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Engineering alloys such as Ni-based alloys, Al-alloys, and steels often contain non-metallic
inclusions in their microstructures. These inclusions, which include oxide particles, carbides, and
intermetallic particles, are introduced during component manufacturing processes such as
casting, powder-metallurgy, or additive manufacturing methods. The presence of inclusions in
the microstructure can promote fatigue crack nucleation by competing against slipband
nucleation and reduce fatigue life performance of an engineering component. While it has been
reported in many occasions, the competition between fatigue crack nucleation at inclusions and
slipbands is still not well understood. In this article, the conditions for the concurrent
occurrence of fatigue crack nucleation at inclusions and slipbands are analyzed theoretically.
The analysis indicates that there exists a critical inclusion size (diameter) below which there is no
fatigue life debit due to crack initiation at inclusions and above which a transition from
slip-induced to inclusion-induced crack nucleation occurs. The low-cycle fatigue life model is
applied to Ni-based superalloys and the model predictions are compared against experimental
data from the literature to assess the dependence of the critical inclusion size on the slip
morphology, grain size of the matrix, and the shear modulus of the inclusion.
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I. INTRODUCTION

STRUCTURAL alloys such as steels,[1] Al-alloys,[2–6]

and Ni-based superalloys[7–21] often contain non-metal-
lic inclusions in the microstructure. These inclusions can
serve as fatigue crack nucleation sites during cyclic
loading conditions, thereby promoting the onset of
fatigue failure and reducing the cycles-to-failure or
fatigue life. Powder-metallurgy (PM)[7–9,14–22] and addi-
tively manufactured (AM) superalloy[23,24] components
are particularly disposed to exhibiting inclusions in the
microstructure since they are processed using powder
particles that can be mixed with small amounts of
non-metallic inclusions. As a result, there has been
considerable interest in characterizing and studying the
influence of inclusions on the fatigue life of forged,[10–13]

PM[14–21] and AM[21,22] superalloy materials. For exam-
ples, carbide-induced fatigue fracture was studied for
forged IN-718 by Späth et al.,[11] Ono et al.,[12] and
Bhowal et al.[13] Späth et al.[11] showed that the fatigue
life of IN 718 increased with increasing ASTM grain size
number (i.e., decreasing grain size). In addition, fatigue
lives were lowered when crack nucleation switched from

slipbands to small carbides.[11] Inclusion-initiated fati-
gue fracture was investigated for PM Astroloy,[20,21]

Rene 95,[14–16] Rene 88 DT,[17,18] and ME3,[22] as well as
for AM 718Plus.[23,24] Inclusions that have been identi-
fied as crack nucleation sites in Ni-based superalloys
include Al2O3,

[16,20,21] MgO,[21] SiO2,
[21] carbides,[10–13]

and nitrides.[10] These non-metallic inclusions (NMI)
can manifest as hard particles or granular agglomer-
ates.[14,15,20] Most of the inclusion-induced nucleation
occur in interior grains but some may lie near the
surfaces, while slipband-induced crack nucleation also
can occur in interior and surface grains.[7–10,17–22,25,26]

The transition of interior nucleation at inclusions to
surface nucleation at matrix grains was also reported in
a number of investigations.[7–10,17–22,25,26] Furthermore,
the concurrent occurrence of slipband facets, which are
evidence of slipband-induced nucleation, and inclu-
sion-induced facets, which are evidence of inclusion-in-
duced nucleation, in individual fatigue specimens has
been reported, but the reason for its occurrence is not
well understood.
Early studies of correlations of oxide inclusion and

fatigue fracture were reviewed by Lankford,[1] who
reported an empirical relation between a fatigue strength
reduction factor and inclusion size to a power of � 1/3.
Micromechanics-based fatigue life models for slipband
nucleation and inclusion nucleation were proposed by
Tanaka and Mura[27,28] and extended by Chan.[29,30]

Statistical models of crack nucleation at inclusions were
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proposed by Morris and James[6] for Al-alloys on the
basis of a dislocation pile-up model[5] and by Bussac and
Lautridou[31] for PM Ni-based superalloys. Alexandre
et al.[10] modeled the optimum grain size for the
transition of slipband-induced nucleation to inclu-
sion-induced nucleation in forged IN-718 using a
proposed relation between cycle-to-crack nucleation
(Ni) and 1/D, where D is the matrix grain size. Similarly,
a semi-empirical relation between Ni and 1/D was
proposed Morris and James[6] for treating fatigue
fracture of intermetallic particles by impinging slip in
Al-alloys. In contrast, Murakami et al.[32,33] proposed a
fatigue limit model that treats the area of the cracked
inclusion as an internal small-crack, whose growth
kinetics is governed by a fatigue crack growth threshold,
DKth. More recently, Jiang et al.[33,34] utilized electron
back-scattered diffraction and high-resolution digital
image correlation to measure the plastic strains and
geometric necessary dislocation (GND) accumulation at
and around inclusions[33,34] and modeling the fatigue
damage processes in the vicinity of the inclusions using
finite-element analysis.[35] Zhang et al.[36] combined
these experimental techniques with a crystal plasticity
finite-element model to analyze crack nucleation at the
interface of matrix/inclusion in a superalloy. None of
the existing models, however, provide an explanation for
the occurrence of concurrent slipband-induced and
inclusion-induced crack nucleation observed in Ni-based
superalloys.

The important role of inclusions in fatigue crack
nucleation in Ni-based superalloys is well recognized
and the dependence of fatigue life of Ni-based superal-
loys on the cleanliness and inclusion content is well
established.[20,37,38] The location, size, type, number
density, and the occurrence rate of inclusions can exert
significant influence on the fatigue crack nucleation and
growth lives of Ni-based superalloys.[6–10,20,25,37,38] The
interactions of the location, size, type, and number
density of anomalies such as pores and non-metallic
inclusions on the fatigue life of Ni-based superalloys
have been investigated by Enright and McClung[39]

using a probabilistic damage tolerance approach. The
earlier study, however, did not consider the effects of
grain size on the fatigue crack nucleation process.
Recent works on IN 718DA[40–42] and GH4169,[43,44]

which is similar to IN 718, have demonstrated that a
fine-grained microstructure can result in large variability
of fatigue life of IN 718DA and GH4169 due to crack
nucleation at small carbides. Thus, there exists a need to
develop a better understanding of the role of grain size
in fatigue crack nucleation at non-metallic inclusions.

In this article, a theoretical analysis is performed to
assess the microstructural condition(s) that are con-
ducive to the concurrent occurrence of slipband-induced
and inclusion-induced crack nucleation in Ni-based
superalloys and the possible implications on fatigue life.
The approach is to start with two existing microstruc-
ture-based fatigue life models,[29,30] one for slipband
nucleation and one for inclusion-based nucleation, and
then determine under what microstructural conditions,
as represented by the values of relevant material
parameters, that would provide identical fatigue life

for the concurrent occurrence of slipband-induced and
inclusion-induced nucleation. The analysis indicates the
existence of a critical inclusion size below which there is
no fatigue life debit due to the presence of inclusions in
the microstructure and the corresponding fatigue life is
controlled by slipband-induced crack nucleation. At or
above the critical inclusion size, the fatigue life for
inclusion-induced nucleation decreases with increasing
inclusion size according to a power-law. These model
results are compared against experimental data in the
literature to evaluate the validity of the proposed model
for Ni-based superalloys manufactured by wrought,
PM, or AM techniques. The experimental evidence
provide strong support for the power-law scaling law
and the existence of a critical inclusion size in Ni-based
superalloys.

II. MODEL FORMULATION

The fatigue crack nucleation mechanisms considered
in this article are shown schematically in Figures 1(a)
and (b), which show fatigue crack nucleation at a

Fig. 1—Schematics of slip-induced fatigue crack nucleation: (a)
crack nucleation along slipband, and (b) crack nucleation at an
inclusion of size (diameter) n.
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slipband and at an inclusion impinged by a slipband,
respectively. It is noted that the slipband width, h,
involved in slipband crack nucleation in Figure 1(a) is
different from the slipband width, h¢, involved in
inclusion-induced crack nucleation in Figure 1(b). In
particular, h and h¢ are not drawn to scale and are
expected to have different values. In previous investiga-
tions,[29,30] h and h¢ are assumed to be identical; this
restriction is unnecessary and is now removed in this
investigation. As reported previously, the fatigue model
for crack initiation at slipband has the form given
by[29,30]
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fS
2ra
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� 2Mk
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2
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where Ni
S is the cycle-to-crack nucleation at slipbands,

ra is the stress amplitude, M is the Taylor factor, and k
is the critical resolved shear stress (friction stress) for
slip, a is the fatigue life exponent, fs represents the
resistance of the microstructure against fatigue crack
initiation at slipbands, and Fm accounts for the
decrease of fatigue resistance with increasing mean
stress rm (one-half of the sum of the maximum and
minimum stresses) of a fatigue cycle. In Eq. [2], l is
shear modulus, m is Poisson’s ratio, h is slipband width,
D is grain size, c is the dislocation pile-up length or
crack length at crack initiation, and k¢ is a universal
constant with a value of 0.005. In Eq. [3], rUTS is the
ultimate tensile strength, and b is an empirical con-
stant. The Goodman relation is obtained when b = 1.
Positive deviation from the Goodman relation occurs
when b> 1 and negative deviation is obtained when
b< 1. The microstructural input to the slipband crack
initiation model is the grain size (D) and the slipband
width (h). The dislocation pile-up length, c, is on the
order of one to a few grain diameters. Fatigue crack
nucleation at slipbands does not explicitly depend on
the c¢ size in Ni-based superalloys but shearing of the
ordered precipitates (such as c¢ or c¢¢) would promote
slipband cracking. It should also be emphasized that
the inclusion level in powder-metallurgy (PM) Ni-based
superalloys is controlled by the cleanliness of the fine
powder.[20,37,38] Currently, fine powders (<� 270 mesh)
with inclusion contamination levels less than 1 ppm by
weight can be achieved.[38] Thus, the occurrence rate of
slipband impinging at large non-metallic inclusions
would depend strongly on the inclusion level in the
Ni-based superalloys.

For fatigue crack nucleation at inclusions, the fatigue
model for crack initiation at inclusions proposed by
Chan[29,30] has the form given by
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where Ni
I is the cycle-to-crack initiation at inclusion, fI

represents the resistance of the microstructure against
fatigue crack initiation at inclusions, and Fm, given by
Eq. [3], accounts for the decrease of fatigue resistance
with increasing mean stress rm (one-half of the sum of
the maximum and minimum stresses) of a fatigue cycle.
In Eq. [5], l¢ is the shear modulus of the inclusion, h¢ is
the width of the slipband impinging on the inclusion, D
is the matrix grain size, c is the dislocation pile-up length
or crack length at crack initiation, and n is the inclusion
size. The microstructural input to the crack initiation
model for inclusion is the grain size (D), the slipband
width (h¢), and the inclusion size (n).
A comparison of Eqs. [1] and [4] reveals that crack

nucleation at inclusion is affected by properties of both
the matrix and the inclusion. Equation [4] can be
rearranged and expressed in terms of the matrix and
inclusion properties. Using this approach, the cycles-
to-crack nucleation at an inclusion can be expressed in
terms of matrix properties as given by

NI
i ¼ NS

i

n
no

� ��1= 2að Þ
; ½6�

where Ni
I is the cycles-to-crack nucleation at inclu-

sions, Ni
S is the cycles-to-crack nucleation at slipbands

(i.e., grain facet), n is the inclusion size (diameter), and
no is the critical inclusion size (diameter) below which
there is not fatigue debit due to crack initiation at
inclusions. In addition, no serves as a normalizing
parameter that links the inclusion-induced crack nucle-
ation life directly to the nucleation life of slipband-in-
duced cracking in the matrix grains. Equation [6]
indicates that Ni

I decreases with increasing inclusion
size according to a power-law once the critical inclu-
sion size is exceeded (n> no). Figure 2(a) illustrates
the power-law relation between the normalized
cycles-to-nucleation at inclusions and the inclusion size
normalized by the critical inclusion size. The critical
inclusion size is given by

no ¼ 4p 1� mð Þ 1þ l=l0ð Þ h0=hð Þ4 h=Dð Þh; ½7�

where m is the Poisson’s ratio, l is the shear modulus, D
is the grain size (diameter), and h is the slipband width
of the matrix; l¢ is the shear modulus, and h¢ is the width
of the slipband impinging on the inclusion. It is
envisioned that the blocking of a slipband by an
inclusion can cause widening of the slipband so that
the h¢/h ratio is greater than 1. It should also be noted
that the critical inclusion size is very sensitive to the h¢/h
ratio and is proportional to (h¢/h) to the 4th power. The
inverse relation between the critical inclusion size and
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the matrix grain size is depicted in Figure 2(b). The
curve depicts the locus of matrix grain size and inclusion
size, where Ni

S = Ni
I. As a result, there is an equal

chance of slipband nucleation and inclusion-induced
nucleation along the locus, being 50 pct chance of
occurrence for each mechanism. Below the solid curve
(n< no), slipband nucleation is the likely crack nucle-
ation mechanism since the cycles-to-nucleation at slip-
band is less than that of nucleation at inclusions
(Ni

S<Ni
I). Above the solid curve, Ni

I = Ni
S and inclu-

sion-induced nucleation occurs prior to slipband-in-
duced nucleation if inclusions with sizes larger than no
are present. If these inclusions are not present, then
slipband-induced nucleation should prevail since slip-
band-induced nucleation is taken as the default
mechanism.

In addition to fatigue life scaling, a scaling law also
exits for the fatigue strength of an alloy with inclusions
and without inclusion. The fatigue strength scaling law,
which derivation is presented in Appendix, is given by

DSI
th ¼ DSS

th

n
no

� ��1=2

; ½8�

where DSth
I is the fatigue strength with inclusion and

DSth
S is the fatigue strength of the matrix grains with-

out the presence of inclusions in the microstructure.
Equation [8] indicates that the fatigue strength is pre-
dicted to decrease with increasing inclusion size
according to a power-law with an exponent of � 1/2,
which is slightly higher than the exponent of � 1/3
observed empirically in steels.[1] For materials with a
fatigue limit (2Mk), the threshold stress for inclu-
sion-induced crack nucleation can be obtained from
Eq. [A4] in Appendix to give

DSI
th ¼ 2FmMkþ DSS

th � 2FmMk
� 	 n

no

� ��1=2

½9�

which shows the threshold stress for inclusion-induced
crack nucleation depends on both the fatigue limit for
slipband-induced crack nucleation, the slip process, the
inclusion size, as well as the critical inclusion size. Under
this circumstance, the scaling of the threshold stress DSth

I

with the inclusion size may be different from a power-
law with the � 1/2 exponent.

III. EVIDENCE OF CRITICAL INCLUSION SIZE
AND FATIGUE LIFE SCALING

Equations [6] and [7] are assessed using experimental
data available in the literature, which include a number
of powder-metallurgy (PM),[14–22] additively manufac-
tured (AM),[23,24] and forged Ni-based superalloys.[11–13]

In particular, Eq. [6] indicates that for inclusion-induced
nucleation, the cycles-to-crack nucleation at inclusions
decreases with increasing inclusion size according to a
power-law. The power-law scaling relation is sup-
ported by the experimental data of Zhao et al.,[21] who
reported the fatigue life of a PM Ni-based superalloy
with compositions similar to those of Astroloy.[20]

Figure 3(a) shows that the fatigue life of PM Astroloy
decreases with increasing inclusion size according to a
power-law as suggested by Eq. [6]. Pertinent model
constants for Ni

S and a were determined and are
presented in Figure 3(a). The inclusion size studied by
Zhao et al.[21] ranged from 20 to 100 lm, but the grain
size was not reported. Consequently, literature data
from other sources[20] were used to compare against the
predicted critical inclusion size. The material parameters
in Eq. [7] include shear moduli of the inclusion and the
matrix, the slipband width (h¢) impinging on the
inclusions, the slipband width (h) within the matrix
grains, and the matrix grain size in the Ni-based
superalloy. The slipband width for various superalloys
were compared and are summarized in Table I.[45–55]

Young’s moduli of Al2O3, NbC, and Ni compiled by
Chan[56] were used to compute the shear moduli of these
inclusions and the superalloy matrix. The shear moduli
of Al2O3 and NbC are similar (1.28E+5 MPa) and the
shear modulus of Ni is about 7.04E+4 MPa. A
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Fig. 2—(a) The scaling of fatigue nucleation life with inclusion size
according to a power-law, and (b) the scaling of the critical inclusion
size with 1/D where D is the matrix grain size. Slipband-induced
nucleation predominates when n< no. Inclusion-induced nucleation
predominates when n> no if inclusions of these characteristics are
present; otherwise, slipband-induced nucleation prevails.
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summary of the model constants used in conjunction
with Eq. [7] to compute the critical inclusion size is
presented in Table II. The predicted critical inclusion
size for Astroloy is presented in Figure 3(b). The
predicted curves lie below the experimental data for
Astroloy because the inclusions in the Astroloy mate-
rials were seeded by large inclusion particles in order to
ensure early failure. As a consequence, most of the
inclusions exceeded the critical inclusion size and with
the exception of one data point, the fatigue cracks
nucleated from large inclusions, as shown in
Figure 3(b).
The existence of a critical inclusion size that depends

on the matrix grain size in PM Rene 95 and Rene 88DT
is illustrated in Figure 4. Fatigue cracks nucleated at
non-metallic inclusions (NMI) and oxide (Al2O3) parti-
cles in these two alloys. A comparison of the model
prediction against the experimental data of Rene 95
indicates good agreement and the critical inclusion
model appears to be valid for Rene 95. Since Ni

I is
identical to Ni

S for nucleation at slipbands when n = no,
a possible means of identifying n = no is the concurrent
presence of slipband facets and inclusion nucleation sites
on the same fatigue fracture surfaces, as observed in PM
Rene 88DT in Figure 4. At a grain size of 30 lm, only
inclusion-induced nucleation was observed at inclusion
sizes larger than the critical inclusion size, in agreement
with the model. However, both inclusion-induced and
slipband-induced nucleation modes were observed at a
grain size of 25 lm. The observation of faceted nucle-
ation above the critical inclusion size curve suggests that
other factors may be important. One possibility is that
large inclusions may not be present or they are more
resistant to crack nucleation than that postulated in the
current model. At this time, these two possibilities are
feasible and cannot be discerned because of a lack of
information on the inclusion size distribution. In a LCF
life study of Rene 88DT seeded with inclusions, Huron
and Roth[37] reported that the crack nucleation life of
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Fig. 3—(a) Power-law relation between fatigue life and inclusion size
observed in a PM Ni-based superalloy with compositions similar to
Astroloy, and (b) Inclusion and facet size vs grain size compared to
the calculated critical inclusion size for PM Astroloy. Experimental
data are from the literature.[19,20]

Table I. Summary of Slipband Width in Nickel Alloys

Alloy T [K (�C)] Grain Size (lm) Slipband Width (lm) Technique References

Pure Ni RT 80 0.7 SEM Weidner et al.[45]

RT 80 0.7 AFM Weidner et al.[46]

0.9 SEM
RT 80 0.07 to 0.08 SEM Weidner et al.[47]

Ni 200 RT 70 0.5 SEM Chan et al.[51]

(0.3 to 1)
Waspaloy RT 30 0.08 SEM/AFM Risbet et al.[50]

RT 50 0.121 to 0.171 AFM Ho et al.[55]

100 0.13 to 0.15
KM4 RT 55 0.04 TEM Shyam and Milligan[52]

0.02 to 0.06 TEM
0.07 to 0.14 Optical

ME3 977 (704 �C) 44 0.3 SEM Dahal et al.[54]

1033 (760 �C) 0.6 SEM
CMSX-4 973 (700 �C) 0.5 (c¢)+ 0.13 to 0.16 TEM Obrtlik et al.[49]

973 (700 �C) 0.5 (c¢)+ 0.13 TEM Lukas and Kunz[48]

Superalloy SX 1033 (760 �C) 0.25 (c¢)+ 0.1 (in c) TEM Zhang et al.[53]

(IN792 or PWA 1483) 0.085 (in c¢) TEM

+c¢ size.
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seeded specimens decreases with increasing inclusion
size according to a power-law of the form shown in
Eq. [6]. For specimens tested at 477K (204 �C), 80 pct of
the test specimens nucleated fatigue cracks at grain
facets. In contrast, 98.7 pct of the specimens tested at
922K (649 �C) exhibited crack nucleated at inclusions.

Figures 5(a) and (b) evaluate the validity of Eq. [7] to
determine the potential existence of a critical inclusion
size in forged IN 718, where fatigue cracks nucleated at
carbides. A summary of the model constants for
computing the critical inclusion size is presented in
Table II. One possible way of assessing Eq. [7] is to plot
the inclusion size where fatigue crack is nucleated as a
function of the matrix grain size. Figure 5(a) presents
the inclusion (carbide) size as a function of the grain size
in a log–log plot for carbide-induced and slipband-in-
duced fatigue crack nucleation in IN 718. The data
points for carbide-induced nucleation fall within a small
band exhibiting decreasing inclusion size with increasing
matrix grain size, in accord with Eq. [7]. The exper-
imental data within the small band were fitted to Eq. [7].
Most of the material constants are known with the
exception of h¢. As a result, three different values of the
h¢/h ratio were used to fit the model, Eq. [7], to the
experimental data, as shown in Figure 5(a). The exper-
imental data for IN 718 appear to support the model
prediction that the critical inclusion size is proportional
to 1/D, where D is the grain size of the matrix.
Equation [7] was used to compute the critical inclusion
size as a function of matrix grain size and the results are
compared with the experimental data of IN 718,[11–13]

IN 718DA[40–42] and GH4169[43,44] in Figure 5(b). The
comparison shows that the critical inclusion size
increases rapidly with decreasing matrix grain size.
Furthermore, the model predicts correctly slip-induced
crack nucleation at larger grains (30 lm[42] and
48 lm[43]), as shown in Figure 5(b). Crack nucleation
in grains as large as 83 lm[43] has also been reported,
even though it is not shown in Figure 5(b). In addition,
the model prediction of increasing critical inclusion size
at decreasing grain size is supported by the experimental
data for IN 718, IN 718DA, and GH4169. In particular,
Texier et al.[40,41] reported that in IN 718DA with a
fine-grained microstructure (12 to 13 lm mean size and
25 lm maximum size) containing small inclusions (4 to
5 lm mean and 25 lm maximum size), fatigue crack
nucleation occurred at carbide clusters (31 to 33 lm) or
at small carbide inclusions (12 to 13 lm), but switched
to slipband-induced crack nucleation in larger grains (22
to 26.8 lm). Similarly, Deng et al.[44] reported inclu-
sion-induced nucleation in GH4169 with a small mean
grain size (9 lm), but the crack nucleation process
switched to grain boundary nucleation in material with
a larger mean grain size (25 lm). The inclusion size in
the GH4169 material ranged from 4 to 10 lm.[44] These
observations are in agreement with the model predic-
tions shown in Figure 5(b). The carbide clusters
reported by Texier et al.[40,41] are substantially larger
than the critical size for inclusion-induced crack nucle-
ation. Crack nucleation at the carbide clusters was

indeed observed.[40,41] In contrast, slip-induced crack
nucleation was observed in IN 718[11] for a range of
grain sizes where carbide-induced nucleation are
expected. The lack of carbide-induced nucleation in
these cases may be attributed to the absence of large
carbides in excess of the critical inclusion size in these
grains. The inclusion size and grain size distributions
reported by Texier et al.[40,41] and by Abikchi et al.[42] for
IN 718DA indicated that a combination of large grains
(25 lm) and large carbides (25 lm) is rare and the
feature sizes are near the right tails of the individual
distributions. Figure 5(b) indicates that for IN 718, IN
718DA, and GH4169, slipband-induced nucleation pre-
dominates at larger grain sizes (> 25 lm) because of the
absence of large carbides (> 25 lm). The propensity of
carbide nucleation increases in a fine-grained
microstructure even though the critical inclusion size
increases with decreasing grain size. In addition, inclu-
sion-induced nucleation is seen to be enhanced by the
presence of carbide clusters.
Like PM and forged Ni-based superalloys, the critical

inclusion model appears to be applicable to AM
718Plus. Figure 6 presents application of the critical
inclusion size model to AM 718Plus for the fully
machined condition tested in the build direction. The
as-built specimens were not considered since the rough
surfaces contain notch-like features that can serve as
fatigue crack nucleation sites. Fractographic evidence
indicated the presence of slipband facets and oxide-in-
duced nucleation sites in fully machined AM 718Plus
LCF specimens. The inclusions in AM 718Plus are NMI
and oxide particles. These inclusion-induced nucleation
sites are mixed with crack nucleation at facets. The
inclusion sizes were slightly larger than critical inclusion
sizes, as shown in Figure 6. The grain size of the AM
material is about 20 lm in the build direction but is
about 70 lm in the scan direction, which is aligned
normal to the stress direction.
Another implication of Eq. [6] is that the S–Nf curve

for inclusion-induced nucleation may be comparable to
that for nucleation at slipbands when n = no. Experi-
mental evidence for this model prediction can be found
in the S–Nf curve of PM ME3 with the supersolvus
microstructure. Figure 7 presents a comparison of the
stress–fatigue life (S–Nf) curves computed based on the
slipband nucleation model, Eq. [1], and the inclusion-in-
duced nucleation model, Eq. [4]. As shown in Figure 7,
the S–Nf curves for the two crack nucleation models are
comparable and both are supported by experimental
observations of fracture facets and inclusion-induced
nucleation in the respective LCF specimens. Figure 7
also shows that there are considerable scatter in the LCF
lives. A further comparison of the model predictions and
experimental data might arise from a variation in the
fatigue limit, as shown in Figure 8. The variation in the
fatigue limit may be the consequence of possible
difference in the inclusion size, n, the c¢ size and the
distribution of c¢, the friction stress, k, for slip, and the
Taylor factor, M, which depends on the local texture of
matrix grains.
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IV. DISCUSSION

To put the results of this investigation into proper
perspective, it is instructive to discuss the dependence of
fatigue nucleation life on grain size and inclusion size and
to elucidate the origin of the critical inclusion size.
According to Eqs. [1] and [2], the slip-induced nucleation
life, Ni

S, can be expressed in term of the grain size as

NS
i ¼ g1 l; ra;M; kð Þ h

D

� �1=a

½10�

with g1 l; ra;M; kð Þ ¼ 2ra
Fm

� 2Mk

� ��1=a
8M2l2

k0p 1� mð Þ

� �1=2a
;

½11�

where g1 l; ra;M; kð Þ represents function of l, ra, M,
and k but not grain size, when the pile-up length (or
crack length) 2c is taken to be the grain size (i.e.,
2c = D). For a given stress amplitude and constant h,
Ni

S increases with decreasing grain size according to
the (h/D)1/2a dependence. For Ni-based superalloys
containing inclusions, the inclusion-induced nucleation
life, according to Eqs. [3] and [4], is given by

NI
i ¼ g2 l; l0; ra;M; k; h0=hð Þ h

D

� �2=a

D

n

� �1=2a

½12�

when 2c is taken to be the grain size D. Equation [12]
can be rewritten as

NI
i ¼ N�

i

D

n

� �1=2a

½13�

with N�
i ¼ g2 l; l0; ra;M; k; h0=hð Þ h

D

� �2=a

½14�
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Fig. 4—The existence of a critical inclusion size and its dependence
on grain size observed in Rene 95[14–16] and Rene 88DT[17,18] in
which fatigue cracks nucleated at NMI and oxide (Al2O3) particles.

Fig. 5—The existence of a critical inclusion size and its dependence
on grain size observed in IN 718,[11–13] IN 718DA,[40–42] and
GH4169[43,44] in which fatigue cracks nucleated at carbide particles
(filled symbols) or slipbands (open symbols): (a) inclusion size vs
grain size in a double logarithmic plot, and (b) inclusion size vs grain
size in a linear plot.

Table II. Summary of Model Constants for Computing the Critical Inclusion Size for Selected Ni-Based Superalloys

Alloy Inclusion Type l (MPa) l¢ (MPa) h (lm) h¢/h

Astroloy oxide 7.04E+04 1.28E+05 0.15 to 0.20 6
AM 718Plus NMI+oxide 7.04E+04 1.28E+05 0.1 7.5
IN 718 carbides 7.07E+04 1.28E+05 0.1 5.75
Rene 95 NMI+oxide 7.07E+04 1.28E+05 0.17 6
Rene 88DT NMI+oxide 7.07E+04 1.28E+05 0.2 6
ME3 NMI 7.07E+04 1.28E+05 0.1 to 0.3 6
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and g2 ¼ 4p 1� mð Þ 1þ l0=lð Þ h0=hð Þ4
h i1= 2að Þ

g1 l; ra;M; kð Þ

½15�

Equation [14] indicates that N�
i is function of grain

size and other material parameters, but is not function
of the inclusion size. From Eq. [13], it is apparent that
Ni

I decreases with increasing inclusion size. In addition,
NI

i � N�
i when D � n. In contrast, NI

i � N�
i when n � D.

When the matrix grain size is decreased, N�
i increases by

virtue of its dependence on h
D

� 	2=a
(Eq. [14]) while the

D
n

� �1=2a
term is reduced. Thus, the Ni

I value, Eq. [12],

may increase or decrease due to the opposite dependence

of N�
i and D

n

� �1=2a
on grain size. A closer inspection of

Eq. [12] indicates that Ni
I is likely to increase with

decreasing grain size until it is prevented from further

increases by the reduction of the D
n

� �1=2a
term. At a

certain small grain size or inclusion size, NI
i<N�

i , and
crack nucleation occurs at inclusions rather than at
slipbands. Equations [12] and [13] were utilized to
illustrate the effects of grain size and inclusion size on
crack nucleation mechanisms by computing Ni

I and N�
i

as a function of grain size (D) for inclusion sizes ranging
from 20 to 200 lm. For these computations, g2 was
arbitrarily taken to be 1.0E+10 cycles so that details of
the crack nucleation transitions can be depicted clearly.
The results of these computations are presented in
Figures 9(a) and (b) for inclusion sizes of 50 lm and
20 lm, respectively. Figure 9(a) shows that Ni

I and N�
i

decrease at different rates while the D
n

� �1=2a
term

increases with increasing grain size. The computed Ni
I

curve intersects and crosses the N�
i curve at N

I
i ¼ N�

i and
n = D. At D> n, the N�

i curve lies below the Ni
I curve,

indicating that slip-induced nucleation with facet for-
mation is the favored fatigue mechanism. In contrast,
the Ni

I curve lies below the N�
i curve and the fatigue

mechanism switches from facet formation to inclu-
sion-induced nucleation when D< n. Thus, the model
predicts a transition of facet formation at large grains to
inclusion-induced nucleation at small grain sizes.
Figure 9(b) shows that similar transition of fracture
modes occurs when the inclusion size is taken to be
20 lm. The results for inclusion size 100 and 200 lm are
also similar to those of 50 lm, but the transition points
are shifted to the larger grain sizes with lower fatigue
lives. In all cases, the computed Ni

I curve intersects and
crosses the N�

i curve at NI
i ¼ N�

i and at n = D. In
addition, the curves show a transition of facet formation
at large grains to inclusion-induced nucleation at grains
sizes that are smaller than the imposed inclusion sizes.
The transition arises from increases in the N�

i due to
higher resistance to slipband nucleation with decreasing
grain sizes. It is also important to note that in all cases
considered, the transition point corresponds to the point
of equal values of nucleation lives (NI

i ¼ N�
i ) for the two

competing mechanisms. The occurrence of concurrent
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inclusion-induced nucleation and facet formation,
shown in Figure 7 for ME3, is an indication that the
inclusion size and the grain size are near or at the
transition point.

From Figure 9, it is obvious that the proposed models
(Eqs. [12] through [14]) predict the dominance of
slip-induced nucleation and facet formation in large-
grained materials and a transition from slipband nucle-
ation and facet formation to inclusion-induced nucle-
ation when the grain size is reduced. In addition, the
results also show clearly that for materials containing
inclusions with a size on the order of the mean grain
size, the as-large-as (ALA) grains are expected to
promote slipband nucleation and facet formation since
the ALA grains are always larger than the mean grain
size. The predicted crack nucleation behaviors are in
agreement with experimental data of IN 718 shown in
Figure 5. The predicted behaviors are also supported by
the findings of Gabb et al.,[57,58] who reported that facet
formation was the dominant fatigue crack nucleation
mechanism in the supersolvus region of a LSHR disk

where the grain size was relatively large (55 lm mean
and 150 to 400 lm ALA grain size) and the transition of
facet formation to inclusion-induced nucleation in the
subsolvus region where the grain size was small (5 to
10 lm). Gabb et al.[57,58] also reported that the fatigue
facets in the supersolvus materials, which occurred at
ALA grains, ranged from 150 to 400 lm. The inclusion
size in LSHR was about 19 to 50 lm (see Figure 5 in
Gabb et al.[57] and Table I in Gabb et al.[58]). Based on
the results in Figure 9, it can be expected that slip-in-
duced crack nucleation and facet formation occur at the
large ALA grains in the supersolvus microstructure and
a transition from facet formation to inclusion-induced
nucleation occurs when the grain size is reduced to 5 to
10 lm in the subsolvus microstructure. This type of
fracture mechanism transition is expected to be preva-
lent in materials that are heat-treated to exhibit dual
microstructures of large-grained and small-grained
regions such as those obtained by dual microstructure
heat treat (DMHT) procedures.[57,58]

Equation [12] indicates that besides grain size and
inclusion size, other material parameters such as inclu-
sion properties and slip morphology in the matrix may
also play a role in the transition of crack nucleation
mechanisms. The LCF model developed in this investi-
gation was intended to relate explicitly the nucleation
life to the microstructural feature sizes and material
parameters that control the transition of slip-induced
nucleation to inclusion-induced nucleation by taking
into account of inclusion size, grain size, inclusion
properties, and slip morphology in the matrix grains. A
systematic evaluation of the transition point, which is
the crossover point of the Ni

I curve and the N�
i curve,

indicates that the transition always occurs at NI
i ¼ N�

i
and at n = D. Figure 10(a) shows that the locus of the
transition curve is a 45 deg line in a plot of inclusion size
vs grain size in a linear scale. The slip-induced nucle-
ation region is located below the NI

i ¼ N�
i and n = D

line. In this region, the grain size is larger than the
inclusion size (D> n) as shown in Figure 9. In contrast,
the inclusion-induced nucleation region resides above
the NI

i ¼ N�
i and n = D line. In this region, the grain

size is smaller than the inclusion size (D< n), as shown
in Figure 9. The condition of n = D is not an adequate
or insightful criterion for use as the transition of
slip-induced nucleation to inclusion-induced nucleation
since the influence of matrix slip morphology and
inclusion properties have not been included. After these
material parameters are incorporated, the transition
point does not occur at D = n, but occurs at the critical
inclusion size, as defined in Eq. [7], under equal life
conditions (NI

i ¼ N�
i ) at the competing nucleation sites.

The transition criterion is preferred because it explicitly
includes the 1/D dependence of the slip process that has
been identified from previous studies[5,6,10,11,15] and it
leads to a simple scaling law, Eq. [6], for describing the
effects of inclusion size on nucleation life. By incorpo-
rating the 1/D dependence in the definition of the critical
inclusion size, the transition curve is now a function of
grain size as shown in Figure 10(b). The slip-induced
nucleation region is now located below the transition
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curve as the D> n criterion in Figure 10(a) becomes
n< no in Figure 10(b) because D transforms to 1/D in
the conversion process. Similarly, the inclusion-induced
region in Figure 10(a) remains located above the tran-
sition curve in Figure 10(b). In this region, n> no.
Figure 10(b) is essentially identical to that shown in
Figure 2(b), which includes the stipulation that inclu-
sions must be present in the inclusion-induced nucle-
ation region. The critical inclusion size serves as the
normalizing parameter that collapses the Ni

I curve and
the N�

i curve on top of each other (as shown in Figure 7
for ME3) so that the inclusion-induced nucleation life
scales with the inclusion size as described in Eq. [6]
without the need to have a full knowledge of the size
distribution of the matrix grains.

The important findings of this investigation include
(1) a scaling law between crack nucleation life and
inclusion size, (2) the existence of a critical inclusion size
below which there is no fatigue life debit, and (3) a set of
scaling laws for the threshold stress range for fatigue

crack nucleation. The scaling law has been obtained by
incorporating the 1/D grain size dependence explicitly in
the definition of the critical inclusion size. The conse-
quence is that slip-induced nucleation occurs when
n< no (from D> n, see Figure 9) and inclusion-induced
nucleation when n> no (from D< n, see Figure 9) due
to the incorporation of 1/D in the definition of no (see
Eq. [7]). The experimental data in the literature[21,37]

provide strong support for the notion that the fatigue
nucleation life of PM Ni-based superalloy decreases
with increasing inclusion size according to a power-law
as indicated in Eq. [6]. Experimental data in the
literature also support the existence of a critical inclu-
sion size below which the fatigue nucleation life is not
affected by or insensitive to the inclusion size. From
Eq. [7], it is apparent that the critical inclusion size
increases with the ratio of h¢/h according to a power of 4
and increases with decreasing matrix grain size. In
contrast, the critical inclusion size is only mildly
dependent on the shear modulus of the inclusion.
Figure 11 illustrates the dependence of the critical
inclusion size on the slipband width (h¢) impinging on
inclusions calculated via Eq. [7] using material constants
for ME3. The results in Figure 11 show that the critical
inclusion size increases rapidly with increasing values of
h¢. Thus, slipband widening by an inclusion can have a
positive and important effect in increasing the critical
inclusion size. In addition, the critical inclusion size
increases with decreasing matrix grain size, as shown in
Figure 11. The values of slipband width, h, in matrix
grains of Ni-based superalloys have been compiled and
are summarized in Table I. Unfortunately, the value for
h¢ is generally not reported in the literature. For model
calculations presented in this article, h is taken to be 0.1
to 0.2 lm and the ratio h¢/h is taken to be about 5.5 to
7.5. This range of h¢/h values leads to h¢ values of 0.6 to
1.0 lm when h is taken to 0.1 lm, which is within the
variation of h values compiled in Table I. Additional
work is required to confirm this range of h¢/h values for
Ni-based superalloys.
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It is apparent that the slip process in the matrix (c)
grains exerts a significant influence on the crack nucle-
ation mechanism in Ni-based superalloys. In general,
shearing of c¢ by dislocation pairs tends to localize slip
and form narrow slipband width.[59] Widening of
slipbands requires cross-slip of superdislocations with
superkinks.[59] Non-shearable particles such as
non-metallic inclusions, on the other hand, force the
dislocations to bow around and bypass the obstacles,[59]

which can result in the formation of geometrically
necessary dislocations (GND) at the matrix/inclusion
interface and lead to crack formation at slipbands,
inclusions, or at matrix/inclusion interface.[34–36] Using
high-resolution electron backscatter diffraction, Jiang
et al.[34] showed that an increase in cyclic hardening is
manifested by increasing GND density and the forma-
tion of a GND network around a non-metallic inclusion
during low-cycle fatigue of a PM Ni-based alloy. Thus,
there is experimental support for the widening of a
slipband that impinges on a non-metallic inclusion. The
widening of the slipband width, h¢, by GND density can
potentially increase the critical inclusion size and make
crack nucleation at inclusions more difficult to occur.
The test temperature has also been reported to affect slip
morphology in grains and the fatigue properties of
carbides such that the relative percentages of facet and
inclusion-induced nucleation vary with temperature,
inclusion type, and alloys.[13,37]

It is envisioned that the fatigue crack nucleation life at
an inclusion can be predicted based on Eq. [6] once the
critical inclusion size is computed on the basis of Eq. [7].
As shown in Figure 12, the normalized fatigue nucle-
ation life scales with the critical inclusion size, with
increasing fatigue life ratio at a larger inclusion size
when the critical inclusion size is increased. Both the
power-law scaling law and the existence of a critical
inclusion size were previously reported for steels based
on experimental observations and fitting of experimental
data.[60,61] For steels, the critical inclusion size was
reported to be around 15 to 20 lm.[60–63] The exponent
of the fatigue strength scaling law, Eq. [8], is predicted to
be � 1/2, which is slightly higher than the experimental
value of � 1/3 observed in steels.[1,62] The discrepancy

may be attributed to the fact that the 2Mk values for
steels may not be small to be ignored and Eq, (9) should
be used in the data analysis in order to obtain the correct
dependence. The applicability of Eq. [8] to Ni-based
superalloys remains an open question since a detailed
comparison and evaluation of Eq. [8] against experi-
mental data has yet to be made.
Once the fatigue crack is formed, the inclusion-sized

crack can be checked to determine whether or not the
corresponding DK has exceeded the large-crack thresh-
old in order to compute the corresponding da/dN
response, as shown in Figure 13, which shows the
threshold stress regimes for (1) crack nucleation at
inclusion, (2) non-propagating cracks, and (3) large-
crack growth to failure. In Figure 13, the solid curve for
crack nucleation is computed based on Eq. [8], while the
dashed curve for the threshold stress for crack growth is
based on a modification of the worst-case notch analysis
by Hudak et al.[64] through replacing the crack depth
with one-half of the inclusion diameter and assuming
the entire inclusion is cracked to form a crack length of
2a = n. The resulting equation for the worst-case
inclusion analysis is shown as an inset in Figure 13
and the dashed curve is computed based on DKth = 3
MPa(m)1/2, Dre = 482 MPa, no = 20.3 lm, and
ao = 38.5 lm, where DKth is the large-crack threshold,
Dre = 2Mk is the fatigue limit in the absence of
inclusions, and ao is the small-crack parameter of El
Haddad el al.[65] At stress ranges above threshold stress
range for crack nucleation, fatigue crack nucleation at
inclusion can occur, but the nucleated crack may not
propagate. At stress ranges above the threshold stress
intensity factor for large-crack growth, the nucleated
microcrack can propagate to become a large crack and
cause ultimate fracture at the critical stress intensity for
fracture. It should also be noted that at stress ranges
within the non-propagation regime, microcrack nucle-
ation at inclusion can proceed and the non-propagating
microcrack can coalesce to become a larger microcrack
to allow its further growth when the large-crack
threshold is exceeded at the tip of the microcrack.

Fig. 12—Fatigue life prediction of inclusion-induced crack nucleation
based on inclusion size scaling.

Fig. 13—Fatigue mechanism map for AM 718Plus with fully
machined surfaces depicting three fatigue failure regimes (1) crack
nucleation at inclusion, (2) non-propagating cracks, and (3)
large-crack growth to failure.
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Figure 13 shows that the threshold stresses for crack
nucleation and crack growth both decrease with increas-
ing inclusion size. In addition, the regime for non-prop-
agating inclusion crack is relatively small for this
particular value of DKth of 3 MPa(m)1/2. The non-prop-
agation regime is increased by a higher DKth or reduced
to zero by a lower DKth value. At n/no< 2.5, fatigue
cracks nucleate and propagate to become large cracks
without any arrest or non-propagation behaviors. At n/
no> 2.5, the nucleated inclusion cracks can arrest
without further propagation. Under this circumstance,
the nucleated inclusion-induced fatigue cracks are con-
trolled by the threshold stress for crack growth. Suc-
cessful applications of the crack nucleation models[29,30]

for treating crack nucleation in IN718 under loading in
the very high cycle fatigue regime were reported by Ma
et al.[66] The concept of a critical inclusion size for crack
nucleation at inclusions is useful and has practical
applications in processing control since the processing
cost may be reduced if a tight control of the inclusion
size can be relaxed.[67]

From the discussion above, it is apparent that a
critical inclusion size can originate from the crack
nucleation or crack growth process. The current model
is based on crack nucleation as the limiting process,
while the model by Murakami et al.[32,33] is based on the
growth of microcracks nucleated at inclusions as the
limiting process. As such, the present model is not
applicable for materials containing inclusions that are
initially cracked or highly irregular inclusions that
fracture in a few cycles due to localized stress and strain
concentrations. Under these circumstances, the crack
nucleation life is negligible and the fatigue life is
dominated by fatigue crack growth. The existence of a
crack nucleation or incubation period late in the fatigue
life of PM Ni-based superalloys has been reported by
Huron and Roth[37] for Rene 88DT tested at 477 K and
923K. In addition, the observations of nucleation-dom-
inated and growth-dominated fatigue fracture in
Ni-based superalloys have been reported in recent
studies.[17,26,40–44] Depending on the critical inclusion
size and the matrix grain size, slipband nucleation and
inclusion nucleation can occur concurrently, leading to
substantial variations in the fatigue lives.[17,26,40–44,57,58]

The variability in the fatigue life of Ni-based superalloys
arises from variations in the fatigue mechanism (nucle-
ation- or growth-dominated process), fracture mode
(slipband-induced or inclusion-induced), microstructure
(such as grain size and inclusion size), shearing of the
ordered precipitates and their distributions (c¢ and c¢¢ in
the case of IN 718 and GH4139), dislocation structure
(dislocation pile-up or GND), air vs vacuum environ-
ments,[25] and the hardening response of slipbands
impinging on the inclusions. Some, if not all, of these
factors may have contributed to the large variations
in fatigue life observed in Ni-based superal-
loys[17,26,40–44,57,58] and in steels.[68] Since the microstruc-
ture and dislocation structure affect the crack nucleation
and crack growth processes differently, the probability of
crack nucleation is therefore quite different from the
probability of a crack propagating to fracture; these
differences, in turn, lead a large variation in fatigue lives.

It should be noted that in the absence of pores or
eligible inclusions, the crack nucleation mechanism in
Ni-based superalloys is slipband cracking due to the
propensity of shearing of ordered precipitates (c¢ or c¢¢)
and planar slip in these alloys. Slip-induced nucleation
with facet formation is seen to occur in the region where
the critical inclusion size is exceeded, e.g., Rene 88DT
(Figure 4), IN 718 (Figure 5), and AM 718Plus
(Figure 6). The observation of concurrent slip-induced
and inclusion-induced nucleation, which does not nec-
essarily invalidate the current model, may be rational-
ized on the basis of occurrence rates of individual
anomalies in these alloys. As indicated earlier, the
location, type, size, number density, and occurrence rate
of anomalies such as pores and inclusions are important
factors that can affect the risk of fatigue fracture of
Ni-based superalloys.[39] The results of this investigation
indicate that the effects of grain size should also be
considered in conjunction with pores and inclusions as
one of the potential sites for fatigue crack nucleation to
take place in PM Ni-based superalloys. The probability
of fracture, PF, of a material containing multiple
anomalies (pores, inclusions, and large grains) at mul-
tiple locations is given by[39]

PF ¼ 1�
Ym
i¼1

exp �kiViP Fi d1jð Þ½ �; ½16�

where m is the number of anomalies considered, ki is the
occurrence rate of an anomaly (in average number per
unit volume), Vi is the volume at location i, and P Fi d1jð Þ
is the conditional probability of fatigue fracture given
the presence of a single anomaly of size d1. Ni-based
superalloys are typically HiPP’ed at elevated tempera-
tures to eliminate any porosity present in the materials.
If the occurrence rate of porosity is reduced to zero by
HiPP’ing, the probability of fracture due to crack
nucleation at pores is then zero. Similarly, if a material
is processed to eliminate large inclusions, large carbides,
and large grains from the microstructure, fatigue crack
nucleation at these anomalies would be reduced accord-
ingly; the crack nucleation process would then shift to
take place at small carbides or inclusions that exceed the
critical size or at larger grains near the maximum limit of
the grain size distribution of the fine-grained materials.
This scenario appears to be the case associated with
fatigue crack nucleation in IN 718,[9–13] IN 718DA,[40–42]

and GH4169.[43,44] In particular, the observation of
crack nucleation at carbide clusters (32 to 39 lm) in a
fine-grained IN 718DA, which exhibits a mean grain size
of 12 to 13 lm and a maximum grain size of 25 lm,
appears to support the current model and the notion
that the occurrence rates of individual anomalies need to
be taken into account when considering competing
crack nucleation mechanisms. Similarly, slip-induced
facet formation was reported to occur at ALA grains on
the order of 150 to 400 lm in the supersolvus
microstructure of LSHR alloy with a mean grain size
of 55 lm,[57,58] but the fatigue mechanism switched to
inclusion-induced nucleation in the subsolvus
microstructure with �5 lm mean grain size and 22 lm
ALA grain size.[57,58] As the occurrence rates of
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individual anomalies are reduced (e.g., reducing the
grain size, porosity, and inclusion size), previously
unidentified or unknown crack nucleation mechanisms
may emerge and become relevant. For examples, recent
works have identified fatigue crack nucleation at twins
or special boundaries in IN 718DA cyclically loaded in
the very high cycle fatigue (VHCF) regime[40,41] and in
Rene 88DT.[69]

V. CONCLUSIONS

A theoretical analysis has been performed to develop
a scaling law for predicting the fatigue crack nucleation
life of Ni-based superalloys with inclusions in their
microstructures. The conclusions reached as the result of
this investigation are as follows:

1. There exists a critical inclusion size below which
fatigue nucleation life is not reduced by the presence
of inclusions in the microstructure.

2. The fatigue life of inclusion-induced nucleation
decreases with increasing inclusion size according
to a power-law that relates the fatigue nucleation
life to the inclusion size normalized by the critical
inclusion size.

3. The critical inclusion size is a function of the shear
moduli of the inclusion and the matrix, the slipband
width impinging on the inclusion and the size of the
matrix grains.

4. The presence of slipband facets and initiation-in-
duced fatigue facets in LCF specimens tested under
similar loading conditions is an indication of the
existence of a critical inclusion size with the
inclusion and grain sizes being at or near the
transition point.

5. The transition from slip-induced nucleation and
facet formation at large grains to inclusion-induced
nucleation at small grain sizes is caused by a
reduction of the enhanced matrix fatigue life with
decreasing grain size by the presence of inclusions in
the microstructure.

6. The proposed power-law scaling relation and the
critical inclusion size are observed in several PM
Ni-based alloys, as well as forged and AM Ni-based
alloys.

7. The fatigue strength is predicted to scale with
inclusion size to a power of � 1/2 when the fatigue
limit (2Mk, where k is critical resolved shear stress
for slip to occur) is small compared to the fatigue
strength. The observed exponent may deviate from
� 1/2 when 2Mk is not negligible.
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APPENDIX

Using Eqs. [2], [5] andnd Eq. [7], it can be readily
shown that Eq. [4] can be expressed as

NI
i ¼

fS
2ra
Fm

� 2Mk
� �
2
4

3
5
1=a

no
n

� ��1=2

; ½A1�

which can be rearranged to give

DSI
th

Fm
� 2Mk

� �
NI

i


 �a¼ fS
no
n

� ��1=2

; ½A2�

where DSI
th ¼ 2ra is the fatigue strength of the

Ni-based alloy with inclusions. Similarly, Eq. [1] can
be rearranged to give

DSS
th

Fm
� 2Mk

� �
NS

i


 �a¼ fS; ½A3�

where DSS
th ¼ 2rais the fatigue strength of the Ni-based

superalloy without inclusions. Dividing Eq. [A2] by
Eq. [A3] leads one to

DSI
th � 2FmMk

DSS
th � 2FmMk

¼ n
no

� ��1=2

; ½A4�

which can be simplified to

DSI
th ¼ DSS

th

n
no

� ��1=2

½A5�

when the 2Mk term is negligible compared to the fati-
gue strengths. When the 2Mk is not negligible, the
threshold stress for inclusion-induced crack nucleation
can be obtained from Eq. [A4] to give

DSI
th ¼ 2FmMkþ DSS

th � 2FmMk
� 	 n

no

� ��1=2

; ½A6�

which shows the scaling of the threshold stress DSI
th with

the inclusion size is not exactly a power-law with the
� 1/2 exponent when 2Mk is not zero, where k is the
critical resolved shear stress for slip to occur.
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49. K. Obrtlı́k, P. Lukáš, and J. Polák: in Low Cycle Fatigue and
Elasto-Plastic Behaviour of Materials, K.-T. Rie and P.D. Portella,
eds., Elsevier, Amsterdam, 1998.

50. M. Risbet and X. Feaugas: Eng. Fract. Mech., 2008, vol. 75, pp.
3511–19.

51. K.S. Chan, J.W. Tian, B. Yang, and P.K. Liaw: Metall. Mater.
Trans. A, 2009, vol. 40A, pp. 2545–56.

52. A. Shyam and W.W. Milligan: Acta Mater., 2004, vol. 52, pp.
1503–1513.

53. J.H. Zhang, Z.Q. Hu, Y.B. Xu, and Z.G. Wang: Metall. Trans. A,
1992, vol. 23A, pp. 1253–58.

54. J. Dahal, K. Maciejewski, and H. Ghonem: Int. J. Fatigue, 2013,
vol. 57, pp. 93–102.

55. H.S. Ho, M. Risbet, and X. Feaugas: Int. J. Fatigue, 2017,
vol. 102, pp. 1–8.

56. K.S. Chan: Metall. Mater. Trans. A, 2014, vol. 45A, pp. 3454–66.
57. T.P. Gabb, P.T. Kantzos, B. Palsa, J. Telesman, J. Gayda, and

C.K. Sudbrack: in 12th International Symposium on Superalloys
2012, E.S. Huron, R.C. Reed, M.C. Hardy, M.J. Mills, R.E.
Montero, P.D. Portella, J. Telesman, eds., TMS (The Minerals,
Metals & Materials Society), Warrendale, PA, 2012, pp. 63–72.

58. T.P. Gabb, P.T. Kantzos, J. Telesman, J. Gayda, C.K. Sudbrack,
and B. Palsa: Int. J. Fatigue, 2011, vol. 33, pp. 414–26.

59. K.S. Chan: Metall. Mater. Trans. A, 2018, vol. 49A, pp. 5353–67.
60. W.E. Duckworth: Metallurgia, 1964, vol. 69, pp. 53–55.
61. R. Kiessling: Non-Metallic Inclusions in Steels; Part 3: The Origin

and Behavior of Inclusions and their Influence on the Properties of
Steels, The Iron and Steel Institute, London, UK, 1968.

62. N.E. Frost: J. Mech. Phys. Solids, 1961, vol. 9, pp. 143–51.
63. Z.G. Yang, G. Yao, G.Y. Li, S.X. Li, Z.M. Chu, W.J. Hui,

H. Dong, and Y.Q. Weng: Int. J. Fatigue, 2004, vol. 26,
pp. 959–66.

METALLURGICAL AND MATERIALS TRANSACTIONS A VOLUME 51A, MARCH 2020—1161

https://doi.org/10.1088/1757-899x/269/1/012005
https://doi.org/10.1007/s11661-019-05309-7
https://doi.org/10.1007/s11661-019-05309-7


64. S.J. Hudak Jr., K.S. Chan, G.G. Chell, Y-D. Lee, and R.C.
McClung: Proceedings of David L. Davidson Symposium on Fati-
gue, K.S. Chan, P.K. Liaw, R.S. Bellows, T.C. Zogas, and W.O.
Soboyejo, eds., TMS, Warrendale, PA, 2002, pp. 107–20.

65. M.H. El Haddad, K.N. Smith, and T.H. Topper: ASME J. Eng.
Mater. Technol., 1979, vol. 101, pp. 42–46.

66. X.-F. Ma, Z. Duan, H.-J. Shi, R. Murai, and E. Yanagisawa: J.
Zhejiang Univ. Sci. A (Appl. Phys. Eng.), 2011, vol. 11, pp. 727–37.

67. Z.G. Yang, J.M. Zhang, S.X. Li, G.Y. Li, Q.Y. Wang, W.J. Hui,
and Y.Q. Weng: Mater. Sci. Eng. A, 2006, vol. 427, pp. 167–74.

68. Q.Y. Wang, C. Bathias, N. Kawagoishi, and Q. Chen: Int. J.
Fatigue, 2002, vol. 24, pp. 1269–74.

69. J. Miao, T.M. Pollock, and J.W. Jones: Superalloys 2008, by R.C.
Reed, K.A. Green, P. Caron, T.P. Gabb, M.G. Fahrmann, E.S.
Huron, and S.A. Woodard, eds., TMS (The Minerals, Metals &
Materials Society), Warrendale, PA, 2008, pp. 589–97.

Publisher’s Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

1162—VOLUME 51A, MARCH 2020 METALLURGICAL AND MATERIALS TRANSACTIONS A


	A Fatigue Life Model for Predicting Crack Nucleation at Inclusions in Ni-Based Superalloys
	Abstract
	Introduction
	Model Formulation
	Evidence of Critical Inclusion Size and Fatigue Life Scaling
	Discussion
	Conclusions
	Acknowledgments
	Appendix
	References




