d) detail of a pore
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to connect in series, and the effective thermal conductivity
can be expressed as

ke ¼
1

1� fp
� �

=km þ fp=kg
ðEq 3Þ

The thickness fraction of pores is equal to the volume
fraction (fp) by assuming a parallelogram pore within a
pixel. kg is substituted from Eq 2 so that the following
equation is derived:

ke ¼
d0

d0�d
km
þ pdþCT

pkatm

ðEq 4Þ

in which d0 = 0.14 lm. Thus, the influence of the pore
thickness on the effective thermal conductivity of a pixel is
presented in Fig. 7.

With the reduction of the thickness of pores, the de-
crease in thermal conductivity due to the Knudsen effect
nullifies the decrease in the volume fraction of pores. As a

result, an evident decrease could not be observed when
the thickness of pores increases. In fact, pixels with a low
fraction of pores will be converted to white (solid mate-
rial) so that the right part is more significant. Conse-
quently, the value 0.016 W/mÆK was presently used for all
pores smaller than a pixel.

6.3 Knudsen Effect on the Computed Thermal
Conductivity of Coatings

The Knudsen effect on the thermal conductivity of
coatings was first demonstrated by comparisons between
2D computations with the FDM. Six cross-sectional
images were used to obtain a reliable value. The average
results and standard deviation are shown in Table 1.
As a result, the computed thermal conductivity was
0.59 ± 0.02 W/mÆK with the previous method (Ref 28). As
a comparison, it decreases to 0.54 ± 0.03 W/mÆK by con-
sidering the Knudsen effect (shown in Table 1). The dif-
ference between them is thus less than 8%, and seems
much smaller than the expected value. It must be ex-
plained that extremely fine pores (i.e., smaller than
0.14 lm) could not be characterized with the present im-
age resolution. These pores were either broadened to 1
pixel or partially lost by the binarization of the image.
Thus, the Knudsen effect was weakened in the actual
computations. Moreover, the porosity is only about 19%,
and the proportion of thin pores is relatively low for the
present coatings. Nevertheless, the application of this
study is still suggested for porous structures, especially
those containing thin pores.

3D images can be generated by sophisticated technol-
ogies, such as x-ray tomography (Ref 21-23) and serial
sectioning (Ref 31, 32). However, these techniques are
limited in terms of resolution (>1 lm/voxel) for capturing
the features of thin cracks. Alternatively, a 3D numerical
model was developed from an artificial coating image
generated by using information obtained for a real coating
microstructure as shown in Fig. 3. In view of the differ-
ences between 2D and 3D computations (Ref 24, 25, 29,
33), the modeling was implemented to manifest the
Knudsen effect for both cases. 2D computations were also
performed for each cross section of the 3D artificial image
(including the 300 ones parallel to the X-Y plane and the
300 ones parallel to the Y-Z plane). In the 2D case, the
Knudsen effect caused a decrease of the calculated aver-
age thermal conductivity from 0.61 to 0.56 W/mÆK (shown
in Table 1), which is almost equal to the effect corre-
sponding to the real images (8% and 0.05 W/mÆK).
However, for the 3D computation, the Knudsen effect
seems smaller, causing a decrease of only about 3%, (from
0.95 to 0.92 W/mÆK).

The heat-transfer mechanism may be understood in a
simple manner: the heat flow tries to find an optimized way
to bypass the pores through the structure. However, a part
of the heat flow cannot find a better way than flowing
through the pore network. For the 3D modeling, this part is
lower because the heat flow may have an alternative way in
the third dimension. Consequently, the change of kg is less
sensitive on the computed results in the 3D model.

Fig. 6 Field of thermal conductivity of pores determined by the
Knudsen law

Fig. 7 Effective thermal conductivity of a pixel vs. crack area
fraction for pores smaller than 0.14 lm
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6.4 Validation for FEM-based Modeling

The Knudsen effect on the thermal conductivity of
coatings was estimated for FDM-based modeling. Some
complementary investigations were, however, imple-
mented using FEM-based modeling in view of the differ-
ences between FEM- and FDM-based models (Ref 34). In
particular, ANSYS was used for performing both 2D and
3D computations using the above mentioned images. Be-
cause of the higher consumption of RAM for ANSYS, the
3D image had to be segmented with a dimension of
150 9 150 9 150 voxels for each part (eight distinct vol-
umes in the 300 9 300 9 300 voxels initial structure). The
results were then averaged and are shown in Table 2.

Similar to the case of the FDM-based model, the de-
crease of the thermal conductivity was confirmed by the
FEM computations for both the real images and the 3D
artificial coating image. The 2D-computed thermal con-
ductivity decreases from 0.71 ± 0.02 to 0.67 ± 0.03 W/
mÆK, by about 6%, for the real images, and from
0.76 ± 0.02 to 0.71 ± 0.02 W/mÆK, by about 7%, for the
cross sections of the 3D artificial coating image. For the
3D computations, the Knudsen effect is also slightly
smaller, causing a decrease of only about 4%, from
1.17 ± 0.02 to 1.12 ± 0.03 W/mÆK. These reductions are
not very different in comparison with values obtained
from FDM-based modeling (8 and 3% for the 2D and 3D
cases, respectively).

However, the difference between 2D and 3D computa-
tions are relatively large. In the 2D model, each pixel ex-
changes heat with its neighbours in the plane so that the heat

flow perpendicular to the section is not taken into account.
In the 3D model, a new path is supplied for the heat transfer
around the pores in the third dimension. Therefore, the
obstructive action of pores is weakened, compared with the
2D case. For this reason, the 3D-computed thermal con-
ductivity is higher than the 2D values. Thus, the use of 3D
modeling is strongly recommended for TBCs, and the re-
sults are closer to the experimental value of 0.99 W/mÆK for
this coating (Ref 35).

It may also be noticed that the thermal conductivities
computed with FEM-based modeling are higher than
those obtained with our code based on FDM. The differ-
ences concerning 3D modeling (21-23%) are very close to
those of 2D modeling (24-27% for the same artificial
structure, although a smaller domain had to be considered
with ANSYS (due to higher memory requirements).

The major reason, demonstrated elsewhere (Ref 28), is
the different discretization methods for the two models: a
cell-centered formulation is used in our code, whereas a
nodal formulation is applied in FEM-based models. The
different formulations lead to different expressions of the
thermal resistances between cells or nodes: in-series for
the former and in-parallel for the latter. The second rea-
son concerns the different interpolation functions applied
for the two methods. Nevertheless, the Knudsen effect is
quite similar for both numerical methods. Therefore, it
can be stressed that the quantification of the Knudsen
effect with both methods is reliable.

7. Conclusions and Perspectives

The quantification of the Knudsen effect on heat
transfer through a porous structure was first realized by
image-based numerical modeling using FD and FE
methods in the present study. The pore thicknesses in any
location of the treated images were determined by IA so
that the Knudsen effect on the gas conduction in the pores
(both globular pores and cracks) could be quantified. The
influence of the pore dimension on the computed results
was estimated for pores thinner than one pixel. As a result,
the computed thermal conductivity field of pores shows a
relatively good accordance with the expected one.

However, only small changes were noticed on the
computed average thermal conductivity of plasma sprayed
Y-PSZ coatings while taking the Knudsen effect into ac-
count. In particular, the effective thermal conductivity was
found to decrease by 8% (difference of 0.05 W/mÆK), for
the 2D model and by 3% (0.03 W/mÆK) for the 3D model.
Results obtained with the FDM-based model were also
compared with those produced with a FEM-based mod-
eling implemented within ANSYS. For the FEM-based
model, the computed thermal conductivity was found to
decrease by 6-7% (0.04-0.05 W/mÆK) for the 2D case and
by 4% (0.05 W/mÆK) for the 3D case. The main reason is
that the porosity level of very thin pores is relatively low
(about 1% for the 0.14-lm thick pores). The other reason
is that the minimum thermal conductivity corresponding
to a one-pixel thick pore (0.014 lm) is 0.016 W/mÆK,

Table 1 Thermal conductivities of coatings computed by
taking or without taking the Knudsen effect into account
with 2D and 3D FDM modeling

Image type

Effective thermal conduc-
tivity, W/mÆK

Knudsen
effect, %

Without
Knudsen

With
Knudsen

2D images 0.59 ± 0.02 0.54 ± 0.03 8
2D cross sections

of the 3D image
0.61 ± 0.00 0.56 ± 0.00 8

3D image 0.95 0.92 3

Table 2 Thermal conductivities of coatings computed by
taking or without taking the Knudsen effect into account
with 2D and 3D FEM-based modeling

Image type

Effective thermal conduc
tivity, W/mÆK

Knudsen
effect, %

Without
Knudsen

With
Knudsen

2D images 0.71 ± 0.02 0.67 ± 0.03 6
2D cross sections

of the 3D image
0.76 ± 0.02 0.71 ± 0.02 7

3D image 1.17 ± 0.02 1.12 ± 0.03 4
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which corresponds to a reduction of only 36% in com-
parison with the original value of 0.025 W/mÆK. Therefore,
if a much higher resolution of images is chosen, the
Knudsen effect could be more obvious. However, the
representativeness of the captured zone must be consid-
ered first of all.

Compared with results obtained with the FE method,
the resulting thermal conductivities calculated with the
FD method are smaller for both 2D and 3D models, by 24-
27 and 21-23%, respectively. However, the similar
reduction of computed thermal conductivity for both
numerical methods confirmed the reliability of the quan-
tification of the Knudsen effect. Therefore, it can be
stressed that the Knudsen effect is 6-8% for 2D modeling
and 3-4% for 3D modeling.

The method for quantifying the Knudsen effect and
predicting the effective properties of thermal sprayed
coatings will be further improved for high temperature
conditions by considering the thermomechanical coupling.
Some modeling studies of thermal expansion and stress,
such as (Ref 17), will be completed, and the corresponding
change of morphology of the coatings could be simulated.
Furthermore, this study could also be implemented for the
actual service temperature of coatings.
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