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This paper proposes a new level of understanding of two-point incremental forming (TPIF) with partial die
by means of a combined theoretical and experimental investigation. The theoretical developments include
an innovative extension of the analytical model for rotational symmetric single point incremental forming
(SPIF), originally developed by the authors, to address the influence of the major operating parameters of
TPIF and to successfully explain the differences in formability between SPIF and TPIF. The experimental
work comprised the mechanical characterization of the material and the determination of its formability
limits at necking and fracture by means of circle grid analysis and benchmark incremental sheet forming
tests. Results show the adequacy of the proposed analytical model to handle the deformation mechanics of
SPIF and TPIF with partial die and demonstrate that neck formation is suppressed in TPIF, so that
traditional forming limit curves are inapplicable to describe failure and must be replaced by fracture
forming limits derived from ductile damage mechanics. The overall geometric accuracy of sheet metal parts
produced by TPIF with partial die is found to be better than that of parts fabricated by SPIF due to smaller

elastic recovery upon unloading.

Keywords analytical model, circle grid analysis, formability,
geometric accuracy, two-point incremental forming

1. Introduction

Conventional sheet metal forming is a highly competitive
industrial activity characterized by low profit margins that are
primarily due to high capital investment in presses, auxiliary
equipment, and dedicated tool systems. Industrial applications,
running on either compounded tools in which parts are produced
in one press stroke or in progressive tools that carry the blanks
from one station to the next until the desired shape is obtained,
determine that conventional sheet metal forming is only eco-
nomically feasible for mass production (large batch sizes).

To succeed in the face of global competition, sheet metal
forming companies are trying to extend their portfolio of applica-
tions to small-batch size and customized value added products and
services. Because new business requires the utilization of agile and
flexible sheet metal forming processes that are capable of reducing
the operative costs of fabrication to a level where small-batch
production becomes economically feasible, attention is being
focused towards ‘incremental sheet forming’ (ISF) processes.

The key advantage of ISF over conventional sheet metal
forming is that presses and dedicated tool systems are replaced by
simple, low-cost, forming tools with hemispherical tips that move
over custom-designed numerically controlled tool paths in order
to shape sheets into parts by progression of localized deformation.
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Single point incremental forming (SPIF) has been the most
widely utilized and investigated type of ISF process. The state-
of-the-art, potential applications and fundamentals of SPIF are
comprehensively described in Jeswiet et al. (Ref 1), Jackson
and Allwood (Ref 2), and Martins et al. (Ref 3) and the basic
components of the process are schematically shown in
Fig. 1(a): (i) the blank, (ii) the blank holder, (iii) the rig with
the backing plate (beneath the blank), and (iv) the forming tool.

On contrary to SPIF, where there is no backup die
supporting the back surface of the sheet, there is a variant of
ISF named ‘two-point incremental forming’ (TPIF) in which the
blank is formed against a partial or a full die. As shown in
Fig. 1(b), in TPIF the sheet is rigidly clamped around its
periphery with a blankholder that moves vertically and the
forming tool moves along a trajectory on the outer surface of
the sheet part, from the top to the bottom of the geometry.

Partial dies only support essential areas of the blank (Fig. 1b)
and its geometry can be arbitrary in order to allow producing
different but similar shapes. Full dies support the entire blank
and, therefore, offer the advantage of controlling deformation and
improving accuracy through physical constraint of the sheet.
However, full dies are much less flexible than partial dies because
like in conventional sheet metal forming, each full die is
dedicated to a specific part to be fabricated.

Contrary to SPIF, most of the published research in TPIF
over the past years has been mainly concerned with applica-
tions and formability limits of the process. Matsubara (Ref 4)
investigated different tool paths for producing cones and
pyramids with an arbitrary number of sides and concluded that
TPIF with partial die allows producing a wide range of complex
three-dimensional shapes. Matsubara also claimed that the wall
thickness of TPIF parts follow the sine law of shear spinning.
Attanasio et al. (Ref 5) investigated tool path optimization
strategies with the objective of improving the overall surface
quality and geometric accuracy of an automotive component
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Fig. 1 Schematic representation of the experimental setup for incremental sheet forming process variants. (a) Single point incremental forming

(SPIF). (b) Two-point incremental forming (TPIF)

produced by TPIF. Jeswiet et al. (Ref 6) determined the
magnitude of the forces and Hirt et al. (Ref 7) compared the
forces and the geometrical accuracy in pyramidal benchmark
parts produced by TPIF with partial and full dies. Hirt et al.
(Ref 7) also reported the utilization of metallic foams to
produce self-configuring full dies as an alternative to rigid dies.

The state-of-the-art in TPIF is comprehensively described in
Jeswiet et al. (Ref 1) and despite the above-mentioned research
efforts and fundamental research work performed by Jackson
and Allwood (Ref 2), there is still a need to examine the
deformation mechanics, to describe the physics behind failure
and to understand the differences and similarities between SPIF
and TPIF with partial die.

This paper is focused on the aforementioned subjects and is
aimed to provide answers to the following key questions: What is
the distribution of the strain and stress during plastic deformation
in the small contact region between the tool and the sheet? What is
the failure mechanism? Is it possible to develop a unified
analytical model that can easily explain the differences in
formability between SPIF and TPIF with partial die?

In what regards theoretical developments, the aim of the
present paper is to extend the previous analytical model based
on the enhanced membrane analysis for rotational symmetric
SPIF that was developed by Silva et al. (Ref 8) into a unified
theoretical framework, founded on the physics of the processes,
which can easily handle SPIF and TPIF with partial die.
Experimental work consisting of circle grid analysis, mechan-
ical and formability characterization of the material, and
fabrication of benchmark sheet metal parts, gives support to
the theoretical developments. The overall investigation pro-
vides a new level of insight of TPIF with partial die.

2. Theoretical Background

Circle grid analysis in conjunction with experimental
observations of the smear-marks in the small contact region
between the tool and the sheet allowed authors to conclude that
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rotational symmetric SPIF and TPIF with partial die are
performed under plane strain conditions. The state of stress in
the region can be derived from the enhanced membrane
analysis for rotational symmetric conditions assuming material
to be isotropic and rigid-perfectly plastic, bending moments to
be neglected and circumferential, meridional and thickness
directions to be principal directions.

2.1 State of Stress and Strain

Figure 2(a) presents a schematic representation of incre-
mental forming tool acting on a sheet during rotational
symmetric SPIF or TPIF with partial die. The material is
stretched under plane strain conditions so that it conforms to the
hemispherical shape of the tool, forming a local plastic
deformation region (CDEF) in the sheet.

Resolving force equilibrium in the thickness, circumferential
and meridional directions that are shown in Fig. 2(b), under the
abovementioned simplifying assumptions, and taking into
consideration that friction stress exerted at the tool-sheet contact
interface is made of a meridional component —WyOr and a
circumferential component —3G;, the equilibrium conditions
under bi-directional contact friction forces are:

d

o, rdOr do+ cs(brdetsin?u
. do
+ (og+doy) (r+dr)do (t+dr) sin —

do do
+ogridat sin7 coso+ (og +dog) ry dot sin7 cosot=0

(Eq1)
dt d
oo rido <t+3> — WyO; rido (H—%)dﬁ

— (o9g + dog) rida <t + %) =0 (Eq 2)
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Fig. 2 Essentials for the theoretical framework. (a) Schematic representation of the contact area (local plastic deformation region, CDEF)
between the tool and sheet. (b) Cross section view showing the stresses applied in meridional, circumferential, and thickness directions to the lo-

cal plastic deformation region (CDEF)

(0g +dog) (r+dr)d0 (1 +dt) — oy rdbt

db
+ Wy 0 rdOr dou— oy 7r1 dolt sinol
do .
— (oo +doy) 5N dotsino =0 (Eq 3)

In case of SPIF, the distribution of stress in the local plastic
deformation region CDEF is derived from Eq (1)-(3) after
neglecting higher order terms, taking into account geometrical
simplifications and considering the Tresca yield criterion.
Table 1 resumes the strains and stresses in rotational symmetric
SPIF that were obtained from the equilibrium equations under
plane strain conditions. Details can be found in Silva et al.
(Ref ).

The first step to develop a unified theoretical framework
that can easily handle the modes of deformation that are
commonly found in rotational symmetric SPIF and TPIF
with partial die consists in assuming the superposition
principle and the meridional stresses to be additive. In
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practical terms, the resultant meridional stress o, in TPIF
with partial die is made equal to the sum of individual
contributions due to equilibrium in the local plastic defor-
mation region located at the transition between the inclined
wall and the corner radius of the sheet o*P'" and to external
loading applied by the blank holder o9 during its vertical
movement. The first contribution is local and identical to that
of conventional SPIF while the second is exclusive of TPIF
with partial die and gives rise to a uniform distribution of
meridional stresses (Fig. 3),

oy = cf;if +op' (Eq 4)
where,
bh Fion Mphg

= = ) Eq 5
N 2nrt siny  2mrt siny (Eq 3)

The symbol my,, denotes the blank holder mass, g is the
acceleration of gravity, and \ is the draw angle between the
inclined wall and the initial flat configuration of the sheet.
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Table 1 State of stress and strain in rotational symmetric SPIF and TPIF

Assumption State of strain State of stress Hydrostatic stress
_ OyTtoo0l -
SPIF Plane strain conditions dey = —de;> 0 Gy =01 =—2>0 O = Ll =)
deo = 0 Fool + £ 2 (riool +1)
€y = 1
de, <0 0926225(614-03)
oyt
o, =03 = — Y <o
Fool + 1
OYTtool — G?/,ht
d£¢:—d£,>0 G¢:61:4>0
. . Frool 1 Sy (Fiool —t)—2 09"t
TPIF Plane strain conditions deg =0 1 Om = W
de, <0 cozczzi(cﬁrs;)
(Gy + (r?}‘) t
o, =03=——>——7-=—<0
ool + 1
~at =
; e _
N > + S — TR |

Fig. 3 Schematic representation of the superposition principle that was utilized to determine the stress field in TPIF with partial dies

Table 1 presents the state of stress in rotational symmetric
TPIF with partial die that was obtained after combining the
equilibrium Eq (1)-(3) and the uniform distribution of merid-
ional stresses due to the blank holder (Ref 5) under the
superposition principle. In case Gg)h = 0 the well-known state
of stress of SPIF results.

2.2 Hydrostatic Stress

The onset of failure by fracture occurs when a damage
function D that usually takes the form,

(Eq 6)

reaches a critical value D., where & denotes the effective true
strain at failure (Ref 9).

The triaxiality ratio c,,/cy plays an important role in the
characterization of the formability limits by means of ductile
damage mechanics and, therefore, understanding the differ-
ences in formability between SPIF and TPIF with partial die
requires comparing ©,,/cy from the states of stress that are
included in Table 1. Under these circumstances, by resorting to
continuum rigid-plasticity, ignoring the presence of micro voids
and assuming proportional loading, it can be claimed that the
uniformly distributed meridional stress f' due to the blank
holder is beneficial for lowering the triaxiality ratio 6,,/cy of
TPIF with partial dies,
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obh

Om (Fioo1—1)—2 Gi’z o .
) Gy ,% Ly %
w o ) p — = -
CFTY) SPIF 2 (Fiool +1) Y (Piool ) v
(Eq 7)

This result leads to the conclusion that the rate of
accumulated damage (Ref 6) in SPIF grows faster than in
TPIF with partial die and explains the reason why the forming
limits of TPIF with partial die are higher than those of SPIF. As
a result of (Ref 7), it is worth mentioning that the influence of
the radius of the tool 7, is opposed to that of the thickness 7 of
the sheet and to that of the mass my,, of the blank holder. The
formability in TPIF with partial die is expected to be higher
than in SPIF when the radius of the tool r,,, decreases.

As will be comprehensively review and analysed in the fore
coming sections of the paper, qualitative predictions based on
the proposed unified theoretical framework are plausible and in
good agreement with experimentation.

3. Experimentation

This section starts by describing the techniques that were
utilized for performing the mechanical characterization and the
independent determination of the formability limits of the mate-
rial by necking and fracture and follows by presenting the
experimental work plan that was designed for investigating the
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differences and similarities in the mechanics of deformation of
SPIF and TPIF with partial die.

3.1 Mechanical Characterization

The specimens utilized in the investigation were made from
Aluminum AA1050-H111 sheet blanks with 1 mm thickness.
The mechanical characterization of the material was performed
by means of tensile tests in a universal materials testing
machine (Instron 4507). The specimens were cut from the
supplied sheet at 0°, 45°, and 90° with respect to the rolling
direction in accordance with the ASTM Standard ES8/ESM
(Ref 10). The average stress-strain curve derived from the
tensile tests is given by

G = 140 £*% MPa. (Eq 8)

The average values obtained for the yield stress oy, the
ultimate tensile strength Gyts, the modulus of elasticity E, and
the elongation at break A are included in Table 2.

3.2 Formability Limits

The formability limits at necking (forming limit curve, FLC)
and fracture (fracture forming limit line, FFL) were determined
by combining the results from tensile tests with hydraulic bulge
tests performed in a universal sheet testing machine (Erichsen
145/60) using bi-axial, circular (100 mm), and elliptical (100/
63 mm) tooling sets. The technique utilized for obtaining the
FLC involved electrochemical etching of a grid of overlapping
circles with 2 mm initial diameter on the surface of the
specimens before forming. Measurements of the major and
minor axis of the ellipses that resulted from the plastic
deformation of the circles during the formability tests allowed
calculating the in-plane surface strains directly from (refer to
the detail in Fig. 4)

€ *1n(i) g =1In i
1= 2Ra 2 = 2R7

where the symbol R represents the original radius of the cir-
cle and the symbols a and » denote the major and minor axis
of the ellipse.

The resulting FLC is plotted in Fig. 4 (refer to the gray
curve) and was constructed by taking the principal strains
(&1, &) at failure from grid points placed just outside the neck
(that is, adjacent to the region of intense localization) since they
represent the condition of the uniformly thinned sheet just
before necking occurs.

The technique utilized for obtaining the experimental FFL
required measuring thickness before and after fracture in a
microscope, at several places along the crack, in order to obtain
the ‘gauge length’ strains (g1, & ). The strain in the width
direction was obtained differently for tensile and bulge tests. In
case of tensile tests measurements were directly taken from the

(Eq9)

Table 2 Results from the tensile tests of Aluminum
AA1050-H111

Parameter Value
oy, MPa 120
cuTts, MPa 121
A, % 10
E, MPa 70,943
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width of the specimens whereas in case of bulge tests
measurements made use of the imprinted grid of circles in
order to obtain the initial and deformed reference lengths.
Details of the technique can be found elsewhere (Ref 11).

The FFL was approximated by a black straight line
€1 +0.79 &, = 1.37 falling from left to right and is bounded
by a gray area corresponding to an error interval of 10% due to
anisotropy and to experimental uncertainty in the determination
of the strains at fracture. The large distance between the FLC
and the FFL is responsible for the high level of formability
attained in incremental forming of Aluminum AA1050-H111
sheets. This will be addressed later in this presentation.

As seen in Fig. 4, at the onset of local instability implying
transition from the FLC representing necking towards the FFL,
a sharp bend occurs in the strain path when testing is done with
conventional bulge tests. The strain paths of bi-axial, circular,
and elliptical bulge tests show a kink after neck initiation
towards vertical direction, corresponding to plane strain
conditions, as it is schematically plotted by the gray-dashed
line for the circular bulge test. The strain paths of tensile
formability tests also undergo a significant change of strain
ratio from slope —2 to a steeper one, although not to vertical
direction. The absence of a sharp kink of the strain path into
vertical direction in tensile formability tests is due to the fact
that major and minor strains after the onset of necking do not
coincide with the original pulling direction. A comprehensive
analysis on the direction of the strain paths in the tension-
compression strain quadrant can be found in the work of Atkins
(Ref 9, 12).

3.3 Experimental Work Plan in SPIF and TPIF

The experiments in SPIF and TPIF with partial die were
performed in a Deckel Maho CNC machining center equipped
with the rigs that are schematically shown in Fig. 1. The tests
made use of square sheet blanks of Aluminum AA1050-H111
with dimensions of 250 x 250 x 1 mm that were cut from the
supplied sheets and the forming tools utilized in the experi-
ments were made from cold working tool steel (120WV4-DIN,
hardened and tempered to 60 HRC). The tools had hemispher-
ical tips of 4 and 6 mm radius, their rotation was free and their
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Fig. 4 Forming limit curve (FLC) and fracture forming limit line

(FFL) for commercial sheets of Aluminum AA1050-H111 with
1 mm thickness in the principal strain space
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feed rate was set to 1000 mm/min, corresponding to approx-
imately 20% of the maximum feed rate of the CNC machining
center. The tool path was circumferential with a step size per
revolution equal to 0.2 mm and was generated with the
commercial software MasterCAM. The lubricant applied
between the forming tool and the sheet blank was the forming
fluid Castrol Iloform TDNSI.

The work plan included in Table 3 was designed in order to
characterize the formability limits, to obtain the maximum
drawing angle .« at fracture and to isolate the influence of
the radius of the forming tool 7, in TPIF with partial die. The
experiments in SPIF were taken as reference test cases for
comparison purposes.

The tests were performed in truncated conical shapes with
progressively increasing and constant drawing angles (%) with
the depth. The tests performed with progressively increasing
drawing angles were based on a circular generatrix with a
radius of 69.3 mm and provided a rough estimate of V. at
fracture, which was subsequently fine-tuned by means of
supplementary tests performed with constant drawing angles.
The initial drawing angle of the tests that were performed with
progressively increasing drawing angles was set t0 [/, = 30°.

By keeping the rest of the parameters at constant value,
namely, (i) the thickness ¢ of the sheet blanks, (ii) the tool path
design, and (iii) the step size, feed rate, and rotation condition
of the forming tool, because they had already been dealt with in
previous investigations (Ref 1, 13), it was possible to reduce the
total number of parameters that influence the process.
Otherwise, the total number of possible combinations of
variables to investigate would become quite large.

The formability limits were analysed by plotting the strain
paths resulting from circle grid analysis in the principle strain
space. Grids with closely spaced non-contacting circles with

Table 3 The plan of experiments

2.45 mm diameter were electrochemically etched on the surface
of the sheets in order to allow the principal strains to be
measured following the procedure described in section 3.2. The
strains at the onset of failure were obtained from the circles
placed immediately adjacent to the crack. The experiments
were done in random order and several replicates were
produced for each test case in order to provide statistical
meaning.

The geometric accuracy of the sheet metal parts was
analysed by comparing its deviations to the specified CAD
drawing that was utilized for generating the tool path in a TESA
micro-hite 3D coordinate measuring machine.

4, Results and Discussion

The first part of this section examines the mechanics of
deformation of TPIF with partial die by combining circle grid
analysis, material formability limits, and the unified theoretical
framework proposed in section 2. The second part is focused on
thickness variation and geometrical accuracy of the truncated
conical parts produced by TPIF with partial die. Results from
SPIF tests are included for reference and comparison purposes.

4.1 Mechanics of Deformation

The region of interest to analyse the differences in
formability between SPIF and TPIF with partial die was
selected by means of SPIF reference tests performed in
truncated conical shapes with progressively increasing drawing
angles (/) with the depth.

Process Geometry Tool radius, mm Yo, ©
SPIF 4 30
6
T
truncated conical shape with inéreasing angle with
the depth
4 65-70
\ 6 61-70
truncated conical shape with constant angle
TPIF partial die 4 68-76
6 64-73

b

truncated conical shape with constant angle

Journal of Materials Engineering and Performance

Volume 22(4) April 2013—1023



The experimental distribution of the major and minor
in-plane surface strains obtained from circle grid analysis that
resulted from these tests is shown in Fig. 5. Results confirm
that truncated conical shapes are formed under plane strain
conditions and that formability decreases with the increase of
the tool radius ry,,. The agreement between the FFL and the
experimental fracture strains measured for the conical parts
produced with tools having radius equal to 4 and 6 mm is very
good and allowed authors to select the range of values for
performing TPIF and SPIF (for comparison purposes) tests with
constant drawing angles.

As seen in Fig. 6(a), the limiting drawing angles in SPIF
with constant drawing angles are nearly 10° below those
obtained with progressively increasing drawing angles (/)
with the depth. This result is in close agreement with Hussain
and Gao (Ref 14), which claim the maximum drawing angle
Vmax Obtained from parts formed at fixed slopes to be smaller
than that obtained from parts formed with their slopes varying
with depth.

Having determined the experimental values of SPIF for
comparison purposes, discussion will now be focused in the
results of circle grid analysis that are plotted in the principal
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=
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(a) Minor True Strain (b)

Fig. 5 (a) Experimental strains and (b) maximum drawing angles for truncated conical parts produced by SPIF with progressively increasing
drawing angles (h) with the depth. The solid marks correspond to fracture points
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Fig. 6 Experimental strains and maximum drawing angles for truncated conical parts produced by (a) SPIF and (b) TPIF with partial die, with

constant drawing angles. The solid marks correspond to fracture points
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strain space for the test cases of TPIF with partial die that are
listed in Table 3. The experimental observations and measure-
ments included in the principal strain space of Fig. 6(b),
highlight three main findings. Firstly, rotational symmetric parts
produced by TPIF with partial die are formed under plane strain
conditions. Secondly, formability limits of TPIF with partial die
are higher than those of SPIF. Thirdly, the formability limits of
TPIF with partial die increase when the radius of the forming
tool ry, decreases.

The first finding provides experimental evidence for the
assumptions that were made during the development of the
unified theoretical framework. The second and third findings
that may also be observed in Fig. 7, are in close agreement with
the theoretical estimates provided by the framework (refer to
Eq 7 and Table 1) namely, in what regards the influence of
operative parameters in the overall triaxiality ratio G,,/Cy.

1.80
£
(1]
el
=
w
@
2 {
||_- a
L 080 1 b
o
= gte
= 060 1
a
040 | & SPIFconstantangle 68° . .
< SPIF constant angle 69° b
O TPIF constantangle 68° &
020 ‘O TPIF constantangle 69° 4 a8
—FFL 5?
0.00 -

-1.00 -080 -060 -040 -020 000 020 040 060 080
Minor True Strain

(a)

1.00

The morphology of the cracks emerging around the
circumferential direction at the transition zone between the
inclined wall and the bottom corner radius of the flange (refer to
the inset picture in Fig. 6b) proves that deformation mechanics
in TPIF with partial die is the result of in-plane stretching due
to meridional tensile stresses 4. The agreement between the
FFL and the experimental fracture strains allows concluding
that plastic deformation takes place by uniform thinning until
fracture. In other words, there is no localized necking before
reaching the onset of fracture in TPIF with partial die.

4.2 Thickness and Geometrical Accuracy

Figure 8 shows the evolution of the wall thickness along the
meridional cross section of truncated conical parts produced by
SPIF and TPIF with constant drawing angles (%) with the
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=
9D 100
@
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2
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(b) Minor True Strain

Fig. 7 Experimental strains and maximum drawing angles for truncated conical parts produced with constant drawing angles by (a) SPIF and
TPIF, with a tool radius 4 mm and (b) SPIF and TPIF, with a tool radius 6 mm. The solid marks correspond to fracture points

1.20
=—&=SPIF constantangle 68°
—&— SPIF constant angle 69°
1.00 4 ? —&—TPIF constantangle 73°
' é) —& -TPIF constantangle 74°
0.80 ‘: ----- SineLaw73°
g
E
@ {
@ 0.60 4
e
-
=
=
= 040
0.20
0.00 T T T T T
o 10 20 0 40 50
(a) Depth (mm)

60

1.20
=& SPIF constantangle 64°
—o— SPIF constantangle 65°
1.00 1 }p —— TPIF constantangle 72° )
| —& -TPIF constantangle73° |/
? ----- SineLaw72°

— o_w P
£ )
£ \
PL

0.60 4
2 I\
-
2
=
= 0.40 4

0.20 4

0.00 T T T T T

o 10 20 0 40 50 G0

(b) Depth (mm)

Fig. 8 Experimental evolution of thickness with depth for truncated conical parts produced by SPIF and TPIF with partial die, with constant
drawing angles, with (a) tool radius of 4 mm and (b) tool radius of 6 mm. The solid marks correspond to fracture points and the dashed lines

correspond to estimates provided by the sine law
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Table 4 Geometrical accuracy of the experimental test parts produced by SPIF and TPIF with partial die. The enclosed
detail shows the probe of the CMM machine on the surface of a test part

Process Center deviation, mm Angle deviation, %
SPIF 0.41 0.32
TPIF partial die 0.23 0.03

depth. As seen in Fig. 8(a) and (b) there are two completely
different patterns. In case of sheet metal parts produced by SPIF
and TPIF with drawing angles below the limiting drawing angle
Wmax, plastic deformation takes place by uniform thinning and
thickness of the inclined wall can be easily and effectively
estimated by means of the sine law. This observation is in close
agreement with Matsubara (Ref 4). However, results also show
that failure by fracture due excessive thinning occurs for
limiting drawing angles /. that are smaller in SPIF than in
TPIF with partial die. Moreover, these values decrease as the
radius of the tool r, increases.

The aforementioned experimental observations are in close
agreement with the mechanics of deformation inferred from
circle grid analysis and the unified theoretical framework and
explain the differences in formability between SPIF and TPIF
with partial die.

The geometrical accuracy of SPIF and TPIF with partial die
was evaluated by comparing deviations between the specified
CAD geometry, which was utilized for generating the tool path
strategy, and that resulting from experimental measurements in
the incrementally formed parts. The deviations between the
centers and the angles of the circles of the truncated conical
parts listed in Table 4 show that the overall accuracy of TPIF
parts is higher than that of SPIF parts.

In practical terms the aforementioned results prove that
springback will rise whenever a sheet metal part currently
produced by TPIF with partial die is to be fabricated by SPIF. A
possible explanation for the smaller elastic recovery of TPIF is
the tensile meridional stresses o' due to external loading
applied by the blank holder during its vertical movement. In
fact, contrary to SPIF where the relevant stress field is local and
exclusively due to progression of deformation by the moving
tool, the external loading applied by the blank holder in TPIF
superimposes a uniform distribution of tensile meridional
stresses throughout the sheet that is capable of reducing the
amount of springback that is due to the loss of contact between
the tool and the local region of the sheet placed in contact with
the moving tool.

5. Conclusions

The proposed theoretical framework for rotational symmet-
ric single (SPIF) and two-point (TPIF) incremental forming is
capable of successfully addressing the influence of the major
operating parameters and explaining the differences in form-
ability between the two processes.

Plots of the experimental results from circle grid analysis in
the principal strain space and observations of crack opening
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along the circumferential direction at the transition region
between the inclined wall and the corner radius of the parts
reveals that fracture in TPIF with partial die is not preceded by
localized necking and that crack propagates under tensile
meridional stresses acting in stretching modes of deformation.

Experimental strain loading paths validate the claim of plane
strain deformation that was assumed in the proposed theoretical
framework and confirm that FLCs that give the maximum
strains the material can undergo before necking are not relevant
to the formability limits in TPIF with partial die. It is the
fracture FFL that must be employed.

The investigation also reveals that geometric accuracy of
incrementally formed parts produced by TPIF with partial die is
better than that of parts fabricated by SPIF due to smaller elastic
recovery upon unloading.
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