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Polynomial representation of partial excess Gibbs energy (i.e., activity coefficient)

multicomponent dilute solution has been widely used after Wagner. Although Wagner’s
Interaction Parameter Formalism has been known to be only strictly valid at infinite dilute
concentration, it has been used often, even at finite concentration, due to its mathematical
simplicity. Nevertheless, several attempts have been made to correct the formalism to be
thermodynamically consistent at finite concentration. Among those, Unified Interaction
Parameter Formalism proposed by Pelton and Bale, which may be considered as an
extension of Darken’s quadratic formalism, has obtained much attention. However, there
have been much confusion and debate about the way of the correction. Recently, a
thermodynamic analysis was reported that there are infinite numbers of ways to correct
Wagner’s formalism to be thermodynamically consistent, which may prevent one from using the
Unified Interaction Parameter Formalism with confidence. In the present article, the correction
to the Wagner’s formalism is discussed by revisiting Darken’s condition of the thermodynamic
consistency. It is shown that the correction to the Wagner’s formalism can be made uniquely. It
is pointed out that to ensure the thermodynamic consistency among the activity coefficients of
all components, Gibbs—Duhem relation and Maxwell relation among all components including
solvent—solute, must be obeyed. Derived expressions for activity coefficients of all components
by path-independent integration are also shown to be the same as those obtained by

differentiating a corresponding integral excess partial Gibbs energy.
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I. INTRODUCTION

THERMODYNAMIC properties of a multicompo-
nent dilute solution such as molten steel, copper,
manganese are most well practically characterized by
partial excess Gibbs energies of solutes: in other words,
activity coefficients of solutes. For practical applica-
tions, Wagner proposed a Taylor series expansion for
the partial excess Gibbs energy, and it has been most
widely used in the metallurgical community.!"! Although
this formalism is strictly valid only at infinite dilution,
thus thermodynamically inconsistent at a finite concen-
tration as discussed by Darken,*? the formalism has
been still used at finite concentrations. Depending on the
system used, however, the formalism can cause signif-
icant errors.
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Darken corrected the Wagner’s formalism to be
thermodynamically consistent at finite concentration,
but it has not been well appreciated. In 1986, Pelton and
Bale%}roposed a modified form of the Wagner’s formal-
ism,"”” which has been further discussed in their subse-
quent articles.”® The basic idea of their modification is
a correction to the Wagner’s formalism by adding
activity coefficient of solvent to activity coefficients of all
solutes. This makes the Gibbs—Duhem relation for the
activity coefficients among the solvent and all the solutes
be obeyed, even at finite concentration. They also stated
that Maxwell’s relation for Fartial excess Gibbs energy
should also be respected.”* ¥ Their proposed formalism
exactly reduces to Wagner’s formalism at infinite dilu-
tion, to Darken’s quadratic formalism at finite concen-
tration, and also could be reduced to Lupls and Elliott’s
formahsmm as well as that of Margules.® They named
it as a Unified Interaction Parameter Formalism
(UIPF), and the formalism has been successfully applied
to multicomponent metallic solutions.” 3!

Some other approaches also have been proposed to
make the Wagners formalism be thermodynamically
consistent.!"* '8 Srikanth and Jacob!"" attempted to
keep the original expression of Wagner for the activity
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coefficient of solute, while the activity coefficient of
solvent can be obtained by path-dependent integration of
the Gibbs—Duhem equation. This is due to the thermo-
dynamic inconsistency of the original expression of
Wagner’s formalism. Hajra and coworkers suggested
using the activity coefficients of solutes derived from a
Maclaurin infinite series of integral excess Gibbs
energy.l'> 171 While the agli)roaches by Srikanth and
[14]

and Hajra er al! I'keep the original expres-
sion of Wagner for the activity coefficient of solute, the
proposal by Darken,>*! Pelton and Bale!* ® uses cor-
rected forms of the activity coefficient of solutes. All
these approaches proposed one to consider the activity
coefficient of solvent to represent thermodynamic con-
sistency between all components through the Gibbs—
Duhem equation, which was not considered by Wagner.
There has also been a debate that the activity coefficient
of solvent satisfying the Gibbs—Duhem relation can be
obtained, not in a unique way, but in an infinite number
of ways. (18] This would make one to hesitate to have a
confidence in the value calculated by the UIPF.!'!
Somewhat different approaches are also available in
which the activity coefficient of non-metallic solute was
formulated as a function of the composmon of a
metallic solvent of two-component.?

In the present article, it will be shown that the activity
coefficient of solvent can be obtained uniquely, for a
given polynomial expression for the activity coefficient
of solute, in a thermodynamically consistent manner. To
make this discussion more clear, the corrections made
previously are briefly reviewed and it will be pointed out
what should be explicitly considered to have the
thermodynamic consistency. Two approaches will be
shown to obtain expression of the activity coefficient of
the solvent in a ternary solution: (1) integrating differ-
ential equations containing activity coefficients of
solutes and (2) differentiating an integral excess Gibbs
energy. Similar approaches are expanded for a multi-
component solution, and it will be shown that the same
conclusion is valid in general. This discussion will
provide a solid background for the use of such formal-
ism with a confidence. As long as the expression of the
activity coefficient of solute has a sound theoretical
foundation, and the activity coefficient of solvent can be
obtained in a unique and thermodynamically consistent
way based on the activity coefficients of solutes, the
obtained activity coefficient of solvent should have its
own physical meaning.

The present analysis has been carried out under
constant temperature and constant pressure condition in
most cases. Temperature dependence of the activity
coeflicient is briefly discussed in Section IV

II. THERMODYNAMIC CONSISTENCY
OF INTERACTION PARAMETER FORMALISM

Let wus consider an N-component solution
1-2-3—-—N where 1 is a solvent and the others are
solutes. According to Wagner’s formalism, the activity
coefficient of any solute 7 (y;) is expressed as:
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where Vi Eips and X; are the Henrian activity coefficient of
solute 7, a first- order interaction parameter between solutes
i and j (following the notation after Pelton and Bale!),

and mole fraction of solute j, respectively. In addition, the
following reciprocity relation was proposed:

(i=23,....N) [

€j = € 2]

when X approaches to 1.!"! This has been extended to
include second-order terms by Lupis and Elliott!”

N
Z X+ Z P+ XX 3

Jk=2

In(y;/77) =

. " ) )
where pl, p/* are the second-order interaction
parameters.

A. Darken: Quadratic Formalism

For a ternary 1-2-3 solution, Darken pointed out
that application of Eq. [1] is only valid at infinite
dilution (X; —1), and generally, it is not thermodyndm-
ically consistent at finite concentration.’! He proposed
that any formalism should satisfy the following condi-
tion of thermodynamic consistency between the solutes
2 and 3:

Olnys
X,
4]

+(1 —Xz)

In addition, Raoult’s law and Henry’s law must be
obeyed by the solvent and the solutes, respectively, as
limiting conditions at infinite dilution. Then, by ana-
lyzing several binary and ternary systems, he proposed
a quadratic formalism to represent activity coefficients
of solutes:

— enXoX;
5]

o 1 1
In(y,/73) =€ X> + e X3 — Eeszﬁ - 5633X§

1
— X3 — ko Xs

622X§ B
[6]

In(ys/73) =€32X2 + €33X3 — 3

Mathematical forms of the Eqgs. [5] and [6] are very
similar to the Eq. [3], and it reduces to Eq. [1] at infi-
nite dilution. He had shown that e; = e3,. He also
considered the activity coefficient of the solvent to bel:

1
Iny, = —5622/\%
The formalism eliminates the thermodynamic incon-
sistency of Wagner’s formalism even at finite concen-
tration via Gibbs—Duhem equation at constant 7 and P:

1
—5633/\’% — en3XoX;3 [7]
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Xidny, + X2dIny, + Xzdlny; =0 [8]

Therefore, it was considered that the Eqgs. [4] and [8]
are to be obeyed in the development of an activity
coefficient equation in a ternary solution.

In this approach, as seen in the name of the
formalism, the quadratic term of composition is
considered.

B. Pelton and Bale: Unified Interaction Parameter
Formalism

The Darken’s formalism applied for several ternary
solutions has been generalized and extended into a
multicomponent solution by Pelton and Bale.*"® They
proposed the following form of y; for solutes and y, for
solvent:

N
In(y,/75) =y + ) eX;
=2

N N [9]
+ Z € X X + Z €t X X Xy + . ..
Jik=2 Jik,d
=2
1| & P
Iny, =— B Z € XX — gz €1 X X X1
Jk=2 Jik,l
=2 [10]

3 X
=7 2 Gam XXX+

Jk,m

=
where they found that €ij = €ji, €jjk = €jik = €kjj = -+ -,
and so on. If only first-order interaction parameters
are considered by setting all higher-order parameters
€ijk» €ijki» ete. zero, the above equations are reduced to:

N
ln(”/i/y?)ZIIlﬁ/l-i-quX/ (i=2,3,...,N) [11]
=

1 N
Iny, =—§Z€_ikaXk [12]
jh=2

Equations [11] and [12] are identical to Darken’s for-
malism for a ternary case (Egs. [5] to [7]). Pelton and
Bale noticed that the last three terms of the Egs. [J]
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and [6] are identical to those in Eq. [7]. They added
the Iny, to the original form of Iny; for all solutes
(Eq. [1]) as a corrective function. This results in an obe-
dience of the Gibbs—Duhem relation in the multicom-
ponent solution at constant 7 and P:

N
> XidIny; = XdIny, + XodIny, + -+ + XydInyy =0
i=1

[13]

and of the following thermodynamic relationship
which is equivalent to Darken’s condition of thermo-
dynamic consistency (See Appendix A):

dlny;  dlny,
= : 14
6n,- 8n/ [ ]

where 7; is the number of moles of component i. The

formalism has been successfully applied several metal

solutions.” ' The formalism keeps the simple form of

Wagner’s formalism, and it should be stressed that the

formalism can utilize already well-tabulated interaction
> o [24]

parameters for the Wagner’s formalism.

C. Srikanth and Jacob: Path-Dependent Integration

Srikanth and Jacob considered the Eqgs. [1] and [3] as
truncations of the Maclaurin infinite series (Taylor series
at zero concentration).'¥ Upon the truncation, the
activity coefficients of solutes are thermodynamically
inconsistent, except at infinite dilution. Therefore, they

pointed out that the interaction parameters (e[,«,pffk)
should satisfy special relationships to be thermodynam-
ically consistent through the Eq. [4]. Moreover, as the
Iny;’s are inexact due to the truncation, the Iny,;, which
may be obtained by the integration of the Gibbs—Du-
hem equation (Eq. [13]), does depend upon the path of
integration. In this way, they obtained expressions of the
Iny, per chosen integration paths, while they kept the
original expression for the Iny; to be Eq. [1] for the
first-order case.

Their approach keeps the original mathematical form
of Wagner’s formalism for solutes without adding any
corrective function, although they are thermodynami-
cally inconsistent except at infinite dilution. However, it
was possible to obtain Iny, to be consistent with the
Gibbs—Duhem equation (Eq. [13]) because of the
path-dependent integration. For example, if first-order
interaction parameters are considered for solute 2 and 3
in a 1-2-3 solution from the Eq. [1]:
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In(y,/75) =enXs + e X; [15]

In(y;/73) =e3Xa +e33X;3 [16]

along the path X,/X3
they obtained:

= K53, where K»3 is a constant,

€22X% + 263X, X5 + 633)(% [(Xz n X3)
(Xz +X3)2 [17]
+In(1 — (X2 + X3))]

Iny, =

through the integration of Eq. [8].

Upon the paths taken for the integration, there could
be many numbers of the expression for the Iny,. This is
due to the thermodynamic inconsistency of the Egs. [15]
and [16]. Although the Gibbs—Duhem relation is satis-
fied, the thermodynamic consistency equation (Eq. [4]) is
not obeyed except at infinite dilute concentration. It is
noted that regardless of the way of integration to get the
Iny,, it is a prerequisite to have the thermodynamically
consistent expression of Iny; for all solutes i.

D. Malakhov: Corrective Function

Malakhov raised an issue regarding a uniqueness of
the expression for In y,, even though Iny, and In y3 obeg/
the condition of thermodynamic consistency (Eq. [4]).["*!
In his analysis for a ternary 1-2—3 solution, he defined a
corrective function ¢(X2,X3) to be added to inexact
forms of Iny, and Iny; (Egs. [15] and [16]), so the
following revised forms are considered:

In(y,/73) =enXz + e3Xs + @, (18]

In(y3/73) =enXo + e3Xz+ @3 [19]

to satisfy the Eq. [4] for the thermodynamic consis-
tency:

0p5
=X 1-X
26 + ( )€ + —— 8X2

[20]

¢,
(I — X3)ex3 + Xzez3 + =~ 8X

As long as the final form of activity coefficients of
components are to be expressed as a polynomial func-
tion, the corrective functions ¢, and ¢; must be a
form of the quadratic polynomial: ¢, = anX3 +
03 X0 X3 +o33X3 and @3 = fpX3 + P XoXs + B3 X3,
where all o;’s and f;’s are constant according to the
form of the Eq. [20]. Inserting ¢, and ¢; into the
Eq. [20] and setting all coefficients of terms involving
the independent variables X, and X3 to be zero, the
following conditions are obtained:

ojj = ﬂlj (17] = 27 3) [21]
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yielding ¢, = ¢;. Therefore, the corrective function
must be identical for the two solutes (¢, = @3 = @),
and hereafter it is denoted as ¢*. Furthermore, it is

*Although Malakhov added the same ¢ to Eqgs. [18] and [19] in his
analysis without clear reasoning,'® it is shown in the present article
that ¢, and @3 must be the same.

also obtained:

2000 — 003 = €23 — €n [22]

2033 — 03 =€23 — €33 [23]

Malakhov  pointed out that three variables
(c22, 023, 0033) with two equations Egs. [22] and [23]
result in an infinite number of sets for the ay;, 0r3, and
o33, so does for the corrective function ¢. If one
chooses

1 1

Oy = —56227 033 = —5633, 023 = —€23 [24]
thus,
1 2 1 2
Q= 56221\’2 —enXoX3 — 5633X3 [25]

then the form of ¢ becomes identical to the Iny, in
Eq. [7], and the Egs. [18] and [19] become identical to
the Eqgs. [5] and [6]. Via the Gibbs—Duhem integration,
the obtained Iny, will be the same as the Eq. [7], as
well as the ¢ shown in the Eq. [25].

On the other hand, other choices for the oy, o3, and
o33 satisfying the Eqgs. [22] and [23] (thus satisfying the
thermodynamic consistency through the Eq. [20]) may
be considered. The other form of ¢ than the Eq. [25]
may have the following form!'®:

€3 — €0 5 | €3 — €33

This alternative form of ¢ is inserted into Egs. [18]
and [19], then carrying out the Gibbs—Duhem integra-
tion, at least numerically or through d special path as
was done by Srikanth and Jacob,'* will result in a
different form of Iny,. Nevertheless, this other choice
still satisfies the thermodynamic consistency of Eq. [20]
and the Gibbs—Duhem relation (Eq. [13]), both. Based
on this reasoning, Malakhov claimed that limitless
numbers of such corrective functions can be generated,
thus angf correction may not be used with high confi-
dence.""! Instead of using this formalism with non-
unique correction, he suggested using a modern
CALPHAD-type approach where the activity coefficient
(partial excess Gibbs energy) can be derived from an
integral excess Gibbs energy by differentiating it.

This analysis is in line with the correction to Wagner’s
formahsm preV1ous1y done by Darken,* and Pelton
and Bale.l* ! However, in the following section, it will
be shown that there is one and only one expression for

X3 [26]
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the activity coefficient of solvent for given polynomial
expressions of activity coefficients of solutes by revisiting
the condition for the thermodynamic consistency pro-
posed by Darken.®! Examples will be shown by a
ternary case, but it will be further shown to be valid in a
multicomponent solution.

III. CORRECTION TO MAKE INTERACTION
PARAMETER FORMALISM BE THERMODY-
NAMICALLY CONSISTENT

In the discussions and debate made in previous
publications regarding thermodynamic consistency of
polynomial representations for the activity coefficient of
components,? *!*18 two criteria have been employed:
Gibbs—Duhem relationship (Eq. [8]) and Darken’s
condition of thermodynamic consistency (Eq. [4]) for

solutes in a ternary solution (1-2—3 where 1 is a solvent).
Although

1. both corrective functions ¢ in Eq. [25] and in Eq. [26]
make the Iny, (Eq. [18]) and In y; (Eq. [19]) satisfy the
condition of thermodynamic consistency (Eq. [4]),
and

2. Iny, is subsequently obtained in such a way that the
Gibbs—Duhem relation is obeyed through integra-
tion,

it is not clear whether the condition of thermodynamic
consistency is also obeyed between solute (2 and 3) and
solvent (1). As the Gibbs—Duhem relation concerns all
components including the solvent, the condition of
thermodynamic consistency must also concern the
relation between solutes and the solvent, not just
between a solute and the other solute.

A. Thermodynamic Consistency in a Ternary System:
From Partial Excess Gibbs Energy

Applying Eq. [14] for solvent 1 and solute 2 in the
ternary 1-2-3 solution, the following relationship is
obtained:

dlny; 9lny,
al’lz - 8n1

Taking X, and X3 as independent variables, and using
the following derivatives,

6X2 _8(1/12/1’1) —Nny - X2

[27]

on; Om n? n

8X2_ _1—X2 8X3_ X; (9X3_ X3

T I n om
28]

where 7 is the total number of moles of all compo-
nents in the solution, so n = ny + ny + n3 in this exam-
ple. Using the above equations, it is obtained:
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an o 8X2 Ony

n dlny, (0X3
8112 6X3 (9;12

[29]
71 aln'))l aln"/l
n[aXz (1= 20) + 5 (-0
Similarly,
({9111“/2_1 8111"/2 . 811’17/2 .
81’11 _n[aXz ( X2)+ 8/\/3 ( X3) [30]

Therefore, according to the Eq. [27], the following
equation is obtained which represents the conditions
of thermodynamic consistency between two compo-
nents (solvent 1 and solute 2) in the 1-2-3 solution:

dlny, dlny, Olny, dlny, dlny,
- X - X =-X - X
ax, T ox, T ox ox, U ax
[31]
Following a similar procedure, the thermodynamic

consistency condition for solvent 1 and the other solute
3 is obtained as:

aln'}/l aln'))] 8111?1 8111'))3 aln'y3
X _Xx —_x _x
axs  ax,  TUax Yox,  Tax

32]

Any polynomial representation for activity coeffi-
cients of solvent and solutes must obey the above
conditions (Egs. [31] and [32]), apart from the Eq. [4].
To correct the original Wagner’s formalism to be
thermodynamically consistent, a corrective function ¢
is added to the Iny, and Iny; as seen in Eqgs. [18] and
[19]. Inserting these equations into Eqgs. [31] and [32]
gives:

Olny, Olny,
=%)%y %
\ 33
=-X> <622 +6X2> - X3 <623 +8X>
Oln Olny
(1=43) ax/1 — X axh
’ [34]

From Egs. [33] and [34], it is obtained:

Olny, 0Jlny,
— = —en)X, —en)X 35
X, oXs (€25 — €n)Xa + (€33 —€e23) X3 [35]
Then, it can be easily shown that:
1 1
Iny, = —5622/\’% — 3 X2 X3 — 5633/\’% [36]

VOLUME 51B, APRIL 2020—799



which satisfies the above condition and Raoult’s law at
infinite dilution. Therefore, the Iny, has been obtained,
no matter what the corrective function ¢ is.

Inserting the Iny, and ¢ = ocsz% + o3 X X3 + u33X§
into Egs. [33] or [34] yields:

¢ =— %622/\’% —enXo X3 — %633/\% (37]
Therefore, the derived Iny, is indeed identical to the
corrective function ¢, and to the expression proposed
by Darken (Eq. [7]) and by Pelton and Bale (Eq. [12])
for the ternary case. It is evident that the expression
for the Iny, in the Eq. [36] also obeys the Gibbs—Du-
hem relation along with Iny, and Iny; corrected by ¢
(Eq. [37]). Therefore, the Iny, and the corrective func-
tion ¢ have been obtained as:

e the corrective function ¢ is identical to the In vy,

e Iny,, Iny,, and Iny; obey the Gibbs—Duhem relation
(Eq. [8])

e Iny;, Iny,, and Iny; obey the thermodynamic con-
sistency Eqgs. [4], [31], and [32].

The Egs. [31] and [32] are additional requirements to
fulfill the thermodynamic consistency, which have not
been explicitly described previously. Regardless of the
choice of ¢, the In y; is determined from the form of In y,
and In y; before the correction, through the condition of
thermodynamic consistency. Other choices are thermo-
dynamically inconsistent at finite concentration.

B. Alternative Proof in the Ternary System: From
Integral Excess Gibbs Energy

Following the approach proposed by Bale and Pel-
ton,>% the above proof can be made more clearly and
simply by deriving all partial excess Gibbs energies from
a corresponding integral excess Gibbs energy. Suppose
an integral molar excess Gibbs energy of the ternary
solution is given as a general quadratic polynomial
function of composition:

g7 = XiXoon + XoXzws + X1 X013 + CoX) + C3X3
38]
where wi2, wy3, w13, Cp, and C; are constants and C,
and C; may not be zero because the equation is valid
in the solvent-rich region.”*® This expression may be
rationalized by a regular solution theory.l) By replac-
ing X; =1—X, — X3, partial excess Gibbs energies
can be obtained by the following relationship:
o O(nxg®)
N= 2 2 = RTInvy, 39
6 =), = RTI, 39]

where n x g is the total excess Gibbs energy in J.
Differentiating the integral excess Gibbs energy gives

Iny, =[0nX3 + 0i3X3 + (01 + 03 — 03)X2X3]/RT
[40]
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In V2 I[a)lzX% + (1)13X§ + ((U]z + w13 — CO23)X2X3 — 2(012/\/2
+ (w3 — w12 — 013) X3 + w12 + G| /RT
(41]

Iny; =[01X3 + 013X3 + (01 + 013 — 023) X2 X3 — 2013X;
+ (w23 — w12 — w13) X2 + w13 + C3]/RT

(42]
By setting:
[w12 + Co]/RT =1ny3 [43]
[w13 + C3]/RT =1n 93 [44]
[ — 20)12}/RT €22 [45]
[— 20)13}/RT —€33 [46]
(w23 — w12 — @3] /RT =e3 [47]
the above Egs. [40] to [42] change to:
1 1
Iny, =— zﬁsz% - 5633)(% — enXoX; 48]

1 1
Iny, :lnyg + enXs + €e3kXz — 5622){% — 5633X§ — 3 X0 X3

=Iny) + enXo +e3Xs+ ¢
[49]

. 1 1
Iny; =Inys + €33X3 + €3 X — 5622)(% - 5633)(% — 23X X3

=Iny;+ e Xz +enXo+ o
[50]

It is seen that:

e the corrective function ¢ is identical for both Iny, and
Iny;

e the corrective function ¢ in the above example is the
same as the Iny,

e Iny, obtained in the Eq. [48] is the same as the
Eq. [36]

Therefore, it can be concluded that the Iny, can be
obtained in a unique form per given polynomial form of
an integral excess Gibbs energy or partial excess Gibbs
energies of solutes (activity coefficients of solutes), no
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matter how it has been obtained (differentiation or
integration), as long as the activity coefficient of solute
is thermodynamically consistent. The Iny, does not
depend on the form of corrective function nor path of
integration. Moreover, the corrective function to the
activity coefficient of solutes should be the same as the
activity coefficient of the solvent. This ensures all
mandatory requirements of thermodynamic principles:
Maxwell relations (Eqgs. [4], [31], and [32]), and
Gibbs—Duhem equation (Eq. [8]).

C. Multicomponent System

Darken’s condition of thermodynamic consistency
between two solutes was shown by himself for a
ternary case (Eq. [4]),) and it has been extended to a
multicomponent solution by Srikanth and Jacob for a
relation of activity coefficients between two solutes.!'¥!
As was shown in Sections. III-A and III-B for the
ternary case, to examine the condition between
solvent and solute in a multicomponent solution
1-2—--—N where 1 is a solvent, the equation for the
condition of thermodynamic consistency is revised in
the present study in more general form (See
Appendix A):

N

Olny dlny;
Z(aik - Xo) 5o X, /= Z((sjk — X) OX, [51]

k=2 k=2

where i and j are 1 (solvent), 2, ..., N If N=3,i=2
and j = 3, then the above equation reduces to the orig-
inal Darken’s equation (Eq. [4]). If i# 1 and j# 1,
then the above equation reduces to the equation
derived by Srikanth and Jacob.'¥ For the present
analysis, if i =1 and j # 1, then

N

Olny, 9lny, N 5
Ny, / -NYx 52
kz:; e X, kz:; e [52]

showing the condition of thermodynamic consistency
between the solvent 1 and a solute ;.

A corrective function ¢(X3, Xs,...,Xy) is defined,
and added to incorrect Iny; of first-order formalism that:

In(y;/77) E Xk + ¢ (53]
Oln Vi a(p

P 54

ox. 9t ox 154

Inserting the Eqs. [54] into [52] yields:

dlny, 8ln /1 (
E =- E Xie| € +
X, /

) (i:2737"'7N)
[55]

Considering a similar equation, replacing j by i, and
subtracting one from the other, one obtains:

METALLURGICAL AND MATERIALS TRANSACTIONS B

§ €jk — €1A X

(ij=2,3,...,N)

[56]

From the form of the above equation, Iny, should
have a formula

Iny, = Zakak + Z b X X; + ZCka [57]
= (=

k#1

Using the Eq. [56], it can be shown as (See Appendix
B):

1 N
Iny; =—5 > XX (58]

which is identical to the Iny, proposed by Pelton and
Bale* ® (Eq. [12]). Therefore, the Iny, can be uniquely
defined, no matter how the ¢ is defined. And the cor-
rective function ¢ can be uniquely obtained through
the Gibbs—Duhem equation along with all Iny,’s,
which is indeed identical to the Iny;.

Expansion to include higher-order interaction param-
eters (e, €k, ete.) are straightforward.

IV. DISCUSSION

In general, partial properties can be obtained by
differentiating an expression of the corresponding inte-
gral property, as was shown in Section III-B. By this
process, the partial properties can be made in an unique
way, and this assures thermodynamic consistency.
Therefore, it may be said that there are an infinite
number of ways of expressing the partial properties of a
solution in a thermodynamically consistent way, for
each infinite number of expressions for the integral
property. However, calling these “‘correction” to Wag-
ner’s formalism is a stretch since most of them would
not resemble Wagner’s formalism at all. The mathemat-
ical expression for the integral property should be based
on a reasonable solution model. The quadratic formal-
ism, with polynomial expansions to cubic and high-
er-order terms, satisfies this criterion since it is based on
regular solution theory. Wagner’s formalism is based on
the quadratic formalism, but is not thermodynamically
consistent except in very dilute solutions. The UIPF can
be derived from the regular solution theory as the basis
but corrects the thermodynamic inconsistency in non-di-
lute solutions while reducing to Wagner’s formalism at
infinite dilution.

The present thermodynamic consistency analysis has
been applied to the composition dependence of the
activity coefficients of all the components. Since the
activity coefficient of a component i in a logarithm scale
is obtained by a partial differential of the total excess
Gibbs energy by the amount of the component i (see
Eq. [39]), partial differentials by the amount of different
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components yield different excess partial Gibbs energies
and corresponding activity coefficients. Nevertheless,
these must satisfy the Gibbs—Duehm relation (Eq. [13])
and the thermodynamic consistency equation (Eq. [51])
by the Maxwell relation. This ensures the uniqueness of
the correction to the Wagner’s interaction parameter
formalism.

Temperature dependence of the activity coefficients of
components may be also sought in view of the thermo-
dynamic consistency. It may be tested by applying the
Gibbs—Duhem relation under constant pressure (but not
under constant temperature) and the Maxwell relation
in the following ways:

N
Xidg; +sdT =0 [59]
=1

I

where s is the molar entropy of the solution and,

2 (29) 2 (50) -
8n,- oT oT (’)ni

However, since the partial differential to 7" does not

yield any different expression per each component i,

these relations do not provide some useful relationship,

contrary to the present analysis for the composition

dependence of the activity coefficient.

Temperature dependence of parameters in the UIPF,
for example, Iny5, Iny3, €, €33, and €3 in a ternary
1-2-3 system, depend on the temperature dependence of
interaction energies (w2, w3, and w;3)) and that of C;
and Cj, as can be seen in the Eq. [38]. By inspecting the
Eqgs. [43] through [47], it is evident that there is no
interrelationship among the temperature dependence of
the parameters, in general. This means, if the formalism
is intended to be used only in the solvent-rich region,
thereby none of C, and Cj is zero, the temperature
dependence of the five parameters is independent of each
other. However, if the formalism is to be valid over the
whole concentration range, therefore C; = C; = 0, then,
the following relationship should be held:

€, =—2Iny; (61]
€33 = —21n9y3 [62]
W23 o o
€23 :ﬁ" — ln “/2 — hl '))3 [63]
which was already well-known relationship.*-*”

Accordingly, temperature dependence among the
parameters (Henrian activity coefficients and interac-
tion parameters) should satisfy similar relations which
are simply obtained by the partial differential of the
above equations (Egs. [61] through [63]). This is valid
when the solution behaves as the regular solution. If
the solution’s behavior is interpreted by the quasichem-
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ical theory, different relations between Henrian activity
coefficients and interaction parameters are found."”

By a choice of the temperature dependence of the w;’s
and C;’s in Eq. [38], the temperature dependence of
Henrian activity coefficients and interaction parameters
are determined. While a linear dependence has been
most widely accepted (i.e., w; = n; — o;T), a number of
different approaches are also available.[*¢ "

V. CONCLUSION

Condition of thermodynamic consistency for the repre-
sentation of excess partial Gibbs energy of multicompo-
nent solution has been discussed, in particular in the course
of correction to the Wagner’s formalism. Apart from the
Gibbs-Duhem relation and Darken’s condition of ther-
modynamic consistency for solutes, it has been stressed
that a similar condition should also be obeyed between
solvent and solute. A general condition of thermodynamic
consistency has been derived in the present study.

A recent issue raised for the possibility of non-unique
correction to Wagner’s formalism was analyzed.!'8 It
has been shown in the present article that the correction
can be made in a unique way for given functional form
of the activity coefficient of solutes (Iny,;, i =2,3,..., N)
regardless of the way of the correction. The corrective
function @(X2, X3,...,Xy), as well as the activity
coefficient of solvent (Iny,) can be uniquely defined
through the Gibbs—Duhem relation and the general
condition of thermodynamic consistency. It ensures the
use of UIPF with a confidence for multicomponent
dilute solution. Temperature dependence of the interac-
tion parameters (¢;) and Henrian activity coefficients
(Iny?) was discussed, although it depends on tempera-
ture dependence of interaction energies ().
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APPENDICES

APPENDIX A

Extension of Darken’s Thermodynamic Consistency
into Multicomponent Solution including Solvent

As Gibbs energy, G, is a state function, and its
differential is exact, the Maxwell’s relation is obeyed:
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0 (0G\ 0 (9G
o (an) o (an)

where n;, n; are the number of moles of components i

and j, and
N N N
G:Zn,-g?—i—RT(ZnilnX,-—f—Zn,-lny,) [A2]
i—1 i=1 i=1
and
n; n;
X = -
i N
Z,‘:l n;

N [A3]
wheren:an (i=1,2,...,N)

By differentiating G with respect to n;, while all other
n;(i # j) are kept constant,

oG N 9lny,
— =g+ RT|(InX; +1nvy, . A4
o g+ (n i+ ny,Jr;nk o, [A4]

The last term in the Eq. [A4] is zero due to the
Gibbs—Duhem relation. From the above,

0 [(0G dlny;, 1

o (o) =R (5 2) A
Similarly,

g (0G\ Olny, 1

o (o) =% (%) Ad

Therefore, the following relationship between activity
coefficients of components i and j are obtained:

Olny;, 0Olny,
81’1,’ o 6nj
which is the same as the Eq. [14]. Taking all X;’s

except for X; as independent variables, and using the
following derivatives of X} with respect to n;,

[A7]

8Xk o 6(nk/n) o 5,‘]Jl — Ny
S o 2
=SSk (G k=1,2,...,N)
n
the above equation is expressed as:
Olny; N dlny; (90X
on; 5 OXi \ On;
[A9]

zN:aan/ zk_Xk
- 8X/& n

Similarly,
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Olny, ul Olny; (op — Xi
L= L L—— Al
8nj ; 6Xk < n [ 0]

Therefore, the following equation is obtained which
represents the conditions of thermodynamic consis-
tency between two components (i and j) in N-compo-
nent system, including solvent (i=1 or j=1) and
solute (i,j # 1):

u olny, & dlny,
D (0w =Xt =3 0 - Xt [A)

APPENDIX B

Derivation of Invy, in Multicomponent Solution
From the Eq. [57],

dlnvy, N
=2a;X; +2 ) byXi+c
ax, k; [BI]
ki
dlnvy, N
=2a;Xi+2 )  biXi+¢
o, 2 B2)
ki
Then,
8 ln Y1 B 8 ln 1
oxX,  oX,
= (2ay — 2b3) X+ (2by = 2a;)X; + ) 2biX;
k=2
ki)

— Z 2bijk + ¢ — Cj
k=2
k#ij

B3]

= Z (Zb,'k — 2bj]\v)Xk + (Zafi — 2bj,)X, —+ (2by — 2Cljj)A/]

ketiy
tea—g
[B4]
Therefore by comparison with the Eq. [56],
2ai; = 2bji =¢€ji — €ii [BS]
2bij = 2a; =¢€j; — € [B6]
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2bik — ijk =€jk — €ik [B7]
¢ — ¢ =0 [B8]
dlny,

According to Raoult’s law (553 — 0 when X;, X; — 0),
it can be shown that ¢; =c¢; =0. Furthermore, by
iIlSPECtiOI'l, a;; = —%6,‘[‘, ;= —%Ejj, bif = bﬁ = — %6,']‘,
etc. Therefore,

1 & , 1
ln'yl = — E;Gkak — E kzl:zz Gk]XkX[ [Bg]

k#l
l N
=—5) XX [B10]
jk=2
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