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An applied analytical formulation was developed to deal with the forward extrusion of non-symmetric
sections based on the upper bound method. This method of solution has been developed as an alternative to
finite element method with the advantages of less time consumption and expense. The deforming region
where the material flow occurs was formulated in a new and more realistic fashion by streamlines and
stream surfaces. Streamlines and stream surfaces were defined parametrically for the material flow and the
development of the kinematically admissible velocity field. The newly developed velocity field incorporated
features such that the real physical aspects of the problem were followed more closely than before. The
internal, shear and frictional power terms were obtained from the upper bound solution. Using the present
method of analysis, the pattern of material flow and the relative extrusion pressure were computed. Results
compared to previous works indicated substantial improvements. Experimental and numerical investiga-
tions were carried out, and the proposed theoretical model was verified. Close agreement was observed
between the analytical results and those from the simulation and the experiment.

Keywords extrusion, finite element analysis, material flow, upper
bound

1. Introduction

Considering different bulk forming processes, forward
extrusion has been a favorite method, producing profiles with
a variety of sections from a round billet in modern days. In
extrusion industry, the analysis of the material flow behavior is
not easily possible due to the complexity of the exit section and
inhomogeneity of the deformation process. In addition, since
die design and fabrication is generally carried out using the
experience of the operators, it is not possible to find an optimal
die profile to obtain minimum extrusion pressure and high
quality products. Therefore, process engineers need to use a
suitable tool for analyzing the process that is both faster and
less time-consuming than the present trial and error methods.
The various numerical and analytical methods have been
applied to solve such problems. Some researchers have tried to
perform numerical study into the extrusion process to predict
the extrusion pressure (Ref 1–3), material flow behavior (Ref 4,
5), optimal die design (Ref 6–8) and defects (Ref 9, 10). The
numerical methods which have been applied to analyze the
metal extrusion processes were time-consuming and costly. In
addition to numerical methods, the analytical methods based on
upper bound approach (Ref 11) have been widely used by
scholars to analyze the extrusion process. The majority of the
analytical methods have been limited to predicting the extru-
sion load or to simple geometries and boundary conditions.

This is due to the complexity of the non-symmetric three-
dimensional material flow in such problems. Therefore, it
seemed to be necessary to provide a better analytical method of
solution in order to overcome the present challenges in the
extrusion industry. The analytical investigation of the extrusion
process based on the upper bound method in previous works is
reviewed in here.

Chitkara and Celik (Ref 12) employed the upper bound
method to predict the extrusion pressure and optimum die
design in forward extrusion process. They obtained kinemat-
ically admissible velocity fields for extrusion of non-symmetric
T-shaped sections through streamlined dies. They investigated
the effects of reduction of area, friction factor, die length and
die positioning on the minimum extrusion load and die design.
Ajiboye and Adeyemi (Ref 13) performed a theoretical study
based on the upper bound method on the extrusion of round to
shaped sections to investigate the effect of die land length on
the extrusion pressure and flow pattern. They considered the
frictional power at die land in the formulation for the analysis
of the extrusion process. The authors concluded that the
extrusion pressure increased with an increase in die land length.
Abrinia and Davarzani (Ref 14) applied the upper bound
analysis to find solutions for the extrusion of non-symmetric
profiled sections using both flat faced and bilinear dies. They
proposed the new method for discretizing the deforming region
in order to formulate a kinematically admissible velocity field.
The extrusion pressure and optimum die cavity was obtained
using this method. Abrinia and Ghorbani (Ref 15) carried out
an analytical and experimental investigation on the forward
extrusion of non-symmetric profiled sections. The concept of
their proposed formulation was that all points on the cross
section of the initial billet transfer to similar points on the final
cross section of the extruded product. They suggested the new
method for dividing the deforming region into subsections in
order to formulate a kinematically admissible velocity field and
predict the material flow realistically. Altinbalik and Ayer
(Ref 16) employed the upper bound method to define a new
kinematically admissible velocity field for extrusion of clover
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sections. They determined the extrusion loads and material flow
for different die inlet and transition geometry combinations.
They also introduced the axial deviation of the extruded
product as a criterion for determining the quality of the final
product. Karami et al. (Ref 17) applied the upper bound method
to formulate the deformation geometry for the analysis of non-
symmetric extruded sections taking into account the variation
of the dead zone size at different angular positions. They also
used the curved surfaces to define entry and exit sections of the
deforming region. Using the proposed method, the complexity
of the exit section was investigated on the extrusion pressure.
Venkatesh and Venkatesan (Ref 18) applied area mapping
technique to the upper bound method to define deformation
zone of extrusion process through the streamlined dies and
predict the extrusion force. Using the suggested method, they
transformed the bordering points on the surface of initial billet
to final section. These authors also calculated the stress and
strain distribution at deformation zone. Onlaghi and Assempour
(Ref 19) carried out a study based on the upper bound method
to determine the radial position of the die holes in an extrusion
using a multi-hole die with non-symmetric nature and mini-
mized the exit profile curvature. They used the linear dead
metal zone to define the deformation zone. According to this
work, the extruded profile curvature was obtained by a
deviation function based on the velocity field. Farzad and
Ebrahimi (Ref 20) presented a theoretical model using the
upper bound method and simulated annealing algorithm to
analyze the extrusion process. They proposed a kinematically
admissible velocity field and consequently obtained the opti-
mum die profile by minimizing the extrusion load. They also
investigated the effect of reduction of area, material work
hardening and fiction factor on the optimum die profile.
Hussein and Kadhim (Ref 21) employed the upper bound
method to investigate the extrusion of circular, square, and
rhomboidal sections using a continuous velocity filed. They
used the third- and fifth-degree polynomial functions to define
the die surface. In this method, the extrusion pressure and
material flow were obtained analytically. Haghighat and
Parghazeh (Ref 22) used the upper bound method to give a
solution for the problem of the extrusion of strain hardening
materials. They also used this method to predict the central
bursting defects. The proposed velocity field was used to define
the criteria for central cavity formation. They found that the
central bursting defects are influenced predominantly by the
strain hardening exponent.

However, although in many previous works as discussed
above, the analytical investigations on forward extrusion have
been carried out, however, one could hardly find any gener-
alized formulation giving a realistic material flow pattern for
the forward extrusion process using the upper bound method. In
other words, in all previous works the material flow patterns
deviate from the physical reality of the problem especially for
complicated shaped profiles.

The aim of this study is to present a more realistic analytical
solution for the forward extrusion of non-axisymmetric sections
using upper bound method which could be applied to real
problems. Material flow patterns could easily be predicted by
the present method making it easier for the extrusion process
engineers to design the process, the dies and toolings required
for a successful outcome. New features for this method
included the curved streamlines and more accurate definition
for material flow in the cross-sectional area. The relative
extrusion pressure was determined by minimizing the upper

bound on power utilizing the parameters used in the formula-
tion of the velocity field. Response surface methodology
(RSM) with Box-Behnken approach was applied to predict the
minimum relative extrusion pressure. The proposed method
was validated using experimental and numerical results.

2. Theory

2.1 Geometric Definition of the Deformation Zone

The present study involved applying the upper bound
method to analyze the forward extrusion process. New
formulation has been developed from previous works by one
of the authors (Ref 14, 15, 17, 23, 24). In the proposed method,
the variation of dead metal zone (DMZ) length and accordingly
changes in the Hermite streamlines were taken into account in
order to eliminate the sharp velocity discontinuities at the
material flow entry and exit. A simple extrusion of circular to
rectangular and L-shaped sections was chosen as a sample to
start with, as shown in Fig. 1(a) and (b). It could be seen from
Fig. 1(a) and (b) that the material nest area changes at various
angles which in turn has an impact on the shape of streamlines.
The materials nest area has been utilized to define DMZ.
Figure 1(c) and (d) demonstrates the geometry of the deforming
regions for the extrusion of rectangular and L-shaped profiles as
the cases for three-dimensional non-axisymmetric problems. In
both Fig. 1(b) and (d) as indicated the curved surface which is
the interface between the billet and the deforming region is
shown in three-dimensional view while its two dimensional
view is shown in Fig. 1(a) and (c) as a circle. A generic point
on a general streamline DD0 is defined by the following
expression:

r u; q; tð Þ ¼ f u; q; tð Þ̂iþ g u; q; tð Þ̂jþ h u; q; tð Þk̂ ðEq 1Þ

where f , g, and h determine the positions of x, y, and z
coordinates, respectively, and u, q, and t are normalized
dimensionless parameters varying between 0 and 1 defining the
cylindrical coordinates r, y, and z as follows:

u ¼ r

R
; q ¼ u

2p
; t ¼ z

LDZ
: ðEq 2Þ

where LDZ is the DMZ length as shown in Fig. 1. Any point in
the deforming region could be defined by changing the
parameters u, q, and t.

2.2 Formulating the Surface of Deforming Region
at the Material Entry (Z1)

Taking into account the changes in the length of DMZ at
different angles on the section, the surface of material entry to
the deforming region has been defined. A function formulating
the DMZ length has been used (Ref 17) here:

LDZ u0ð Þ ¼ Lc 1þ l u0ð Þ
R

� �
ðEq 3Þ

where l is the nest of material length at angle u0 and Lc is the
parameter used for optimizing the upper bound on power. The
parameters of Eq 3 are shown in Fig. 1. A fourth-degree
polynomial equation has been used to define the discontinuity
surface for the material entrance to the deforming region as
follows:
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Z1 ¼ p1 þ p2X0 þ p3Y0 þ p4X
2
0 þ p5X0Y0 þ p6Y

2
0 þ p7X

2
0 Y

2
0

þ p8X
3
0 þ p9Y

3
0

ðEq 4Þ

where

X0 ¼ uR sin 2pqð Þ
Y0 ¼ uR cos 2pqð Þ

ðEq 5Þ

where p1, p2, p3, p4, p5, p6, p7, p8 and p9 are the coefficients in
the equation and X0 and Y0 are the X and Y coordinates of any

point on the entry surface of deforming region. Function Z1 has
been obtained by fitting a number of points on the discontinuity
surface in the entry to the deforming region by using MATLAB
Surface Fitting Tool. Surface Z1 is fitted to the followings:

Point i :

Pi ¼ ½R cos 2pi=nð Þ R sin 2pi=nð Þ LDZ 2pi=nð Þ�
i ¼ 1 to n

PointM :

PointM ¼ ½ 0 0 O0M �
ðEq 6Þ

Fig. 1 (a) and (c) Variation of l, (b) and (d) the deforming region geometry for rectangular and L-shaped profiles
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where n is the number of points on the surface of discontinuity
for the material entry and point M is the center point of the
surface. O0M is the parameter for minimizing the upper bound
on power as shown in Fig. 1. In this paper, rectangular and L-
shaped sections have been investigated, and for these, n is equal
to 16. Therefore, the position vector defining the discontinuity
surface for the material entry to the deforming region is given
by:

~r1 ¼ uR sin 2pqð Þ~iþ uR cos 2pqð Þ~jþ Z1 u; qð Þ~k ðEq 7Þ

2.3 Defining the Velocity Discontinuity Surface for the Exit
from the Deforming Region (Z2)

A cubic Bezier function in terms of the parameter u has been
used to define the surface of discontinuity for the exit from the
deforming region as follows:

Z2 uð Þ ¼ 1� uð Þ3P0z þ 3u 1� uð Þ2P1z þ 3u2 1� uð ÞP2z

þ u3P3z

ðEq 8Þ

where P1z and P2z defined controlling points for the curvature
and tangents and P0z and P3z were the start and end points for
the curve, respectively. Points P0z and P1z must have equal z
components to obtain a logical tangent line:

P0z ¼ d;P1z ¼ d;P2z ¼
3d

4
;P3z ¼ 0 ðEq 9Þ

where d is the parameter for the upper bound optimization. The
position vector for the discontinuity surface at the exit from the
deforming region could be defined as:

~r2 ¼ u O0C0 sinu0~iþ O0C0 cosu0~j
� �

þ Z2 u; qð Þ~k ðEq 10Þ

As shown in Fig. 1, for the given geometry of the extruded
product and the extrusion ratio g, the following relations was
derived:

F ¼ uO0C0 sinu0

G ¼ uO0C0 cosu0 ðEq 11Þ

2.4 A Realistic Formulation for the Material Flow

Defining a realistic velocity vector for the material and
predicting the extrusion pressure accurately requires the correct
definition for the material flow. In most previous analytical
studies such as (Ref 14, 19), the internal flow pattern for all
values of parameter u was in a form following the exact
geometry of the exit section and not consistent with the
empirical observations. As an example, for an extruded
rectangular profile, the material flow pattern remained the
same rectangular shape going from the center of the exit cross
section toward the profile edges. However, what happens in
reality as indicated in the experimental observations (Ref 23,
25) is that the material flow pattern near the center of exit
profile is more like the initial billet cross section (circular) and
as one gets more closer to the edges of the cross section, it
follows the geometry of the exit cross section (e.g., rectangle).

Therefore, based on these empirical observations, it is neces-
sary to formulate the analytical relations in such a way to
accommodate for them.

The comparison of the proposed material flow pattern with
the previous methods is shown in Fig. 2(a). The modified flow
pattern is based on the division of exit cross section into several
regions. Figure 2(b) shows the appropriate divisions of the flow
pattern for a quarter of square cross section. The exit and entry
sections are divided into three parts (see also Fig. 2b). By using
the compressibility conditions, each part of the exit section is
related to the corresponding part of the entry section (mass
conservation). Hence, each part could be formulated individ-
ually. Two cubic Bezier curves were used to divide the exit
section into three regions as shown in Fig. 2(b).

A cubic Bezier curve is applied to determine the angular
changes along the boundary of Region 1 and Region 2 in radial
direction. Bezier curve 1 is expressed as:

qL1 ¼ q1 1� uð Þ3þ3qm1u 1� uð Þ2þ3qm2 1� uð Þu2 þ q2u
3

qm1 ¼ qm2 ¼ q1

ðEq 12Þ

where q1 and q2 represent the dimensionless angular parameters

of dQ0O0Q0 and dQ0O0R0, respectively. The curvature and tangents
to the curve at controlling points are qm1 and qm2, respectively.
The angular variations for Region 1 are as follows:

qR1 ¼ q1 1� qð Þ þ q � qL1 ðEq 13Þ

Then, x and y coordinates for any arbitrary point on the
section of the extruded profile for Region 1 could be obtained,
respectively, by:

F1 ¼
4upqR1R2g

na

G1 ¼
ua

2

ðEq 14Þ

Here, u and q are given values between 0 and 1, all points on
the Region 1 are defined.

To determine the angular changes along the boundary of
Region 2 and Region 3 in the radial direction, Bezier curve 2 is
expressed as:

qL2 ¼ q3 1� uð Þ3þ3qm3u 1� uð Þ2þ3qm4 1� uð Þu2 þ q2u
3

qm3 ¼ qm4 ¼ q3

ðEq 15Þ

where q3 represent the dimensionless angular parameter ofdR0O0S0. The angular variations for Region 3 are as follows:

qR3 ¼ qL2 1� qð Þ þ q:q3 ðEq 16Þ

Then, for any arbitrary point on the extruded profile section
for Region 3, the x and y coordinates could be obtained,
respectively, by:

F3 ¼
ua

2

G3 ¼ u a� 4upqR3R2g
na

� � ðEq 17Þ
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Using a Bezier curve, any point on the exit section for
Region 2 could be defined in Cartesian coordinates conse-
quently as:

F2 ¼ x1 1� 2�qR2 þ �q2R2
� �

þ xm 2�qR2 � 2�q2R2
� �

þ x2�q
2
R2

G2 ¼ y1 1� 2�qR2 þ �q2R2
� �

þ ym 2�qR2 � 2�q2R2
� �

þ y2�q
2
R2

ðEq 18Þ

where �qR2 is a dimensionless parameter of angular variations
for Region 2 given by:

�qR2 ¼
qR2 � qL1
qL2 � qL1

ðEq 19Þ

The angular variations for Region 2 are as follows:

qR2 ¼ qL1 1� qð Þ þ qL2 � q ðEq 20Þ

x1, y1 and x2, y2 represent the position of any point on
Bezier curve 1 and Bezier curve 2, respectively, given by:

x1 ¼
4upqL1R2g

na

y1 ¼
ua

2

x2 ¼
ua

2

y2 ¼ u a� 4upqL2R2g
na

� �
ðEq 21Þ

xm, ym are the positions of controlling points in Region 2 given
by:

xm ¼ x1 þ k0x2
k0 þ 1

ym ¼ k0y1 þ y2
k0 þ 1

ðEq 22Þ

k0 is the optimization parameter used in the upper bound
method.

2.5 Streamlines

Using a cubic parametric Hermite function, the material
flow path is formulated in the deforming region. The velocity
discontinuities could be eliminated for the material entrance
and exit to the deforming region by equating the X - and Y -
components of the start and end points of the tangent vectors~r01
and~r02, to zero. As a result, the position vector of any arbitrary
point is given by:

~r ¼ f u; q; tð Þ̂iþ g u; q; tð Þ̂jþ h u; q; tð Þk̂
¼ 1� 3t2 þ 2t3 3t2 � 2t3 t � 2t2 þ t3 �t2 þ t3
� �

�

uR sin 2pqð Þ uR cos 2pqð Þ Z1
F G Z2
0 0 C1Lc þ uLc
0 0 �C2Lc � uLc

2
664

3
775�

~i
~j
~k

2
4
3
5

ðEq 23Þ

C1 and C2 are the optimization parameters that would be used
for upper bound computations.

The kinematically admissible velocity field is obtained
according to ‘‘Appendix 1.’’ To identify an accurate velocity
field, calculations were performed to optimize the upper bound
on the total power consumption and from that the extrusion
pressure was calculated (see ‘‘Appendix 2’’). To illustrate
further, the capabilities of the present method and to support the
claim made earlier that it is comparable to finite element
method, producing similar results here are given details about
the strain values in the deforming material. The effective strain
is obtained using the formulations given in ‘‘Appendix 3.’’

3. Experiments

Physical modeling experiments with plasticine have been
applied to validate the analytical results. The experimental
investigations were carried out for the extrusion of rectangular
and L-shaped sections from a circular billet using flat-face dies.

Fig. 2 (a) Schematic material flow pattern comparison of the new formulation and previous methods (Ref 14, 15) and (b) the modified flow
pattern for a quarter of square cross section
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The material used for the tooling was Plexiglas (Fig. 3a). In
order to observe the material flow pattern after deformation,
five contrasting colors of plasticine were used to prepare the
billets in the forms of concentric cylinders as shown in
Fig. 3(b). The reductions of area for the extrusion of rectan-
gular and L-shaped profiles were 80% and 70%, respectively.
The height and diameter of the billets were 60 mm and 44 mm,
respectively. The press velocity was set to 2 mm per minute in
order to have a quasi-static condition. An Instron 4028
hydraulic press was used to carry out the experiments (Fig. 3c).
Uniaxial compression tests were carried out on plasticine
sample 44 mm in high and 44 mm diameter, to obtain stress–
strain relation. Tests were conducted at strain rate of 0.01 s�1 at
room temperature. The strain range for these tests was 0-0.7.
The experimental stress–strain relation was obtained for the
material as follows:

�r MPað Þ ¼ 0:06þ 0:13 �eð Þ0:15 ðEq 24Þ

This relationship was used for the FEM analysis.
The uniaxial yield strength of 0.06 MPa for plasticine was

determined from a compression test. The compression ring tests
were performed to determine friction factors, using lubricant
Vaseline. The friction factor, m ¼ 0:2, was obtained which was
in agreement with the value obtained from previous study
(Ref 26, 27). Details for the rectangular and L-shaped sections
are displayed in Fig. 3(d). The final extruded products were cut
along their cross section to inspect the material flow pattern.

4. FEM Simulation

Physical modeling experiments were carried out to support
the finite element simulation. DEFORM� 3D commercial
software was applied to simulate the extrusion process. Rigid

body model was used for the die and punch, but a deformable
solid model was assumed for the billet. The billet was meshed
with 70,000, tetrahedral elements. The mesh sensitivity was
checked to make sure that the correct number of elements has
been chosen. The model�s dimensions and simulation condi-
tions were taken similar to the experiments. A punch velocity
of 1 mm=s was applied. Since the behavior of plasticine at
ambient temperature in the deformation process is similar to
that of metals such as steel at high temperature, the coefficient
of heat exchange between the material and the tool was
considered to be 11 N= mm s

�
C

� �
(Ref 27). The coefficient of

heat exchange between the billet and the air was 0.02
N= mms

�
C

� �
according to mentioned reason. Equation 24

was used to define the flow stress. A typical view of the
extruded L-shaped profile is shown in Fig. 4.

Fig. 3 (a) The tooling, (b) the billets, (c) the experimental setup and (d) details of the extruded profile shapes used for the tests (all dimensions
in mm)

Fig. 4 Deformed finite element model of the L-shaped section
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5. Results and Discussion

5.1 The Solution Given by the New Formulation

Using the formulation given in Sect. 2 of this paper, a
generalized solution was given for the forward extrusion of
shaped profiles. This method of analysis was applied for two
profiles: rectangular and L-shaped sections. These shapes were
chosen only as samples and the method could be applied to the
extrusion of many other profiles as well. In the present
formulation, six parameters (Lc, O0M , C1, C2, �d and K0)
relating to the streamlines and the velocity field were incorpo-
rated. Lc, �d and O0M are the dimensionless parameters given as
follows:

Lc ¼
Lc
R
; d ¼ d

R
; O0M ¼ O0M

R
ðEq 25Þ

Hence, the computation based on upper bound which
requires a minimization process was carried out. Utilizing these
parameters was necessary since it helped to shape the
streamlines and hence the velocity field in such a way as to
approach the actual physical reality. This was shown to be true
by obtaining a lower upper bound on extrusion pressure as
compared with previous results and verified by experimental
and FEM data. This means that by changing the above-
mentioned parameters, the value of extrusion pressures is aimed
to become minimum while changing the shapes of the
streamlines and stream surface automatically to push the
velocity field closer to the actual one in the problem.

5.2 Optimization

In this study, the optimization objective was to minimize the
upper bound on power and consequently the pressure. The
desirability approach was used to perform the optimization
process. Table 1 presents the optimization results of the upper
bound solution for the L-shaped and rectangular profiles. It
could be observed from Table 1 that the minimum relative
extrusion pressures for L-shaped and rectangular profiles are
2.70 and 3.40, respectively. Furthermore, at these minimum
relative extrusion pressures, the die length parameter (Lc) for L-

shaped profile and rectangular profile is 0.18 and 0.20,
respectively. The decrease in relative extrusion pressure and
length of the die is due to the lower reductions of area in
extrusion of L-shaped profile relative to rectangular profile
(Ref 14).

To verify the results of the proposed method, the experi-
mental tests and finite element analysis were performed.
Table 2 shows the results of upper bound and finite element
methods along with the experimental data. The finite element
results are below, and the upper bound data are above the
experimental results. The differences between these results are
also demonstrated in Table 3. It is obvious that the upper bound
results for rectangular section are close to the experimental
results. However, for the L-shaped profile, differences between
the upper bound and experimental results are higher. This could
be due to the complexity of the L-shaped section and
inhomogeneous metal flow. It should be noted that the
complexity of the extrusion section is defined in different
ways by the researchers. In general, the greater the stress
concentration and corner locations in a section, the greater the
degree of complexity and thus the higher inhomogeneity during
the deformation process. This increases the pressure required
for the process (Ref 28). In this study, the L-shaped section is
more complex than the rectangular one because it has more
stress concentration locations. The proposed method could also
be used to analyze more complex sections, such as T and I. The
accuracy of the upper bound analysis depends on the formu-
lation of the admissible velocity field and its closeness to the
real physical situation. Therefore, if the proposed admissible
velocity field is not close enough to the real case then much less
accurate results are obtained. Although the numerical methods
may provide close answers to experimental results for extrusion
of more complex sections, these methods require a long process
to obtain results and they consume more CPU time meaning

Table 1 Optimization results of the upper bound solution

P=Y C1 C2
�d Lc O0M k0

L-shaped profile 2.70 � 1 � 0.5 0.18 0.18 1.12 60.72
Rectangular profile 3.40 � 1 � 1 0.13 0.20 0.91 40.28

Table 2 Comparison of upper bound, finite element and
experimental results for the forward extrusion of
rectangular and L-shaped sections

Rectangular profile L-shaped profile

Upper bound method 3.40 2.70
Experiment 3.35 2.46
FEM 3.30 2.67

Fig. 5 Upper bound method, FEM, and experimental force-
displacement curves for extrusion of square section for 60%
reduction of area (m ¼ 1)
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more time and expense. In addition, unlike the upper bound
method, the optimal solution to the problem is not obtained by
numerical methods, and simulations are often performed for a
given condition. However, simulation for different conditions
can be done by employing an iterating loop, but it will be very
time-consuming and sometimes inefficient.

As further evidence for the agreement between the results
obtained from the present method with experimental data, the
force-displacement curves obtained from the FEM and exper-
imental results for a lead alloy (Ref 24) were compared with the
curve from the proposed method in Fig. 5. As depicted from
the figure, the results for the extrusion force display good
agreements. The extrusion force rises until it reaches a pick
value, i.e., steady state position for the extrusion process, and
then, it is slightly reduced due to the lower interface frictional
power (i.e., contact length reduces) between the container and
the billet.

5.3 Material Flow

The cross-sectional material flow patterns obtained from the
proposed upper bound method are compared with those from
experimental and finite element study in Fig. 6. It is seen from
Fig. 6 that at the center of exit profile, i.e., for smaller u-values,
the flow pattern is similar to that of the initial billet section
contour due to the low strain experienced during the deforma-
tion process. In contrast, at the boundary areas of the profile,
i.e., for the higher u-values, are more deformed and subjected to
higher strains, forming the final output profile. This proposed
method eliminated the unreal discontinuities existed in previous
definitions of material flow and provided a more realistic
prediction for the deformation during the forward extrusion
process. In most previous works (such as Ref 29, 30), all the
contours with the same u-values in the deforming region
changed from the shape of the initial billet pattern to the final

Table 3 Percentage difference between upper bound, finite element and experimental results for the forward extrusion of
rectangular and L-shaped sections

Rectangular section L-shaped section

% Difference between UB and Exp 1.5 9.7
% Difference between FEM and Exp 1.5 8.5

Fig. 6 Internal material flow pattern for extrusion of rectangular and L-shaped profile, (a) and (d) analytical, (b) and (e) FEM, (c) and (f)
experiment
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section contours as the billet advanced through the deforming
region. Material flow contours predicted by the present method
and obtained from experiments and finite element simulation

show close agreements as shown in Fig. 6. To compare the
analytical and numerical results of the internal material flow
quantitatively, the point tracking method was employed for the
extrusion of rectangular and L-shaped profile. Thirteen points
with the same z-value were considered on the cross section of
the initial billet as shown in Fig. 7(a). The positions of the
considered points on the cross section of the final profile after
the analytical and numerical analysis for the extrusion of the
rectangular and L-shaped profile are displayed in Fig. 7(b) and
(c), respectively. The relative error (RE) was defined to express
the nonuniformity of the deviation as follows:

Fig. 7 (a) The initial position of the points in the billet cross section, analytical and FEM results of point tracking for (b) rectangular profile
and (c) L-Shaped profile

Table 4 The relative error for point tracking results

Rectangular profile L-shaped profile

RE (%) 11 17
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RE ¼
Pn

i¼1 fi � uið Þ=fij j
n

� 100% ðEq 26Þ

where fi is the value of the finite element method; ui is the
predicted data from the upper bound method and n is the
number of points. Table 4 gives the standard errors of the
average positions of the points. By comparing the average
difference in positions of points for the analytical and numerical
method, it could be observed that the relative error for the
positions of points for the rectangular and L-shaped profile are
11% and 17%, respectively, which are within the accept-
able limits. This information indicates that the analytical results
for the internal material flow are consistent with the finite
element results.

It should be said that the analytical solution based on the
upper bound method is obtained very rapidly in a matter of few
minutes while the numerical results using FEM are obtained
taking moderately long procedures for deformation processes,
they consume a lot of CPU time meaning more time and
expense. In this study, the time taken for each finite element
simulation was up to 17 h while the time taken for upper bound
method was less than 30 min. On the other hand, in finite
element simulations, a new modeling and solving processes is
needed to solve each and every new problem with a specific
geometry, which increases the time required to solve the
problem while in the analytical method by changing the
geometry or a process parameter it takes only minutes to reach

the same results. It is concluded that further time and money
have to be consumed for FEM numerical simulation while with
the analytical method proposed in this study, any change in the
geometry could be applied very rapidly and simply hence
saving much time and money. To illuminate this statement
more, keep in mind that analysis of the extrusion process must
be done under different conditions such as different die profiles
and friction factors. In the FEM analysis for each different die
profile and friction factor, all the procedures of preprocessing,
processing and post-processing must be repeated every time
while with the proposed analytical solution, all of these changes
could be performed in a more time efficient way.

In order to understand the dead metal zone formation and to
demonstrate the inhomogeneity of material flow, geometry of
the deformation zone is presented in Fig. 8 for different values
of parameter t for the extrusion of rectangular and L-shaped
profiles. As indicated in Fig. 8, the streamlines in x� y plane at
the entrance of the deforming region (t ¼ 0) have a circular
shape and take the shape of the final profile while advancing
toward the exit in the deforming region. For each profile, the
optimum value of length Lc which is an indication of the length
of the deformation zone along the Z-axis increases for higher
values of the reduction of area (see Table 1). It has been said
that the optimum value of Lc is influenced by the shape
complexity. Higher optimum Lc is obtained for more complex
profiles due to more inhomogeneous metal flow (Ref 17). The
results in Figs. 6, 7 and 8 demonstrate the robustness of the
proposed method for the analysis of the forward extrusion

Fig. 8 The deforming zone geometry for the extrusion of rectangular and L-shaped profiles; (a) and (c) 3D view, (b) and (d) 2D view
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process, which could realistically predict the internal flow of
materials and the geometry of the deformation region.

5.4 Strain Distribution

The strain distribution at the exit section of the extruded
product was obtained based on the proposed analytical
formulation. The comparison between analytical and numerical
distribution of strains at the exit surface of the extruded profiles
along some special path lines is demonstrated in Fig. 9. The
path lines are presented in Fig. 9(a). This figure reveals that the
distribution of strain obtained from analytical solution is in
good agreement with numerical results. It could be observed
that the amount of strain is the highest value in the corners of
the exit sections (Fig. 9b and d). As previously mentioned, the
initial billet must undergo more plastic deformation on the
edges of the die to form the final shape of the product. In fact,
by increasing the distance from the center of the die, the plastic
deformation becomes larger and reaches the maximum value in
the corners of the die. Increasing plastic deformation will

increase the effective strain. The amount of strain increases as
one gets further away from the die center. The higher strain
values seen in the corners of the L-shaped section as compared
with the rectangular section are due to the complexity of the
final extrusion profile. At these positions, the material flow
experiences more hindrance. In addition, the results of the
analytical solution reveal that the amount of strain in the center
of the die is the smallest value which is shown in Fig. 9c and e.
This is due to the occurrence of less plastic deformation in the
center of the die, which despite the faster flow of materials, the
duration of the material in the deformation region is less and
travels less distance.

5.5 Comparison with Previous Works

In order to demonstrate the more realistic definition for the
deformation zone, the material flow and the reduced upper
bound value and presenting a more clear picture of the
capabilities of the present method, the influence of the
reduction of area on the relative extrusion pressure for

Fig. 9 (a) Path lines on the exit surfaces of profiles; strain distribution along path lines of (b), (c) rectangular and (d), (e) L-shaped sections
(m ¼ 0:2)
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rectangular and L-shaped profiles were investigated as shown
in Fig. 10. For the sake of comparison, the frictional conditions
used in the finite element simulation were kept similar to the
analytical method. It could be observed from Fig. 10(a) and (b)
that for higher values of the reduction of area, the extrusion
pressure increases; and for each reduction, the proposed method
gives better upper bounds which are also closer to the FEM
results. It is clear from the figures that the solution based on
previous method predicts higher upper bound values.

To validate further the proposed analytical method, exper-
imental and analytical data from previous works have been
used for comparison. Figure 11 shows the actual dimensions
for the geometry used in this work. Figure 12 gives a
comparison for the presented theoretical method, the experi-
ments (Ref 14) and also the previous work for three different

values of reduction of area for the extrusion of L-shaped profile.
Based on the experimental results, for 60%, 70% and 80% of
reduction of areas, the values for the relative extrusion pressure
are 3.38, 3.78 and 4.19, respectively. For 60%, 70% and 80%
reductions of area, the differences between the results given in
Ref 14 with the experimental data are 8.7%, 4.4% and 9.5%,
while for the present method, they are 3.9%, 3% and 5.8%.
According to Fig. 12, the proposed theoretical results are closer
to the experimental data than the previous work.

Fig. 10 Influence of the reduction of area on the extrusion pressure (m ¼ 1) for: (a) rectangular profile and (b) symmetrical L-shaped profile

Fig. 11 Dimensions of the L-shaped profiles used for comparison
of results

Fig. 12 Comparison of authors results with experimental and
previous work for the extrusion of L-shaped profile (m ¼ 1)
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6. Conclusion

A new analytical formulation based on the upper bound
theorem was developed to assist process engineers in the
extrusion industry to tackle the problem of forward metal
extrusion for non-axisymmetric sections such as rectangle and
L-shape profiles. The followings could be noted:

• The proposed method facilitates the process, die and tool-
ing design for the engineers in the extrusion industry by
giving them the ability to predict the material flow for al-
most any kind of deforming region.

• The formulation given here predicted the upper bound on
pressure and the internal material flow for the extrusion of
the shaped sections in a more realistic fashion as com-
pared to previous works.

• The present definition for the velocity field, extrusion
pressure and the geometry of the deforming region is
more accurate than all the previous works.

• The results computed using the proposed method are
found to be close with those obtained experimentally and
numerically.

• The present formulation is a robust tool comparable to
FEM as much as it could provide all the results such as
strain and stress distributions, material flow patterns, pres-
sure and force predictions in exactly the same fashion as
FEM, but with less expense and time. Unlike the FEM, it
is not able to analyze phenomena such as crack formation,
microstructural evolution and tool wear in the extrusion
process.
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Appendix 1

Velocity Field

A kinematically admissible velocity field was obtained as:

Vx ¼
ft
ht
Vz Vy ¼

gt
ht
Vz Vz ¼ M u; q; tð Þ ðEq A:1Þ

where ft, gt and ht are the first derivatives of f , g and h with
respect to t. M u; q; tð Þ is an unknown function satisfied the
incompressibility conditions expressed below:

@Vx

@X
þ @Vy

@Y
þ @Vz

@Z
¼ 0 ðEq A:2Þ

Considering @Vi=@XkÞ ¼
P
j¼1

ð @Vi=@Uj

� �
: @Uj=@Xk

� � !
,

function M u; q; tð Þ is found by replacing Eq (A.1) into (A.2)
as follows (for details see (Ref 14)):

M ¼ C u; qð Þ:ht
ht fugq � fqgu
� �

þ hq ftgu � fugtð Þ þ hu fqgt � ftgq
� �

ðEq A:3Þ

where C is obtained from the boundary conditions of the
problem and is given by:

C u; qð Þ ¼ fugq � fqgu
� �

þ hq=ht ftgu � fugtð Þ
�
þhu=ht fqgt � ftgq

� ��
t¼0

ðEq A:4Þ

Appendix 2

The Upper Bound Solution

The upper bound on the total power consumption was
presented as:

J � ¼ _Wi þ _We þ _Wx þ _Wf ðEq B:1Þ

_Wi is the power due to plastic deformation and may be
defined as follows:

_Wi ¼ �r r
V

_edV ¼ 2�rffiffiffi
3

p r
1

0

r
1

0

r
1

0

_e2xx þ _e2yy þ _e2zz
2

 !
þ _e2xy þ _e2yz þ _e2zx

 !1=2

det J@u@q@t

ðEq B:2Þ

where _exx . . . are strain rate components in various directions, �r
is the flow stress and J is the Jacobian for the transformation of
coordinates from x, y, z to u, q, z.

Wf , the power due to the friction at the die surface and was
defined as:

_Wf ¼
m�rffiffiffi
3

p
ZZ
S

DVf dSf

¼ m�rffiffiffi
3

p r
1

0

r
1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2
x þ V 2

y þ V 2
z

q
u¼1

sec a
@ x; zð Þ
@ q; tð Þu¼1

dqdt

ðEq B:3Þ

where sec a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N 2
1 þ N2

2 þ N2
3

� �q
=N2 and N ¼

@r=@qð Þu¼1 @r=@tð Þu¼1 and m is the friction factor.
_We and _Wx, the powers due to velocity discontinuities at

entry and exit surfaces, respectively, are 0 since there are no
velocity discontinuities at the entry and exit boundaries. Having
found all the power components, the relative extrusion pressure
was computed as follows:

P=Y ¼ J �

pR2v0
ðEq B:4Þ

where v0 was the velocity for the initial billet.

Appendix 3

Strain Values Computation

The strain rates components are defined as follows:
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_exx ¼
@Vx

@x

_eyy ¼
@Vy

@y

_ezz ¼
@Vz

@z

_exy ¼
1

2

@Vx

@y
þ @Vy

@x

� �

_exz ¼
1

2

@Vx

@z
þ @Vz

@x

� �

_eyz ¼
1

2

@Vy

@z
þ @Vz

@y

� �

ðEq C:1Þ

The effective strain is obtained by integrating strain rate
with respect to time as follows:

e ¼ r
T

0

_eef dT ðEq C:2Þ

where _eef is the effective strain rate which is obtained by:

_eef ¼ _e2xx þ _e2yy þ _e2zz

	 

þ 1

2
_e2xy þ _e2yz þ _e2zx

	 
� �1=2

ðEq C:3Þ

And T is the time that a particle travels along the flowlines
in the deformation zone. T is obtained as follows:

T ¼ @s

V
ðEq C:4Þ

where

@s ¼ @f 2 þ @g2 þ @h2
� �1

2 ðEq C:5Þ

V ¼ V 2
x þ V 2

y þ V 2
z

	 
1
2 ðEq C:6Þ

Clearly once the strain values are known similar to finite
element method, stress values could then be derived from the
stress strain relations for a particular material.
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