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A model for predicting solidification and solute segregation of binary alloys undergoing elec-
tromagnetic stirring has been developed. A dual-zone formulation was employed to describe the
velocity fields in the mushy region. The key feature of this model lies in its accounting for flow
damping in the suspended particle region via turbulent interactions the crystallite surfaces. The
damping force is given in terms of the turbulent kinetic energy, fraction solid, and the crystallite
sphericity. The computed macrosegregation results for Al-4.5 pctCu alloy were validated
against, and were found to agree with, experimental measurements. The effect of final grain size
and frequency on segregation was also determined. This validated model represents a rigorous
mathematical framework for describing the flow behavior and solute segregation in electro-
magnetically stirred melts.
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I. INTRODUCTION

MAINTAINING a uniform distribution of alloying
elements is extremely difficult in many casting processes
due to solute redistribution during solidification (aka
segregation). There are two principal forms of segrega-
tion, namely microsegregation and macrosegregation,
which occur at different length scales. Microsegregation
occurs at the crystallite interfaces due to differences in
the solute solubility of the various phases, while
macrosegregation results from convective transport of
solute-enriched liquid. Each of these phenomena can
lead to significant spatial solute variations and by
corollary physical properties.

In recent years, macrosegregation control in electro-
magnetic (EM) stirring systems has garnered particular
interest due to its widespread use in solidification pro-
cesses to produce castings exhibiting fine-grained equi-
axed structures.[1–5] Zhang et al.[6] found that EM stirring
significantly reduced the degree of solute heterogeneity
during continuous casting of Al alloy billets. Prescott and
Incropera[7] found, both experimentally and numeri-
cally,[8] that intensifying EM stirring reduced overall
macrosegregation via increased turbulent mixing. How-
ever, other studies, such as those of Budenkova et al.[9]

and Griffiths and McCartney,[10] found that in certain

cases EMstirring can also lead to the formation of regions
with positive and negative segregation within the casting.
There have been substantial efforts to model segrega-

tion in EM solidification processes.[8,9,11–16] Doing so
requires, above all, an accurate description of the
turbulent velocity and EM field phenomena in the bulk
liquid and two-phase ‘‘mushy’’ regions. Generally,
modeling of the EM forces has been accomplished using
approximate analytical solutions such as those found in
References 17,18. Such solutions, however, can only be
found if highly simplified geometries are assumed, and
thus have minimal flexibility in their application.
The models for the flow in the mushy region may be

divided into (i) single-zone[8,12,16,19] and (ii) dual-zone
models.[9,15,20] Single-zone models treat the flow in the
entire mushy region as that of a porous medium
governed by Darcy’s law. While such models accurately
predict flow behavior for columnar solidification mor-
phologies, they do not account for the presence of
floating equiaxed crystallites commonly found in EM
solidification systems.[21] Dual-zone models account for
the floating crystallite phenomenon by relaxing the
porous medium assumption at low fraction solid,
treating the flow in this ‘‘suspended particle region’’ as
that of a rheological slurry. There have been some
efforts to incorporate turbulence into both the single-
zone[8,12] and dual-zone model formulations.[9,15] How-
ever, none of these models have accounted for the
crystallite interactions with the turbulent field, which are
known to damp the flow.[22–24]

Recently, some of the authors[25,26] have proposed an
improved dual-zone model formulation for turbulent
EM stirred solidification systems. The model solves the
EM field equations numerically in both the melt and
adjacent conducting domains. Most importantly, how-
ever, the model also accounted for flow damping due to
crystallite interactions with the turbulent eddies.
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The objective of this work is to examine the applica-
bility of this newly developed theoretical approach to
measurements obtained from an experimental EM
stirring system. A satisfactory interpretation of these
measurements serves a twofold purpose. First, it repre-
sents a fundamental test of the model’s capabilities;
more importantly, however, it allows for an expanded
application of the model to more sophisticated systems
and operating conditions.

II. MODEL FORMULATION

The mathematical description for any EM stirred
solidification system is given in terms of the momentum
and continuity equations for fluid flow, the heat, and
mass conservation equations for the temperature and
solute fields, respectively, and the needed subsidiary
relationships to calculate the Lorentz forces, Joule
heating, and turbulence parameters. Since a substantial
number of these equations have been given in previous
publications,[25,26] the model formulation presented in
this work will be that of a broad outline only.

A. Electromagnetic Field

In two dimensional systems, the mutual inductance
method will be used due to its ability to easily solve for
the EM field quantities in the molten metal domain and
adjacent conducting media without the need to grid free
space. In this method, the conducting region(s) with
respective electrical conductivity, r, are divided into
elementary circuits of constant current density, J. The
current density in each circuit is given in terms of the
current densities of all of the other circuits by

I
J:dli ¼ �jxr

"Xmetal

m¼1
Mi;m J � Sð Þm

þ
Xshields
c¼1

Mi;c J � Sð Þcþ
Xcoil
k¼1

Mi;kIk

#
;

½1�

where S and l are the respective lengths and surface
areas of the elementary circuits, j is the square root of
�1, x is the angular frequency, and Mi,j is the mutual
inductance given by

Mi;j ¼
l0

4p

ZZ
� dlj � dli

r0
: ½2�

From the current density, the magnetic flux density,
B, is given by

B ¼ �r� J

jxr
: ½3�

B. Fluid Flow

For the three flow domains shown in Figure 1, the
continuity momentum conservation equations are,
respectively, given as

r � u ¼ 0; ½4�

q
@u

@t
þ qu � ru ¼ �rPþ lr2uþ k J� Bþ Fdð Þ

� ll

K
u� usð Þ;

½5�

where

u ¼ fsus þ 1� fsð Þul ½6�

and q, Fd, and k represent the density, turbulent
damping force, and a switch parameter, respectively.
The quantity J 9 B is the Lorentz force. In the bulk
liquid and suspended particle regions, k is equal to
unity and is zero in the fixed particle region. Since it is
assumed that the velocity of solid is equal to velocity
of liquid in the bulk liquid and suspended particle
region via the homogeneous flow model, the Darcy
term is finite only in the fixed particle region. The flow
permeability, K, was determined using the Carman–
Kozeny equation, and the turbulent damping force is
given by

Fd ¼
2 1� f2L
� � ffiffiffiffiffi

cd
p

qk

Dg 1� 6 1�fLð Þ
pb

� �1=3� � êj; ½7�

where b is the sphericity of the crystallites. It should be
noted that the coherency fraction solid, fc, is equal to 6p/
b for a simple cubic array of crystallites.
The turbulent characteristics of the flow were given by

the low-Re k–e model of Jones and Launder,[27] and the
effective viscosity, l, is given as the sum of the laminar
and turbulent components, ll and lt, respectively. It is
also assumed that turbulence is completely damped in
the fixed particle region due to the interparticle spacing
in this region being on the same order as the Kolmogo-
rov turbulence length scale.[28] In the bulk liquid and
fixed particle regions, the laminar viscosity component is
equal to that of the molecular value, while in the
suspended particle region the rheological effect on the
laminar viscosity is represented using the correlation
developed by Thomas.[29]

C. Heat Transfer

Assuming that the fraction solid, fs, varies as a
piecewise linear function of temperature, T, the differ-
ential energy balance equation with phase change is
given by

qC�
@T

@t
þ v � rT

� �
¼ r � k�rTð Þ þ Jk k2

r
; ½8�

where the last term accounts for electrical energy dissi-
pation (aka Joule heating). The quantity C* is the
effective specific heat given in terms of the molecular
specific heats of each phase, cp,i, the latent heat L, and
the solidus and liquidus temperatures TS and TL,
respectively, by
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C� ¼
cp;l T � TL

cp;s þ L
Ti�Tj

TS<T<TL

cp;s T 	 TS

8<
: : ½9�

The quantities Ti and Tj represent the end point
temperatures of a line segment of the piecewise linear
curve. The effective thermal conductivity, k*, is given by

k� ¼
kl þ ltcp;l

Pr T � TL

1� fSð Þkl þ fSks TS 	 T<TL

ks T 	 TS

8<
: : ½10�

In the bulk liquid, the effective thermal conductivity is
given by the sum of the turbulent and molecular
contributions, where Pr is the turbulent Prandtl number.

D. Solute Segregation

For a binary alloy, the overall mass conservation
equation for the solute species in a two-phase system is
given by:

@

@t
qsgsCs þ qlglClð Þ þ r � qsgsvsCs þ qlglvlClð Þ

¼ r � qsgsDsrCs þ qlglDlrClð Þ:
½11�

The mass fraction solid, fi, and the volume fraction
solid, gi, of a any particular phase are related by

fi ¼
qigi
q
: ½12�

Using Eq. [12], along with the assumptions made by
Chang and Stefanescu,[30] Eq. [11] can be generally
rewritten as

qfL
@CL

@t
þ qfLvL � rCL ¼ r � qfLDLrCLð Þ þ X; ½13�

where X is the solute rejection source term given by

X ¼ q 1� k0ð ÞCL
@fs
@t þ vs � rfs
� �

0<fs 	 fc

q 1� k0ð ÞCL
@fs
@t fc<fs 	 1

(
; ½14�

where k0 is the equilibrium partition coefficient. Like
the thermal conductivity, the mass diffusivity of the li-
quid is given as the sum of the molecular and laminar
contributions:

DL ¼ Dm þ
lt=q
Sc

½15�

where Dm is the molecular value of the liquid diffusivity,
and Sc is the turbulent Schmidt number, generally taken
to be approximately unity.[31]

III. RESULTS AND DISCUSSION

In this section, we will present the computed results
for Al-4.5 pctCu alloy under unidirectional solidifica-
tion in a bottom chill mold surrounded by an induction
coil, along with a comparison with measured segrega-
tion profiles. The thermophysical properties used in the
analysis are given in Table I. The calculations were
performed on a 40 9 25 grid for the coil current and
frequency used in a previous experiment,[32] with the
dimensions of the system given in Figure 2. The
calculations used a characteristic grain size of 200 lm
and a coherency fraction solid of 0.2 (b =0.3821), which
is characteristic of highly aspherical crystallites.

A. Computed Results

Figure 3 shows the initial computed velocity field in the
melt. As seen in this figure, the flow consists of one
primary, counterclockwise recirculating loop, accompa-
nied by a secondary, clockwise rotating flow loop near the
free surface of themelt. It should be noted that this flow is
similar to those found by the authors in Reference 25.
Figure 4 shows the computed initial turbulent field.

Note that the turbulent field is presented in terms of the
ratio between the turbulent and laminar viscosities
(l* = lt/ll). As expected, turbulence is strongest near
the vortex center of the primary flow loop at approx-
imately 190 times the molecular viscosity, where the
shear strain rate is highest. This result suggests that

Fig. 1—Flow domains for the dual-zone solidification model.

Table I. Thermophysical Properties for Al-4.5 pctCu

Solid density 2800 kg/m3

Liquid density 2300 kg/m3

Solid thermal conductivity 100 W/m �C
Liquid thermal conductivity 100 W/m �C
Solid heat capacity 1070 J/kg �C
Liquid heat capacity 1070 J/kg �C
Liquid mass diffusivity 3 9 10�9 m2/s
Electrical conductivity 1.28 9 106 Mho/m
Liquidus temperature 921 K (648 �C)
Solidus temperature 837 K (564 �C)
Latent heat of fusion 389,000 J/kg
Molecular viscosity 1.5 9 10�3 Pa s
Initial temperature 675 �C
Heat transfer coefficient 250 W/m2 �C
Grain geometry factor 0.3821
Characteristic grain size 200 lm
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there will be significant turbulent mixing in this region of
the melt, leading to homogenization of both the
temperature and solute fields during solidification.

As solidification progresses, there is significant damp-
ing of the flow in the mushy region due to the interaction
of the turbulent eddies with the crystallites. This is
clearly illustrated in Figure 5, which shows the variation
of the velocity and turbulent fields with respect to
fraction solid. The values presented for the velocity have
been normalized with the value at zero fraction solid
and the fraction solid is shown in terms of both
normalized and actual values. The velocity decreases

rapidly in the initial stages of solidification (fs < 0.05)
due to the high values of turbulence; it then levels off at
around 10 pct of its initial value near fraction solid of
0.03. The reason for this plateau is shown by the change
in turbulent viscosity, where the decreased turbulent
kinetic energy of the flow leads to smaller increases in
the damping forces per unit of fraction solid.
Figures 6 and 7 show the liquid solute concentration

profile at times of 360 and 550 seconds, respectively.
After 360 seconds, Figure 6, the liquid concentration
starts at ranges from 5.6 to 8.0 pct Cu and the solute
concentration monotonically decreases with height at
the outer radius. The solutal isolines tend to align
themselves with the flow direction, due to the dominance
of convective mass transport. It is also seen that the
liquid composition in the interior of the ingot is more or

Fig. 2—Dimensions of the system used in this study.
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Fig. 3—Initial computed velocity field; frequency 4900 Hz.
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Fig. 4—Initial turbulent field given in terms of turbulent to molecu-
lar viscosity.
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Fig. 5—Damping of the velocity and turbulent fields. Data taken at
the centerline 20 mm from the chill.
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less uniform in the suspended particle region due to the
continued presence of turbulent mixing, similar to the
computed results by Prescott and Incropera.[8] At
550 seconds, Figure 6, there are still two recirculating
loops in the melt, but the secondary loop has shifted
inward and has grown in size at the expense of the
primary recirculating loop. Furthermore, damping of
the flow has led to an increase in the solute gradient in
the ingot interior. These results emphasize the impor-
tance of considering turbulent damping in the suspended
particle region, as the resulting flow structures and
intensities have a remarkable influence in solute field
evolution.[25] This suggests that the final axial segrega-
tion profiles for any given radial value will be markedly
different from one another.

The evolution of the computed axial concentration
profiles, taken at the centerline for various times during
solidification, is shown in Figure 8. It is clearly seen that
the concentration starts at the initial value, C0, of

4.5 pct Cu. As solidification progresses, the washing of
solute due to intense convection in the suspended
particle region, causing the curves to undergo an
inflection near the middle of the axis height, as seen
with the liquid composition curve for 850 seconds. This
may be contrasted with the results of Chang and
Stefanescu[30] on solidification of an Al-Cu alloy of
similar composition, where the dominant shrinkage-
driven flow caused significant inverse segregation. It
should also be noted that those models which assume an
complete solid diffusion[8,33,34] would only attain a
maximum concentration of C0/k0 = 26.16 wt pct Cu,
meaning that there should be no eutectic composition
present at the conclusion of solidification. As shown in
electron backscatter micrographs in Figure 9, this is
clearly not the case, as there is a significant amount of
eutectic outlining the dendrites.
The model was finally validated by comparing the

final computed compositional profiles with measured
data. As seen in Figure 10, there is good agreement
between the predicted results and the measured stirred
and unstirred solute profiles. It is also seen that stirring
using a stationary magnetic field results in increased
segregation along the ingot height. This result is again
consistent with micrographs in Figure 9, where there is
higher fraction of eutectic at 60 mm from the chill,
Figure 9(b), compared to that at 20 mm, Figure 9(a). It
is interesting to note that a similar result of monotonic
segregation was found by Stelian et al.[35] for segregation
of GaInSb alloy stirred using a stationary magnetic
field. While not advantageous in ensuring homogeneous
castings, these results suggest that stirring under these
conditions may be useful in solidification processes
where it is desirable to remove unwanted solute.

B. Influence of Fraction Solid Evolution

It is also instructive to examine the influence of
various model inputs on the final composition profile.

Fig. 6—Computed velocity and liquid solute profile after 360 s for
frequency of 4900 Hz.
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Figure 11 shows the final centerline composition curves
for two different fraction solid vs temperature profiles.
As seen in Figure 11, assuming a linear fs vs T profile for
heat transfer while using the Scheil assumptions for
mass transfer, which has been done in other works,[30]

leads to an overestimation of final composition com-
pared to the piecewise Scheil curve due to the increased
solute rejection from the solid into the liquid. This result
shows the importance of using consistent assumptions in
the solution of the temperature and solute conservation
equations, as failure to do so will lead to spurious
predictions.

Figure 12 shows the influence of final grain size on the
final solute profile in the cast alloy. As seen in this figure,
the amount of centerline segregation increases in the
upper half of the casting for increasing grain size. As
explained in the authors’ previous work,[25] the increase
in particle size reduces the specific surface area under
which turbulent damping can occur, leading to increased

flow intensity and increases the washing of solute from
other parts of the casting. The results shown here are
also consistent with those in Figure 10, as the intensity
of segregation decreases as the velocity of the flow tends
to zero in the case of the unstirred melt, and is also
consistent with previous experiments,[36,37] which
showed decreased segregation in castings exhibiting
highly refined grain structures.
The coil operating frequency had the most profound

effect on solute segregation. As seen in Figure 13,
segregation in the upper half of the ingot becomes more
severe as the frequency decreases until 100 Hz, after
which composition becomes more uniform. This is best
explained by examining Figure 14, which shows the
liquid composition profile after 360 seconds for a coil
frequency of 500 Hz. As seen in this figure, decreasing
the frequency by an order of magnitude causes an
expansion of the upper recirculating loop in size such
that it approximately covers the upper half of the ingot,

Fig. 9—Electron backscatter micrographs taken for EM stirred sample at (a) 20 mm and (b) 60 mm from chill block. Images taken at ingot cen-
terline.
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while the flow in the lower recirculating loop has been
damped significantly. Whereas the dominant, counter-
clockwise flow recirculation at 4900 Hz caused rejected
solute to be primarily taken up at the outer radius,
Figure 6, the reversal of the flow direction in the upper
loop, Figure 14, causes a solute buildup at the centerline
for the upper half of the ingot, leading to greater
incorporation of alloying elements into the solid phase.
It should be noted, however, that decreasing the
operating frequency causes a likewise decrease in the
magnitude of the Lorentz forces in the melt. This
counteracts the recirculation loop expansion effect and
lessens segregation. Due to these opposing effects, these
results suggest that it may be more suitable to use
traveling magnetic fields when performing EM stirring
at elevated frequencies to eliminate the upper recircu-

lating loop or to use magnetic shields along with the
stationary field to alter the flow structure.[38,39]

IV. CONCLUSIONS

A model for predicting solidification phenomena for
binary alloys undergoing EM stirring has been presented.
The EM field was solved using the mutual inductance
technique, and a dual-zone formulation was employed to
describe the velocity fields in the bulk liquid and mushy
regions. The key feature of the model is that it accounts for
the damping of the flow in the suspended particle region via
the damping of turbulence at the crystallite surfaces,
represented by a damping force given in terms of the
turbulent kinetic energy and fraction of solid. The formu-
lation for computing the solute field utilized a no solid
diffusion assumption at the microscopic level. Computed
results for the solidification of Al-4.5 pctCu alloy showed
that segregation is strongest at the outer radius at the
beginning of solidification, with washing of solute by the
flow in the suspended particle region causing an inflection
point to be reached as solidification progresses. The
computed results were compared to, and were found to
be in agreement with, experimental measurements. It was
determined that the final grain size and coil operating
frequency had the most profound effect on solute segrega-
tion. Therefore, it may be generally said that this model
offers a rigorous mathematical framework for describing
the flow behavior and solute segregation in electromagnet-
ically stirred melts, and may be applied as a design tool to
predict the behavior of other EM solidification processes.
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