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The Strain-Compensated Constitutive Equation for High
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In order to study flow stress behavior for hot working of a typical Al-Zn-Mg-Cu alloy, experimental stress-
strain data obtained from isothermal hot compression tests at strain rates of 0.004, 0.04, and 0.4 s~ ! and
deformation temperatures of 400, 450, 500, and 520 °C were used to develop the constitutive equation. The
peak stress decreased with increasing deformation temperature and decreasing strain rate. The effects of
temperature and strain rate on deformation behavior were represented by Zener-Hollomon parameter in
an exponent-type equation. Employing an Arrhenius-type constitutive equation, the influence of strain has
been incorporated by considering the related material constants as functions of strain. The accuracy of the
developed constitutive equations has been evaluated using standard statistical parameters such as corre-
lation coefficient and average absolute relative error. The results indicate that the proposed strain-
dependent constitutive equation gives an accurate and precise estimate of the flow stress in the relevant

temperature range.

Keywords aluminum alloys, compensation of strain and strain
rate, constitutive equation, hot compression deforma-
tion

1. Introduction

The Al-Zn-Mg-Cu alloy series are very attractive materials
to be employed in the automotive and aerospace industries.
This is mainly due to their excellent combination of properties
such as high strength to weight ratio, fracture toughness, and
resistance to stress corrosion cracking (SCC) (Ref 1). Under-
standing the flow behavior of this alloy in high temperature
conditions has a great importance for designers of metal
forming processes, and, in turn, many attempts have been made
in this regard in the recent years (Ref 1-4). However, the high
temperature deformation behavior of metallic materials is
always accompanied with various interconnecting metallurgical
phenomena such as work hardening, dynamic recovery,
dynamic recrystallization, and flow instability (Ref 5-9). In
addition, the relationships between the flow stress and these
phenomena are nonlinear. Therefore, the modeling and predic-
tion of flow behavior of metallic materials at high temperature
is quite challenging. However, the finite element method (FEM)
offers a good opportunity to overcome this difficulty (Ref 10).
But, the accuracy of such simulations mainly depends on the
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accuracy of the deformation flow behavior of the material
which is represented by the constitutive equations (Ref 11).

In the previous investigations, various models, such as
Johnson-Cook (Ref 12) and Zerilli-Armstrong models (Ref 13),
have been proposed to predict the constitutive behavior in a
broad range of metals and alloys. However, these exponent-
type equations break at low stresses. Jonas et al. (Ref 14) have
proposed a phenomenological approach where the flow stress is
expressed by the hyperbolic laws in an Arrhenius type of
equation. This could track the hot deformation behavior of
materials more accurately than the others. Many studies have
been performed to assess this equation to suitably applying it to
a range of materials (Ref 15-17). However, most of the previous
researches have not generally considered the effect of strain,
which possesses a critical effect on the accurate prediction of
the flow behavior.

In a latter approach, Sloof et al. (Ref 18) introduced a strain-
dependent parameter into the sine hyperbolic constitutive
equation (also known as Garofalo equation), to predict the
flow stress in a wrought magnesium alloy. This revised
constitutive equation has been widely used to predict the
elevated temperature flow behavior of different steels
(Ref 19-21), Al (Ref 22-25), Mg (Ref 9, 18), and Ti
(Ref 26, 27) alloys, and even composites (Ref 28). Some
authors have also incorporated the compensation of strain rate,
in addition to strain compensation, to improve the predictability
of the constitutive model (Ref 19). Nevertheless there is a lack
of knowledge on the strain-dependent constitutive analysis of
Al-Zn-Mg-Cu alloys.

In this paper, isothermal compression of Al-6.09% Zn-
2.68% Mg-1.28% Cu alloy, one of the most important heat-
treatable aluminum alloys, has been conducted at different
temperatures and strain rates to characterize the flow behavior
during hot working. Based on the experimental data, a set of
constitutive equations relating flow stress, strain rate, and
temperature by considering the proper compensation of strain
are derived to describe the plastic flow properties. Finally, the
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Table 1 The chemical composition of the experimental Al-Zn-Mg-Cu Al alloy

Element Zn Mg Cu Fe

Si Cr Ni Ti Al

Wt.% 6.09 2.68 1.28 0.18

0.13 0.12 0.01 0.01 Bal.

validity of the developed constitutive equation has been
examined for the entire experimental range.

2. Materials and Methods

The experimental aluminum alloy employed in this study
was received as-extruded bars, the chemical composition of
which is given in Table 1. Figure 1 shows the initial micro-
structure of the as-received alloy. The cylindrical specimens for
uniaxial compression testing were machined from the
as-received materials with diameter of 8§ mm and height of
12 mm in the extrusion direction in accordance with ASTM
E209 (Ref 29). The hot compression tests were carried out with
a Gotech-AI7000 servo-controlled electronic universal testing
machine equipped with electrical resistance furnace. The load-
stroke data were recorded using a high accuracy load cell
(Model: SSM-DJM-20 kN) measuring load forces down to
1 kg. Then the load-deformation curve is converted to the
engineering stress-strain curve and subsequently to true stress-
strain curve. Then the elastic region is removed from the
engineering stress-strain curve to get the true stress-plastic strain
curve (get a lower absolute average error) (Ref 30). Prior to hot
compression, the specimens were soaked at deformation
temperature for 7 min to ensure a homogenous temperature
distribution. The experimental temperatures were 400, 450, 500,
and 520 °C. The reason for considering 520 °C as a last
temperature is the presence of liquid phase in the microstructure
from the little above this temperature, as it has been already
investigated by the authors (Ref 3, 5). At each deformation
temperature, the constant strain rates of 0.004, 0.04, and 0.4 s7!
were employed and the specimens were isothermally deformed
to true strain of 0.5. A very thin mica plate was used to minimize
the friction effect and also to prevent the adhesion of the
specimen on the die.

3. Results and Discussion

3.1 Flow Stress Behavior

Figure 2 shows the true stress-true strain curves of the
experimental alloy after testing at temperature range of 400-
520 °C under the strain rates of 0.004, 0.04, and 0.4 s~'. The
influence of temperature and strain rate on the flow stress level is
observed in this figure. All the curves, except for 400 and
450 °C at 0.004 sfl, exhibit a peak stress at a certain strain
followed by a dynamic flow softening regime up to the end of
straining. It should be noted that the aforementioned peaks are
more pronounced as the temperature or strain rate increased.
Applying higher strain rates can lead to higher rate of
dislocation accumulation as well as adiabatic temperature rise,
which can increase the extent of softening and accelerate the
occurrence of DRX (Ref 31). At 400 and 450 °C with the strain
rate of 0.004 s~ !, the stress-strain curves show work-hardening
and steady-state characteristics, respectively, without any peak
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Fig. 1 The optical micrograph of 7075 aluminum alloy in the
as-extruded condition. The extrusion direction is indicated with
white arrow

stress. It is also evident from the curves that the flow stress level
and the peak stress increase with increasing the strain rate and
decreasing the deformation temperature. The formation of
tangled dislocation structures, as barriers to the dislocation
movement, due to the higher strain rates is believed to be the
reason for the observed behavior (Ref 3, 32). The presence of
more precipitates at lower temperatures in the experimental
alloy may also contribute to the increased flow stress level
(Ref 3, 5, 32). It appears from inspection of Fig. 2 that the peak
strain increases by reducing the deformation temperature and
increasing the strain rate. This is rationalized considering the
effect of the temperature on restoration processes. Since these
processes are thermally activated ones, they are delayed as the
deformation temperature decreases (Ref 33). This in turn may
shift the peak strain toward higher value. On the other hand,
increasing the strain rate would also end to the retardation of
softening processes due to the relatively lesser time available for
the restoration to be completed. From the aforementioned stress-
strain characters, it can be concluded that the work-hardening
effect is pronounced at higher strain rate and lower temperature.

3.2 Deformation Gonstitutive Equations

The Arrhenius equation is widely used to describe the
relationship between the strain rate, flow stress, and temperature,
especially at high temperatures (Ref 17). Also, the effects of the
temperatures and strain rate on the deformation behaviors can be
represented by Zener-Hollomon parameter in an exponent-type
equation (Ref 34). The hyperbolic law in Arrhenius-type
equation gives better approximations between Zener-Hollomon
parameter and flow stress. These are mathematically expressed as

Z = gexp (%) (Eq 1)
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Fig. 2 The true stress-true strain curves of 7075 aluminum alloy during hot compression at the temperature range of 400-520 °C and different

strain rates of (a) 0.004 s~', (b) 0.04 s~ and (c) 0.4 s~!

& = AF (o) exp (;—?) , (Eq 2)
where

o™ ac<0.8
F(o) = ¢ exp (Bo) ac>1.2 (Eq 3)

[sinh (a0)]"  allo

in which & is the strain rate (s~ "), R is the universal gas constant
(8.314 J/mol/K); T the absolute temperature (K), o the flow
stress (MPa), Q is the activation energy (kJ/mol); 4, B, ny, o, and
n are the materials constants and experimentally determined tem-
perature-independent. The constant 7 is the stress exponent and
the stress multiplier o is an adjustable constant which brings oo
into the correct range to make constant 7 curves linear and paral-
lel. For the high-stress level, mathematical analyses of the expo-
nential law and the hyperbolic law show that: o = B/n;. For the
low-stress level, mathematical analyses of the power law and the
hyperbolic law show that: n; ~n. So o and n can be simply
determined from data for high and low stresses. According to
Eq 2 and 3, the peak stress (Ref 25, 35) or steady-state stress
(Ref 14, 36) can be calculated at a given strain rate and tempera-
ture. It is required that the material constants o, n, 4, and activa-
tion energy Q of the hot forming be known.

3.3 Determination of Materials Constants

To determine the material constants which appear in these
equations, the stress-strain data obtained from the compression
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tests under different conditions of strain rate and temperature can
be used. The evaluation procedure of material constants at true
strain of 0.15 as an example is as follows. For low and high-
stress levels (at constant temperature), substituting the values of
F(o) in Eq 2 gives the following relationships, respectively:

(Eq 4)

(Eq 5)

where B and C are the material constants. Logarithm of both
sides of Eq 4 and 5 yields

£ = Bo™

& = Cexp(Bo),

In(o) = niln(i-:) - niln(B) (Eq 6)
.. 1
o= Bln(s) — Bln(C). (Eq 7)

Substituting the values of the flow stress and corresponding
strain rate under the strain of 0.15 into the logarithm Eq 6
and 7 gives the relationship between the flow stress and strain
rate, as shown in Fig. 3. As clearly seen in this figure, the
flow stresses obtained from the hot compression tests can be
approximated by the group of parallel and straight lines in
the hot deformation conditions. The value of n; and B is ob-
tained from the mean slope values of In ¢ —In € plot and
c —In & plot (Fig. 3) which were found to be 6.407 and
0.13 MPa~!, respectively. This gives the value of
o= B/n; =0.0207MPa~'. This value falls between the dif-
ferent o values which have been frequently used for various
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Fig. 4 Evaluating the value of (a) n by plotting In [sinh(ac)] vs. In € and (b) Q by plotting In [sinh(ac)] vs. 1000/RT

7xxx aluminum series containing various amounts of alloying
elements (Ref 36-38). For all the strain levels, Eq 2 is rewrit-
ten as

¢ = A[sinh(a.o)]"exp (;Q) .

T (Eq 8)

Taking the logarithm of both sides of the above equation
gives

In ¢ Q0 In4

In[sinh(a)] = (nRT)  n

(Eq 9)
From Eq 9, it is clear that at a particular strain, the experi-
mental data should yield linear and parallel lines for different
temperatures when In[sinh(a.o)] versus In€ is plotted. This
plot at 0.15 strain is shown in Fig. 4(a). For a particular
strain (0.15), using the value of o, n was calculated from the
average of the slopes of the lines of the same plot. The value
of n for the experimental 7075 aluminum alloy is 6.348. This
value is in a fair agreement with those previously published
for Al-Zn-Mg-Cu alloys (Ref 1, 37).

For calculating hot deformation activation energy (Q) for a
particular strain rate differentiating Eq 9 gives

d{In[sinh(ac)]}

O =R

(Eq 10)

Consequently, Q is determined through plotting the variation
of stresses at the strain of 0.15 against the reciprocal of
absolute temperature. The plot of In (sinh (ac)) versus
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1000/RT is shown in Fig. 4(b), and the related average slope
(O/n) is about 36.8. The approximate activation energy for
deformation in the experimental temperatures (i.e., 233.6 kJ/
mol) is extracted by applying the corresponding value of »
and presented in Table 2. The calculated activation energy
falls between Q values reported for aluminum alloys in the
literature (Ref 1, 36, 37). However, it is somewhat higher
than that of homogenized 7150 Al alloy (229.75 kJ/mol)
(Ref 37), aged 7150 Al alloy (158.8-161.4 kJ/mol) (Ref 35),
precipitated and over aged 7012 Al alloy (141-162 kJ/mol)
and solution-treated 7012 Al alloy (200-230 kJ/mol) (Ref 1)
ones. As it is well known, some deviation in deformation
activation energy is acceptable due to the nature of linear
regression method used for acquiring the Q value (Ref 16).
Furthermore, this difference may be attributed to the concur-
rence of dynamic precipitation (Ref 39), dislocation pinning
effect (Ref 40), and temperature dependence of the solute
content (Ref 41).

3.4 Compensation of Strain

It has been recently shown that the strain has a strong
influence on the deformation activation energy and material
constants (Ref 20-25). Therefore, compensation of strain may
have a significant effect on the accuracy of the flow stress
prediction and should be taken into account in order to derive
the proper constitutive equations. The influence of strain in the
constitutive equation is incorporated by assuming that the
activation energy (Q) and material constants (i.e., o, n, and
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In A) are polynomial function of strains. In the present work,
the values of the material constants were evaluated at various
strains (in the range of 0.05-0.45) at the intervals of 0.05, the
corresponding curves of which are shown in Fig. 5. These
values were then employed to fit the polynomial function. A
fifth-order polynomial, as shown in Eq 11, was found to
represent the influence of strain on the material constants with a
very good correlation and generalization. Once the coefficients
of these polynomials are determined and replaced in the
constitutive equation, the dependency of flow stress to defor-
mation conditions and strain will be evaluated. The coefficients
of the polynomial functions are given in Table 3.

o= o + o€ + ope® + o€’ + et + ase’  (a)

0 =00+ 0ie' + 008 + 056" + Que* + 058" (b)

n=no+ me' + me? + n3& + met + nse’ (c)
InA = Ay + Are' + Ay&® + A38® + Ase* + 4s58°  (d)

(Eq 11)

It can be seen that the general trend is an initial decrease in
the constant values followed by a later increase at a certain
strain (Fig. 5a-d). It is worth to mention that since the o, n,

and A are mathematical constants, their variations with strain
are not necessarily caused by changes in any microstructural

Table 2 The constants of Al-Zn-Mg-Cu Al alloy used in
the hyperbolic sine-type constitutive equation for ¢ = 0.15

o, MPa™! n 0, kJ/mol

0.0207 6.407 235.78

0.023 -
0.0229 A
0.0228 -
0.0227 -

S 0.0226 1
0.0225 1
0.0224 -
0.0223 A °

0.0222 T T T T T
0 0.1 0.2 03 0.4 0.5

(@ True Strain

In(A)

0 0.1 0.2 0.3 0.4 0.5

(c) True Strain

feature. However, the decay of the activation energy at the
beginning of the deformation can be explained by larger
vacancies content which is induced by large strain and pro-
motes easier boundary motion (Ref 42, 43). But the reason
for the subsequent increase is not clear and it needs further
study.

Once the materials constants are evaluated, the flow stress at
a particular strain can be predicted. Accordingly, the constitu-
tive equation that relates flow stress and Zener-Hollomon
parameter can be written in the following form (considering the
Eq 1 and 8):

1 7 1/n 7 2/n 1/2
=-Inl|(Z - 1
c 5 n (A> +{(A> + }

3.5 Verification of Constitutive Equation

(Eq 12)

Figure 6 shows the comparison between the experimental
flow curves and those predicted by the developed constitutive
equation under different conditions of strain rates and temper-
atures. As observed from these figures, the predicted flow stress
values could well track the experimental data throughout the
entire strain range for various testing conditions. However, two
processing conditions (i.e., at 400 °C in 0.004 s~ ' and 450 °C
in 0.04 s~') show a notable deviation between experimental
and predicted flow stress data (Fig. 6b and c). The reason is not
quite clear to us. This flow softening can be possibly due to
the temperature rise induced by deformation at these deforma-
tion conditions (Ref 19). But, then it may be argued here that
deformation heating and subsequent flow stress reduction
should also take place at other temperatures and strain rates.
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Fig. 5 The variations of (a) a, (b) n, (¢) In 4, and (d) Q with true strain along with fifth-order polynomial fit for 7075 aluminum alloy
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Table 3 Coefficients of fifth-order polynomial function for a, Q, n, and 4

o; coefficient

Q; coefficient

n; coefficient A; coefficient

i=0 0.023 232.7 5.6 33.6
i= 0.005 230.2 9.5 120.2
=2 —0.198 —11,640.0 —151.7 —1897.0
i=3 1.271 63,398.0 871.2 10,298.0
i=4 —3.065 —14,137.0 2024.0 —22,928.0
i=5 2.564 11,241.0 1660.0 18,215.0
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Fig. 6 The comparison of the experimental and predicted flow stress curves for 7075 aluminum alloy compressed at different temperatures and

the strain rates of (a) 0.004 s~', (b) 0.04 s™!, and (c) 0.4 s~

However, as it can be seen in Fig. 6(b) and (c), the modified
equation could predict the flow stress precisely at other
conditions. Therefore, a more detailed investigation would
need to be conducted before drawing any reliable conclusions.

In order to further evaluation of the predictability of the
constitutive equation, the standard statistical parameters such as
correlation coefficient (R) and average absolute relative error
(AARE), which are expressed through Eq 13 and 14, were
employed, respectively.

N i — i —
Zz 1 (Gexp - Gexp) (Gp - GP)

\/Zl 1 csexp \/Z, 1 ol _Gp)z

o (Eq13)
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AARE (%) =—Z (Eq 14)

where o, is the experimental flow stress, csl; is the predicted
flow stress, &, and Cexp Are the mean values of Gexp and o,
respectively. The N is the number of data which were em-
ployed in the investigation. The correlation coefficient is a
commonly used statistical parameter and provides information
about the strength of linear relationship between the observed
and the calculated values. Sometimes higher value of R may
not necessarily indicate a better performance (Ref 19) because
of the tendency of the model/equation to be biased toward
higher or lower values. The AARE is also computed through
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Fig. 7 Correlation between the experimental and predicted flow
stress data from the developed constitutive equation

a term-by-term comparison of the relative error and therefore
is an unbiased statistical parameter to measure the predictabil-
ity of a model/equation (Ref 44). In our study, the values of R
and AARE were measured to be 0.9794 and 8.4%, respec-
tively (Fig. 7), which reflect proposed deformation constitutive
equation can give a reasonable estimation of the flow stress.

4. Conclusions

In the present study, the strain-compensated constitutive
behavior of 7075 aluminum alloy was analyzed by performing
hot compression tests in the temperature range of 400-520 °C
under the strain rates of 0.004, 0.04, and 0.4 s~ '. Based on the
true stress-strain curves, a revised constitutive equation incor-
porating the effects of temperature and strain rate was derived
by compensation of strain. The influence of strain in the
constitutive analysis was incorporated by considering the effect
of strain on materials constants (i.e., n, o, O, and In A), and a
fifth-order polynomial was found to represent these influences
with very good correlation. The constitutive equation was
found to predict flow stress precisely at strain rates of 0.1 and
1 s'. However, a significant deviation in the prediction is
observed below 0.1 s and above 1 s™'. The breakdown of the
constitutive equation at these processing conditions is believed
to be due to adiabatic temperature rise during this high strain
rate deformation. The predictability of the developed constitu-
tive equation was quantified in terms of correlation coefficient
(R) and average absolute relative error (AARE). The R and
AARE were measured to be 0.9794 and 8.4%, respectively,
which reflect the excellent prediction capability of the devel-
oped strain-compensated constitutive equation.
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