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In this paper, a mechanics-based phase-field model at the microscale is introduced for microstructure
evolution during solidification. The couple phase-field model consists of Allen–Cahn equation for phase
order parameter, Cahn–Hilliard equation for composition, heat conduction and elasticity equations. The
introduced elastic energy allows for volumetric inelastic strains due to melting/solidification as well as a
thermodynamically consistent solid-melt interface stress and consequently, residual stresses during solidi-
fication at the microscale and deformation can be captured. The computational microcell is considered at
the melt-solid interface and the temperature as a time dependent function is used for its boundary con-
ditions to solve the coupled phase-field model. Using COMSOL FE code, examples of columnar growth are
studied. As result, the suppressive effect of elastic driving forces and the reduction in solidification rate, due
to the volumetric inelastic strains, on solidification are revealed. The inelastic surface stress, concentrated
inside the interface, can change the morphology of solidified structure but does not show a remarkable
effect on the solidification rate. The thermal strain was included which reduced the effect of volumetric
transformation strain and consequently, the internal stresses near constrained regions were decreased. The
effect of undercooling was studied which showed that increasing the undercooling increased the temper-
ature gradient in the vertical direction and near the interface and solidification rate and significantly
changed the morphology of solidified structure, as a homogeneous growth was resolved for larger under-
cooling while a columnar growth was obtained for smaller undercooling. Solidification was studied under
mechanical loading which showed external loading changes the stress distribution and magnitude and the
morphology of solidified structure. Effect of an inclusion on solidification was also investigated. The
inclusion represented a more homogeneous distribution of stress and temperature with different magni-
tudes compared to the rest of the sample, creating a directional solidification toward the inclusion.

Keywords elastic energy, laser cladding process, microstructure,
phase-field, residual stress, solidification

1. Introduction

Additive manufacturing (AM) refers to processes which
make parts in a layer-layer manner. Direct energy deposition
(DED), selective laser melting (SLM) and electron beam
melting (EBM) are the most common methods used for metal
AM (Ref 1-3). Recent advances demonstrate the abilities and

potentials of the AM for fabrication of complex geometries,
near net shape manufacturing, optimum use of material and cost
reduction of expensive tools (Ref 4, 5). Dendritic growth during
the solidification in alloys influences the microstructure and
mechanical properties such as strength, hardness, creep resis-
tance, fracture resistance and so on (Ref 6, 7). For the design
and optimization of AM fabricated components, many
researchers investigated process-structure-property relations in
AM processes. Trial and error experiments to relate the AM
process parameters to specific mechanical properties such as the
combination of high strength and good ductility are the first
investigations in this field (Ref 8).

In addition, different numerical methods have been performed
to study the microstructure of AM fabricated components. Each
method represents some degree of accuracy and a specific length
scale (Ref 9) (Fig. 1). In some cases, multiscale procedures
consisting of micro- and macro-simulations have been utilized to
accurately include scale dependentmaterial andmodel parameters.

The first study of grain texture formation at the microscale
was conducted using the Kinetic Monte Carlo (KMC) and the
cellular automaton (CA) methods. Rodgers et al and Wei et al
used the KMC method to simulate the 3D grain evolution
during the AM process for Ti-6Al-4V and AL 1050A,
respectively (Ref 10, 11). Carozzani et al. used the CA method
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in couple with macro-thermal analysis using the finite element
method to simulate the grain growth in directional solidification
(Ref 12). Also, Li et al. used the CA method to simulate the
melt pool in a multilayer AM product in couple with thermal
history analysis using the finite volume (Ref 13). In general, the
results of the CA method showed a good agreement with
experimental results compared to those of the KMC method.

The phase-field (PF) method has been extensively used to
capture the nano/microstructure evolution for a broad range of
complex problems such as martensitic phase transformations (Ref
14), twinning (Ref 15, 16), crack growth (Ref 17), grain growth
(Ref 18), dislocations (Ref 19, 20), voids (Ref 21) andmelting/so-
lidification (Ref 22, 23). The PF method is also one of the most
accurate methods to simulate the cellular dendrite during AM
processes at the microscale. Usually, it is combined with macro-
level simulations due to the required model parameters. Ramirez
et. al proposed a set of the PF equations consisting of the Allen–
Cahn, Cahn–Hilliard and heat equations to simulate the binary
alloy solidificationwith anti-trapping solute currentwith nokinetic
effect (Ref 22). Also, Echebarria et al. advanced the Ramirez’s
model to simulate the low speed directional solidification by
substituting the heat equation with a temperature gradient with a
given specific velocity within the PF equations (Ref 23).

Multiscale simulations have been known as an essential way
to investigate AM processes. Acharya used computational fluid
dynamics (CFD) to simulate the melt pool temperature and
displacement field and resolved the dendrite evolution, segre-
gation of dissolved element and primary dendrite arm spacing
(PDAS) (Ref 24). Also, there are more relevant works which
made a macroscale temperature study and linked it to the
microscale PF analysis through boundary conditions or thermal
gradients and resolved a more accurate dendritic growth by
considering chemical and electrochemical effects, voids and
impurities. The effect of temperature gradient is also investi-
gated (Ref 7, 25-27). Cooling rate ( _T K=s½ �) is an import
variable to determine the characteristics of microstructure
which is the product of solidification growth rate ( R½m=s�) and
thermal gradient ( G½K=m�). Increasing the thermal gradient
increases the cooling rate at a constant growth rate, which leads

to a finer, more columnar structure with smaller spacing
between the columnar dendrites.

Among, some works focused more on microscale simula-
tions to capture phenomenological microstructure. Tourret et al.
proposed a PF model to study the growth of 2D columnar
dendritic grains and the effect of temperature gradient and grain
crystallography on the selection of grain and orientations was
considered. This model also has a novel nonlinear variable to
enhance the numerical stability of equations for larger grid
spacing (Ref 28). Park et al. investigated the microstructure
growth considering the epitaxial effect of a previously built
layer (Ref 29). Yang et al. presented multiscale simulations
based on a macro-thermal fluid model and a PF model
incorporating the classical nucleation theory and the initial
grain structures of powder particles and substrate (Ref 30).
Zhang et al. proposed a macro-PF model combined with a
moving heat source to study the effect of particle features on
defects and porosities of SLS products (Ref 31).

Effects of mechanics thorough elastic, viscoelastic or similar
models in the PF models have been recently investigated
revealing significant effects on the solidification kinetics, ther-
modynamics and morphology of microstructures. Liu et al.
proposed a grain growth based PF model and elastoviscoplastic-
fast Fourier transformation micromechanical model to investi-
gate various morphologies such as columnar and equiaxed
microstructures and columnar to equiaxed transition (Ref 32). Li
et al. presented a PF model to integrate the relevant thermal fluid
phenomena and the elastic structure response to describe the
powder-substrate interaction during SLM process (Ref 33). The
PF formulation including the deviatoric transformation strain is
an advancement, which incorporated a promoting driving force
for both melting and solidification and consequently, predicted a
lower melting temperature (Ref 34, 35).

In this paper, a mechanics-based phase-field model at the
microscale is proposed for the microstructure evolution during
solidification which involves 4 sets of equations consisting of
Allen–Cahn equation for the phase order parameter, Cahn–
Hilliard equation for the alloy composition, heat equation and
elasticity equations, while the previous main works (Ref 4, 7)

Fig. 1 Schematic diagram comparing different models in terms of length scale and accuracy
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include only two of them, i.e., Allen–Cahn equation for the
phase order parameter and Cahn–Hilliard equation for the alloy
composition. They do not involve elasticity equations and their
potential energy does not have the elastic part. Thus, they
cannot capture the elastic/inelastic stress distribution and
deformation, which are the key results of the current work.
Moreover, the previous works do not involve the heat
conduction equation and assume that the solid interface moves
with a predefined velocity under an imposed thermal gradient.

2. Material and Methodology

2.1 Model Assumptions

The main assumptions of the model, which simplify the
numerical solution but allow for the essential physical aspects
of solidification are as the following (Ref 22, 23):

● The material properties are considered constant and equal
for solid and liquid phases.

● “Anti-trapping” current is considered which is a solute
flux from solid to liquid normal to the diffuse interface.
This current can lead to precisely recover the local equi-
librium at the interface and correct the solute distribution.

● The solute diffusion in the solid state is neglected due to
the insignificant solid solute diffusion compared to liquid.

● The diffuse interface width is mesoscopic, i.e., it is about
one order smaller than the radius of the interface curva-
ture.

● Kinetic effects are negligible as for many alloys, solidified
at small undercooling/supersaturation.

2.2 Phase-Field Model

The solution domain is solved for the main field variables
consisting of the phase order parameter for the Allen–Cahn, the
solute concentration for the Cahn–Hilliard, temperature for the
heat conduction and displacements for the elasticity equations
using the FE method by COMSOL Multiphysics. An initial
periodic distribution of the columnar solidified structure is
considered to study the progressive columnar growth.

The total free energy F can be introduced as:

F u:c:T½ � ¼
Z

f ABðu:c:TÞdV ðEq 1Þ

where f ABðu:c:TÞ denotes the bulk free energy density of a
binary mixture of A and B atoms and c denotes the solute
concentration of B. The bulk free energy density consists of
the elastic ( we), double well ( �w

h
), thermal ( wh), solute addi-

tion related ( wc) and gradient ( wr) terms as:

f AB u:c:Tð Þ ¼ we þ J �w
h þ wh þ wc þ Jwr ðEq 2Þ
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2

r!u
��� ���2 ðEq 7Þ

where J is the deformation Jacobian, r is the total stress
tensor, re is the elastic stress tensor, � is the total strain tensor,
�e is the elastic strain tensor, TM is the melting temperature, H
is the barrier height, R is the universal gas constant, m0 is the
molar volume, gðuÞ is a monotonously increasing function
which satisfies g �1ð Þ ¼ �1 with u ¼ þ1ðu ¼ �1Þ corre-
sponding to solid (liquid), De � es � el and b is the gradient
energy coefficient (Ref 22, 23).

Based on the second thermodynamics law which leads to a
thermodynamically consistent stress tenor and kinematic
decomposition, the expressions for the surface stress and the
strain tensor are (Ref 34):

rin ¼ rsurface tension ¼ �w
h þ wr

� �
I � b ~ru� ~ru ðEq 8Þ

�in ¼ 1

3
�0t 1� lðuÞð ÞI ðEq 9Þ

l uð Þ ¼ 1

4
uþ 1ð Þ2 2� /ð Þ ðEq 10Þ

where �0t is the transformation volume strain and lðuÞ is an
interpolation function for the material properties between the
solid ðu ¼ þ1Þ and melt u ¼ �1ð Þ phases with the following
four conditions; l �1ð Þ ¼ 0, l þ1ð Þ ¼ 1 and @l

@u

���
u¼�1

¼ 0. If
the difference between gradients in the deformed and unde-
formed configurations is neglected, i.e., J ¼ 1, surface stress
rin (Eq. 8) disappears. Since J ¼ 1þ I : e, then dJ=de ¼ I.
Thus, multiplying J to the double well �w

h
and the gradient

energy wr creates the term ð�wþ wrÞI and the difference be-
tween gradients in the deformed and undeformed configura-
tions retains the term �b ~ru� ~ru for the surface stress.
This is valid for both large and small strain theories (Ref 36).
With definition of the bulk free energy per unit volume (F),
the coupled system of equations is defined as

@u
@t

¼ �J�1Ku
dF
du

ðEq 11Þ
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¼ r! � J�1Kc

dF
dc

� j
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� �
ðEq 12Þ
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ðEq 13Þ

0 ¼ r! � ðrin þ C E:tð Þ : ð12 ½ r! u!
� �T

þ r! u!� � �inÞÞ þ f v

ðEq 14Þ
where Ku and Kc are constant and j

!
at is the anti-trapping

current, a is thermal diffusivity, L is latent heat and cp is the
specific heat at constant pressure, f v is the bulk force and
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C ðE:tÞ is the fourth-order elastic tensor. To simplify the
numerical work, the dimensionless parameters u and U are
defined as:

u ¼ ln
2c=c1

1þ k � 1� kð Þu
� �

ðEq 15Þ

U ¼ exp uð Þ � 1

1� k
ðEq 16Þ

where c1 is the initial melt concentration and k is the equi-
librium partition coefficient; thus, equations (11) and (12) can
be extended as the following as:

s
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� k�g uð Þ
T � TM � mc1

L=cp
þMc1U

� �
� 1

JH

@we

@u

ðEq 17Þ

1þ k

2

@U

@t
¼r! � D

1� u
2

r!Uþ W

2
ffiffiffi
2

p 1þ 1� kð ÞU @u
@t

r!u

r!u
��� ���

2
64

3
75

0
B@

1
CA

þ 1

2

@

@t
u 1þ 1� kð ÞU½ �f g
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where s is the characteristic time, W is the interface width, k
is the coupling constant, �g uð Þ ¼ 1� u2ð Þ2, m is the liquidus
slope of the dilute alloy phase diagram and M is the scaled
magnitude of the liquidus slope. Ti-6Al-4V is used as the
material under study in this research. Titanium and its alloys,
specially Ti-6Al-4V is widely used in automotive, aerospace,
energy and biomedical applications due to their superior
physical properties like excellent strength-to-weight ratio, bio
compatibility and corrosion resistance (Ref 7, 37, 38). Ti-
6Al-4V is a two-phase alloy composed of β phase with a
BCC structure and α phase with a hcp structure (Ref 39). Al
stabilizes α which imparts the solid solution strengthening

and V stabilizes β which improves the ductility and fatigue
properties (Ref 38). Table 1 lists some of the physical param-
eters used in the simulations (Ref 7, 37, 40, 41).

2.3 Numerical Procedure

There are three characteristic parameters in the phase-field
model consisting of the coupling constant k, interface widthW 0

and characteristic time s0 that control the simulation physics
and can be related to physical units as

d0 ¼ a1W0=k ðEq 19Þ
eD ¼ a2k ðEq 20Þ

s0 ¼ a2kW
2
0 =D ðEq 21Þ

where a1 ¼ 0 � 8839 and a2 ¼ 0 � 6267 are constants, d0 is
the capillary length and eD is the scaled diffusivity (Ref 22).
Table 2 shows the complete set of the phase-field model input
parameters.

The solution domain is a rectangular cell with the size of
40.8 9 40 lm2. Zero flux for the phase is applied at all the
boundaries. Zero flux condition for the phase order parameter
means that the surface energy does not change over the sample
and surface induced solidification/melting does not occur. The
dimensionless concentration variable has zero value at the
bottom and top sides and zero flux at the lateral sides. Also,
zero displacement is applied at the bottom side and other sides
are free. Since the Lewis number is 1, the heat conduction
occurs slowly and it is reasonable to consider a uniform (or
homogenous) temperature distribution with a semi-equilibrium
magnitude at the boundaries. Here, the temperature is chosen as
1900 K and it descends slightly during the simulation.

COMSOL code was used to solve the coupled system of
equations for alloy solidification. Allen–Cahn, Cahn–Hilliard
and Heat conduction equations were implemented in the PDE
coefficient form application and the elasticity equations were
implemented in Structural Mechanics-Solid mechanics appli-
cation. In addition, adjustable time step with an initial value of
0.8 ls was used which allows for a faster and easier
convergence. The iterative segregated solver was employed
which works based on an iterative algorithm for nonlinear
problems. It does not solve for all the unknowns at one time.
Instead, it subdivides the problem into two or more segregated
steps which are solved sequentially within a single iteration;

Table 1 Thermo-physical properties of Ti-6Al-4V (Ref 7,
37, 40-42)

Parameter Symbol Unit Value

Liquid slope m K=% −0.088
Melting point TM K 1928
Specific heat cp J=kg � K 759
Latent heat L J=kg 36500
Liquid Solutal diffusivity D m2=s 9.5e−9
Equilibrium partition coefficient k … 0.838
Initial alloy concentration C0 % 10
Deformation Jacobean J … 1
Transformation volume strain �0t … 0.02
Elastic modulus E GPa 114
Poisson’s ratio t 0.342
Density q kg=m3 4430
Thermal expansion coefficient atr K�1 9.5e−6

Table 2 Phase-field model parameters

Parameter Symbol Unit Value

Interphase thickness W 0 m 1e−7
Coupling constant k � � � 6.3826
Characteristic time s0 s 4.2e−6
Lewis number Le � D=a … 1
Undercooling DTM K 328
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thus, a less memory is required and an easier convergence is
obtained.

3. Results and Discussion

Evolution of the solidification microstructure, i.e., phase
order parameter, concentration and temperature is presented in
Fig. 2 for five different cases (a) without elastic energy, (b) with
elastic energy and without inelastic surface stress and without
thermal expansion and (c) with both elastic energy and inelastic
surface stress and without thermal expansion and (d) with both
elastic energy and thermal expansion and without inelastic
surface stress and (e) with total elastic energy, thermal

expansion and inelastic surface stress. For an easier compar-
ison, all the figures are plotted in the undeformed configuration.
It is clearly visible that the inelastic surface stress and elastic
energy create a negative driving force for solidification and
consequently, suppress solidification and reduce its rate. The
tensile stress at the interface tends to reduce the interface area
and this effect is more pronounced for interfaces with larger
curvatures, i.e., smaller radii; thus, the tensile stress leads to the
shrinkage and disappearance of small melt islands. Hence, the
elastic energy causes less porosity during solidification, result-
ing in a more uniform solidified region. The thermal strain leads
to a less heterogeneous structure with less dendrites.

The solid phase fraction, defined as the ratio of the area of
the solidified region to the initial area, is plotted for the above

Fig. 2 Evolution of the phase order parameter, concentration and temperature for (a) without elastic energy, (b) with elastic energy and without
inelastic surface stress and without thermal expansion and (c) with both elastic energy and inelastic surface stress and without thermal strain and
(d) with both elastic energy and thermal expansion without inelastic surface stress and (e) with total elastic energy, thermal strain and inelastic
surface stress
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different cases in Fig. 3. As can be seen, the elastic energy
reduces the solidification rate especially for the initial stage of
growth. Also, the inelastic surface stress shows a small effect
on the solidification rate. Note that even without external
loading, the mechanical effects are significant due to the
internal stresses caused by the volumetric inelastic strains.

Since the thermal diffusivity is limited, the heat conduction
occurs at a limited rate which makes the thermal interface
thicker, allowing for equiaxial or columnar/equiaxial structure.
Note that the elastic energy reduces the rate of change in
temperature since it reduces the solidification rate but it does
not practically affect the temperature gradient values. The
distribution of hydrostatic stress with inelastic surface stress
and without it and the distribution of inelastic surface stress at
the vertical direction are presented in the deformed configura-
tion in Figs. 4 and 7, respectively. The inelastic surface stress is
found one order smaller than the hydrostatic stress and this is
trivial compared to the existing investigations on inelastic
surface stress effects (Ref 43). A very important point is that

due to the negative volumetric transformation strain of
solidification, the solidified regions are shrunk and represent
positive stress; while the neighboring melt regions are
expanded and represent negative stress (Fig. 4). Also, far from
the solidified regions and near the lateral and upper sides, the
stress reduces to zero due to the boundary effect. As shown in
Fig. 5, the effect of thermal strain on the stress distribution can
be significant. It causes a lower tension on the solid phase since
in contrast to the negative transformation strain, it represents
positive inelastic strain; thus, compared to Fig. 4, it reduces the
effect of the transformation strain which leads to a different
morphology and a lower solidification rate. The thermal strain
is known to create stress in the regions where displacement is
constrained. Hence, the effect of thermal strain on the stress
reduction is more pronounced near the lower boundary since it
is fixed while the other boundaries are free. As shown in Fig. 5,
a stress reduction of 50% is obtained near the lower boundary
due to the thermal strain.

Fig. 3 Solid phase fraction vs. time

Fig. 4 Distribution of hydrostatic stress (without thermal expansion): (a) for the case without inelastic surface stress and (b) for the case includ-
ing inelastic surface stress
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It is worthy to note that the effect of inelastic surface stress
is pronounced for smaller volumetric transformation strains. If
one neglects the volumetric strain due to the solidification, the
deformation disappears and the stress value significantly
decreases and becomes concentrated within the solid-melt
interface region, as shown in Fig. 6. Consequently, the phase
morphology becomes very close to the case without elastic
energy (Fig. 7).

The effect of undercooling, as a crucial parameter in
determining the microstructure evolution, is also investigated.
Change in the undercooling magnitude changes the thermal
gradient and growth rate and consequently, the microstructure
morphology (Ref 5). Figure 8 represents the evolution of the
microstructure and hydrostatic stress for three different under-
cooling magnitudes. As shown from Fig. 8a to c, increasing the
undercooling increases the growth rate. It also significantly
changes the morphology, as a homogeneous growth is resolved
for larger undercooling of DTM ¼ 528K while a columnar

growth is obtained for smaller undercooling magnitudes of
DTM ¼ 328 and 528K, in agreement with the data in (Ref 5).
The stress distribution is also more homogeneous for larger
undercooling. The maximum temperature gradient along the
vertical direction (time period of 1� 10�5ðsÞ to 5� 10�5ðsÞ)
varies in the range of 12� 107 to 9� 107 ( K=m) for
DTM ¼ 128K, 20� 107 to 9� 107 ( K=m) for DTM ¼ 328K
and 30� 107 to 10� 107 ( K=m) for DTM ¼ 528K, which
proves the thermal gradient increase as the undercooling
increases.

The current mechanics based phase field model also allows
for the study of solidification under mechanical loading. For
instance, solidification is studied under three different hydro-
static stresses of r0h ¼ �200, 0 and 200 MPa. As shown in Fig.
9, external loading changes the stress distribution and magni-
tude and consequently, the morphology. This is because
external loading creates positive or negative transformation
work which promote or suppress solidification. A larger

Fig. 5 Distribution of hydrostatic stress (with thermal expansion): (a) for the case without inelastic surface stress, (b) for the case including
inelastic surface stress

Fig. 6 Distribution of hydrostatic stress without volumetric transformation strain
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Fig. 7 Distribution of inelastic surface stress at the vertical direction a) for the case including volumetric transformation strain and thermal
strain, b) for the case including volumetric transformation strain without thermal strain and c) for the case without volumetric transformation
strain and thermal strain

Fig. 8 Evolution for the microstructure ( u) and the corresponding stress for different undercooling magnitudes of (a) 528 K, (b) 328 K and (c)
128 K
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significance in morphology and kinetics can be found for much
larger applied stresses but they are not often used in solidifi-
cation in laser processes. Note that the main role of mechanics
on solidification comes from the huge inelastic strains which
creates significant internal stresses. This can be more pro-
nounced in the presence of impurities which, due to their
different properties, lead to high heterogeneity in field variables
such as stress and notably change the morphology and kinetics.
To examine this, the same problem is considered as above but a
circular inclusion is included in the sample, as shown in Fig.
10.

Inclusions are one of the common defects seen in AM
processes. For Ti6Al4V, Al2O3 is known as one of the possible
inclusions; thus, it is considered for the current simulation. The
thermo-physical properties of Al2O3 with the diameter of 5µm
is given in Table 3 (Ref 44).

Since solidification is not considered for the inclusion, the
phase parameter u is not defined in the inclusion. Also, the
concentration c is not applicable for this region. Thus, Eqs.17
and 18 are solved (and the phase parameter u and the
concentration c are shown) over the sample except for the
inclusion region (Fig. 10). However, elasticity equations and
heat conduction equation are solved for the entire sample
including the inclusion. Hence, stress and temperature field for
the entire sample can be shown. As shown in Fig.10, the
inclusion remarkably changes the morphology compared to the

sample without inclusion (Fig. 2) and leads to a higher
heterogeneity. In fact, a directional, higher temperature gradient
appears toward the inclusion surface which changes the
solidification orientation toward the inclusion. The inclusion
region shows a more uniform temperature due to the lack of
L
2cp

@u
@t in its heat conduction equation. Higher elastic modulus

for the inclusion also causes a higher hydrostatic stress within
the inclusion which decreases when solidification passes
through it.

4. Conclusion

In this paper, a mechanics based phase-field model at the
microscale is introduced for microstructure evolution during
solidification which consists of Allen–Cahn, Cahn–Hilliard,
heat and elasticity equations. The introduced elastic energy
allows for volumetric inelastic strains due to melting/solidifi-
cation as well as inelastic surface stress and consequently,
residual stresses during solidification and the relevant defor-
mation can be captured. Examples of columnar growth are
studied where the suppressive effect of elastic driving forces
and the reduction in solidification rate, mainly due to the
volumetric inelastic strains, on solidification were revealed
while the inelastic surface stress did not show a remarkable

Fig. 9 The microstructure (phase), concentration, temperature and stress field for hydrostatic loadings of r0 ¼ �200 (a), 0 (b) and 200MPa (c)
at t1 ¼ 100� 10�5s
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effect on the solidification rate. Anisotropy was also affected by
stresses. Also, due to the negative volumetric transformation
strain of solidification, the solidified regions were shrunk and
represent positive stress; while the neighboring melt regions
were expanded and represented negative stress. The thermal
strain was also included and the relevant simulations showed
that it reduces the effect of volumetric transformation strain and

consequently, the internal stresses near constrained regions are
relaxed. The effect of undercooling, as a crucial parameter in
determining the microstructure evolution, was investigated. It
was shown that increasing the undercooling increases the
temperature gradient along the vertical direction and near the
interface and solidification rate and significantly changes the
morphology of solidified structure, as a homogeneous growth is
resolved for larger undercooling while a columnar growth is
obtained for smaller undercooling. Solidification was also
studied under mechanical loading which showed external
loading changes the stress distribution and magnitude and
consequently, the morphology. Effect of an inclusion as an
impurity on solidification was also investigated. The inclusion
region represented a more homogeneous distribution of stress
and temperature with different magnitudes compared to the rest
of the sample. As result, the inclusion remarkably changed the
morphology, creating a directional solidification toward the
inclusion.

Fig. 10 The evolution of the microstructure, concentration, temperature and stress in the presence of an inclusion

Table 3 Thermo-physical properties of Al2O3 (Ref 45,
46)

Parameter Unit Value

Elastic modulus GPa 380
Poisson’s ratio � � � 0.22
Density kg=m3 3900
Thermal expansion coefficient K�1 8.2e−6
Lewis number � � � 1
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