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The magnetic-field dependence of the thermoelectric properties and dimen-
sionless figure of merit (ZT) of a sintered Bi90Sb10 alloy were experimentally
and theoretically evaluated. The Bi-Sb alloy was synthesized in a quartz
ampule using the melting method, and the resultant ingot was then ground
via ball milling. A sintered Bi90Sb10 alloy with a particle size in the range of
several to several tens of micrometers was prepared using the spark plasma
sintering (SPS) method. The magnetic-field dependence of the electrical
resistivity, Seebeck coefficient, and thermal conductivity were experimentally
evaluated at temperatures of 77–300 K for magnetic fields of up to 2.9 T. The
results showed that ZT increased by 37% at 300 K under a 2.5-T magnetic
field. A theoretical calculation of the magneto-Seebeck coefficient based on the
Boltzmann equation with a relaxation time approximation was also per-
formed. Hence, the experimental result for the magneto-Seebeck coefficient of
the Bi90Sb10 alloy at 300 K was qualitatively and quantitatively explained.
Specifically, the carrier scattering mechanism was shown to be acoustic pho-
non potential scattering and the carrier mobility ratio between the L- and T-
points was found to be 3.3, which corresponds to the characteristics of a single
crystal. It was concluded that the effect of the magnetic field on the Seebeck
coefficient was demonstrated accurately using the theoretical calculation
model.

Key words: Bi-Sb alloy, thermoelectrics, magneto-Seebeck effect, Boltzmann
equation

INTRODUCTION

Thermoelectric materials with high performance
in the room-temperature range are in considerable
demand for practical applications, e.g., in cooling
devices and low-temperature waste-heat recovery
systems. While Bi-Te-based materials are already
available for practical use in applications employing
the room-temperature range, the prices of such
modules can be reduced by replacing the costly Te
with alternative, low-cost materials. Bi-Sb-based
alloys are known to have high thermoelectric

performance in the low-temperature range (at
approximately 120 K);1,2 however, their perfor-
mance in the vicinity of room temperature is
inferior to that of Bi-Te-based alloys. Further,
nanostructured Bi-Sb materials such as thin films
and nanowires have been studied actively, because
their small effective masses are attractive for
quantization.3 In this study, the effect of a magnetic
field B on the thermoelectric properties of Bi-Sb-
based alloys is studied in order to identify methods
to enhance the thermoelectric performance of these
materials in the room-temperature range.

Application of B affects the electrical conductivity
r, Seebeck coefficient S, and thermal conductivity j
of Bi-Sb alloys, so that the dimensionless figure of
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merit ZT (=rS2T/j) is enhanced. Wolfe et al. have
reported that the maximum ZT of a Bi88Sb12-alloy
single crystal increases from 0.55 under non-B
conditions at 120 K to 1.28 following application of
an external B of 1.7 T at 220 K.4 Furthermore, they
reported that ZT = 0.84 even at 300 K, which is
comparable to the ZT value of �0.87 of the n-type
Bi-Te-based alloy.5 This suggests that the B effect
on Bi-Sb alloys can be used effectively to enhance
the thermoelectric performance of these materials
in the vicinity of room temperature. It has also been
reported that the temperature T drop of a Peltier
element is enhanced by approximately 80 K under
an external B induced by a permanent magnet.6

Such a significant dependence on B in the case of a
Bi-Sb alloy is very attractive with regard to ther-
moelectrics, and an accurate theoretical under-
standing is important in order to enhance the
thermoelectric performance of devices containing
this alloy, especially in the room-temperature
range.

The ZT enhancement under B is primarily caused
by an increase in the magneto-Seebeck coefficient.4

Theoretical investigations of the magneto-Seebeck
coefficient have not been well performed, although
experimental results have been reported by many
researchers.4,7–11 For example, Thomas and Gold-
smid have qualitatively explained the experimental
result for the magneto-Seebeck coefficient of the Te-
doped Bi-Sb alloy, using a calculation in which only
the electrons of the non-parabolic band at the L
point are considered.12 In addition, our group has
theoretically studied the magneto-Seebeck coeffi-
cient of Bi and Bi-Sb alloys using a calculation
model in which three bands of the electrons and
holes at the L point and the holes at the T point are
considered.13–15 However, quantitative agreement
between the calculated and experimental results is
not sufficient when the carrier neutral condition is
applied.

Therefore, this study attempts to explain the
experimental result for the magneto-Seebeck coeffi-
cient of the Bi-Sb alloy in a quantitative manner,
using a theoretical calculation with a carrier neu-
tral condition. A sintered Bi90Sb10 alloy with no
strong anisotropy in its thermoelectric properties is
prepared as a measurement sample. The individual
B dependencies of the thermoelectric properties are
measured experimentally, and are also calculated
theoretically using the Boltzmann equation with a
relaxation time approximation. In our previous
paper, we calculated the magneto-Seebeck coeffi-
cient at 100 K, where the band structure does not
change significantly.15 On the other hand, this
study focuses on the thermometric performance in
the vicinity of room temperature; therefore, the
band structure alteration should be considered,
because the Bi-Sb alloy band structure has strong
T dependence.16 Thus, the band structure of the
Bi90Sb10 alloy at 300 K is estimated from a lattice
constant evaluated via x-ray diffraction (XRD), and

also from the relationship between the band struc-
ture and lattice constant at 4.2 K. Three bands of
the non-parabolic electrons and holes at the L point
and the parabolic holes at the T point are considered
in the magneto-Seebeck coefficient calculation.

EXPERIMENTAL

The base material used in this study, namely, a
polycrystalline Bi-Sb alloy, was synthesized using
the melting method. Bi of 99.99% purity and Sb of
99.999% purity were placed inside a quartz ampoule
with an atomic ratio of 92.0:8.00. The vacuum-
sealed quartz ampoule was set in a muffle furnace,
and the Bi-Sb alloy was then synthesized at a T of
400�C, which is sufficiently higher than the Bi92Sb8

alloy melting point.17 This T was maintained for
24 h. Then, T was decreased from 400�C to 290�C
for the liquid line of the Bi92Sb8 alloy, at a rate of
1�C/min, and then from 290�C to 250�C for the
solidus line at a very slow rate of 1�C/h. Finally, T
was decreased from 250�C to room temperature at a
rate of 1�C/min. A synthesized Bi-Sb alloy ingot,
which was ca. 75 mm in length and ca. 7 mm in
diameter, was cut into 14 pellets of 5-mm width
along the longitudinal direction. The pellet cross
sections were analyzed using energy dispersive x-
ray spectroscopy (EDX) in order to determine the Sb
concentration distribution. Unfortunately, the vari-
ation of the Sb concentration distribution along the
longitudinal direction was large, ranging from 1% to
14%; this was because of the difference in the atomic
weights of Bi and Sb. Therefore, six pellets from the
top side (30 mm in length) were selected for sample
preparation, because the Sb concentration distribu-
tion was stable at approximately 10%. These pellets
were ground using dry ball milling at 450 rpm and
for 30 min, using a Retsch S100 with a 25-mm-
diameter ball and a 250-mL pot composed of agate.
Then, the prepared powder was sintered using the
spark plasma sintering (SPS) method at 200�C and
50 MPa for 10 min.

Figure 1 shows (a) a schematic diagram and (b) a
photograph of the experimental set-up used to
measure the B dependence of the thermoelectric
properties. The Bi90Sb10 alloy sample had a rectan-
gular parallelepiped shape with dimensions of
2.98 9 2.99 9 9.03 mm3. Two 0.4-mm-thick Cu
plates were attached to both edges of the sample,
as shown in the figures, to yield a temperature
difference DT along the longitudinal direction. Sil-
ver paste (Diemat Sk100), which has high j, was
used to attach the Cu plates, and the paste was fixed
at a T of 150�C, which was maintained for 30 min.
Note that, although the importance of the diffusion
boundary layer on the Bi-Te alloy (in order to
prevent silver diffusion) has been reported,18 the
heating temperature in this study was sufficiently
low to avoid this problem. Cu wires of 25-lm
diameter were attached to both Cu plates using
silver epoxy (Epotek H20E), which has strong
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adhesion force. For four-wire electrical resistance q
measurement, two Cu wires were attached to the
side of the sample with a gap of 3.32 mm, again
using silver epoxy.

A 120-X heater was used to create the DT for the
measurement of S, and was attached to the upper
side of the Cu plate using a cyanoacrylate-based
adhesive. A type-T differential thermocouple was
also thermally attached to the two Cu plates using
silver epoxy so that DT could be measured. The
lower-side contact point of the differential thermo-
couple was insulated using a mixture of alumina
powder and adhesive. The prepared sample was set
on an alumina plate that was fixed on a sample
stage composed of Au-plated Cu, and a Cernox
temperature sensor was attached to the lower side
of the Cu plate to measure the absolute T. All
measurements of the thermoelectric properties were
performed at T values of 77 K to 300 K, which were
precisely controlled with a fluctuation of less than
1 mK using a Gifford–McMahon (GM) cooler and
heater.19 Further, these measurements were con-
ducted in a vacuum atmosphere of the order of
10�4 Pa or less. The value of q was measured using
the four-wire method with an alternative current
(AC) supplied by a current source (Keithley 6221),
and measured using a lock-in amplifier (SR 830) at a
frequency of 11.234 Hz and an electrical current of
10 mA. The values of S and the thermal diffusivity a
were simultaneously measured using the AC
method20 at an input frequency of 0.05 Hz. A B
was applied transverse to the DT direction in order
to enhance the magneto-Seebeck coefficient. B val-
ues of �2.9 T to 2.9 T were induced using a super
conductance coil cooled by the GM cooler, with a
sweep rate of 0.05 T/min, for each thermoelectric
property measurement.

RESULTS AND DISCUSSION

The diameter and length of the sintered Bi-Sb
specimens were 10.2 mm and 12.3 mm, respec-
tively. The density d was 9.36 g/cm3, with a relative

d of 98% measured using the Archimedean method.
The sintered sample was cut using a wire saw, and
an XRD measurement was performed on two sur-
faces parallel and perpendicular to the pressure
direction, as shown in Fig. 2. This result shows that
the peaks at (003) and (006) for the perpendicular
direction measurement were slightly larger than
those for the parallel direction, implying that the c-
axis was easily oriented perpendicular to the pres-
sure direction. The XRD pattern from 26� to 30�
around the (012) peak shown in the inset of Fig. 2
indicates that the peak for the Bi-Sb alloy was
shifted in the positive direction by approximately
0.11�, compared to that of pure Bi. Further, there
was no peak at the pure Sb position, indicating that
the Bi-Sb alloy was successfully synthesized. The
lattice constants evaluated from the XRD result
were a0 = 4.524 Å and c0 = 11.814 Å for a hexagonal
crystal system, which are smaller than the pure Bi
values of a0 = 4.546 Å and c0 = 11.862 Å. These
correspond to the reported values for Bi90Sb10 of
a0 = 4.522 Å and c0 = 11.810 Å, which were calcu-
lated from data for a0 = 4.546–23.84 9 10�4x Å and

Fig. 1. (a) Schematic diagram and (b) photograph of experimental set-up used to measure magnetic-field dependence of thermoelectric
properties.

Fig. 2. X-ray diffraction (XRD) patterns of sintered Bi90Sb10 alloy
measured at two surfaces parallel and perpendicular to pressure
direction. Inset: XRD pattern from 26� to 30� around (012) peak.
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c0 = 11.862–51.66 9 10�4x Å reported in the litera-
ture.21 Conversely, the Sb concentration was calcu-
lated to be 9.2% and 9.3% removed from the
measured a0 and c0 lattice constants, respectively.
These values roughly correspond to 10% of the
values obtained from the EDX analysis, meaning
that the majority of the Bi and Sb were alloyed.

Figure 3 shows scanning electron microscope
(SEM) observation results for the sintered Bi90Sb10

alloy. The alloy grain sizes were estimated to be
several to several tens of micrometers using the
SEM micrograph of the fracture surface shown in
Fig. 3a. Very few small vacant spots, supporting the
high relative d value of 98%, were observed in the
micrograph. Figure 3b–d are, respectively, an SEM
micrograph of the polished surface and EDX map-
ping analyses of Bi and Sb observed at the area
shown in (b). Although some spots and scars were
observed in the micrograph shown in (c), large
segregation was not observed in the EDX mapping
results. The Bi and Sb concentrations were analyzed
to be 90% and 10%, respectively, using an EDX
quantitative analysis, which agrees with the con-
centrations of the base Bi-Sb alloy.

Figure 4 shows the individual B dependencies of
the various thermoelectric properties and ZT from
�2.9 to 2.9 T at different T. The q values at all T
increased symmetrically with the absolute value of
B, as shown in Fig. 4a. An increase in electrical

resistance through application of an external B is
known as magneto-resistance (MR) effect.22 The q at
300 K increased from 2.2 lXm for the non-B case to
4.0 lXm under a B of 2.9 T. The 2.9 T to 0 T MR
ratio, i.e., {q(2.9 T) � q(0 T)}/q(0 T), was 0.8 at
300 K, and increased with decreasing T to 1.3, 2.3,
4.2, 6.5 and 6.8 for 250 K, 200 K, 150 K, 100 K, and
77 K, respectively. A value of {q(1.4 T) � q(0 T)}/
q(0 T)160K = 2.9 has been reported for the Bi88Sb12

single crystal, with the conducting direction and B
in the trigonal and bisectrix directions, respec-
tively.4 The {q(1.4 T) � q(0 T)}/q(0)150K = 1.9 value
obtained in this study for similar conditions to the
work cited above was smaller than the reported
value for the single crystal. It has been reported
that the MR effect on the polycrystal is slightly
smaller than that for the single crystal at approx-
imately 150 K.22 Note that a large difference in the
B effect on q was not observed for the sintered Bi-Sb
alloy and single-crystal cases, because the MR effect
does not have strong crystal orientation depen-
dence.10 The carrier mobility l of the semi-metal
can be evaluated roughly by considering the B
dependence of q in the low B range. This satisfies
the low B approximation.23

qðBÞ � qð0Þ
qðBÞ ¼ lelhB

2; ð1Þ

Fig. 3. Scanning electron microscopy (SEM) observation results for sintered Bi90Sb10 alloy. SEM micrographs of (a) fracture surface and (b)
polished surface. Energy dispersive x-ray spectroscopy mapping analysis results for (c) Bi and (d) Sb observed at area shown in (b).
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where q(B), q(0), le, and lh are the electrical
resistivity under the influence of B and in non-B
conditions and the electron and hole carrier mobil-
ities, respectively. This means that the square root
of the coefficient of B2 represents the geometric
mean of the electron and hole carrier mobility, i.e.,
lm ¼ ffiffiffiffiffiffiffiffiffiffi

lelh
p

:
The inset of Fig. 5 shows the B dependence of the

electrical resistivity increment {q(B) � q(0)}/q(B) at
300 K and the curve fitting result as a function of B2

under ca. 0.2 T. The estimated coefficient from the
fitting curve was lelh = 0.68, such that lm =
0.825 m2 V�1 s�1 at 300 K. This mobility was in
the range of that of bulk single-crystal Bi, which is
from 0.4 to 1 m2 V�1 s�1 at 300 K. Figure 5 shows
the T dependence of lm, estimated from the B
dependence of q. Here, lm increased with decreasing
temperature in proportion to T�1.60, which is char-
acteristic of Bi and Bi-Sb alloys. Although the T
multiplier of �1.60 is slightly smaller than the
value of approximately �2.3 for bulk single-crystal
Bi,24 it is reasonable for the lm to decrease at low T,
because sintered Bi-Sb was used in this study.
Furthermore, it has been reported that the multi-
plier of T ranges from �1.27 to �1.54 for a Bi single
crystal with a small impurity content.25

The lattice j can be expressed as the product of a,
d, and the heat capacity C. Here, the measured
result of d = 9.36 g/cm3 is used and C is estimated
from the Debye model as23

C ¼ 9NkB
T

h

� �3Z h=T

0

n4en

en � 1ð Þ2
dn; ð2Þ

where N, kB, h, and n are the number of atoms per
unit mass, the Boltzmann constant, the Debye
temperature, and the integration variable, respec-
tively. The N and h of the Bi-Sb alloy can be
calculated using the Kopp–Neumann law,26 with

N ¼ ð1 � zÞNBi þ xNSb; ð3Þ
and

h�3 ¼ ð1 � zÞh�3
Bi þ xh�3

Sb ; ð4Þ

where z, NBi, NSb, hBi, and hSb are the Sb concen-
trations expressed in at.%, the number of atoms per
unit mass of Bi and Sb, and the Debye temperatures
of Bi and Sb, respectively. The electron contribution
to C can be ignored, because it is sufficiently small
at the high T range of 77 K to 300 K considered in
this study.23 It was found that the j values at all T
decreased with the absolute value of B, as shown in
Fig. 4b. This reduction was caused by decreases in
r, because the phonon conduction is not affected
strongly by the external B.27 When the carrier
thermal conductivity was calculated from the mea-
sured q with a pseudo-Lorentz number of L =
1.4 9 108 W X/K2, the phonon thermal conductivity
had no B dependence at any T. Here, L included
contributions from not only the electrons and holes,

but also the bipolar diffusion.28 The phonon thermal
conductivity at 300 K was estimated to be 2.2 W/
mK, as shown in the inset of Fig. 4b, which is
comparable with the reported value of ca. 2.0 W/mK
for the Bi single crystal.27 The thermal conductivity
ratios {j(2.9 T) � j(0 T)}/j(0 T) were �0.19, �0.24,
�0.25, �0.27, �0.18 and �0.03 at 300 K, 250 K,
200 K, 150 K, 100 K, and 77 K, respectively.

Figure 4c shows the B dependence of S, i.e., the
magneto-Seebeck coefficient. The absolute value of
the magneto-Seebeck coefficient at 300 K increased
by 38%, from �96.1 lV/K in the non-B case to
�133 lV/K under a B of 2.9 T. Although the mag-
neto-Seebeck coefficient at 250 K and 300 K mono-
tonously and symmetrically increased with the
absolute value of B up to 2.9 T, an asymmetry
dependence known as the Umkehr effect29 was
observed at 77 K, 100 K, and 150 K. The magneto-
Seebeck coefficient at 150 K increased monoto-
nously under negative B and began to decrease at
approximately 1 T under positive B. Further, the
magneto-Seebeck coefficient at 77 K and 100 K
increased under a low B, but began to decrease when
B was increased. The maximum ratios of the mag-
neto-Seebeck coefficient increase {S(Bopt)� S(0 T)}/
S(0 T) were 0.46, 0.46, 0.41, 0.24 and 0.09 at 250 K,
200 K, 150 K, 100 K, and 77 K, respectively; these
values are smaller than those of the single crystal. For
example, {S(1.2 T) � S(0 T)}/S(0 T)300K = 0.38 has
been reported for the Bi88Sb12 single crystal for DT
and B in the trigonal and binary directions,10 respec-
tively. This enhancement of the magneto-Seebeck
coefficient is larger than our result of {S(1.2 T) �
S(0 T)}/S(0 T)300K = 0.24 for similar conditions. How-
ever, {S(1.2 T) � S(0 T)}/S(0 T)300K = 0.20 has also
been reported for the Bi88Sb12 single crystal for DT
and B in the binary and trigonal directions, respec-
tively.10 The magneto-Seebeck coefficient is strongly
dependent on the crystal orientation relative to the
DT and B. Therefore, there is a possibility that the
magneto-Seebeck coefficient differs from that of the
single crystal because the grain crystal orientations
are random in the sintered Bi-Sb alloy.

Figure 4d shows the B dependence of ZT calcu-
lated from the measured thermoelectric properties.
At 300 K, ZT increased with the absolute value of B
and saturated at approximately 2 T. Further, from
100 K to 250 K, ZT increased at low B but began to
decrease as B was increased. At 77 K, ZT mono-
tonously decreased with the absolute value of B. The
enhancement of ZT is determined by a balance
between the increases in the magneto-Seebeck
coefficient and MR. The ZT at high T was well
enhanced because the increases in MR and in the
magneto-Seebeck coefficient were smaller and lar-
ger than those at low T, respectively.

Figure 6a shows the T dependence of the maxi-
mum ZT for the applied external B, ZTmax, and the
ZT in the non-B case, ZT(0 T). At 77 K, ZTmax and
ZT(0 T) were almost identical, because ZT mono-
tonously decreased with the absolute value of B. The
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difference between these ZT increased with T, and
the ZT values in the non-B case and for an applied B
of 2.5 T at 300 K were 0.30 and 0.41, respectively.
Figure 6b shows the {ZTmax � ZT(0 T)}/ZT(0 T)
ratio and the optimum magnetic field Bopt necessary

to obtain ZTmax. As shown in the graph,
{ZTmax � ZT(0 T)}/ZT(0 T) and Bopt increased with
T from 1.01 T to 0.1 T at 77 K to 1.37 T and 2.5 T at
300 K, respectively. However, the ZT ratio was ca.
40% less than that of the single crystal at 294 K
(2.44),4 because the magneto-Seebeck coefficient
was significantly smaller than that of the single
crystal. Thus, the difference between the magneto-
Seebeck coefficients of the single crystal and sin-
tered alloy is discussed below, using a calculation
model.

The Seebeck coefficient tensor obtained from the
Boltzmann equation is expressed as15

Si ¼
1

q

R

Fi kð Þ � ei kð Þ � ei;F
� ��

T
� 	

dki
R

Fi kð Þdki
; ð5Þ

where q, ei, ei,F and k are the electric charge, carrier
energy, Fermi level, and wave number vector,
respectively, and i indicates L or T. The integration
variable can be changed from k to ei according to

dkT ¼ mT;xmT;ymT;z

� �1=24
ffiffiffi

2
p

p

�h3

ffiffiffiffiffi

eT
p

deT ; ð6aÞ

Fig. 4. Magnetic field B dependencies of (a) electrical resistivity q, (b) thermal conductivity j, (c) Seebeck coefficient S, and (d) dimensionless
figure of merit ZT, from �2.9 T to 2.9 T at different temperatures. The inset of (b) shows the B dependencies of the electron and phonon thermal
conductivities, jel and jph, respectively, at 300 K (Color figure online).

Fig. 5. Temperature dependence of electron and hole mobility
geometric mean lm. Inset: Electrical resistivity increment under
magnetic field (qB � q0)/qB at 300 K and fitting curve.
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dkL ¼ ~mL;x ~mL;y ~mL;z

� �1=24
ffiffiffi

2
p

p

�h3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eL 1 þ eL
egL

� �

s

1 þ 2eL
egL

� �

deL;

ð6bÞ
where a tilde on the effective mass indicates that it
is an on-diagonal element of the diagonalized effec-
tive mass tensor. Non-parabolicity was considered
in the calculation at the L-point band using the Lax
model.30,31 Here, the FiðkÞ at the T and L points are

expressed as

FT kð Þ ¼ @f0
@eT

vt
TvT � qBm�1

T þ s�1
T


 ��1
; ð7aÞ

FLðkÞ ¼
@f0
@eL

vt
LvL � qBm�1

L 1 þ 2eL

egL

� ��1
"

1 � 4eL

3egL
1 þ eL

egL

� �

1 þ 2eL

egL

� ��2
( )

þ s�1
L

#�1

;

ð7bÞ
respectively, where f0 is the Fermi–Dirac distribu-
tion function, vT, vL, mT, mL, sT and sL are velocity
vectors, effective mass tensors, and relaxation times
at the T and L points, respectively, and egL is the
direct band gap at the L point. The mT and mL terms
are removed by substituting the following values
from the literature on the pure Bi single crystal32:

m�
T ¼

0:064 0 0
0 0:064 0
0 0 0:69

0

@

1

Am0; ð8aÞ

m�
L;Bi ¼

0:00119 0 0
0 0:263 0:0274
0 0:274 0:00516

0

@

1

Am0; ð8bÞ

where m0 is the free electron mass. In addition, the
effective mass at the L point is assumed to vary with
the energy gap proportionality such that33

m�
L ¼ m�

L;Bi

egL

egL;Bi
; ð9Þ

where egL,Bi is the energy gap at the L point on pure
Bi. The magnetic field tensor B is related to the
external magnetic field B = (Bx, By, Bz) and is
defined as

B ¼
0 �Bz By

Bz 0 �Bx

�By Bx 0

0

@

1

A: ð10Þ

The vT and vL expressions are obtained by
multiplying the column vector by the row vector
such that

vt
TvT ¼ 2eT

3
a0T; ð11aÞ

vt
LvL ¼ 2eL

3
1 þ eL

egL

� �

1 þ 2eL

egL

� ��2

a0L; ð11bÞ

where ai¢ is expressed as

a0i ¼

1
~mi;x

1
ffiffiffiffiffiffiffiffiffiffiffiffi

~mi;x ~mi;y

p 1
ffiffiffiffiffiffiffiffiffiffiffiffi

~mi;x ~mi;z

p
1

ffiffiffiffiffiffiffiffiffiffiffiffi

~mi;y ~mi;x

p 1
~mi;y

1
ffiffiffiffiffiffiffiffiffiffiffiffi

~mi;y ~mi;z

p
1

ffiffiffiffiffiffiffiffiffiffiffiffi

~mi;z ~mi;x

p 1
ffiffiffiffiffiffiffiffiffiffiffiffi

~mi;z ~mi;y

p 1
~mi;z

0

B

B

B

@

1

C

C

C

A

: ð12Þ

The energy dependencies of sT and sL are given by

sT ¼ sT;0
eTðkÞ
kBT

� �r

; ð13aÞ

sL ¼ sL;0 1 þ 2eL

egL

� �

eLðkÞ
kBT

1 þ eLðkÞ
egL

� �� �r

; ð13bÞ

where si,0 is a constant tensor with on-diagonal
elements only calculated from

si;0 ¼ n qj jli r0i
� ��1

; ð14Þ

where n, li and ri¢ are the carrier density, carrier
mobility tensor, and electronic conductivity tensor,
respectively.

The evaluation of n via the Hall effect is compli-
cated, because Bi-Sb has two electron and hole
carriers and strong anisotropy in l0.2 In order to
evaluate the carrier density and mobility, 12

Fig. 6. Temperature dependencies of (a) maximum dimensionless
figure of merit ZT under the magnetic field, ZTmax, and ZT in the non-
magnetic field case, ZT0T. (b) ZTmax to ZT0T ratios and optimum
magnetic field Bopt necessary to obtain ZTmax.
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coefficients should be measured using the single
crystal. Therefore, in this study, n was calculated
from the band structure with the carrier neutral
condition. The T dependence values of the li, which
were calculated from values reported in the litera-
ture on the Bi single crystal at 77 K and 293 K,24

were applied to the Bi90Sb10 alloy mobility tensor at
300 K. (These values were used because the l of a
Bi-rich Bi-Sb alloy is roughly identical to that of
pure Bi.)34

lT ¼
22:7 � 104 T�2:27 0 0

0 22:7 � 104 T�2:27 0

0 0 4:17 � 104 T�2:28

0

B

@

1

C

A

;

ð15aÞ

lL ¼
104 � 104 T�2:22 0 0

0 6:91 � 104 T�2:46 �10:9 � 104 T�2:33

0 �10:9 � 104 T�2:33 76:7 � 104 T�2:28

0

B

@

1

C

A

:

ð15bÞ
Here, ri¢ are defined as

r0T ¼ 2
ffiffiffi

2
p

q2

3�h3p2
mT;xmT;ymT;z

� �1=2
kBTð Þ3=2

�
Z

exp xT � fTð Þ
1 þ exp xT � fTð Þf g2

a0Tx
rþ3=2
T dxT;

ð16aÞ

r0L ¼ 2
ffiffiffi

2
p

q2

3�h3p2
~mL;x ~mL;y ~mL;z

� �1=2
kBTð Þ3=2

�
Z

exp xL � fLð Þ
1 þ exp xL � fLð Þf g2

a0L xL 1 þ kBTxL

egL

� �� �rþ3=2

dxL:

ð16bÞ

In addition, the following dimensionless carrier
energy and Fermi level were applied in the
calculation:

xi ¼
ei

kBT
; ð17Þ

fi ¼
ei;F
kBT

: ð18Þ

The magneto-Seebeck coefficients of the holes at
the T point and of the electrons and holes at the L
point were calculated using Eqs. 4–17 and the band
structure. Here, the effective mass and mobility
tensors were diagonalized during the calculation
using a proper rotating operation. The Sb-concen-
tration dependencies of the overlap energy DO and
the energy gap egL in the Bi-Sb alloy at 4.2 K have
been reported as35

DO ¼ ð38 � 5:6zÞ meV; ð19Þ

egL ¼ j13:6 � 2:44zj meV: ð20Þ

This change in the band structure is caused by
alteration of the lattice constant due to the presence
of Sb. The Sb concentration dependence of c0 at
4.2 K has been reported as21

c0 ¼ 11:803 � 40:75 � 10�4z Å: ð21Þ

Thus, the relationship between the band param-
eters and c0 can be obtained from Eqs. 18–20 such
that

DO ¼ ð�1:618 � 104 � 1:374 � 103c0Þ meV; ð22Þ

egL ¼ j � 7:054 � 103 þ 5:988 � 102c0j meV: ð23Þ

On the other hand, T also strongly affects the
band structure due to the alteration of c0.16 How-
ever, the relationship between the band structure
and T in Bi-Sb alloys has not been reported.
Therefore, we estimated the band structure at room
temperature from the measured c0 = 11.814 Å of the
sintered Bi90Sb10 alloy using Eqs. 21 and 22, where

DO ¼ 52:4 meV; ð24Þ

egL ¼ 20:2 meV: ð25Þ

The magneto-Seebeck coefficient calculation was
performed for six DT and B conditions. Three main
binary, bisectrix, and trigonal axes in the [100],
[010], and [001] directions in the Brillouin zone [kx
ky kz] were considered in the calculation, as follows:

DT//[100], with B//[010] or B//[001],
DT//[010], with B//[100] or B//[001],
DT//[001], with B//[100] or B//[010].
Furthermore, five scattering factors, r = �0.5,

0.0, 0.5, 1.0 and 1.5, were applied. Figure 7 shows
the calculated magneto-Seebeck coefficients for the
electron at the L(A)-point Fermi pocket at 300 K.
The black solid lines represent the simple average of
the six direction conditions, considering that the
crystal orientations of the small grains were random
in the sintered alloy. Although the simple average is
not sufficiently accurate to incorporate all random
crystal orientation directions, the error is small
because the anisotropy ratio of the maximum to
minimum value is ca. 1.5 in this scenario. Therefore,
we used a simple average with six degrees of
freedom in this study in order to simplify the
calculation. The absolute value of the magneto-
Seebeck coefficient increased with the absolute
value of B at r = �0.5 only, which indicates acoustic
phonon potential scattering. The magneto-Seebeck
coefficient increased slightly at r = 0.0 and
decreased at r = 0.5, 1.0, and 1.5 with the absolute
value of B. Thus, the increase in the magneto-
Seebeck coefficient could only be explained by acous-
tic phonon potential scattering. This calculated
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result implies that the dominant scattering process
in the sintered Bi90Sb10 alloy being acoustic phonon

potential scattering, is unchanged from that of the
single crystal.31 This result means that the grain
size was sufficiently larger than the carrier mean
free path by approximately 100 nm at 300 K. The
magneto-Seebeck coefficient increased when B was
applied along [010], where the cyclotron effective
mass was small.

The same calculations were performed on the
holes at the L(A) point, the electrons and holes at
the L(B) and L(C) points, and the holes at the T-
point Fermi pockets. Figure 8a shows the B depen-
dencies of the averaged magneto-Seebeck coeffi-
cients at all Fermi pockets. The results show that
the magneto-Seebeck coefficients at the L(A), L(B),
and L(C) points were almost identical. The absolute
value of all the magneto-Seebeck coefficients
increased with the absolute value of B, and the
increase at the L point was larger than that at the T

point. The S value for the contribution from all the
Fermi pockets is given by

where nL, pL, and pT are the carrier densities of the
partial electrons and holes at the L point and of the
holes at the T point, respectively, and b corresponds
to lL/lT. The B dependence of b was ignored,
because the change in r under B was small at
300 K. Figure 8b shows the calculated magneto-
Seebeck coefficients for different b and the experi-
mental result. The experimental result quantita-
tively corresponds to the calculated result of b = 3.3,
which is in the range of that of the Bi single crystal
(from b = 3.10 for the binary-bisectrix plane to
b = 18.4 for the trigonal direction) at 300 K. The
average of b in the single-crystal case, considering
spheroidal anisotropy, is estimated to be

bh i ¼
R 2p

0

R p
0 b sin hdhdU

R 2p
0

R p
0 sin hdhdU

;

¼ 1

2

Z

sin h
3:10

� �2

þ cos h
18:4

� �2
( )�1

2

sin hdh;

¼ 4:41:

ð27Þ

Although this b value is larger than our result,
this discrepancy is acceptable because the measured
r of the sintered Bi90Sb10 alloy differs from that of
the single crystal. This means that the measured
magneto-Seebeck coefficient of the Bi-Sb alloy was
successfully explained by the theoretical calcula-
tion, both qualitatively and quantitatively.

The S value at 300 K was explained without
considering the B dependence of b. However, the B
dependence of r should be considered at lower T,
because q has a strong magnetic field dependence.
Therefore, it is concluded that the magneto-Seebeck
coefficient enhancement in the sintered Bi-Sb alloy
is smaller than that of the single crystal because the
crystal orientations of the grains were random.
Grabov et al. have reported that the magneto-
Seebeck coefficient in the single crystal is strongly
dependent on the directions of DT and B, because
the Bi-Sb alloy has strong anisotropy.9 Experimen-
tal results for the magneto-Seebeck coefficient with
various Sb concentrations from 2.2% to 40% and T
values from 80 K to 200 K have been reported in
that paper. However, these results cannot be com-
pared with our calculation, because the band

Fig. 7. Calculated temperature dependencies of magneto-Seebeck
coefficient of L(A)-point electrons at 300 K with different carrier
scattering factors of: (a) �0.5, (b) 0.0, (c) 0.5, (d) 1.0, and (e) 1.5
(Color figure online).

S ¼
b SLA;e þ SLB;e þ SLC;e

� �

nL þ SLA;h þ SLB;h þ SLC;h

� �

pL

� 


þ ST;hpT

b 3nL þ 3pLð Þ þ pT
; ð26Þ
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structure is unclear in that temperature range. In
this study, the band structure at 300 K could be
estimated from the lattice constants evaluated from
the XRD measurement at room temperature.

Our previous calculation of the magneto-Seebeck
coefficient was conducted at 100 K, at which tem-
perature the band structure does not change signif-
icantly, and the experimental result could not be
explained quantitatively using the carrier neutral
condition.15 On the other hand, this study was
successful in providing a quantitative explanation of
the experimental result obtained for the carrier
neutral condition, by carefully considering the
change in the band structure and using the Lax
model. It is predicted that the effect of B on
the thermoelectric properties is enhanced with
decreased effective mass.15 The effective mass of
the Bi-Sb alloy depends on the Sb concentration,
and a very small effective mass appears when the
Sb concentration is 5%.34 Therefore, we are plan-
ning to study the effective-mass dependence of the
magneto-Seebeck coefficient using the established
theoretical calculation for a low-temperature range
of less than 77 K. Although the B dependence of q
and j could not be examined theoretically in this
study, ZT will also be estimated in future work,
using an improved calculation model. The potential
exploitation of the B effect as a means of dramat-
ically enhancing thermoelectric performance will be
examined.

Furthermore, the sample size also affects the
influence of B on r and S. It has been reported that
the MR does not increase significantly in a small-
width sample, and that the magneto-Seebeck coef-
ficient increases to a greater extent in a sample with
a high length-to-width ratio.36 This means that the
B effect on the thermoelectric performance will be
enhanced for samples with very thin wire shapes,
such as nanowires. Our group has successfully
developed Bi nanowires of several hundred nanome-
ters in diameter and more than 1 mm in length,
which have very high length-to-width ratios.37

Therefore, a theoretical calculation of the B effect
considering the influence of size will be performed,
along with an experimental verification using Bi-Sb-
based nanowires.

CONCLUSION

The individual B dependencies of the thermoelec-
tric properties of a sintered Bi90Sb10 alloy were
studied. The examined Bi-Sb alloy was synthesized
using the melting method, and the resultant ingot
was ground using ball milling. The prepared powder
was sintered via the SPS method in order to
fabricate a bulk sample, which was then used in
the measurement of the B dependence of the
thermoelectric properties. The sintered Bi90Sb10

alloy grains were several to several tens of microm-
eters in size; this is sufficiently larger than the
carrier mean free path at temperatures of more
than 77 K. The electrical resistivity, Seebeck coef-
ficient, and thermal conductivity were evaluated at
temperatures from 77 K to 300 K under an external
B of up to 2.9 T. The electrical resistivity and
Seebeck coefficient increased and the thermal con-
ductivity decreased with the absolute value of B.
The results showed that the dimensionless figure of
merit at 300 K increased by 37%, from 0.30 in the
non-B case to 0.41 under B = 2.5 T. A model calcu-
lation of the magneto-Seebeck coefficient based on
the Boltzmann equation was also conducted in order
to explain the measurement result from a theoret-
ical perspective. Hence, the experimental result for
the magneto-Seebeck coefficient was successfully
explained both qualitatively and quantitatively by
the theoretical calculation. The scattering mecha-
nism was shown to be acoustic phonon potential
scattering, and the carrier mobility ratio between
the L and T points was found to be 3.3; these results
correspond to the single-crystal characteristics. In
future, using the established calculation model,
high-performance thermoelectric materials will be
developed that will be calibrated using adjustments
to the effective mass and size based on the B effect.
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