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In this paper we present the results of experiments on single-crystalline
(100)Si and (100)GaAs wafers which allow us to determine the degree of
photoelastic anisotropy Ape in the near-infrared range (probing laser wave-
length k � 1.3 lm). Ape is introduced as the absolute value of (p11 � p12 �
p44)/(p11 � p12 + p44). p11, p12 and p44 are the piezo-optical coefficients. The
experiments were carried out using a scanning infrared depolarization imager
(SIRD) measurement system equipped with special calibration setups. These
setups produce a defined diametrical loading of the wafer. The different
measurement and analysis strategies are explicated. The generated birefrin-
gence and shear stress equivalent maps impressively illustrate the respective
opposite photoelastic properties of Si and GaAs. The experimental results are
compared with simulation data on the basis of a classic 2D stress model,
taking into account the crystallographic anisotropy by applying the full tensor
calculus. For GaAs, Ape is determined to be 0.41 ± 0.02. This value and the
best-matching coefficients pij which were used for simulation are compared
with data available from publications of the past few decades.

Key words: Gallium arsenide, silicon, stress-induced birefringence,
piezo-optical coefficients,
scanning infrared depolarization imager,
diametrical wafer loading

INTRODUCTION

The distribution of stress and defects on semicon-
ductor wafers can be analyzed as a fingerprint
revealing the details of manufacturing. Infrared
polaroscopy imaging, which uses the effect of stress-
induced birefringence, is a fast, nondestructive and
highly sensitive way to evaluate those stress states
under industrial conditions. Failure analysis and
process optimization on a high level are based on
quantified data. This requires suitable calibration
procedures.

The scanning infrared depolarization imager
(SIRD) is a fully automated transmission dark-field
plane polariscope capable of fast in-line wafer
mapping. The SIRD uses the phenomenon of
stress-induced optical birefringence represented by
the difference of the in-plane refractive indices
Dnmax. This birefringence changes the polarization
of an infrared laser beam (wavelength k � 1.3 lm),
resulting in a map of depolarization. One main
feature of the SIRD that distinguishes it from other
imaging polariscopes is the mode of wafer recording.
The wafer rotates, and the scanning laser beam
moves along the radius like in a disc player. Here,
the measurement mode where the center of rotation
and the wafer center are coincident is called ‘‘sym-
metrical’’. This enables a special calibration
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procedure where the wafer is diametrically loaded
by the centrifugal force of an additional movable
mass.1

We recently demonstrated how this calibration
setup could be used to determine the photoelastic
constant of single-crystalline Si, wherein the depen-
dence on the crystal orientation was exploited.2 This
photoelastic anisotropy Ape was introduced as the
absolute value of (p11 � p12 � p44)/(p11 � p12 + p44),
where p11, p12 and p44 are the piezo-optical coeffi-
cients. For Si, Ape was determined to be 0.21 ± 0.01.
The SIRD patterns of the so-called shear stress
equivalent G were simulated by applying a classic
2D stress model of diametrical loading, but using
the full tensor calculus of photoelastic theory. Ape

was determined first by analyzing the dependence
of the magnitude G on the rotation frequency near
the wafer center for each loading position, but the
exact knowledge of the loading force F was not
necessary. Second, Ape was determined by repro-
ducing the experimental data on the G map along a
selected profile called the ‘‘summit line’’.

We have now developed a second calibration
procedure using a stretched metal wire pair, where
F can be exactly adjusted by controlling the reso-
nance vibration frequency. Therefore, we can anal-
ogously analyze the dependence of G on F in the
symmetric mode. However, this setup can further-
more be used to determine the Dnmax distribution
using the so-called eccentric procedure. This means
that the wafer is shifted off the rotation center using
an eccentric wafer holder. This procedure follows
from the fact that plane polariscopes such as the
SIRD only measure a non-zero signal if the polar-
ization of the scanning laser is not aligned parallel
or perpendicular to the principal axes of the in-
plane indicatrix of n. The initial laser polarization of
the SIRD is fixed in radius direction r. As a
consequence, the SIRD makes Dnmax only partially
visible according to

G ¼ 1

2
Dnmax sinð2c0Þ ð1Þ

c¢ is the angle between the initial polarization and
one of the principal axes of n. The shear stress s is
defined analogously to the optical measure G:

s ¼ 1

2
smax sinð2cÞ: ð2Þ

Consider a 2D stress state r(x, y) for a simplified
isotropic case as pictured schematically in Fig. 1.
Then smax is given as the difference between the
principal axes S1 and S2. For anisotropic materials
such as Si and GaAs, the principal directions of the
ellipses of the refractive index and stress are
slightly different. As a consequence, we have to
distinguish formally between c¢ and c. The angles c
and c¢ can be substituted by the difference (/ � h)
and (/ � h¢), respectively. However, for further

comparison of simulated and experimental results,
this distinction does not actually matter.

In this paper we compare the results obtained for
semi-insulating (100)Si and (100)GaAs wafers after
applying both setups for loading. The results
demonstrate the opposite photoelastic behavior of
Si and GaAs. The finally determined values of Ape

are compared with widely varying data obtained
from literature dating back to the 1950s.

THEORETICAL

This paragraph is the revision of the theoretical
section in our previous article.2 The key relation for
describing the photoelastic effect in crystals is the
stress-optic law:

DBij ¼
X3

k;l¼1

pijklrkl: ð3Þ

This law joins the stress-induced part of the
change in the inverse dielectric tensor DBij with the
tensor of stress rkl. DBij can be converted for small
deviations into Dnij, the change in the tensor of the
refractive index n. The piezo-elastic or stress-optic
coefficients pijkl are linked with the strain-optic
coefficients pijmn via Hooke’s law according to

DBij ¼
X3

m;n¼1

pijmnemn ¼
X3

m;n;k;l¼1

pijmnsmnklrkl ð4Þ

with

pijkl ¼
X3

m;n¼1

pijmnsmnkl; ð5Þ

Fig. 1. Scheme illustrating the x–y coordinate system of the SIRD
and the indicatrix representing the in-plane stress state for an
isotropic sample without considering any crystal symmetry. S1 and
S2 are the principal stress axes. / is the angle of linear polarization
aligned in the radial direction, and h is the angle of the principal
stress axes referred to the laboratory axis x. Hence, the difference
(/ � h) defines the angle c, which represents the resulting
depolarization due to stress-induced birefringence.
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where smnkl are the elastic compliance coefficients.
Here we consider an extensional stress as positive
for the purpose of defining the signs of pijkl. For
silicon and GaAs as cubic crystals belonging to the
symmetry class Td, the stress-elastic behavior is
described by the three coefficients p1111, p1122 and
p1212 (p11, p12 and p44 in Voigt’s notation). In the
case of a coordinate system parallel to the fourfold
symmetry axes and 2D stress state r(x,y) with
rx = r11, ry = r22 and sxy = r12 from Eq. 3, it follows
that

DB11 ¼ p1111r11 þ p1122r22 ¼ p11r11 þ p12r22 ð6aÞ

DB22 ¼ p1122r11 þ p111r22 ¼ p12r11 þ p11r22 ð6bÞ

DB12 ¼ 2p1212r12 ¼ p44r12: ð6cÞ

These equations correspond to the coordinate sys-
tem in Fig. 1, for example, with crystal axes
[100]||x, [010]||y and [001]||z. In our experi-
ments, the wafer is fixed to the loads with different
angles /¢ between the y-axis (parallel to the load
direction) and the crystallographic direction [010].
Rotation of the wafer about its [001]-axis by an
angle /¢ can be described by the directional cosine
matrix aij with the elements a11 = a22 = cos(/¢),
a12 = �a21 = sin(/¢), a33 = 1 and a13 = a23 = a31 =
a32 = 0. The stress-optic coefficients are trans-

formed according to

p0ijkl ¼
X3

q;r;s;t¼1

aiqajraksaltpqrst; ð7Þ

and the transformed DB¢ij are

DB0
11 ¼ a0r11 þ b0r22 þ 2c0r12 ð8aÞ

DB0
22 ¼ b0r11 þ a0r22�2c0r12 ð8bÞ

DB0
12 ¼ c0ðr11�r22Þ þ 2d0r12 ð8cÞ

with

a0 ¼ p01111

¼ 1

4
ð3p11 þ p12 þ p44Þ þ

1

4
cosð4/0Þðp11�p12�p44Þ

ð9aÞ

b0 ¼ p01122

¼ 1

4
ðp11 þ 3p12�p44Þ�

1

4
cosð4/0Þðp11�p12�p44Þ

ð9bÞ

c0 ¼ p01112 ¼ � 1

4
sinð4/0Þðp11�p12�p44Þ ð9cÞ

d0 ¼ p01212

¼ 1

4
ðp11�p12 þ p44Þ�

1

4
cosð4/0Þðp11�p12�p44Þ:

ð9dÞ

As can be seen, Eqs. 9 are independent of the
angle /¢ for (p11 � p12 = p44). This is the condition
for isotropy, and the equations are traced back to
Eqs. 6.

In contrast to the special case discussed by
Gamarts et al.,3 for arbitrary angles /¢ of the crystal
orientation, the two ellipses which characterize the
tensors of DB¢ and r in the (x, y) plane are twisted
against each other and against the x, y axes. The
renewed transformation of Eqs. 8 and 9 to the
optical principal axes provides the principal values
B00

11;B
00
22;n1 and n2:

For the shear stress equivalent G measured by
SIRD we get

G ¼ 1

2
Dnmax sin½2ð/� h0Þ� ð10Þ

with

Dnmax ¼ n2 � n1 ¼ �n3
0

2
B00

11 � B00
22

� �

¼ �n3
0

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B0

11 � B0
22

� �2þ4B0
12

2
q

ð11Þ

and

h0 ¼ 1

2
arctan 2B0

12= B0
11 � B0

22

� �� �
: ð12Þ

n0 is the refractive index of the stressless state. At
k = 1.3 lm we use n0 = 3.54 for Si and 3.45 for GaAs.

Measurements near the wafer center allow direct
access to the anisotropy determination. In this case
we have vanishing shear stress r12 = sxy = 0.
r11 = rx and r22 = ry are the principal stress values
(see Eq. 16), and we obtain

Dnmax ¼ �n3
0

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p11 � p12ð Þ2cos2 20ð Þ þ p2

44 sin2 20ð Þ
q

ðrx�ryÞ:

ð13Þ

The methodology of diametrical loading for test-
ing cylindrical samples and for calibrating photoe-
lastic experimental setups has been given in several
textbooks.6–8 Hence, in the past this experimental
strategy was applied to measure the photoelastic
properties of silicon and GaAs wafers.9–11

As already introduced, the general case of a two-
dimensional stress state r(x, y) can be pictured as an
ellipse represented by two principal half-axes S1

and S2 which are turned to y and x, respectively, by
h:

h ¼ 1

2
arctan½2sxy=ðrx�ryÞ�: ð14Þ
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The shear stress maximum smax is the most
relevant quantity for our method, since it can be
converted to Dnmax and vice versa. It is given by

smax ¼ 1

2
Drmax ¼ 1

2
S1�S2ð Þ

¼ 1

2
ððrx�ryÞ2 þ 4s2

xyÞ
1=2:

ð15Þ

The analytical model of stress r(x, y) for a diamet-
rically loaded circular disc has been derived e.g. by
Frocht12 and Timoshenko.13 This model yields rela-
tions for rx(x, y), ry(x, y) and sx,y(x, y) which show a
linear dependence on the loading force F. R is the
wafer radius and d is the wafer thickness.

rx ¼ �2F=pdff½ðR� yÞx2�=½x2 þ ðR� yÞ2�2 þ ½ðR
þ yÞx2�=½x2 þ ðRþ yÞ2�2g � 1=2Rg

ð16aÞ

ry ¼ �2F=pdff½ðR� yÞ3�=½x2 þ ðR� yÞ2�2 þ ½ðR
þ yÞ3�=½x2 þ ðRþ yÞ2�2g � 1=2Rg

ð16bÞ

sxy ¼ �2F=pd �½ðR� yÞ2x�=½x2 þ ðR� yÞ2�2
n

þ ðRþ yÞ2x�=½x2 þ ðRþ yÞ2�2
h o

:
ð16cÞ

EXPERIMENTAL

The special procedure for SIRD calibration which
uses the rotation for generating defined centrifugal
force was already presented in brief in 2013.1

Figure 2a shows the scheme of the wafer holder
equipped with two diametrically positioned masses,
one movable and one fixed, which load a defined
centrifugal force Fc via a lever on the wafer edge.
Hence, the loading force F has a linear dependence
on the squared frequency of rotation xrot. b1 is a
device-specific transmission factor.

F ¼ b1x
2
rot ð17Þ

For wafers of different diameter (here 6-inch GaAs
and 8-inch Si), two setups with different b have been
used.

Secondly, we designed an alternative setup con-
sisting of two guitar strings which are stretched
nearly equally on the front and back of the wafer
(Fig. 2b). The strings are stretched by screws. The
tensile force is precisely adjusted by measuring the
frequency of vibration fstring (Eq. 18) which is
excited by an electric coil using a function
generator.

F � 8L2m�f 2
string ð18Þ

Equation 18 follows from Taylor’s relation. L is the
length and m* the mass per length of the string. The
wafer prepared in this way is measured both
symmetrically and eccentrically.

The symmetric experiments supply maps of the
shear stress equivalent G measured at different xrot

and fstring, respectively. The map measured at very
low xrot is called the G0 map and represents the
residual stress state of the wafer without external
loading.

In order to determine Ape, the wafer is loaded at
different preferential positions. These are the [100]
and [110] orientations as well as the position at
22.5� in between. For these cases, Eq. 10 can be
simplified and the situation in the wafer center
approximated to:

Gðr � 0Þ
� �n3

0½ðp11 � p12Þ cos2ð2/0Þ
þ p44 sin2ð2/0Þ�ðF=pdRÞ: ð19Þ

Hence, for the three positions of loading we get:

GðF@½100�Þ � �n3
0ðp11 � p12ÞðF=pdRÞ ð20aÞ

Fig. 2. Schemes of setups for calibrating SIRD by diametrical
loading of the wafer. The loading force F is adjustable either by
setting the rotation frequency xrot (a) or by tuning the string
resonance frequency fstring (b).
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G F@22:5�ð Þ � � 1

2
n3

0ðp11 � p12 þ p44ÞðF=pdRÞ

ð20bÞ

GðF@½110�Þ � �n3
0p44ðF=pdRÞ: ð20cÞ

Consequently, Ape can be determined from the
slopes of the linear dependence of G on F according
to:

Ape ¼ ½DG F@½100�ð Þ=DF�
� DG F@½110�ð Þ=DF�=½DG F@½100�ð Þ=DF
þ DG F@½110�ð Þ=DF� ð21aÞ

and

½DG F@ 22:5�½ �ð Þ=DF� ¼ 1

2
½DG F@½100�ð Þ=DF�

þ DG F@½110�ð Þ=DF�: ð21bÞ

The aim of the eccentric measurement procedure
is to determine Dnmax by eliminating the depen-
dence of G on the angle c (see Eq. 1). For this
purpose the wafer is shifted off the rotation center.
For diametrical loading, the devices for loading have
to be firmly connected to the wafer. Wafer and
strings rotate conjointly. A set of single maps is
recorded where the wafer-string setup is turned
each time by a certain angle (e.g. 20�). Hence, each
point on the wafer is measured at different c. Thus,
the map of Dnmax can be calculated from a set of
these single maps by fitting the sin(2c) dependence
in each point of the wafer. For each position of
loading ([100], [110] and 22.5� in between), only one
identical force is adjusted.

RESULTS

Figure 3 shows maps of the shear stress equiva-
lent G which were recorded on an 8-inch (100)Si and
a 6-inch (100)GaAs wafer. The wafers were diamet-
rically loaded at three positions at the wafer edge
using different centrifugal setups for wafers of
different diameter. The arrows mark the position
of the notch which is aligned at the Si wafer edge in
the [110] direction and on GaAs in the [100]
direction. To eliminate the residual stress state
without loading, the maps of G0 measured using the
lowest rotation frequency were subtracted. The
loading power F was estimated by comparing G
measured analogously using the string setup (see
Fig. 4). This means that the measurements using
the centrifugal and string setups have qualitatively
and quantitatively the same maps. However, the
different transmission factors of the centrifugal
setups hinder a direct quantitative comparison of

the maps of Si and GaAs. Nevertheless, the oppos-
ing properties of Si and GaAs are obvious. The
patterns of the Si wafer loaded in the [100] and
[110] directions are qualitatively congruent with the
patterns of the GaAs wafer loaded in the [110] and
[100] directions, respectively. The blue and red
branches in the 22.5� maps are asymmetric. The
intensity distributions are opposite.

In a next step we have analyzed the dependence
of G on F by charting Gmax—the maximum G near
the wafer center—versus the rotation frequency xrot

and the resonance string frequency fstring, respec-
tively. The results for GaAs are shown in Fig. 4a
and b. G0 is the G value taken from the maps near
the wafer center measured without loading. xmax is
the maximum rotation frequency used here but not
disclosed. The loading force F is estimated for the
string setup by applying Eq. 18 to the data of
resonance frequency determination. Consequently,
each measured G value can be assigned to a related
value of F if reasonable.

Fig. 3. Maps of the shear stress equivalent G measured using the
centrifugal setups for diametrical (vertical) loading of a Si and a GaAs
wafer in comparison. G0 is the shear stress equivalent measured
using the lowest rotation frequency representing the residual stress
state without loading. The loading power F is estimated by
comparing G measured using the string setup. The different
transmission factors of the centrifugal setups do not allow a direct
quantitative comparison of Si and GaAs. The arrows mark the
position of the notch which is aligned at the Si wafer edge in the [110]
direction and on GaAs in the [100] direction.
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Si and GaAs show roughly reversed values of p44

and (p11 � p12). Hence, if we ignore the absolute
value function in the definition of Ape, for GaAs the
degree of anisotropy is expected to be negative in
contrast to Si (Ape = +0.21 ± 0.01; see Ref. 2).
According to Eq. 22a, Ape was determined to be
(�)0.41 ± 0.02 from the data shown in Fig. 4a
(centrifugal setup) and to (�)0.41 ± 0.04 from the
data shown in Fig. 4b (string setup). Then this
value was used to start the simulation of the G maps
on the basis of sets of piezo-optical coefficients p44

and (p11 � p12), which corresponds approximately to
data available from the literature 14–17 (see Fig. 5).
As already demonstrated for Si in Ref. 2, an efficient
way for fitting experimental and simulated results
is the comparison of the maximum G values along
one of the branches—the so-called summit line. This
is demonstrated now for GaAs in Fig. 6, which
shows only data for the experiment using the
centrifugal setup. We have refrained from adding
experimental data for the �22.5� loading position
which are only available from the experiment using
the string setup (see below). The best match was

obtained for p44 = �10.75 9 10�13 Pa�1 and
(p11 � p12) = �4.5 9 10�13 Pa�1.

Figure 7 shows the Dnmax maps simulated accord-
ing to the theory as explicated before (Eq. 11) and
experimentally obtained using the eccentric mea-
surement procedure applied to an 8-inch (100)Si
wafer. Theory and experiment are in good agree-
ment. The anisotropy of birefringence is clearly
visible.

In contrast, Fig. 8 shows the Dnmax maps exper-
imentally generated on (100)GaAs and the attempt
to reproduce this result by simulation. For loading F
in the ½�110� and [010] directions, respectively, we
clearly see a distribution which is inverse to that
observed for (100)Si. For loading F in the [010]
direction, the splitting into two branches is much
more pronounced than that observed for Si (see
Fig. 7). The case in the middle figure does not seem
to be different, but actually in this experiment the
GaAs wafer was loaded in the �22.5� direction. For

Fig. 4. Dependence of the measured shear stress equivalent G on
the squared wafer rotation frequency xrot (a) and on the loading
power F converted from the string resonance frequency (b) for three
positions of loading on a (100)GaAs wafer. The G values were taken
on the nearly flat part of the ‘‘summit line’’ close to the wafer center.
G0 was recorded using the lowest rotation frequency xrot and without
loading respectively. xmax is the maximum rotation frequency here
used. The lines are linear fits.

Fig. 5. The anisotropy degree Ape as a function of the piezo-elastic
coefficients (p11 � p12) calculated in a range delimited by data from
the literature.14–17 The solid curves give the second coefficient p44 as
a parameter.

Fig. 6. Comparison of measured and calculated profiles of the shear
stress equivalent G(r, /) taken along the maximum magnitude
(‘‘summit’’) line in the first quarter of map (see Fig. 3, right side) for
three loading positions and measured at the highest rotation
frequency xrot. G0 was recorded using the lowest xrot.
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all three experimental maps, the birefringence
induced by diametrical loading is superimposed by
pronounced slip-line patterns in the [110] direction.
Therefore, for an adequate presentation, a high
upper limit of scale was chosen.

SUMMARY

The photoelastic properties of single-crystalline
GaAs have been comparatively investigated by
means of the SIRD system equipped with two
setups for diametrical loading and applying two
measurement strategies. The experimental result of
the symmetric measurement procedure analyzing
the shear stress equivalent dependent on the load-
ing force is the degree of anisotropy Ape. For GaAs,
Ape was proven to be significantly higher than that
for Si. The experimental results were well confirmed
by simulation of full wafer maps of the load-induced
G and Dnmax. They demonstrate the inverse char-
acter of anisotropy of (100)Si and (100)GaAs with
respect to the main crystallographic axes. The
difference in loading at 22.5� and �22.5� is clearly
revealed but is negligible near the center area of the
wafer. The maps of the studied GaAs wafer were

superimposed by a pronounced defect-induced bire-
fringence. Consequently, further experiments
should be carried out on material of lower defect
density.
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