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It is highly desirable to develop technologies that recover the large amounts of
waste heat generated worldwide in industrial processes, automotive trans-
portation, diesel engine exhaust, military generators, and incinerators to
increase fuel efficiency and reduce CO2 production and the environmental
footprint of these applications. Recent work has investigated new thermo-
electric (TE) materials and systems that can operate at higher performance
levels and show a viable pathway to lightweight, small-form-factor, advanced
thermoelectric generator (TEG) systems to recover waste heat in many of
these applications. New TE materials include nanocomposite materials
such as lead-antimony-silver-telluride (LAST) and lead-antimony-silver-
tin-telluride (LASTT) compounds. These new materials have created
opportunities for high-performance, segmented-element TE devices. New
higher-performance TE devices segmenting LAST/LASTT materials with bis-
muth telluride have been designed and fabricated. Sectioned TEG systems
using these new TE devices and materials have been designed. Integrated heat
exchanger/TE device system analyses of sectioned TE system designs have been
performed, creating unique efficiency–power maps that provide better under-
standing and comparisons of design tradeoffs and nominal and off-nominal
system performance conditions. New design perspectives and mathematical
foundations in optimization of sectioned TE design approaches are discussed
that provide insight on how to optimize such sectioned TE systems. System
performance analyses using ANSYS� TE modeling capabilities have integrated
heat exchanger performance models with ANSYS� TE models to extend its
analysis capabilities beyond simple constant hot-side and cold-side temperature
conditions. Analysis results portray external resistance effects, matched load
conditions, and maximum power versus maximum efficiency points simulta-
neously, and show that maximum TE power occurs at external resistances
slightly greater than the TE module internal resistances in these systems.
Mathematical relationships are given providing the foundation for this
phenomenon.
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Abbreviations

Variables
N Number of TE couples
PT Total system power (W)
Pi Power in section i of sectioned design (W)
Qh,i Hot-side heat transfer in section i
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Ro External resistance (X)
R TE couple internal resistance (X)
T Absolute temperature (K)
UA Heat exchanger effective conductance (W/K)
_m Mass flow rate (kg/s)

Cp Specific heat capacity (J/kg-K)
J Electric current density vector (A/m2)
ZT Dimensionless figure of merit ZT = (a2r/j)T
DT (Th � Tc) (K)

Greek
e Heat exchanger effectiveness
gi Conversion efficiency in section i
gT Total system efficiency
q Density (kg/m3)
u Electric scalar potential
j Thermal conductivity (W/m-K)
[k] Thermal conductivity matrix (W/m-K)
r Electrical conductivity (S/m)
[r] Electrical conductivity matrix (S/m)
a Seebeck coefficient (V/K)
[a] Seebeck coefficient matrix (V/K)
[P] Peltier coefficient matrix (V)
[e] Dielectric permittivity matrix (F/m)

Subscripts
amb Ambient conditions
exh Exhaust flow conditions
h Quantity associated with TE device hot side
c Quantity associated with TE device cold side
1 Section 1 of dual-sectioned TE design
2 Section 2 of dual-sectioned TE design

INTRODUCTION

Waste heat loss represents billions of dollars
worldwide in lost capital each year because it pro-
vides no useful work to the world economies. Ther-
moelectric power systems can provide one solution to
recover and convert this waste thermal energy to
useful electrical output that benefits societies world-
wide. As a result there is a tremendous amount of
research and development ongoing worldwide to
develop TE materials and systems that are high
performance and cost effective. The Strategic Envi-
ronmental Research and Development Program
(SERDP) office has recently funded important work
that has further developed new lead-antimony-
silver-telluride (LAST) and lead-antimony-silver-
telluride-tin (LASTT) compounds originally reported
by Kanatzidis et al.,1,2 then designed and fabricated
new advanced TE devices based on these LAST/
LASTT materials. This SERDP project has also
designed and developed new high-performance
microchannel heat exchangers, and developed new
TE system designs based on new sectioned system
design techniques and perspectives. This paper dis-
cusses the new system design techniques and per-
spectives that resulted from this work.

Figures 1 and 2 show the ZT behavior of a variety
of thermoelectric (TE) materials that have been re-
searched and developed in the past 10 years.1–15

Many of the new TE materials have not been taken
to a device level that can ultimately create useable
power systems. The most recent SERDP progress
with LAST and LASTT compounds has transitioned
them into high-performance TE devices using a
segmented-element design. These recent materials
are hot-pressed and sintered (HPS) versions of early
LAST/LASTT materials, with much better struc-
tural and thermal fatigue characteristics that have
enabled TE device design, fabrication, and high-
temperature operation. Matchanov et al.16 and
Hendricks et al.17 presented and discussed the
thermoelectric, structural, and thermal fatigue
properties of these latest LAST/LASTT materials.
These materials have shown high power factors,
adequate structural properties (i.e., Young’s modu-
lus and Poisson’s ratio), and good thermal fatigue
characteristics upon thermal cycling.18

Past work by Hendricks19 and Hendricks and
Lustbader20,21 laid the technical foundations for the
TE waste heat recovery system design work dis-
cussed here. Additional work by Crane and
Jackson,22 LaGrandeur et al.,23 and Crane and
Bell24 investigated TE system designs for automo-
tive exhaust heat recovery systems, including
methods and techniques for dealing with transient
thermal conditions in automotive exhaust streams.
Crane25 presented recent results on detailed ther-
mal/thermoelectric performance analysis of auto-
motive waste heat recovery designs and their
performance in responding to transient exhaust
stream thermal conditions.

Table I presents typical exhaust flow conditions
in certain diesel engine/generator applications that
were used to design the TEG systems of interest for
SERDP applications. They serve as reference cases
for the optimization techniques discussed herein.
These are typical steady-state exhaust conditions in
the applications of interest here.

Fig. 1. Latest n-type LAST materials compared with other n-type TE
materials.1–15,17
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LAST/LASTT THERMOELECTRIC DEVICES

Tellurex Corporation transitioned the latest
LAST and LASTT materials into the first operating
high-performance TE devices that employ seg-
mented n-type LAST–bismuth telluride elements
and p-type LASTT–bismuth telluride elements.
These newest LAST and LASTT materials are hot-
pressed and sintered materials, which have dem-
onstrated power factors and can be tailored to
effectively interface with p- and n-type bismuth
telluride materials. Figure 3 shows these new TE
devices, which have been tested successfully at
hot-side temperature of Th = 400�C and cold-side
temperature of Tc = 40�C. These modules have
demonstrated room-temperature electrical resis-
tances in line with theoretical expectations
(3.1 ohms) and efficiencies greater than 7% at these
operating temperatures. These modules now need
further testing at hot-side temperatures up to 500�C
with Tc in the 50�C to 150�C range. Promethient
LLC has interests in pursuing this additional high-
temperature TE module testing.

THERMOELECTRIC SYSTEM ANALYSIS

Thermoelectric Design Optimization

The temperature differentials are large enough in
automotive exhaust streams, diesel engine exhaust
streams, and other industrial exhaust streams that

sectioned thermoelectric design can be considered
and exploited. The system design work in SERDP17

investigated the design and performance of sec-
tioned system designs and the critical high-perfor-
mance hot-side microchannel heat exchanger
designs developed in the project. The hot exhaust
gases in these applications cool off significantly as
they pass through the hot-side heat exchangers and
dissipate thermal energy into the TE system. Cer-
tain sections of the TE system can actually see
substantially different exhaust temperatures and
thermal transfers along the exhaust flow length,
and one optimum design is not sufficient to optimize
system performance over the entire exhaust tem-
perature range encountered. The advanced sec-
tioned TE design solves this problem by allowing
one to optimize separate, individual TE sections as
the exhaust temperature decreases and hot-side
thermal transfers vary along the flow length.
Figure 4 schematically exemplifies a dual-sectioned
TE design concept for a 30-kW diesel generator in
this work. The lower half of Fig. 4 shows the TE
device designs used in each section. The high-tem-
perature section 1 uses the segmented-element TE
device design shown in Fig. 3, which incorporates
n-type LAST and p-type LASTT materials seg-
mented with n- and p-type bismuth telluride,
respectively. The low-temperature section design
investigated both segmented-element designs and
single-material-element TE device design with just
p- and n-type bismuth telluride in the TE device
design. The final design used single-material bis-
muth telluride TE devices as shown in Fig. 4. This
sectioned design produces more output power or
operates at higher overall system efficiency than a
single-section design producing the same output
power because the design allows the TE sections to
operate optimally for the exhaust temperatures and
hot-side thermal transfers they encounter.

The exhaust flow in this design case enters the
first section at 754 K and drops down to 675.5 K as
it transfers its thermal energy to the first TE sec-
tion, at which point it enters the second section and
subsequently drops to 591.3 K as it transfers addi-
tional thermal energy to the second TE section. The

Fig. 2. Latest p-type LASTT materials compared with other p-type
TE materials.1–15,17

Fig. 3. First operational high-performance TE devices using LAST/
LASTT materials in segmented elements.17

Table I. Typical exhaust conditions in certain
diesel engine/generator applications

Exhaust
Temperature (K)

Mass Flow
Rate (kg/s)

30–60-kW diesel
engine/generator

754–780 0.1–0.16
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temperature conditions in these two sections are
created by the fundamental performance of the hot-
side microchannel heat exchanger designs in these
two sections that are characterized by their overall
UAh value and resulting heat exchange effective-
ness, eh,26 which accounts for all the convective and
conductive thermal transfer pathways and resis-
tances in these heat exchangers. The UAh of the
microchannel heat exchanger designs used in these
two sections17 was estimated using techniques in
Kays and London26 to be approximately 377 W/K,
and the effectiveness of these heat exchangers
is typically about 0.93. The constant cold-side
temperature condition of 312 K is maintained by
high-performance water microchannel heat exchang-
ers.17 These heat exchanger performance values were
used in the TE system analyses discussed below.

Figure 5 demonstrates the design optimization
analysis results for a typical dual-sectioned design
using the techniques described in Hendricks19 and
Hendricks and Lustbader.20,21 The dual-sectioned
or any multisectioned design creates significant
design tradeoffs between the power output and
efficiency in each section in seeking the optimum
overall system performance, whether that is maxi-
mum overall system efficiency or maximum system
power output. There are two sets of maximum effi-
ciency–power curves in Fig. 5, one for section 1
designs and a second for section 2 designs in Fig. 4.
The maximum efficiency–power curves identify the
loci of maximum efficiency designs (defined by
techniques in Angrist27 and Cobble28) and their
resulting power outputs produced by the coupled
interaction of the TE device design and the hot-
side and cold-side heat exchangers (described in
Hendricks19 and Hendricks and Lustbader20,21) in
sections 1 and 2. Figure 5 analysis results were
performed for Texh = 754 K, Tamb = 300 K, and

exhaust mass flow rate of �0.1 kg/s, as shown in the
legend, and using segmented LAST/LASTT
elements in section 1 and bismuth telluride TE
elements in section 2 (as shown in Fig. 4). The TE
material properties for the p- and n-type materials
are shown in Figs. 1 and 2. Both sections are
assumed to be water-cooled at a water ambient
temperature of 300 K.

There is a tremendous amount of design optimi-
zation information in Fig. 5 for the two sections of
this dual-sectioned design. The section 1 efficiency–
power curves show the various maximum efficiency–
power points for several different hot-side and
cold-side temperature combinations (Th,1, Tc,1)
resulting from the coupled interaction between the
TE device design and hot-side heat exchanger design
characterized by UAh = 377 W/K. Although there is
necessarily a different TE couple number and p- and
n-type TE area at each design point on the curve,
these curves show the range and domain of possible
efficiency and power combinations possible in sec-
tion 1. The hot-side heat exchanger design and the
TE performance at each Th,1 along the section 1
efficiency–power curves then create a unique en-
trance exhaust temperature input to section 2
shown in Fig. 4. This situation then creates a family
of maximum efficiency–power curves for the sec-
tion 2 design, one for each of the section 1 Th,1 con-
ditions along the section 1 curves. Figure 5 shows
four such section 2 design curves corresponding to
four design points on the section 1 curve for a cold-
side temperature condition of 312 K. What is clear is
that, as the section 1 design changes efficiency and
power output, and therefore impacts the input
exhaust temperature for section 2, there is a un-
iquely defined section 2 efficiency–power curve that
dictates its efficiency–power characteristics result-
ing from the coupled interaction of the TE device

Fig. 4. Schematic diagram of a dual-sectioned TE system design for a typical 30-kW diesel generator.
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designs and the hot-side heat exchanger design in
section 2. The four section 1 points selected for
Tc,1 = 312 K demonstrate that, as the section 1
power decreases and its efficiency increases, the
section 2 power output generally increases while the
section 2 efficiency stays roughly the same in a
range around 5.5% to 6.2%. This section 2 efficiency
is largely governed by the TE material properties of
the bismuth telluride materials in section 2. Differ-
ent section 2 TE materials and properties would
show somewhat different efficiency–power behavior
and sensitivities.

This behavior and the interaction between sec-
tions 1 and 2 creates a maximum total system
power point because the section 2 increases in
power only offset or override the section 1 decreases
in power up to a point. The maximum total system
power point does not reside even close to the maxi-
mum point for section 1 as shown in Fig. 5.
Understanding this design power tradeoff and
knowing where the maximum total system power
point resides is critical to designing a dual-sectioned
system to satisfy any given efficiency–power
requirement, whether it be dictated by maximum

Fig. 5. Dual-sectioned maximum efficiency–power maps defining loci of maximum efficiency designs in sections 1 and 2.
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efficiency concerns or maximum power concerns.
This behavior and interaction between section 1
and 2 designs can occur in general at any common
cold-side temperature (Tc,1 and Tc,2) conditions as
shown in Fig. 5. This behavior and interaction will
also occur in general for any combination of TE
materials in sections 1 and 2. In both of these cases
the maximum total power point may shift around as
a result of the impact of TE material performance or
cold-side temperature effects on power output, and
it is crucial to quantify this shift if it occurs.

Figure 5 also demonstrates the impact of cold-side
temperature selection on the optimum performance
designs. Both the maximum efficiency and power
output decrease as expected when the cold-side
temperature increases. In this case the performance
decline was found to be quite significant. The benefit
of this maximum efficiency–power map is that it
quantifies the cold-side temperature impact directly
on this one performance map.

One may be interested in a quite common de-
sign question of selecting the proper section 1 and
2 hot-side temperatures, Th,1 and Th,2, to maxi-
mize the system power output from this dual-
section design given that other design parameters,
such as cold-side temperatures, are held constant.
One could then predict approximately where to
operate on the maximum efficiency–power curves
in Fig. 5 to satisfy that condition. The total power
given by

PT Th;1;Th;2

� �
¼ P1 þ P2 ¼ g1 �Qh;1 þ g2 �Qh;2 (1)

must be maximized, where the total power, PT, is a
function of Th,1 and Th,2. TE material properties
being functions of temperature are also a function of
these two temperatures. PT would maximize in a
dual-section design when the following two condi-
tions are satisfied simultaneously:

@PT

@Th;1

� �
¼ 0; (2)

@PT

@Th;2

� �
¼ 0: (3)

This would mandate that

g1 �
@Qh;1

@Th;1
þQh;1 �

@g1

@Th;1
þ g2 �

@Qh;2

@Th;1
¼ 0; (4)

g2 �
@Qh;2

@Th;2
þQh;2 �

@g2

@Th;2
¼ 0: (5)

The third term in Eq. 4 explicitly demonstrates
the mathematical interdependence between the two
section designs and its impact on optimizing the
overall power output. Equation (4) can be reformu-
lated by realizing that

@Qh;2

@Th;1
¼ @Qh;2

@Texh;2
� @Texh;2

@Th;1
¼ @Qh;2

@Texh;2
� eh;1; (6)

where eh,1 is the effectiveness of the hot-side heat
exchanger in section 1. Equation (4) then clearly
demonstrates mathematically that the upstream
section 1 design impacts the optimization choices
one makes in the downstream section 2 of a dual-
section design. The same type of upstream rela-
tionship would occur and impact downstream
optimization choices in any multisectioned design.

The simultaneous relationships depicted in Eqs.
(2) and (3) provide the necessary conditions to
determine the optimum choice of Th,1 and Th,2 in
Fig. 5 for maximizing power output. The design
optimization analyses described by Hendricks,19

Hendricks and Lustbader,20,21 Angrist,27 and
Cobble28 provide the necessary equations to evaluate
the various derivatives shown in Eqs. (2–6) and
establish the resulting simultaneous optimization
equations to maximize PT (Eq. 1) for the dual-sec-
tioned system shown in Fig. 4. This technique was
utilized to predict the Th,1 and Th,2 for the sectioned
design shown in Fig. 4 utilizing the LAST and
LASTT and bismuth telluride p- and n-type proper-
ties shown in Figs. 1 and 2. This technique deter-
mined that the maximum total system power output
of this segmented, sectioned design occurred at
optimum hot-side temperatures of Th,1 = 615 K and
Th,2 = 465 K. The predicted maximum power output
using this technique and accounting for thermal
losses was approximately 1560 W. Figure 5 shows
that, upon performing the system design optimiza-
tion analysis across the entire potential design do-
main, using the techniques described by Angrist,27

Cobble,28 Hendricks,19 and Hendricks and Lustb-
ader20,21 for the two sections, the maximum power
conditions were achieved at optimum hot-side tem-
peratures of Th,1 = 600 K and Th,2 = 440 K as shown
in Fig. 5. The maximum power condition from that
complete design domain analysis was 1565 W. This
shows reasonable agreement between the two design
optimization techniques given the challenges of
modeling segmented TE elements, and demon-
strates this new technique for determining the
optimum section hot-side temperatures that maxi-
mize the total system power output before running
the complete design domain analysis shown in
Fig. 5. It also provides a second powerful analysis
technique for utilizing and assessing the results and
design tradeoffs in Fig. 5, and a solid reference point
identifying the maximum total system power design
relative to all possible system designs within the
complete design domain. This allows one to make
intelligent design choices when trading off one sec-
tioned system design and system efficiency–power
combination versus another.

A multisectioned design having more than two
sections would have a similar set of simultaneous
differential equations for each stage i, i.e.,

Hendricks, Karri, Hogan, and Cauchy1730



@PT

@Th;i

� �
¼ 0

� �

i

; (7)

which could be solved for each Th,i in the multisec-
tioned system to maximize power. If Th,i is consid-
ered an i-element vector, then the Eq. (7) condition is
equivalent to (rT PT) = 0. This optimization analysis
process was demonstrated for the dual-sectioned
system in Fig. 4 and the dual-sectioned analysis re-
sults shown in Fig. 5 as an example of the technique.

A second common design question of interest is
selecting the proper section 1 and 2 hot-side temper-
atures, Th,1 and Th,2, to maximize the overall system
efficiency from this dual-section design given that
other design parameters, such as cold-side tempera-
tures, are held constant. One would then be able to
predict approximately where to operate on the maxi-
mum efficiency–power curves in Fig. 5 to satisfy that
condition. The overall system efficiency is given by

gT Th;1;Th;2

� �
¼ P1 þ P2

Qh;1 þQh;2
¼ g1 �Qh;1 þ g2 �Qh;2

Qh;1 þQh;2

� �
:

(8)

In this case the total system efficiency, gT, which
is a function of Th,1 and Th,2, must be maximized,
accounting for the temperature-dependent TE
material properties. gT would maximize in a dual-
section design when the following two conditions are
satisfied simultaneously:

@gT

@Th;1

� �
¼ 0; (9)

@gT

@Th;2

� �
¼ 0: (10)

This would result in the following two conditions:

1:0

Qh;1þQh;2

� �
� Qh;1 �

@g1

@Th;1
þ g1 �

@Qh;1

@Th;1

�

þg2 � eh;1 �
@Qh;2

@Texh;2

�
� g1 �Qh;1þ g2 �Qh;2

Qh;1þQh;2

� �2

 !

� @Qh;1

@Th;1
þ eh;1 �

@Qh;2

@Texh;2

� �
¼ 0;

(11)

1:0

Qh;1 þQh;2

� �
� Qh;2 �

@g2

@TH;2
þ g2 �

@Qh;2

@Th;2

� �

� g1 �Qh;1 þ g2 �Qh;2

Qh;1 þQh;2

� �2

 !

� @Qh;2

@Th;2

� �
¼ 0:

(12)

Equation (6) has been incorporated into the
proper terms where appropriate in Eq. (11). Once

again, these terms in Eq. (11) clearly demonstrate
the mathematical interdependence between the two
section designs and its impact on optimizing the
overall total efficiency. Just as in the power maxi-
mization case above, Eq. (11) clearly demonstrates
mathematically that the design of upstream sec-
tion 1 can impact the optimization choices possible
in the downstream section 2 design in a dual-section
design. Once again, as in power optimization, the
same type of upstream–downstream interdepen-
dence would occur, and the upstream design
impacts the downstream optimization choices in any
multisectioned design. These relationships quantify
this intuitive connection between the two sections.

The simultaneous relationships depicted in Eqs.
(11) and (12) provide the necessary conditions to
determine the optimum choice of Th,1 and Th,2 in
Fig. 5 for maximizing the total system efficiency.
The design optimization analyses described
by Hendricks,19 Hendricks and Lustbader,20,21

Angrist,27 and Cobble28 provide the necessary equa-
tions to evaluate the various derivatives shown in
Eqs. (9–12) and establish the resulting simulta-
neous optimization equations to maximize gT (Eq. 8)
for the dual-sectioned system shown in Fig. 4.
Solution of Eqs. (11) and (12) creates designs which
necessarily have higher hot-side temperatures, Th,1

and Th,2, than in the power maximization case
described above. This creates optimum gT system
designs at higher efficiency/lower power points on
curves in Fig. 5. Lower power conditions than in
power maximization are created because lower hot-
side heat transfers necessarily result from the
higher hot-side temperatures when considering
constant exhaust flow temperatures in this analysis.

A multisectioned design having more than two
sections would have a similar set of simultaneous
differential equations:

@gT

@Th;i

� �
¼ 0

� �

i

(13)

for each ith section, which could be solved for each
Th,i in the multisectioned system to maximize gT. If
Th,i is considered an i-element vector, then the Eq.
(13) condition is equivalent to (rTgT) = 0. This pro-
cess and the similar process in multisection power
maximization is how one would use the results in
Fig. 5 to determine which optimum design point or
points to target depending on any given set of
requirements in a given design application. They
provide valuable reference points in intelligently
deciding which overall design point is best when
considering all the system design requirements and,
more importantly, which design compromises are
appropriate in any given sectioned TE design.

SERDP had ambitious system design objectives to
design a TE generator producing 1600 W at near
10% conversion efficiency from the waste exhaust
heat in diesel generators, incinerators, and mobile
kitchen units. The design optimization results in
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Fig. 5 for a 30-kW diesel engine/generator demon-
strated clearly that this goal could not be achieved
using the available thermal energy and thermal
conditions in a 30-kW diesel generator and the
LAST and LASTT TE materials and modules in
Figs. 1–3. The reasons for this were primarily that
the TE material properties were not quite good
enough and the amount of thermal energy available
in the 30-kW diesel generator exhaust flow and
transferable to the TE device hot sides was not high
enough. This demonstrates the key benefit of the TE
design optimization techniques and approach shown
in Fig. 5. They quickly determine and highlight the
potential efficiency–power performance possible in
various optimum TE designs in a given application
and provide immediate design guidance in achiev-
ing the design goals and requirements in a given
waste heat recovery application.

As a result of these analysis techniques, an
alternate diesel generator and optimum TE design
configuration were identified using a 60-kW diesel
generator that could come much closer to meeting
the design requirements of this application. Addi-
tional system optimization analyses similar to those
shown in Fig. 5 were then performed for this 60-kW
diesel generator configuration. A new optimum
system design using the new LAST and LASTT TE
materials and modules in Figs. 1–3 was identified
that could get much closer to the performance goals,
and both single- and dual-section optimum TE sys-
tem designs were identified that provided enhanced
performance flexibility. The single-section optimum
TE design for the 60-kW case could produce nearly
1600 W at about 9.8% conversion efficiency, while a
dual-section optimum TE design could produce
about 2700 W at about 8.5% conversion efficiency.
The single-section optimum TE design was carried
forward to TE system performance analysis because
it could satisfy the design goals with less cost and
complexity.

It should be noted that the design optimization
techniques presented here allowed one to identify
useful, flexible, and robust waste heat recovery
designs for both 30-kW and 60-kW diesel generator
configurations in SERDP. These designs provide
several useful and flexible waste heat recovery
design options applicable to diesel generators
and incinerators in military and commercial
applications, and they quantify the potential
efficiency–power performance using the LAST and
LASTT materials and modules in Figs. 1–3.

Thermoelectric System Performance Analysis

Thermoelectric system performance analysis,
with simultaneously coupled heat exchanger and
TE device performance, was carried out on the
selected single-section optimum TE system design
for the 60-kW diesel generator configuration using
the LAST, LASTT, and bismuth telluride materials
shown in Figs. 1 and 2 and the segmented-element

TE module design shown in Fig. 3. The sys-
tem design performance analysis was conducted at
100% and 75% of full diesel generator power,
where the exhaust flow temperature conditions
were 780 K and 733 K, respectively, and the ex-
haust mass flow was a constant 0.16 kg/s. The fi-
nite-element software ANSYS� version 12.0 was
used to conduct the system-level TE performance
analysis.29,30

Heat exchanger performance was modeled using
the effectiveness-NTU thermal analysis techniques
in Kays and London.26 The heat transfer from the
hot-side exchanger was given by

Qh ¼ eh � _mh � Cp;h � Texh � Thð Þ; (14)

where eh is the hot-side exchanger effectiveness,
given by

eh ¼ 1� e
�UAh
_mhCp;h :

Similarly, the heat carried away by the coolant in
the cold-side exchanger is calculated as

Qc ¼ ec � _mc � Cp;c � Tamb � Tcð Þ; (15)

where ec is the cold-side exchanger effectiveness,
given by

ec ¼ 1� e
�UAc
_mcCp;c :

The thermoelectric system performance analysis
integrated and coupled the thermal transfer Eqs.
(14) and (15) with the ANSYS� TE system analysis
described below for a range of external resistances,
Ro. Interfacial energy balances dictated by Eqs. (14)
and (15) were incorporated into the ANSYS� TE
model at the hot and cold sides of the TE device. The
hot- and cold-side temperatures Th and Tc were
determined to equate the TE device hot-side and
cold-side thermal transfer requirements, deter-
mined by the ANSYS� TE model, with the heat
transfers from and to the hot- and cold-side heat
exchangers, respectively. In this manner, the inte-
grated effect of the hot-side and cold-side heat ex-
changer performance was accounted for in the
ANSYS� TE system-level performance analysis.
Because the TE device current, I, is dependent on
Ro, the analysis was repeated for different values of
Ro and the vectors of Th and Tc were obtained for the
range of Ro investigated. The TE element tempera-
ture distributions; heat flows; current densities; and
TE module and system efficiency, voltage, current,
and power output vectors were then determined
from the Th and Tc vectors for the range of Ro. This
ANSYS�-based TE system analysis could therefore
predict the performance of a given system at nomi-
nal and off-nominal conditions as the external
resistance is changed, thereby causing the voltage/
current output to change in response to the varying
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resistance conditions. This unique integrated TE
system analysis technique, using the ANSYS� TE
modeling capability, couples a prescribed heat
exchanger performance condition at the ANSYS�

TE model hot-side and cold-side boundaries, allow-
ing one to extend the ANSYS� TE modeling capa-
bility while working within the confines of its
analysis structure.

Equations (16) and (17) are the governing equa-
tions that ANSYS� uses to solve for the thermo-
electric behavior and performance in the TE
module.29 These equations are formed by coupling
the heat flow and electric charge continuity equa-
tions with a set of thermoelectric constitutive
equations:30

qC
@T

@t
þr: P½ �:Jð Þ � r: k½ �:rTð Þ ¼ _q; (16)

r: e½ �:r @u
@t

� �
þ�r: r½ �: a½ �:rTð Þ þ r: r½ �:ruð Þ ¼ 0:

(17)

One of the advantages of using ANSYS� is that
the temperature-dependent TE material properties
such as the Seebeck coefficient, electrical conduc-
tivity (or resistivity), and thermal conductivity are
evaluated at specific temperatures throughout the
elements. Hence, the predicted TE conversion effi-
ciency, power output, and thermal transport calcu-
lations accurately represent and reflect the
temperature, current, and voltage conditions within
the TE couples and module.

This ANSYS� analysis was performed for the
selected 47-couple TE module design (Fig. 3) within
the single-section TE generator system. Figure 6
illustrates the finite-element model of the SERDP
TEG module. The module consists of 47 couples with
1.4 mm 9 1.4 mm 9 4.4 mm segmented TE ele-
ments. The couples are connected in series using
copper tabs and are attached to an alumina sub-
strate. A circuit element with known resistance (not
shown in Fig. 6) is connected between the end of the
first and last (47th) TE couple. This resistance
element is required to calculate the power output

from the module in ANSYS�. The temperature-
dependent material property curves for the Seebeck
coefficient a, the electrical conductivity r, and the
thermal conductivity j were input to the FE model.
The model was solved for the static thermal distri-
bution with hot- and cold-side temperatures as
boundary conditions that were obtained previously
using techniques described above, establishing
interfacial heat balances at the heat exchanger
interfaces with the ANSYS� TE model. Figure 7
shows a case of the temperature distribution in the
TE module for Texh = 780 K and Tamb = 300 K
[(Ro/Rint, DT) = (2.13, 355) point in Fig. 9]. The
contact resistance is included in the finite-element
model by adding 10% of the couple’s total internal
resistance to the resistance of the copper tab con-
necting these couples.

Figure 8 demonstrates the TE module power
dependency on the external load resistance on a per-
module basis resulting from the system-level anal-
ysis at 100% and 75% of full diesel generator power
conditions. The peak module power condition occurs
and is shown, but the power versus resistance
behavior does not follow the familiar parabolic
power profile for the TE power modules operating
with constant temperature differentials. The reason
for this is that this type of system-level performance
analysis does not create a constant temperature
differential across the TE module as the external
load resistance increases for constant exhaust tem-
perature conditions. The temperature differential
across the TE module actually increases as the
external resistance increases, thereby creating the
unique power–resistance profile shown in Fig. 8.
Actual tests on different TE waste heat recovery
systems at the Pacific Northwest National Labora-
tory have confirmed that this power versus electri-
cal load resistance profile is correct and occurs in
exhaust energy recovery systems with constant
exhaust temperature conditions.

The varying temperature differential across the
TE module creates an important effect demon-
strated in the power data of Figs. 8 and 9; That is,
the peak power point does not occur at the tradi-
tional Ro = N 9 R condition (N 9 R = TE module
resistance, Ro = external resistance). Instead, it
occurs at Ro > N 9 R in the data shown in Figs. 8
and 9. When considering the power output from the
TE modules, given by

P ¼ N � a:DTð Þ2

N � Rþ R0ð Þ2
� R0; (18)

The traditional Ro = N 9 R peak power condition
occurs when this equation is differentiated and set to
zero assuming DT is constant. However, to deter-
mine the peak power condition in this system-level
analysis, DT must be assumed variable and the dif-
ferentiation then becomes more complex. The peak
power condition then becomesFig. 6. Finite-element model of the TEG module.
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R0 ¼ N � Rð Þ þ ð2 � R0 �N � Rþ 2 � R2
0Þ

DT
� @ðDTÞ
@R0

: (19)

This equation shows that Ro > N 9 R by an
amount related to the derivative of the module
temperature differential with respect to Ro, and
additional terms related to the module temperature
differential itself and Ro. This equation results in a
quadratic relationship for Ro that explicitly quan-
tifies the Ro > N 9 R peak power condition in any
particular system-level analysis. It accurately pre-
dicts the peak power resistance value shown in the
TE module power predictions in Fig. 8 derived from
our system-level performance analysis.

Figure 9 shows the projected TE module efficiency–
system power maps resulting from system-level
analysis of the full single-section TEG design in a 60-
kW diesel generator configuration at 100% of full
power (Texh = 780 K) and 75% of full power output
(Texh = 733 K) based on the ANSYS� TE/heat ex-
changer model analysesdiscussed above.The fullTEG
system included approximately 640 of the 47-couple
TE modules. The ambient cooling temperature was set
at 300 K in these analyses. Figure 9 presents a unique

method of exhibiting the system analysis results in TE
module efficiency–system power maps, with the effi-
ciency–power mapping simultaneously displaying the
(external load/internal resistance) ratios and module
temperature differentials on the performance map-
ping. The properties of the p- and n-type TE materials
vary with temperature, and thus with the location and
segmentation along the TE elements, and the internal
resistance also depends on the electrical contact
materials and connections within the TE module.
Therefore, the calculation of the total internal module
resistance is not straightforward. In order to calculate
the internal resistance in the ANSYS� TE module
model, an intermediate calculation was performed
whereby the external resistance is varied to get the
power versus external resistance curve for constant
hot- and cold-side temperature conditions at each (Th,
Tc) combination considered in the system analysis.
Under constant hot- and cold-side temperature con-
ditions, the power versus resistance curve peaks at the
matching load resistance. The value of this resistance
at the peak power in this intermediate constant-tem-
peratureanalysis represents the module total internal
resistance for those (Th, Tc) conditions in the full sys-
tem analysis. This method is repeated to get the
internal resistance, Rint, and then the (Rext/Rint) of
the module for each of the module efficiency–power
points in Fig. 9. This was again a method used in
adapting and utilizing the ANSYS� TE modeling
capabilities in the constant exhaust temperature
analyses performed here.

The module efficiency–system power map demon-
strates the crucial tradeoff between module efficiency
and system power output as the external load resis-
tance increases for 100% and 75% of full generator
power conditions. An important characteristic in this
type of system-level analysis is that increasing the
external load resistance simultaneously increases
the temperature differential across the TE modules
for constant exhaust temperature and ambient cool-
ing temperature conditions. This creates the common
behavior that the system power output peaks at a
certain critical external load resistance, which is
clearly depicted in Fig. 9. This also produces a
maximum electrical conversion efficiency at a second,
higher critical external load resistance, which
is clearly shown in Fig. 9. Both of these key

Fig. 7. Temperature distribution in the module with Th � 669 K and Tc = 312 K (temperatures in K).

Fig. 8. Electrical resistance effect on module power.
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performance conditions are the result of the tradeoff
effects of higher temperature differentials across the
TE modules producing higher voltage and higher
external electrical resistance, decreasing the cur-
rent. Figure 9 shows that the maximum power out-
put for 100% of full generator power conditions is
projected to be about 1.4 kW at just below 9.0% TE
module conversion efficiency. The TE module maxi-
mum conversion efficiency occurs at about 9% with
only a slight decrease in system power to about
1.38 kW. Therefore, the maximum system power
point is not far from the maximum system efficiency
point in the total TE system performance domain. At
75% full diesel generator power conditions, it is clear
that the maximum system power output decreases to
about 1.14 kW at about 8.15% module efficiency and
the maximum module efficiency occurs near 8.2%,
with the system power staying nearly the same at
1.14 kW. This characteristic module-system behav-
ior in Fig. 9 provides useful comparisons of critical
operating points in TEG designs.

CONCLUSIONS

Recent work with the Strategic Environmental
Research and Development Program office has
investigated new thermoelectric (TE) materials and
systems that can operate at higher performance
levels and show a viable pathway to lightweight,
compact, advanced thermoelectric generator systems
to recover waste heat from various waste heat sour-
ces or combustion-driven systems. New TE materials
include nanocomposite materials such as LAST and
LASTT compounds. New higher-performance TE

devices segmenting LAST/LASTT materials with
bismuth telluride have been designed and fabricated.
These new TE devices have been tested successfully
at hot-side temperature of 400�C and cold-side tem-
perature of 40�C, and they have demonstrated room-
temperature electrical resistances in line with theo-
retical expectations with efficiencies greater than
7%. These new materials and devices have led to
unique sectioned TE system designs and new per-
spectives in sectioned efficiency–power optimization
analysis techniques to quickly evaluate a wide vari-
ety of total system designs throughout the complete
system design space. New techniques and mathe-
matical formalism have also been developed to iden-
tify the total system maximum power and maximum
efficiency points in the overall design space that can
be used with the sectioned efficiency–power optimi-
zation maps to establish key system-level design
tradeoffs and sensitivities referenced to these opti-
mum points. This new mathematical formalism
demonstrates the heat exchanger/TE device inter-
dependencies in the design optimization process.
New design performance analysis techniques have
also been developed using ANSYS� version 12.0 TE
analysis capabilities that allow one to integrate hot-
side and cold-side heat exchanger performance by
imposing interfacial energy balances into the
ANSYS� analysis structure. This allows extension of
the ANSYS� version 12.0 capabilities while working
within its analysis structure. New analysis perspec-
tives from the ANSYS� TE analysis results have
demonstrated unique TE module efficiency–power
maps that provide useful performance comparisons
of nominal and off-nominal performance conditions

Fig. 9. TEG system power–TE module efficiency tradeoff using LAST/LASTT segmented TE module designs (segmented with bismuth telluride,
TEx = exhaust temperature, conditions noted in legend).
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as external load resistance conditions vary. Unique
analysis perspectives demonstrate why the maxi-
mum power in these TEGs may occur at conditions
different from the typical matched load resistance
criterion often associated with maximum power.
These analysis techniques and results have identi-
fied several flexible waste heat recovery system de-
signs based on the new LAST and LASTT materials.
The TE modules developed in this work are applica-
ble to the common exhaust temperatures of diesel
generators and incinerators in military and com-
mercial applications. Design optimization analyses
have quantified the potential efficiency–power per-
formance using these latest LAST and LASTT TE
materials and modules for common diesel generator
exhaust conditions.
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