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Analytical, Numerical, and Experimental Analysis 
of Inverse Macrosegregation during Upward 
Unidirectional Solidification of Al-Cu Alloys

IVALDO L. FERREIRA, CARLOS A. SANTOS, VAUGHAN R. VOLLER, 
and AMAURI GARCIA

The present work focuses on the influence of alloy solute content, melt superheat, and metal/mold heat
transfer on inverse segregation during upward solidification of Al-Cu alloys. The experimental segregation
profiles of Al 4.5 wt pct Cu, 6.2 wt pct Cu, and 8.1 wt pct Cu alloys are compared with theoretical
predictions furnished by analytical and numerical models, with transient hi profiles being determined
in each experiment. The analytical model is based on an analytical heat-transfer model coupled with
the classical local solute redistribution equation proposed by Flemings and Nereo. The numerical model
is that proposed by Voller, with some changes introduced to take into account different thermophysical
properties for the liquid and solid phases, time variable metal/mold interface heat-transfer coefficient,
and a variable space grid to assure the accuracy of results without raising the number of nodes. It was
observed that the numerical predictions generally conform with the experimental segregation mea-
surements and that the predicted analytical segregation, despite its simplicity, also compares favorably
with the experimental scatter except for high melt superheat.

I. INTRODUCTION

DURING solidification of alloys, segregation results from
the various ways in which the solute elements and impurities
can become redistributed within the solidified structure. Based
on the scale of the segregation phenomena, it may be divided
into two parts: microsegregation and macrosegregation.
Microsegregation includes short-range differences in chemical
composition, such as those found between cells, dendrites,
and grains. When the compositional difference shows long-
range variation, for instance, between the outside and inside
of a casting or ingot, this is considered macrosegregation.
These phenomena may result in varying the chemical com-
position on the microscopic and macroscopic levels within a
casting. This compositional heterogeneity of the cast structure
induces nonuniformity of mechanical properties.

In conditions of pronounced dendritic growth, the inter-
dendritic channels contain liquid of a high solute content
because of lateral diffusion of solute. For most metals, there
is a contraction on solidification and the high solute liquid
is drawn toward the actual freezing interface at the base of
the dendrite stalks, producing abnormally high solute con-
centrations at the outer regions of the ingot. This condition
is known as inverse segregation because the solute distribu-
tion is opposite to that expected for normal segregation where
the center of the ingot may be of higher solute concentra-
tion than the outside. Inverse segregation has been reported
to be caused mainly by solidification contraction and favored
by slow cooling rate, wide freezing range of the alloy, and

coarse dendrite arm spacings.[1,2] In the region adjacent to
the outside face, the inverse segregation profile drops rapidly
with distance from the chill face, and was found to decrease
with increasing melt superheat and to decrease as the thermal
conductivity of the chill material decreased.[3]

Another important type of segregation can result when the
semisolid external surface of the casting begins to contract
from the mold wall, leaving a space into the interdendritic
liquid can flow. The flow is driven by the pressure drop due
to the air gap formation. A thin layer of highly segregated
material, referred to as exudation, is then formed at the surface
of the casting. While inverse segregation is positive from the
casting surface, a negative segregation profile will be formed
along the semisolid shell through which exudation has taken
place, since it is depleted of alloying elements.[4,5]

Scheil[6] was the first to treat inverse segregation with an
analytical expression that can predict the maximum segrega-
tion at the chill face as a function of alloy composition.
Kirkaldy and Youdelis[7] extended Scheil’s equation to predict
not only the maximum segregation, but also the positional
variation of the segregation in a unidirectionally solidified
ingot. Several studies in the literature have reported that
the Kirkaldy–Youdelis’s approach accounts for the inverse
solidification profile along the ingot length.[8–11]

Flemings et al.[12,13,14] proposed a model, which assumes the
interdendritic liquid driven only by contraction on solidification;
the solute was neglected and the temperature gradients and
velocity distributions were measured or assumed. The derived
“local solute redistribution equation” was shown to predict suc-
cessfully the formation of macrosegregation, particularly inverse
segregation for unidirectional solidification of Al-Cu alloys.

Tsai and co-workers[15,16] have employed the continuum
formulation, including the fluid flow and domain change
caused by solidification contraction, to develop a model that
was applied to investigate the inverse segregation during
unidirectional solidification of Al-Cu alloys cooled from the
bottom. Chang and Stefanescu[17] have also developed a model
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by liquid flow to feed shrinkage; and liquid composition and
temperature within the element are uniform (within a differ-
ential amount) at any time. Conservation of solute mass in the
volume element along solidification requires that

[1]

where t is time (seconds), is the local average density
(solid � liquid) (kg/m3), is the local average composition
(solid � liquid) (wt pct), �L is the liquid density, gL is the vol-
ume fraction of liquid, CL is the liquid composition within
the volume element, and VF is the local velocity of interden-
dritic liquid relative to solid (m/s). Equation [1] is used to
derive the well-known “local solute redistribution equation,”
which is used to calculate macrosegregation, and is given by

[2]

where � � (�S � �L)/�S is the solidification shrinkage, k0

is the partition coefficient, G is the thermal gradient (K/m), 
and T

0
is the cooling rate (K/s). Equation [2] is written for

uni-directional heat flow conditions, i.e., with planar isotherms
moving perpendicular to a determined axis assuming constant
solid density during solidification, negligible net solute change
from diffusion, and no pore formation.

Equation [2] can be used to predict the formation of inverse
macrosegregation if VF, G, and T

.
are measured experimentally

or calculated from heat flow considerations.

B. Analytical Solidification Model

An analytical heat-transfer model, which describes the
temperature distribution and the position of solidus and liq-
uidus isotherms in the unidirectional solidification of binary
alloys, can be coupled with the Flemings and Nereo’s
solution, providing the solidification thermal parameters nec-
essary in the determination of the inverse macrosegregation
profile in the solid. The model is an extension of the one
developed earlier by Garcia and Prates for pure metals cooled
by fluids, for pure metals solidifying against a massive
uncooled mold, or for alloys solidifying against a cooled or
massive mold.[21,22] The model employs the mathematically
expedient technique of replacing the interfacial resistance
by equivalent layers of material, and the latent heat of fusion
is taken into account by adjusting the specific heat over the
solidification temperature range. The ingot is treated as a
one-dimensional moving boundary problem with boundaries
at the tips and roots of the dendrites. It is assumed that the
Newtonian interface resistance is represented by a transient
metal/mold heat-transfer coefficient (hi). The other thermo-
physical properties describing the system are treated as aver-
ages within the same phase, as follows:

Metal f
T �TLiq kL, �L, cL

kSL� (kS � kL)/2

TSol �T �TLiq d �SL � (�S � �L)/2
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based on the continuum formulation, assuming that the inter-
dendritic liquid flow was driven by thermal and solutal buoy-
ancy as well as by solidification contraction. Validation of
the model was performed for the case of inverse segregation
in a directionally solidified Al 4.0 wt pct Cu casting with
equiaxed grains.

In a recent article, Voller[18] proposed a numerical approach
for the coupling of species and thermal transport. In the con-
text of a model of the inverse segregation occurring in a
binary alloy (but it deals with multicomponent alloy), he
demonstrated that his approach could easily handle the key
features in the coupling thermal and solutal fields, e.g., eutec-
tic reactions, and also is accurate, i.e., the proposed numeri-
cal scheme and his associated code accurately solved the
governing partial differential equations that make up the
model. Voller[19] compared the basic mechanics in the thermal
and solutal fields numerically and analytically making use
of a sophisticated similarity solution of inverse segregation.
One important characteristic of this numerical approach is
the use of an explicit/implicit time integration scheme that
leads to a significant saving in computer time and also allows
for a straightforward treatment of key phenomena such as
eutectic reactions. In essence, the coupling involves taking
a nodal value (macroscopic point value) and invoking a
micromodel (which is a constitutive equation) to arrive at
thermal and solutal fields, which are consistent with the
thermodynamics of the problem. In a more recent article,[20]

the analytical solution proposed by Voller has been extended
to encompass flow in the bulk liquid, mushy properties, and
microsegregation parameters such as partition coefficients,
which are different for all solute species.

The present work focuses on the influence of alloy solute
content, melt superheat, and transient metal/mold heat-transfer
coefficients (hi) on the positional variation of inverse segre-
gation during upward solidification of Al-Cu alloys. The experi-
mental segregation profiles of Al 4.5 wt pct Cu, 6.2 wt pct Cu,
and 8.1 wt pct Cu alloys are compared with theoretical
predictions furnished by analytical and numerical models, with
transient hi profiles being determined in each experiment by
an automatic search of the best fitting among theoretical and
cooling curves in metal. The analytical model is based on an
analytical heat-transfer model coupled with the classical local
solute redistribution equation. The numerical model is that pro-
posed by Voller,[18] with some changes introduced to take into
account different thermophysical properties for the liquid and
solid phases, time variable metal/mold interface heat-transfer
coefficient, and variable space grid to assure the accuracy of
results without raising the number of nodes.

II. ANALYTICAL MODEL

A. Inverse Macrosegregation

Flemings and Nereo[14] proposed a model to predict various
types of segregation, such as inverse macrosegregation. This
model is based on mass balance considering a small volume
element (x,y,z) within ingot during solidification. Their con-
siderations were as follows: the element is large enough that
the fraction solid within it at any time is exactly the local
average, but small enough that it can be treated as a differential
element; no solid material enters or leaves the volume element
during solidification; solute enters or leaves the element only

[3]
[4]

[5]

[6]
[7]
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where TLiq is the liquidus temperature (Kelvin), TSol is the
nonequilibrium solidus temperature, k is the thermal conduc-
tivity (W/m · K), c is the specific heat (J/kg · K), �
 is the
latent heat of fusion (J/kg), and hi(W/m2 · K).

The one-dimensional Fourier field equation is exactly
applicable to the virtual metal/mold system, and the solution
obtained in the system can be related to the real system by
simple relationships. The model has been detailed in previous
articles and validated against experimental data describing
the unidirectional solidification of Al-Cu, Zn-Al, and Sn-Pb
alloys.[23,24,25] The temperature gradient (GL) and the growth
rates at the dendrite tips (VL) and roots (VS) are given,
respectively, by

[8]

[9]

[10]

By multiplying Eqs. [9] and [10], the individual effects of
alloy composition, melt superheat (�Tpour � Tpour � TLiq), and
metal/mold heat-transfer coefficient (hi) can be seen inserted
into an expression correlating tip cooling rate and solidi-
fication parameters, given by

[11]

where m is the square root of the ratio of thermal diffusivities
of mushy zone and liquid, (�SL/�L)1/2; Tpour is the initial melt
temperature (Kelvin); T0 is the environment temperature;
�S and �L are the solid and liquid thermal diffusivities,
respectively (m2/s); n is the square root of the 
ratio of thermal diffusivities of solid and mushy zone
(�S/�SL)1/2; M is the ratio of heat diffusivities of solid and
mold material (M � 0 for efficiently cooled molds); and SL

and SS are the positions of liquidus and solidus isotherms
from metal/mold interface (m), respectively. Solidification
constants �1 and �2 are associated with the displacement
of solidus and liquidus isotherms, respectively, and can be
determined by the simultaneous solution of the following
equations:

[12a]

[12b]

(TLiq � TSol)

erf (f2) � erf (nf1)
 �
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2]
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kS exp [(n2 � 1)f1
2]

kSL n [M � erf (f1)]
 (TSol � T0)

(k/c # r)

T
#
L � c m�Tpour1p # aSL f2 [1 � erf (mf2)] exp (mf2)

2
d  VL

2

(T
#
L)

GL �  c m (Tpour � TLiq)1p # aSL f2 [1 � erf (mf2)] exp (mf2)
2
d # VL
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2aSLf2

2

c 2kSf2 (TSol � T0)

n1p (TLiq � T0) exp (f1
2) [M � erf (f1)] hi

d � SL

VS �
2aSf1

2

c 2kSf2 (TSol � T0)

n1p (TLiq � T0) exp (f1
2) [M � erf (f1)] hi

d � Ss

The integration of Eq. [2] for the unidirectional heat flow
condition results in

[13]

where is the solid composition at the liquid/solid inter-
face and fS is the solid fraction.

For the case of planar isotherms, the back liquid flux velocity
(VFz) can be considered:[2]

[14]

Equation [8] can be inserted into Eq. [14] in order to per-
mit VFz to be determined as a function of solidification con-
ditions. The insertion of VFz, GL, and given by Eqs. [14],
[10], and [11], respectively, into Eq. [2] permits the inverse
segregation profile to be calculated by Eq. [13]. The local
averaged solid solute concentration can be obtained
by averaging the concentrations of the primary dendritic and
eutectic phases, calculated by

[15]

where fE is the mass fraction of eutectic phase, CE is the com-
position of eutectic phase, and �SE is the density of solid eutec-
tic. This analytical approach has been subjected to a prelimi-
nary validation in a previous article by comparing the theoretical
predictions with the experimental inverse segregation profile
that resulted from a directionally solidified Al-Cu ingot.[26]

III. NUMERICAL MODELING

The numerical model that will be used to simulate inverse
segregation profiles will be based essentially on that proposed
previously by Voller.[18] We have first chosen a simple test
problem, as Voller did, to guarantee the reproducibility of the
numerical approach comparing with his analytical solution and
with that by Chung et al.[20] Some modifications have been
incorporated into the original numerical approach, like differ-
ent thermophysical properties for liquid and solid phases,
metal/mold interface variable heat-transfer coefficient, and vari-
able space grid to assure the accuracy of results without rais-
ing the number of nodes, when comparing with experimental
data, since a time variable metal/mold interface heat-transfer
coefficient will introduce a nonlinearity condition at the z �
0 boundary condition.[27] Considering the previous exposed,
the vertically unidirectional solidification of a binary eutectic
alloy is our target problem. At time t � 0, the alloy is at molten
state, at the nominal concentration C0, and contained in the
insulated mold defined by 0 � z � Zb, according to Figure 1.
Solidification begins by cooling the metal at the chill (z � 0)
until the temperature drops below the eutectic temperature TE.
At times t � 0, three transient regions are formed: solid, solid �
liquid (mushy zone), and liquid. During this process, solute is
rejected in the mushy zone and subsequently redistributed by
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shrinkage-induced fluid flow toward the chill face. It results
in a solute-rich layer in the chill region.

In developing the numerical solution for equations of the
thermal and solute coupled fields, necessary for the modeling
of inverse segregation, the following assumptions were taken.

1. The domain is one-dimensional, defined by 0 � z � Zb,
where Zb is a point far removed from the inverse segre-
gation region.

2. The inverse segregation region remains free of porosity.[28]

3. The solid phase is stationary, i.e., once formed has zero
velocity.

4. Due to the relatively rapid nature of heat and liquid mass
diffusion, in a representative elemental averaging volume,[29]

the liquid concentration CL, the temperature T, the liquid
density �L, and the liquid velocity uL are assumed to be
constant.

5. In the phase diagram, the partition coefficient ko and the
liquid slope mL are assumed to be constants.

6. Equilibrium conditions exist at the solid/liquid interface;
i.e., at this interface, we have

[16]
and

[17]

where TF is the fusion temperature of the pure solvent
(Kelvin) and is the interface solid concentration.

7. The specific heats, cS and cL, thermal conductivities, kS

and kL, and densities �S and �L, are constants within each
phase, but discontinuous between the solid and the liquid.
The latent heat of fusion is taken as the difference between
phase enthalpies �H � HL � HS.

8. The metal/mold thermal resistance varies with time and
is incorporated in a global heat-transfer coefficient defined
as hi.

[30]

Thermo-Calc* software[31] can be used to generate equi-

C*
S

C*
S �  k0 CL

T � TF � mLCL

*Thermo-Calc software is an exclusive copyright property of the STT
Foundation (Foundation of Computational Thermodynamics, Stockholm,
Sweden).

librium diagrams, and through the Thermo-Calc interface
with FORTRAN/C,** it is possible to recall those data gen-

**FORTRAN/C is trademark of Microsoft Corporation, Redmond, CA.

Considering the assumptions previously presented, the
mixture equations for multicomponent solidification are
the following:

Energy

[18]

Species

[19]

Mass

[20]

where g is the liquid volume fraction and u is the volume
averaged fluid velocity defined as

[21]

Mixture density

[22]

Mixture solute density

[23]

where �c is the volumetric specific heat, taken as volume
fraction weighted averages.

The boundary conditions are the following:

[24]

[25]

A. Computational Algorithm

Making use of the general scheme proposed by Voller,[18,32]

this algorithm provides the solution of Eqs. [A5] through
[A7], according to the following steps.

1. In problems with a eutectic reaction, temperature scales
are translated such that Teut � 0. This is then used as the
reference temperature.

2. Initial iterate values (n � 0) are set to the old time-step
values.

3. Equation [A6] is solved for the [�C] nodal field.
4. Equation [A5] is solved for the auxiliary nodal tempera-

ture field, T*. This step requires the evaluation, at each
node, of the liquid fraction slope dg/dT.

5. From the T* field, current nodal values for the liquid frac-
tion are obtained from an appropriate form of Eq. [A4]; i.e.,

[26]gp
n�1 � gP

n � SLOPE :T*
P � TP

equ ;

At z � Zb    T → Tpour and C → C0

At z � 0   u � 0, k
	T

	z
� hi (T0 � T 0 z�0) and 

	CL

	z
� 0

rC � �
1�g

0

rSCSda � grLCL

r � �
1�g

0

rSda � grL

u � guL

	r

	t
� § � (rLu) � 0

	rC

	t
� § � (rLuCL) � 0

	rcT

	t
� § � (rLcLuT) � § � (k§T ) � rS�H 

	g

	T

Fig. 1—Schematic inverse segregation problem.

erated by the software in order to provide more accurate
results. In that way, Voller’s scheme can be easily extended
to deal with non linear behavior in the phase diagram.
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where

[27]

is the temperature obtained from the phase diagram and the
term SLOPE in Eq. [26] is evaluated as

[28]

In practice, Eq. [26] is applied at every node followed
by an under-over-shoot correction to keep nodal liquid frac-
tions in the interval between 0 and 1.

A critical step in the solution is the iterative evaluation
of the liquid fraction-temperature slope, dg/dT. In this article,
the same approximation used by Swaminathan and Voller[32]

is adopted and seems to be very efficient, so

[29]

6. A microscale model is invoked to extract nodal values
of liquid concentration CL from the solute density field
[�C]. The key variable in this calculation is the nodal
liquid fraction calculated in the previous step. A detailed
discussion has been previously presented by Voller,[18]

in which the application of the back-diffusion model
proposed by Wang and Beckermann[33] is suggested.

The liquid concentration is given by

[CL]P�

[30]

where  � 0 means the Scheil equation, and provides
the lever rule; 
7. In a binary eutectic system, if the liquid concentration

calculated from the previous step exceeds the eutectic
value, it is reset equal to this value.

8. The nodal temperature is calculated as

[31]

This establishes the nodal temperature to that of the equi-
librium if node P is in the mushy zone or to the auxiliary
value calculated in step 4 if P is not changing phase.
9. The last step in the iteration cycle is the updating of the

mixture thermal constants such as conductivity, specific
heat, and density; and the calculation of the velocity field
using Eq. [20].

TP
n�1 � cTF � mL [CL]P

n�1, 0 � gP
n � 1

T *
P , gP

n � 1 or gP
n � 0

g→�

[rC]P � [rC]P
old � rL gP

old CL
old �

�tg

1 � gP
n�1

 [rC ]P

rL gP
n�1 � rS k0 1gP

old � gP
n�1 2 �

�tg

1 � gP
n�1

 1rS k0 11 � gP
n�1 2 � rLgn�1

P 2

dg

dT
 � d gP

n � gP
n�1

TP
n � TP

n�1 � 10�6  , 0 � gP
n � 1

0 , gP
n � 1 or gP

n � 0

SLOPE � ddg

dT
, 0 � gP

n � 1

cL

�H
, gP

n � 1or gP
n � 0

TP
equ � TF � mL[CL]P

n

10. In the iteration cycle, steps 4 through 9 are repeated
until convergence is reached; i.e., in the implementa-
tion suggested by Voller, the convergence in time-step
is reached when the maximum change in the nodal liquid
fraction falls bellow 10�5.

B. Modifications

The modifications that were introduced into the preced-
ing numerical model discussed in Section A are needed for
carrying out comparisons with the present experimental
results, and are as follows:

1. a time variable global heat-transfer coefficient, which
includes the metal/mold heat transfer coefficient; and

2. a Cartesian mesh adaptation to minimize effects of the
nonlinearity boundary condition at the chill face, where
interfacial unsteady heat transfer takes place.

1. Global Heat-Transfer Coefficient
For purposes of an accurate mathematical modeling, it is

essential to establish trustworthy boundary conditions. The
heat transfer that occurs at the metal/mold interface is one of
these important conditions, which is a fundamental task dur-
ing the early steps of the unsteady solidification process. The
way heat flows through the ingot and the mold surface affects
the evolution of solidification, and is of notable importance
in characterizing the ingot cooling conditions, mainly for the
majority of high heat diffusivity casting systems such as chill
castings. When the metal comes into contact with the mold,
at the metal/mold interface, the solid bodies are only in con-
tact at isolated points and the actual area of contact is only a
small fraction of the nominal area, as shown in Figure 2.

Part of the heat flow follows the paths of actual contact, but
the remainder must pass through the gaseous and nongaseous
interstitial media between the surface peaks. The interstices
are limited in size, so that convection can be neglected. If tem-
perature differences are not extreme, radiation does not play
a significant role and most of the energy passes by conduction
across the areas of actual physical contact.

The heat flow across a casting/massive mold interface, as
shown by the schematic representation of Figure 2, can be
characterized by a macroscopic average metal/mold inter-
facial heat-transfer coefficient (hi), given by

[32]

where q(W) is the global heat flux trough the interface;
A is the area (m2); and TIC and TIM are the surface ingot

hi �
q

A(TIC � TIM)

Fig. 2—Heat flux at the metal/mold interface.
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temperature and the mold temperature (K), respectively. In
water-cooled molds, the global heat flux is affected by a
series of thermal resistances, as shown in Figure 3.

The interfacial resistance between the ingot surface and
mold is generally the largest, and the global thermal resis-
tance can be expressed in terms of

[33]

where hg is the global heat-transfer coefficient between the
ingot surface and cooling fluid (W/m2 · K), e is the bottom
mold thickness (m), kM is the mold thermal conductivity
(W/m · K), and finally, hW is the mold/cooling fluid heat-
transfer coefficient (W/m2 · K). The averaged heat flux from
the ingot until the cooling water is given by

[34]

where TO is the temperature of water (Kelvin).

q � hg (TIC � TO)

1

hg
�

1

hW
�

e

kM
�

1

hi

1/hg

A more detailed description and evaluation of transient
metal/mold interface heat-transfer coefficients for Al-Cu
and Sn-Pb systems can be found in an article by Santos
et al.[34]

2. System Mesh Adaptation
The mesh system that uses a constant spatial interval dz

throughout the ingot is very practical and common; neverthe-
less, it loses efficiency when a nonlinear time-dependent heat-
transfer coefficient is introduced in the ordinary differential
equation system, due to changes in the boundary z � 0. In order
to avoid such a problem, the number of nodes N should be sig-
nificantly increased so as to minimize the boundary effects. It
is common knowledge that when the number of nodes is
increased, more CPU time is required. Then, we have assumed
changes in the space step size, according to the schematic rep-
resentation shown in Figures 4(a) and (b) for discretization and
shown in Figures 5(a) and (b) for discretization consequences
in the temperature and concentration profiles. It can be seen
that changes in temperature and concentration profiles are not
so significant, but savings in computational time and computer
storage requirements are substantial.

IV. EXPERIMENTAL PROCEDURE

The casting assembly used in solidification experiments
has been detailed in previous articles[35–36] and is shown
in Figure 6. The heat was extracted only through a water-
cooled bottom, promoting upward directional solidification.
A stainless steel mold was used having an internal diameter

Fig. 3—Metal/coolant thermal resistances in a water-cooled metal/mold
system.

Fig. 4—(a) Constant mesh distribution and (b) variable mesh distribution along ingot.

(a)

(a)

(b)

(b)

Fig. 5—(a) Comparison between thermal profiles in metal at 5 mm from the chill for constant and variable space grid and (b) concentration profiles for
constant and variable space grid.
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of 50 mm, height 110 mm, and wall thickness of 5 mm. The
inner vertical surface was covered with a layer of insulating
alumina to minimize radial heat losses, and a top cover made
of an insulating material was used to reduce heat losses from
the metal/air surface. The bottom part of the mold was closed
with a thin (3 mm) carbon steel sheet with a roughness of
about 35 �m. (In such a case, the error by ignoring the heat
capacity of the bottom steel sheet mold, when applying
Eq. [33] to determine hg, is negligible.) The alloys were melted
in situ and the lateral electric heaters had their power con-
trolled in order to permit a desired superheat to be achieved.
To begin solidification, the electric heaters were disconnected
and at the same time the water flow was initiated.

Experiments were performed with Al 4.5 wt pct Cu, Al
6.2 wt pct Cu, and Al 8.1 wt pct Cu. To analyze the influence
of melt superheat on the inverse segregation profiles, values
about 20 °C, 60 °C, and 110 °C above the liquidus temper-
ature were used during experiments with Al 6.2 wt pct Cu
alloy. The thermophysical properties of these alloys are based
on values reported in a previous article[34] and on the Thermo-
Calc software, and are summarized in Table I.

Continuous temperature measurements in the casting were
monitored during solidification via the output of a bank of
fine type-K thermocouples sheathed in 1.6-mm o.d. stainless
steel tubes, and positioned at 6, 11, 16, 29, and 46 mm from
the heat-extracting surface at the bottom of the crucible. All
of the thermocouples were connected by coaxial cables to
a data logger interfaced with a computer, and the temperature
data were acquired automatically.

The ingot was sectioned longitudinally and the
macrostructure examined. It was then sectioned into trans-
verse slices and a square central part was then cut by the
use of a precision saw (BUEHLER ISOMET 4000* with

Fig. 6—Experimental apparatus and schematic representation of the samples used in the concentration analyses.

*BUEHLER ISOMET 4000 is a trademark of Buehler Ltd., Dusseldorf,
Germany.

**Rigaku Rix 3100 X-ray is a trademark of Rigaku Corporation, Tokyo,
Japan.

a 0.3-mm-thick diamond disk) into pieces of approximately
1.0 mm until 30 mm far from the chill, as shown in detail
in Figure 6. The segregation samples were then underwent
a RIGAKU Rix 3100 X-ray fluorescence spectrometer**

to estimate its average concentration through an area of
100 mm2 probe. In some samples a wavelength dispersive
spectrometry (WDS) analyses has also been performed in
order to confirm the results obtained with the X-ray
technique.

V. RESULTS AND DISCUSSION

The temperature files containing the experimentally mon-
itored temperatures were used coupled with the numerical
solidification program to determine the transient global
metal/mold heat-transfer coefficient, hg, as described in a
previous article.[34] Figure 7 shows the temperature data col-
lected in metal during the course of upward solidification
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Table I. Thermophysical Properties of Al-Cu Alloys Used in the Experimental Analysis[34]

Properties Units Al 4.5 Wt Pct Cu Al 6.2 Wt Pct Cu Al 8.1 Wt Pct Cu

Thermal conductivity 193 191 188
kL 89 88 86
kSL 141 139 137

Specific heat 1092 1089 1087
CL 1059 1049 1038
CSL 4995 5013 5205

Density �S (kg/m3) 2654 2698 2748
�L 2488 2532 2582
�SL 2571 2615 2665

Thermal diffusivity �S (m2/s) 6.66 � 10�5 6.49 � 10�5 6.30 � 10�5

�L 3.38 � 10�5 3.31 � 10�5 3.24 � 10�5

�SL 1.10 � 10�5 1.06 � 10�5 9.91 � 10�6

Latent heat of fusion �H (J/kg) 381,773 380554 379192
Fusion temperature TF (°C) 660 660 660
Solidus temperature TSol (°C) 548 548 548
Liquidus temperature TLiq (°C) 648 644 639
Initial melt temperature Tpour (°C) 712 664/707/757 654
�Tpour—melt superheat (°C) 64 20/63/113 15
Solidification constants �1 0.591 0.620/0.594/0.568 0.626

�2 1.959 2.263/1.985/1.815 2.351
(�S/�M)1/2 N 2.45 2.42 2.38
(�S/�SL)1/2 n 2.43 2.47 2.52
(�SL/�L)1/2 m 0.58 0.57 0.55
(kSCS�S/kMCM�M)1/2 M 0 0 0
Liquid-solid surface energy �SL (J/m2) 169 � 10�3 169 � 10�3 169 � 10�3

Solute diffusivity DL (m2/s) 3.5 � 10�9 3.5 � 10�9 3.5 � 10�9

Solute composition Co (wt pct) 0.045 0.062 0.081
Liquidus slope mL (°C/wt pct) �3.2 �3.2 �3.2
Partition coefficient k0 0.11 0.11 0.11

CS (J/kg # K)

kS (W/m # K)

of Al4.5 wt pct Cu, Al6.2 wt pct Cu, and Al8.1 wt pct Cu
alloys in the vertical water-cooled mold.

The experimental thermal responses were compared with the
predictions furnished by the numerical solidification model, and

the best theoretical-experimental fit for each experiment has
provided the appropriate transient hg profile shown in Figure 8.

It can be seen in Figure 8 that the hg profiles concerning the
Al6.2 wt pct Cu alloy experiments decrease with increasing

(a) (b)

Fig. 7—Experimental thermal responses of thermocouples at five locations in casting from the metal/mold interface for (a) Al 4.5 wt pct Cu, (b) through (d) Al
6.2 wt pct Cu, and (e) Al 8.1 wt pct Cu compared with numerical simulations in order to determine hg. (Tpour � initial variable melt temperature.)
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initial melt superheats, a tendency that is typical of the verti-
cal upward unidirectional solidification, as observed and dis-
cussed in a recent article.[35] The transient hg profiles were used
in both the numerical and the analytical approaches in order to
permit the necessary solidification parameters to be calcu-
lated. Figure 9 presents a comparison between experimental
and analytical velocities of liquidus, VL, and solidus, VS,
isotherms as a function of position, along the solidification
experiments with Al6.2 wt pct Cu alloys. A fair to good agree-
ment can be observed for the three different melt superheats
experimentally examined. These variables are fundamental for

analytical calculations of inverse segregation profiles, as shown
by Equations [13] and [14].

As the Al-Cu castings start to solidify from the bottom,
and the rejected solute has a higher density than the melt,
neither temperature nor solutal gradients will induce natural
convection in the casting and the only possible driving force
for fluid flow is solidification contraction. The experimen-
tal inverse solute distributions after the casting is completely
solidified are shown in Figure 10 for Al4.5, 6.2, and 8.1 wt
pct Cu alloys, respectively. A typical directionally solidified
macrostructure observed on the Al-Cu ingots is also shown

(c)

(e)

(d)

Fig. 7—(Continued). Experimental thermal responses of thermocouples at five locations in casting from the metal/mold interface for (a) Al 4.5 wt pct Cu,
(b) through (d) Al 6.2 wt pct Cu, and (e) Al 8.1 wt pct Cu compared with numerical simulations in order to determine hg. (Tpour � initial variable melt tem-
perature.)
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Figure 10(a) that the results from both techniques are very
similar. The experimental inverse segregation profiles are
compared in Figure 10 with calculated analytical and numer-
ical theoretical results. It can be seen that the numerical
predictions are in good agreement with the experimental
results in any case examined. The predicted analytical seg-
regation, despite its simplicity, also compares favorably
with the experimental scatter except for the higher melt
superheat used in experiments (and subsequent lower hg

profile: Al 6.2 wt pct Cu/�Tp � 113 °C) with the analyti-
cal model predicting a less severe inverse segregation close
to the chill face than the experimental composition, as shown
in Figure 10(d). The influence of the initial melt superheat
on inverse segregation is associated with the resulting hg

profiles. A higher heat-transfer coefficient, which occurs
for lower melt superheat, increases the cooling rate and
decreases the size of the mushy zone. As a consequence,
less solute can be carried by the fluid flow decreasing the
severity of inverse segregation. That can be seen in Figure 10(b)
by comparing the different experimental segregation profiles
obtained for the Al 6.2 wt pct Cu alloy.

The numerical model permits inverse macrosegregation
profile to be determined as a function of solidification
processing variables. It can be used to gain insight into the
foundry process, by preprogramming solidification in terms
of some particular level of macrosegregation profile.

(a)

(b)

Fig. 8—Metal/coolant heat-transfer coefficient (hg) as a function of time.

Fig. 9—Experimental and analytical velocities of liquidus and solidus isotherms as a function of position for Al 6.2 wt pct Cu alloy: melt superheats (a) 20 °C,
(b) 63 °C, and (c) 113 °C.

in Figure 10(a). The inverse solute profile has occurred in
the columnar zone in any case experimentally examined.

The concentration profile concerning the experiment with
the Al 4.5 wt pct Cu alloy as determined by the X-ray analy-
ses has been checked by a comparison with the results
obtained by using a WDS technique. It can be observed in
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(c)

Fig. 9—(Continued). Experimental and analytical velocities of liquidus and solidus isotherms as a function of position for Al 6.2 wt pct Cu alloy: melt
superheats (a) 20 °C, (b) 63 °C, and (c) 113 °C.

(b) (c)

(a)

Fig. 10—Comparison between experimental and calculated inverse macrosegregation profiles for (a) Al 4.5 wt pct Cu, (b) through (d) Al 6.2 wt pct Cu,
and (e) Al 8.1 wt pct Cu.
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(d) (e)

Fig. 10—(Continued). Comparison between experimental and calculated inverse macrosegregation profiles for (a) Al 4.5 wt pct Cu, (b) through (d) Al 6.2
wt pct Cu, and (e) Al 8.1 wt pct Cu.

Figure 11 illustrates the influence of alloy solute content
concerning the simulation of 30-mm-long castings of Al 5,
6, and 7 wt Cu alloys solidified against a cooled mold with
a same transient heat-transfer coefficient profile, hg�11,200
· t�0.022 W/m2 · K. It is seen that in the region adjacent to
the chill face, the inverse segregation drops rapidly with dis-
tance from the face. The initial slope of the curves (and
hence the rate of decrease) is a function of the Cu content
of the alloy, decreasing with increasing concentrations.

VI. SUMMARY

The following major conclusions are derived from the
present study.

1. The numerical predictions are in good agreement with
the inverse segregation experimental results in any case
examined.

2. The predicted analytical segregation, despite its simplic-
ity, also compares favorably with the experimental scatter
except for the higher melt superheat used in experiments,
�Tpour � 113 °C, with the analytical model predicting a
less severe inverse segregation close to the chill face than
the experimental composition.

3. The analytical approach combines the advantage of gen-
erality and relative simplicity and can be easily manip-
ulated to investigate the influence of solidification
operational parameters on the final inverse solute dis-
tribution. It permits a complete analytical determination
of the positional variation of segregation as a function
of solidification thermal parameters such as thermal
gradients, cooling rates, solid/mush, and mush/liquid
interfaces velocities. It also permits the inverse segre-
gation profiles to be directly correlated with solidifi-
cation processing variables, i.e., transient metal/mold
heat-transfer coefficients, melt superheat and alloy, and
mold thermophysical characteristics. On the other hand,
the numerical model is more accurate, and can be used
to encompass situations of two-dimension heat flow con-
ditions, solidification of multicomponent alloys, and,
with the argumentation of a momentum balance, is able
to take into account the effects of thermal and solutal
buoyancy.

4. The influence of the initial melt superheat on inverse seg-
regation is associated with the resulting hg profiles. A
higher heat-transfer coefficient, which occurs for lower
melt superheat, increases the cooling rate and decreases
the size of the mushy zone. As a consequence, less solute
can be carried by the fluid flow decreasing the severity
of inverse segregation. The initial slope of the segrega-
tion profiles is a function of Cu content of the alloy
decreasing with increasing concentrations.
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Fig. 11—Inverse macrosegregation profiles simulated for 30-mm-long
unidirectional Al 5 wt pct Cu, 6 wt pct, and 7 wt pct Cu castings:

.hg � 11,200 # t�0,022 W/m2 # K
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APPENDIX A

Solution Scheme

Figure A1 shows a schematic representation of the solu-
tion scheme used for the development of the numerical
model.

A fully time-implicit integration provides

[A1]

[A2]

[A3]

[A4]

Substitution of Eq. [A4] into Eq. [A1] results in the iter-
ative equation

[A5]

The solute conservation, Eq. [19], is discretized by the
use of a fully explicit time integration scheme, and gives

[A6]

The mass conservation, Eq. [20], is discretized as

[A7]

where values on the right-hand side are all determined with
(r � 1)th iterate values.

Considering the initial problem, applying a fixed chill
temperature regarding Eqs. [26] through [28], we have
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Fig. A1—Arrangement of control volumes.

Corrections for fluid flow:

[A9]

[A10]

Initial and boundary conditions:

[A11]

[A12]
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