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The coefficient of thermal expansion mismatch (CTEM) strengthening is presumed to be among the main
strengthening factors in metal matrix composites reinforced with micro- and nano-sized particulates. It is
assumed that the CTEM-generated dislocations obstruct the movement of those generated, when the
composite is under external load, thus strengthening the composite. An experimental study, which was
carried out on as-produced aluminum-based composite, reinforced with 5 and 10 wt.% nano-sized TiCN
particulates (volume fraction of TiCN, fv = 0.0306 and 0.0625), failed to detect the predicted by the theory
CTEM-generated dislocations. Moreover, it was found that the reinforcement-matrix adhesion forces be-
come weaker with the increase in the reinforcement size. An analysis of the experimental results, intended
to investigate the contradiction between the experiment and the postulates of the CTEM strengthening
theory, was carried out. The analysis, that implements the dislocation nucleation (Cottrell) and vacancy
‘‘drift-diffusion’’ (Einstein–Smoluchowski) theories, revealed that the classical CTEM strengthening
mechanism is active only above a certain, critical size, of the reinforcement. It was found that below that
critical size, the composite strength is controlled by the adhesion forces between the reinforcement and the
matrix. The theories above predicted that the composite strength (i) would improve as the size of the
reinforcement tends to the nano-scale sizes, and (ii) is at its lowest when the size of the reinforcement is
commensurate with the aforementioned critical size.

Keywords adhesion, CTEM strengthening, dislocations, hot
extrusion, metal matrix composites, nanocomposites,
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1. Introduction

Metal matrix composites (MMCs), reinforced with ceramic
particulates, are promising materials for structural applications,
due to the favorable combination of the useful properties of the
metal matrix, and the reinforcement (Ref 1-8). The extensive
research so far has led to a consensus among the researchers
that the reinforcement of an alloy with micron- and/or nano-
sized particulates increases its yield and ultimate tensile

strength. However, the factors leading to these improvements,
are still an object of debate. An analysis (Ref 9) of the
published research on MMCs reinforced with nano-sized
particulates, produced by one of the most frequently employed
processing methods - hot extrusion, revealed that there is no
consensus among the researchers as to which is the strength-
ening mechanism that leads to composite�s strength improve-
ment. Most frequently it is accepted that this improvement is
due to, (i) the dislocations generated as a result of the
coefficients of thermal expansion mismatch (CTEM), (ii)
Orowan�s bowing mechanism (Ref 10), and (iii) the Hall–
Petch strengthening. Currently, the researchers’ preferences are
almost equally split between the first two mechanisms, thus
adding to the uncertainty of which of those two is the decisive
strengthening factor. Bearing in mind the potential application,
as structural materials, of the composites, produced by hot
extrusion, it is highly desirable to study the strengthening
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Abbreviations

MMC Metal Matrix Composite

CTEM Coefficients of Thermal Expansion Mismatch

CDLR Critical Dislocation Loop Radius

VDRP Volume Dominated by One Reinforcement Particle

fv The volume fraction of reinforcement

w The weight fraction of the reinforcement
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mechanisms operating in MMCs reinforced with micro- and
nano-sized particles.

The Orowan�s bowing mechanism is indeed one of the main
strengthening factors in MMCs. It presumes that the strength-
ening is due to the dislocations� inability to shear through the
reinforcement. Hence, Orowan�s strengthening is due to the
extra force required to bow the dislocation around the
reinforcement particle. On the other hand, CTEM presumes
that, when a temperature factor is involved, any positive
difference between the thermal expansion coefficients of the
reinforcement and the matrix would lead to the generation of
stresses in the composite, and eventually to the formation of
stationary dislocations within the volume dominated by a single
reinforcement particle (VDRP). It is assumed that these
stationery dislocations would obstruct the movement of those
induced by a loading, thus strengthening the composite. It is a
confirmed fact, that the employment of the hot extrusion
processing method generates stresses in the matrix, due to the
relatively rapid cooling of the extrudate. Thus, the composites
produced by hot extrusion fulfill the physical prerequisites for
strengthening by the CTEM mechanism and do not match those
required by Orowan’s strengthening mechanism (the tempera-
ture factor is missing, etc.). For this reason, we assumed that at
the composites, produced by hot extrusion, the CTEM is the
main strengthening factor and for this reason, it will be the
subject of the present research.

Due to its importance, the CTEM effect was studied
intensively. Much of this research, carried out so far, however,
is limited to naturally grown (e.g., precipitate-reinforced) or
artificially added reinforcements of sizes of tens of microns or
above. The effect of nano-sized reinforcement on the mechan-
ical properties of the MMCs is relatively insufficiently well-
studied due to the difficulties of the production of these MMCs
and the specific experimental methods used in their research.
Nevertheless, even this limited research on MMCs reinforced
with nano-sized particulates, revealed an interesting feature; the
CTEM strengthening effect decreases with the size of the
reinforcement and becomes negligible when the size of the
reinforcement drops below a certain value. For instance, in a
study, Vogt et al. (Ref 7), found that the thermal expansion
mismatch effect in a nanostructured metal–matrix composite,
synthesized via cryomilling and consolidation, does not occur.
According to these authors, this is due to the formation of
geometrically necessary dislocations which are constrained to a
nanostructured interfacial layer with grains 30-50 nm in size,
thus limiting strain hardening in the bulk region of the matrix. It
should be noted, however, that in their study the grains were
also nano-sized. Sh. Dong, et al. (Ref 8) made a model-aided
dislocation-based investigation of the CTEM-absence phenom-
ena. Their investigation, which included the effect of the matrix
grain size and reinforcement size on the strengthening in
MMCs reinforced with nano/ultrafine-grained carbon nano-
tubes, revealed that the strengthening decreases with the
refinement of the matrix grain size and the size of the
reinforcement. These authors attributed those results to the
fact that the effect of thermal expansion mismatch strengthen-
ing weakens as the reinforcement and the grain size decrease.
As a result, the expected strengthening effect is canceled thus
making the whole reinforcement procedure meaningless. In a
paper (Ref 11), the author et al. also reported the absence of the
CTEM strengthening effect in an Al-based MMC reinforced
with nano-sized TiCN particulates. It is thus felt, that the
problem of the absence of CTEM strengthening at MMCs

reinforced with nano-sized particulates deserves a more
detailed study.

This paper aims (i) to investigate the factors behind CTEM
strengthening in as-produced MMCs reinforced with nano-
sized particulates, and (ii) to establish to what extent and when
CTEM could be considered a substantial strengthening factor in
such MMCs. For that purpose, an experimental study of the
effect of the reinforcement of aluminum with nano-sized TCN-
particulates was carried out, Al-xTiCN (x = 5, 10 wt.%). In
addition, a theoretical interpretation of the experimental
findings was made. The theoretical analysis, based on the
theories of dislocation�s nucleation (Cottrell) and vacancy
‘‘drift-diffusion’’ (Einstein–Smoluchowski), revealed how the
size of the reinforcement and the applied undercooling during
the processing of the composite influence the CTEM strength-
ening. It was found that (i) CTEM strengthening is activated
when the reinforcement sizes exceed a certain, critical size of
the reinforcement, and (ii) the CTEM is strongly influenced by
the thermo-physical properties of the matrix, which results are
in good agreement with those of our experiments.

2. Experimental

2.1 Materials

The experiments were carried out on aluminum reinforced
with 5 and 10 wt.% of nano-sized TiCN particulates (volume
fraction, fv = 0.0306 and 0.0625). The decomposition of the
reinforcement during the processing of the composite was
avoided by selecting the powder metallurgy (PM) route;
compaction combined with hot extrusion (Ref 11). Commer-
cially available Al powder (Al, min 99.5 wt.%; Fe, max. 1 wt.%
with a mean particle diameter of � 37 lm) and TiCN (nano-
sized powder with a mean radius of the particles, rp

� �
ffi15-

25 nm) were used as base powders. After the mechanical
mixing, the powder mixture was subjected to a 10-min mill and
mix (M&M) procedure in a planetary agate ball mill. The
specific conditions applied were: room temperature, the total
weight of the powder mixture � 160 g, inert gas atmosphere
(Ar), a rotating speed � 500 rpm, ball weight to powder weight
ratio (BPR) � 0.4225, and the total weight of the balls
� 67.6 g. The purpose of the M&M procedure was to prevent
the liquation (respectively, the accompanying agglomeration) of
the reinforcement, by embedding the TiCN particles onto the Al
powder surface, thus ensuring easy handling of the green
powder during subsequent processing and a homogeneous
distribution of the reinforcement throughout the samples.

2.2 Processing of the Green Powders

The as-prepared green powders were shaped into rods by
cold isostatic pressing at different compacting pressures. These
bars were hot extruded, extrusion ratio 6:1, at temperatures
varying between 0.8 and 0.85 of the aluminum melting
temperature (RUE 250 SS hydraulic press supplied with a
mold heater and molds allowing a variable degree of reduction).
The hold time of the extrudates in the mold was up to 20 min,
which ensured: (i) equalizing the temperature through the mold-
extrudates assembly, and (ii) degassing of the pre-pressings.
The friction between the mold and the extrudates was reduced
by applying a high-pressure lubricant, ‘‘Vapor’’. Achieving a
product free of reinforcements’ agglomeration and high density,
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and a small-grained structure was accomplished by varying the
processing parameters. The optimum of the extrudates quality
was achieved at; cold compaction at 600 MPa, holding time
under load 1 min, and hot extrusion at Textr = 470 ± 10 �C,
lasting 10 min, with a subsequent cooling in air. The extrudates,
rods of 12 mm in diameter, were cut into pieces, approximately
70 mm in length, to be further formed into test samples. All
experiments were carried out on samples made from the as-
produced MMCs, i.e., without these being subjected to
additional processing and/or treatment.

2.3 Experimental Methods

The microstructure of the specimens in this research was
studied by scanning electron microscopy (SEM/FIB LYRAI
XMU, TESCAN) equipped with an EDX detector (Quantax
200, Brücker) and transmission electron microscopy (TEM/
JEOL-JEM 1011, 100 kV). The SEM specimens were prepared
using conventional grinding and polishing techniques; wet
grinding (grinding paper No. 3000), mechanical polishing with
diamond paste, and etching with a 0.5 % water solution of
Hydrofluoric acid (Ref 11) at room temperature. The TEM
specimens were prepared from plates (thickness � 700 lm)
sliced from the test samples, which were mechanically
thinned to foils of 20-30 lm by grinding (grinding paper,
F2000) and final polishing with diamond paste (Struers DP
P-1 lm paste). From the as-prepared foils were formed discs,
3 mm in diameter, which were subsequently electrolytically
polished at room temperature (Struers Tenupol Electropol-
isher, operating at 15 V) in a solution of 20% HClO4 and 80
% CH3COOH.

2.4 Results

The results obtained from the TEM and SEM study of the
MMCs are shown in Fig. 1(a), 2, and 3 (Ref 13). Figure 1(a)
shows a TEM micrograph taken from an as-prepared sample.
According to the CTEM theory, the generated dislocation

density, qCTE ¼ 6DaDTf
b rph i 1�fð Þ (Ref 12) for a temperature difference

DT ffi 400 K, Burger�s vector b � 0.25 nm, a CTE-mismatch
of Da ffi 2:10�6 K�1, and an adhesion parameter of f � 0.5
should be � 200 dislocations per lm�2. That is the micro-
graphs in Fig. 1(a) and (b) should show similar dislocation
density patterns—dense dislocation networks around the rein-
forcement particles. As seen this is not the case. (Note: The
micrograph shown in Fig. 1(b) is not related to the present
research and is added for illustrative purposes only.). It should
be noted that tilting the specimen up to 8� in all directions and
switching from bright to dark field mode also failed to detect
dislocations in the studied specimen. That is, for some reason,
the CTEM failed to produce detectable dislocation density
around the nano-sized reinforcement particles. On the contrary,
as reported in (Ref 6, 14, 15), the micron-sized reinforcement
particles show readily detectable dislocation loops in their
neighborhood. Whence, taking into account the already cited
research of Vogt et al. and Sh. Dong, et al., it follows that
CTEM should be a reinforcement-size-sensitive phenomenon,
cf. the Introduction section.

Further, the analysis of the SEM micrograph, Fig. 2 shows
that reinforcement particles of different sizes are not equally
strongly attached to the Al-matrix. For instance, at the center in
Fig. 2, a micron-size TiCN particle has detached from the
matrix, see the cavity at the center, while those with smaller

sizes stay firmly embedded in it. Therefore, for some reason,
the micron-sized particles are much easier to separate from the
matrix than those with lesser sizes. The rough contact surface of
the bed cavity leads to the conclusion that the bonds that keep
the reinforcement-matrix construct together have failed. As the
specimen was not tensionally loaded, the unbinding should
have taken place during the cooling of the specimen. In our
case, Da> 0, whence, the only possible explanation is to
presume that the vacancies and/or the dislocations present in
the matrix have piled up near, or even annihilated into the
reinforcement-matrix contact zone, thus reducing the adhesion.
If this is the case, then the observed in Fig. 2 brighter rings
around the reinforcements, are readily explained by the higher
intensity of the e-beam reflected from the reinforcement�s
surface. This is feasible only if these places are much easier
penetrable by the e-beam. To confirm, or reject, the preceding
conclusion a relatively large particle in a studied sample was
selected, cf. Fig. 3. The readily noticed brighter ring around the
particle suggests much easier penetration of the e-beam through
these parts, which could be explained only with an increased
concentration of vacancies and/or dislocations in those parts
(Ref 11). Therefore, the conclusions made above are com-
pletely justified.

Evaluation of the CTEM pressure P, acting on the matrix-
reinforcement interface, shows that it exceeds the yield stress,
rY , of the matrix (here Al) for all reinforcement sizes and
processing temperatures. Thus, a shell of a plastically deformed
zone should be detectable around every reinforcement particle
(Ref 16-18). Again, this is not the case, which agrees with the
contemporary concepts; plastic deformation in metals occurs
only if a certain concentration of dislocations is available, see,
e.g., (Ref 18, 20).

3. Discussion

The analysis carried out below aims to reveal how the
reinforcement size, and possibly the applied undercooling at the
processing of the composite, affect the CTEM-induced
strengthening. For that purpose the following conventions
and assumptions were used; (i) at the micron-level, the metal
always performs as elastic, (ii) plasticity occurs only when a
sufficient number of dislocations is available (Ref 6, 18), (iii)
the reinforcement has a spherical shape, (iv) CTEM causes in
the matrix the same deformation as a pressurized cavity inflicts
in an infinite elastic medium (Ref 16, 17), (v) the reinforcement
is unyielding.

The absence of dislocations when utilizing nano-sized
reinforcements (Fig. 1a) and their presence when micron-sized
reinforcers are employed (Ref 6, 14), suggests that the origin of
this difference should be sought in the factors controlling the
dislocations� genesis. To solve the problem at hand we rely on a
theory developed by Cottrell (Ref 15, 20). In his theory,
Cottrell argues that it is impossible to nucleate a viable loop
(i.e., circular-shaped) dislocation, whose radius is less than
some critical value. Denoted from here on as, critical disloca-
tion loop radius (CDLR). To determine CDLR, Cottrell
proposed to minimize the difference between the energy
required to form a loop dislocation with radius r, that is,
Eb2 1�m=2ð Þr
4 1�mð Þ 1þmð Þ ln

r
2b

� �
(Ref 21, 22), and the excess energy, that is

gained from the applied stress, pr2bs.
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The minimization procedure yielded for the CDLR:

rc ¼
Eb 1� m=2ð Þ

4p 1� mð Þ 1þ mð Þs ln
rc
2b

� �
þ 1

h i

¼ Eb 1� m=2ð Þ
4p 1� mð Þ 1þ mð Þs ln

rce

2b

� �
: ðEq 1Þ

Here rc denotes the CDLR in [m], E and m are the Young
modulus [Pa] and the Poisson ratio of the matrix, s is the
resolved shear stress, and e is the natural logarithms base.

By making use of the well-known instance from the theory
of elasticity, s ¼ ruu�rrrffiffi

3
p , and keeping in mind that the stresses

generated within an infinite elastic media by a pressure, P,
applied to the internal wall of a pressurized cavity are, ruu ¼
P
	
2q3 and rrr ¼ �P

	
q3 (Ref 10), for the resolved shear stress

is obtained, s ¼ mP
ffiffi
3

p

2

rph i
r


 �3

. Where rp
� �

denotes the mean

radius of the reinforcement, ruu and rrr are the components of

the stress tensor in spherical coordinates, r is the distance from
the center of the reinforcement, and m is the Schmid factor (Ref
23), introduced here to account for the spatial orientation of the
glide planes and the slip directions of the dislocations
generated. Bearing in mind that the CTEM-induced pressure
on the inner wall of the matrix-reinforcement contact zone is,
P ¼ 2EDaDT= 1þ mð Þ, for the resolved shear stress generated

by the CTEM is finally obtained, s ¼ m
ffiffi
3

p
EDaDT
2

rph i
r


 �3

. Thus,

introducing new dimensionless variables, q ¼ r
	

rp
� �

,
qc ¼ rc

	
rp
� �

, and substituting in (1) s with its equal, is
obtained:

qc ¼
b 1� m=2ð Þq3

4m
ffiffiffi
3

p
p 1� mð Þ 1þ mð ÞDaDT rp

� � ln qcð Þ þ ln
e rp
� �

2b


 �� 
:

ðEq 2Þ

Fig. 1 TEM micrographs (Ref 13) of two specimens reinforced with 10 wt.% TiCN (fv = 0.0625). (a) specimen prepared from an as-produced
sample, (Fig. 1b) specimen made from a test piece subjected to tensile loading, (overall strain, e = 0.08 (8%) (Ref 11), the micrograph is taken
from a plastically deformed part of the test piece). (b) is included for comparison purposes only. It is intended to illustrate how the surroundings
of reinforcement particles would look if CTEM strengthening is active

Fig. 2 An SEM image (Ref 13) of a TEM foil, made from an as-
produced reference sample, showing reinforcement particles of
different sizes (weight fraction of the reinforcer, w = 10 wt.% TiCN,
fv = 0.0625). Notice the differences in the reinforcement-matrix
interaction behavior, depending on the size of the reinforcer
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Because the glide planes and the slip directions of the
dislocations are randomly oriented in space, in the calculations
below we use an average value of the Schmid factor, m = 0.25).

Analysis of Eq 2 shows that the dimensionless CDLR, qc, is
inversely proportional to the size of the reinforcement, rp

� �
; the

decrease in the reinforcement size, rp
� �

, thus, would lead to the
increase in the CDLR size, while an increase would lead to its
reduction. The fact that CDLR is inversely proportional to the
resolved shear stress rc � s�1(cf. Eq 1) indicates that the places
with higher stress intensity, such as the neighborhoods of the
reinforcement, possess the highest chance of generating viable
dislocations. On the contrary, the lower the stress intensity the
larger is CDLR, and the less probable its nucleation. Remind,
that a larger CDLR requires a larger amount of nucleation work
which must be, in our case, provided from the stress induced by
the CTEM. Under the preceding, the chances of nucleating a
viable CDLR drops with the distance from the reinforcement
proportionally to, q3, i.e., very fast. Cottrell�s theory, therefore,
leads to the conclusion that viable dislocations would nucleate
predominantly in the neighborhood of the reinforcement and
that their sizes should be commensurate with the size of the
reinforcement particle, cf. (Ref 6, 14). Based on the preceding it
follows: (i) When the size of the reinforcement is larger than the
CDLR, rc

	
rp
� �

< 1(qc < 1), the CTEM strengthening mecha-

nism is operational and the generated dislocation loops are
energetically stable; (ii) Because of the CTEM stress gradient
around of the reinforcement, the as-nucleated dislocations are
pushed from the reinforcement toward the interparticle space
(Ref 6, 12-15), thus, forming dislocation clusters at the VDRP
boundaries, which, as reported by Vogt et al., eventually serve
as barriers to the movement of the load-generated dislocations;
(iii) The critical reinforcement radius below which the CTEM
strengthening mechanism becomes non-operational is thus
determined by the identity, rc

	
rp
� �

� 1 (qc � 1). Hence, the
reinforcement radius at which CTEM strengthening ceases to
be operational is determined by the transcendental equation,

rp
� �

¼ b 1�m=2ð Þ
4m

ffiffi
3

p
p 1�mð Þ 1þmð ÞDaDT ln

e rph i
2b


 �
; (iv) The CDLRs whose

radii are larger than that of the reinforcement, rc
	

rp
� �

> 1

(qc > 1), are energetically unstable and will eventually decom-
pose to vacancies. The dislocations� disintegration time depends
on the self-diffusion coefficient of the matrix atoms and for Al
it was estimated to be � 80-100 s (Ref 24).

The theory, Eq 2, is illustrated by applying it to an
aluminum-based MMC reinforced with TiCN (cf. Fig. 4a, and
b). The calculations were carried out at, q ¼ 1, Da = 2.10�6

(Ref 25), mAl = 0.345 (Ref 26), and b � 0.25 nm (Ref 11).
Recall that q ¼ 1 (the vicinity of the reinforcement particle) is
the maximum-stressed part of the matrix, thus, the most
probable place where a dislocation could be nucleated.
Figure 4(a) shows plots of the calculated dimensionless CDLRs
vs. DT, obtained by varying in (2) the size of the reinforcement.
(Recall that, DT = Textr-T, is the difference between the
processing and an arbitrary temperature T). The dashed line
in Fig. 4(a) marks, qc � 1 , i.e., the boundary separating the
operational and non-operational fields of the CTEM strength-
ening. Figure 4(b) illustrates the proportions between the sizes
of a reinforcement particle, rp

� �
� 30 nm (this is the particle at

the center of Fig. 1a), and the generated by it CDRLs at two
arbitrary final processing temperatures, 20 �C (DT = 450 �C)
and 200 �C (DT = 270 �C). As seen these are larger than the
size of the particle, thus according to the preceding discussion,
no dislocation loops could be nucleated and observed around
that specific particle, which is in agreement with the experi-
mental evidence, cf. Fig. 1(a) and the discussion in the Results
section.

The results so far, theory and experiment, show that CTEM,
as a strengthening mechanism, is not operational in the whole
reinforcement-sizes range. Regardless of the reinforcement�s
size, however, the CTEM will always induce stress and it is not
quite clear how it is affecting the strength of the composite.
Therefore, it is desirable to extend the present analysis to
reinforcement sizes below the critical, thus clarifying how the
composite strength would be affected. The experimental fact
that particles with sizes less than the critical do not separate
from the matrix (see the previous section) suggests that the
reduction of the reinforcement sizes from micron- to nano-scale
ones does not negatively affect the binding (adhesion) forces
acting on the matrix-reinforcement interface (Ref 27). Thus,
bearing in mind the experimental facts and recalling that the
reduction of the reinforcement size strongly influences the
stress induced by CTEM, it is reasonable to assume that the
particle size affects the adhesion forces in the same way.
Because these forces are negatively affected by crystal lattice
defects, e.g. the accumulation of vacancies near the matrix-
reinforcement contact zone, it could be readily assumed that the

Fig. 3 TEM micrograph (Ref 13) taken from a specimen prepared
from an as-produced sample reinforced with 5 wt.% TiCN,
(fv = 0.0306). Notice the excess thinning of the Al-matrix in the
neighborhood of that large reinforcement particle (the bright halo
around the particle). This thinning is attributed to the excess of
vacancies in this zone. The thickness of the vacancy-rich shell
around the particle is estimated to be 1/12 -th of the particle�s radius
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observed increase/decrease in their strength is due to the
vacancies’ concentration (aka ‘‘the site fraction of monovacan-
cies’’) near that zone. According to a principle formulated by
Le Chatelier and Braun (Ref 28), in a stress field, the vacancies
should diffuse in a direction that would reduce the stress
gradient. In our case, that is toward the stress-generating center,
the reinforcement particle. The stress decrease, however, would
affect negatively the composite strength, due to the increase in
the vacancy concentration near the matrix-reinforcement con-

tact zone. The stationary distribution of the vacancies in a stress
field could be determined by employing an equation proposed
by Einstein and Smoluchowski (Ref 29), which in spherical
coordinates reads:

dCv

dq
¼ � Cv

kBT

dU

dq
: ðEq 3Þ

Here kB is the Boltzmann constant, Cv ¼ Cv qð Þ is the
vacancy concentration, U(q) is the stress potential in [J], and q
is as above, the dimensionless distance from the center of the
reinforcement.

Because we deal with reinforcements whose radii are less or
around a micron, the convention (i) of this section applies. That
is the potential gradient, dU=dq, could be evaluated by
employing the theory of elasticity. We remind that dU=dq,
depends on the stress-energy intensity, u qð Þ - dU=dq ¼
4pq2u qð Þhrpi3 (Ref 16, 17). Bearing in mind that the CTEM-
generated stress-energy intensity depends on the pressure
exerted on the matrix by the reinforcement as, u qð Þ ¼
3P2 1þ mð Þ

	
Eq6 Jm�3 (Ref 16) and recalling that this pressure

is equal to, P ¼ 2EDaDT= 1þ mð Þ, it is readily obtained,
dU=dq ¼ 48pE DaDTð Þ2hrpi3

.
1þ mð Þq4. Regrettably, the

dependency of the Young modulus on the vacancy concentra-
tion, E Cvð Þ, is unknown. In this research this difficulty is
overcome, by presuming that the vacancies form a binary
solution with the matrix atoms, an approach widely used in the
theory of self-diffusion (Ref 30-32). By employing the
formalism of the thermodynamic theory of solutions (Ref 33)
and neglecting the partial contribution of the vacancies in that
solution, as insignificantly small, is obtained,
E Cvð Þ ffi Em 1� Cvð Þ, with, Em, as the partial Young modulus
of the matrix (cf. the Appendix). We note that, Em, also depends
on the vacancy concentration. Still, the problem could be made
tractable, by declaring, Em, a parameter depending on the
average vacancy concentration in the vicinity of the reinforce-
ment, Cv, that is Em � Em Cv

� �
¼ const: Whence, replacing in

(3) E Cvð Þ and dU=dq with their equal yields:

dCv

dq
¼ �

48pEm Cv

� �
DaDTð Þ2hrpi3

kBT 1þ mð Þ
Cv 1� Cvð Þ

q4
; ðEq 4Þ

The boundary condition at the VDRP boundary is,
Cv qYð Þ ¼ C0, where C0 is the vacancy concentration, qY ¼
1þ dr

dm
100
wt:% � 1
� �h i1=3

is the outer radius of the VDRP, dr, and
dm, are the densities of the reinforcement and the matrix, and
wt:% is the weight fraction of the reinforcement in %.
Presently, we will need the value of VDRP in an aluminum
composite reinforced with 5 wt.% TiCN (fv = 0.0306). Thus,
replacing, dr with 4 gcm�3 (Ref 34), and dm with 2.7 gcm�3

into the instance above for that VDRP radius is obtained,
qY = 3.13. The introduction of a dimensionless parameter,
k ¼ 16pEm Cv

� �
DaDTð Þ2hrpi3

.
1þ mð ÞkBT , allows rewriting

(4) in a more compact form:

dCv

dq
¼ � 3kCv 1� Cvð Þ

q4
: ðEq 4aÞ

Eq 4a, after the boundary conditions are accounted for,
solves to:

Cv qð Þ¼C0 exp k
1

q3
� 1

q3Y


 �
 ��
1þC0 exp k

1

q3
� 1

q3Y


 �
 �� 
:

ðEq 5Þ

Fig. 4 (a) Calculated with Eq 2 CDLRs as a function of the
temperature and reinforcement sizes. The field enclosed between the
dashed line and the abscissa indicates the operational field of the
CTEM strengthening. (4b) Calculated with Eq 2 CDLRs for two
arbitrary final processing temperatures, 20 �C (DT = 450 �C) and
200 �C (DT = 270 �C) compared with the size of the particle,
rp
� �

� 30 nm that produces the stress field (cf. the central particle
in Fig. 1a w = 10 wt.% TiCN, fv = 0.0625). By the large size of the
CDLRs is readily deduced that the stress field intensity produced by
that particle is insufficient to produce viable dislocation loops that
satisfy the criterion formulated in the text, hence, the lack of
dislocations in the vicinity of that particle in Fig. 1a
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The dimensionless parameter k allows for obtaining a
unified solution to the vacancy concentration distribution
problem. That is, when the value of k is determined for a
specific pattern of vacancy distribution, other solutions, valid
for this specific distribution pattern, could be readily obtained
by varying the parameters/constants included in k.

Regrettably, k is unknown and so is, Em Cv

� �
. However, it

could be estimated by matching the calculated with an
experimentally determined vacancy distribution. Because in
the present research, the latter is unavailable, a rough estimate
of the parameter k was obtained by using as an indicator of the
vacancy concentration the width of the bright shell surrounding
the reinforcement particle in Fig. 3, estimated to be, Dqshell
0.25. By replacing in (5), qY with 3.13 (see above), C0 with
10�9 (Ref 35), and varying the value of k, until the predicted
and the measured shell widths did match each other, it was
obtained, k � 24.7 (Note that this value is valid only for Al-5
wt.% TiCN.). The procedure of finding k is illustrated in Fig. 5,
where three, Cv qð Þ, obtained by the varying of k are compared.
As seen the selected value of k provides the best fit between the
calculated and the experimental widths of the shell. Finally,
solving k to Em Cv

� �
, and replacing, Da = 2.10�6 (Ref 25),

mAl = 0.345 (Ref 26), DT = 400 K, and T = 300 K, for the
partial Young modulus of the matrix is obtained,
Em Cv

� �
¼ k 1þmð ÞkBT

16p DaDTð Þ2hrpi3
¼ 4:21 10�14hrpi�3. As seen, Em Cv

� �

depends strongly on the reinforcement size, e.g., at
hrpi ¼ 1 lm, Em Cv

� �
, � 4.21 104 Pa, while at hrpi ¼ 10 nm

it is Em Cv

� �
� 4.21 1010 Pa. Notice, that with the reduction of

the reinforcement size the partial Young modulus tends, as
should be expected, to that of pure Al (EAl = 7.6 1010 (Ref 26)).
The sharp decrease in, Em, with the increase in hrpi, influences
negatively the strength of the composite because the weakening

takes place in the most vulnerable part of the composite, the
reinforcement-matrix contact zone. Indeed, the replacement of
matrix atoms with vacancies would lead to the rupturing of
atomic/molecular bonds between the reinforcement and the
matrix, thus resulting in a reduction of the adhesion force
holding the composite together (cf. Fig. 2), whence a deteri-
oration of the composite strength occurs. An estimate of the
number of ruptured bonds shows that it depends on the
Cv qð Þjq¼1 and hrpi being, nruptured ¼ 4p rp

� �2
N0Cv qð Þjq¼1 (with

N0 as the number of bonds per m2 in case of ideal, all bonds
saturated, contact) (Ref 27, 36). One notes that the negative
effect of increased vacancy concentration at the reinforcement-
matrix boundary, Cv qð Þjq¼1, is augmented with the increase in
the reinforcement particle size. This result agrees with the
conclusions drawn from the analysis of Fig. 2 and explains,
why the larger reinforcement particles separate much more
easily from the matrix while the smaller ones do not. It should
be noted, however, that this negative effect of the reinforcement
size, on the composite strength holds until the CTEM
strengthening mechanism is inactive. After the critical rein-
forcement size is exceeded, the formation of dislocations
begins, thus a part of the free volume concentrated in the
vacancies is utilized in the growth of the dislocations generated
by the stress field. As a consequence, a reduction of the
vacancy concentration around the reinforcement occurs which
benefits an increase in the Young modulus of the matrix near
the reinforcement-matrix contact zone. Thus, the overall result
of dislocations� increase and the reduction of the vacancy
concentration is an improvement in the mechanical strength of
the composite.

From the point of view of the composite�s strength, i.e.,
when the composite is subjected to an external loading, the
obtained results could be interpreted as follows: In the lower
end of the reinforcement-sizes scale (i.e., nano-sizes),
rc
	

rp
� �

¼ 1, the stress generated by the CTEM in the matrix
is low, therefore, the vacancy concentrations in the matrix
around the reinforcement are also low thus the adhesion bonds,
reinforcement-matrix, are preserved and are strong enough to
keep the composite together. Therefore, it could be inferred that
the decrease in the reinforcement�s size has a positive effect on
the composite’s strength. With the increase in the reinforce-
ment�s size, due to the increase in the number of ruptured
bonds, a deterioration of the strength conditions around the
reinforcement occurs. At a reinforcement size of about a few
microns, the number of ruptured bonds is at a maximum; while,
CTEM strengthening is still non-operational. Therefore, it
could be inferred that the reinforcement-matrix construct,
respectively the mechanical strength of the composite, are in
their most critical state. With the further increase in the
reinforcement size, however, begins the nucleation of disloca-
tions, which activates the CTEM strengthening mechanism.
The generated dislocations serve as a sink to the vacancies, thus
leading to a reduction of the vacancy concentration in the
vicinity of the matrix-reinforcement contact zone, which further
improves the mechanical strength of the composite.

The results obtained so far can be summarized as; when the
size of the reinforcement is above the critical, CTEM has a
positive effect on the strength of the composite, conversely,
when this size is below the critical, the effect of CTEM on the
strength of the composite is mostly negative, as it leads to an
increased concentration of vacancies in the contact zone
reinforcement-matrix and eventually to a reduction of adhesive
forces. However, at the lower end of the particulates-sizes scale,

Fig. 5 Plots of the vacancy concentrations Cv qð Þ (in fractions),
calculated with Eq 5 for three different values of the parameter k
(20, 24.7, and 30). Only the curve calculated with, k = 24.7,
correctly predicts the thickness of the vacancy-rich shell (the bright
halo around the particle in Fig. 3). The numerical data used in the
calculations corresponds to that of a composite with 5 wt.% TiCN
(fv = 0.0306); qY = 3.13, and C0 = 10�9. The selection criterion, the
thickness of the bright shell surrounding the in Fig. 3, was estimated
to be, Dqshell = 0.25
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this negative effect is insignificant and is fully compensated by
the increased strength of the adhesion forces.

4. Conclusions

CTEM strengthening originates from the differences in the
thermal expansion coefficients and is presumed to be one of the
major factors leading to the improvement of the mechanical
properties of MMCs reinforced with micron- and nano-sized
particulates. The analysis of the experimental data obtained in
the present research and those of other researchers allows the
conclusions:

• The CTEM strengthening effect is operational under cer-
tain temperatures, size of the reinforcement, and thermo-
mechanical properties of reinforcement and matrix;

• The application of the CDLR theory, developed by Cot-
trell, to the problem studied, revealed that below a certain
reinforcement size, it is impossible to nucleate dislocations
thus making the CTEM strengthening non-operational;

• Cottrell’s theory allowed drawing the following important
conclusions; (i) the CTEM-generated dislocations nucleate
predominantly in the vicinity of the reinforcements, and
(ii) the size of the generated dislocations should be com-
mensurate or smaller than the size of the reinforcement
particle;

• The employment of the Einstein–Smoluchowski ‘‘drift-dif-
fusion’’ equation allowed for explaining, how CTEM af-
fects the mechanical strength of the composite when the
CTEM strengthening mechanism is non-operational; The
obtained results allowed for an explanation of the experi-
mentally observed reduction of the adhesion force be-
tween the matrix and the reinforcement with the increase
in the reinforcement size;

• Based on the results obtained, it was reasoned that a rein-
forcement size exists, evaluated to be hrpi � 1-3 lm, at
which the positive effect of the particulate reinforcement
on the mechanical strength of the composite is at its low-
est. It was concluded that reducing the size of reinforce-
ment particles from micron- to nano-scale sizes improves
the reinforcement�s performance as a strengthening factor.
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Appendix

The proof of Young modulus dependency on the vacancy
concentration we start with the thermodynamical identities:

F ¼ G uik �
1

3
ulldik


 �2

þ 1

2
Ku2ll ðEq A:1Þ

and

Fmol ¼ lm 1� Cvð Þ þ lvCv: ðEq A:2Þ

Where uik are components of the strain tensor, lm and lv are
the chemical potentials of the matrix and the vacancies in the
matrix-vacancy solution, and G and K are the shear and bulk
moduli.

At an arbitrary deformation of the matrix-vacancy solution
is valid:

lm ¼ Gm uik � 1
3 ulldik

� �2þ 1
2Kmu2ll and

lv ¼ Gv uik � 1
3 ulldik

� �2þ 1
2Kvu2ll, after replacing in (A.2) and

rearranging the members is obtained:

G� Gm 1� Cvð Þ � GvCv

� �
uik �

1

3
ulldik


 �2

þ 1

2
K � Km 1� Cvð Þ � KvCv

� �
u2ll ¼ 0:

Because uik � 1
3 ulldik

� �2
and u2ll are arbitrary quantities the

above identity could be valid only in the case of:

G ¼ Gm 1� Cvð Þ þ GvCv and K ¼ Km 1� Cvð Þ þ KvCv.
We recall that G and K could be expressed with the Young

modulus E and the Poisson ratio m as, G ¼ E
2 1þmð Þ and

K ¼ E
3 1�2mð Þ, whence:

E

2 1þ mð Þ ¼
Em

2 1þ mmð Þ 1� Cvð Þ þ Ev

2 1þ mvð ÞCv: ðEq A:3Þ

The fraction of the vacancies in the matrix is negligible,
Cv � 10�8-10�10, thence, by taking into account that the
Poisson ratio of the matrix of the materials is, m 2 1=4::1=2f g,
it could be accepted that the denominators in (A.3) are equal,
thus:

E ¼ Em 1� Cvð Þ þ EvCv ðEq A:4Þ

Further, due to the reasons above, the second member of the
right-hand side of (A.4) could be neglected thus leading to
E ¼ Em 1� Cvð Þ.
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