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Magnesium and its alloys have a complex progression of deformation mechanisms due to the
hexagonal closed-packed crystal structure. Magnesium undergoes a series of different
deformation modes as stress increases. The deformation behavior is marked by the commence-
ment of elastic (Stage I), followed by hai basal slip and twinning (Stage II), hai prismatic slip
(Stage III) and finally hc + ai pyramidal slip (Stage IV). In this study, the deformation behavior
of a range of commercial die-cast magnesium-aluminum-based alloys are analyzed. Four
distinct stages of strain hardening can be seen in the tensile stress–strain curve and these are
modeled according to the assumption that they correspond to the four deformation
mechanisms. It is shown that both Stages I and III can be described by a linear equation
while Stages II and IV follow a power-law relationship and fitted with Hollomon’s equation. A
semi-empirical equation is proposed to model the entire stress–strain curve, which provides a
simple way to understand the deformation of magnesium alloys and points towards better
methods of modeling magnesium alloy behavior in part design.
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I. INTRODUCTION

DIE-CAST magnesium (Mg) alloys have low density
and high specific strength and have found many
applications in automotive structural parts, for example,
AZ91 (Mg-9Al-1Zn) in steering column brackets and
brake pedals, AM40 (Mg-4Al-0.3Mn) and AM60
(Mg-6Al-0.3Mn) in seat frames and instrument panels,
and AE44 (Mg-4Al-4RE) in an automotive front engine
cradle.[1–3] A good knowledge of deformation behavior,
especially strain-rate sensitivity is important for under-
standing the crashworthiness of these alloys.

Recently, the effect of strain rate on the tensile
properties[4] and deformation behavior[5,6] of similar
die-casting alloys has been studied by the present
authors at strain-rate range 10�6 to 10�1 s�1. It is
observed that the tensile deformation behavior of Mg
and alloys can be separated into three regions: elastic,
anelastic and plastic.[7–11] Within these regions, the
stress–strain curve exhibits four distinct stages of strain

hardening. Inspired by the Kocks-Mecking theory of
strain hardening,[12,13] which is also reported in Refer-
ences 14 through 17 for Mg and alloys, an idea is
generated that the four distinct stages of strain harden-
ing in Mg and alloys can be characterized by the
differences in deformation mechanisms as explained
here.
Stage I—Elastic deformation is a reversible process

which involves stretching of the atomic bonds. The
elastic limit of Mg and alloys is relatively low (< 40
MPa), with a consequently short linear region.[7,18]

Stage II—Beyond the elastic deformation is the onset
of anelasticity and plasticity. During this stage, grains
with a favorable orientation to the stress axis (soft-ori-
ented grains) deform first via hai basal slip until they are
stopped by obstacles, i.e., grain boundaries, while grains
with harder orientations either remain elastic or twin.[19]

As soft-oriented grains diminish their share of elastic
strain, hard-oriented grains compensate by becoming
more highly stressed. The overall hardening rate in this
stage is determined by load sharing between soft and
hard-oriented grains.[20] hai Basal slip induces plasticity
while reversible twinning contributes to anelasticity.[21]

Due to the limited independent hai basal slip systems in
Mg,[22] twinning is essential to deformation in this
region. The anelastic deformation in this stage is
reported to be greater than plastic deformation, for
example in die-cast AZ91,[8] AM60 and AE44.[5]

Stage III—As deformation continues at a higher
stress level, the first available non-basal slip system, i.e.,
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hai prismatic slip[19,23–25] will be activated. In this stage,
a combination of hai prismatic slip and hai basal slip
offers only four independent slip systems[22] and this still
does not satisfy the Von Mises-Taylor criterion,[26,27]

therefore, twinning must still be present in this stage.
Activation of hai prismatic slip allows the hai basal
dislocations which were retarded by obstacles in the
previous stage to cross slip (change of slip plane from
basal to prismatic) to bypass obstacles, creating a forest
of dislocations. The strain-hardening rate in this stage
drops to about 1.4 GPa for pure Mg, a value consistent
with athermal accumulation of forest
dislocations.[13,17,28]

Stage IV—The end of Stage III is marked by onset of
a second non-basal slip system, which experiments show
is hc + ai pyramidal slip.[29] Activation of hc + ai
pyramidal slip reduces the pile-up stresses (back stresses)
at obstacles as dislocations piled up at obstacles in
previous deformation stages are allowed to escape. This
is also known as dynamic recovery[17,30] which further
reduces the strain-hardening rate until fracture occurs.

Note that the notion of different stages of deforma-
tion behavior is actually referring to the different
dominant mechanisms (i.e., bond stretching, hai basal
slip, twinning and untwinning, hai prismatic and hc + ai
pyramidal slip), and the deformation mechanisms in
previous stages may continue as the next stage com-
mences. It should also be noted that these are general-
izations as other factors such as inhomogeneous grain
distributions and localized areas of high stress, i.e., near
grain boundaries, will lead to localized early onset of the
next deformation stage. In this paper, it is assumed that
each stage begins when each deformation mode becomes
extensive.

The strain-hardening response due to these four
deformation modes, hai basal slip, extension twinning,
hai prismatic slip and hc + ai pyramidal
slip[14,17,20,25,31–40] has been extensively studied in Mg
and alloys by constitutive modeling. Some of these
constitutive models were later extended to include
untwinning.[24,41–45] Extension twinning results in an
86.3 deg reorientation of the basal pole, and untwinning
will occur in a twin if the load is reversed.[46] It should be
pointed out that most of these published studies have
focused on developing crystal plasticity models and
whilst their crystal plasticity models have also permitted
the prediction of the stress–strain curve with reasonable
success; crystal plasticity models are complex and can be
computationally intensive.

Furthermore, there are also limitations to some of
these models, for example, the model developed for
10�12

� �
twinning[47] in an extruded AZ31 can predict the

stress–strain curve at low strains, up to 1.5 pct.
However, the model is not able to extend to higher
strains due to complex phenomena involved such as
interactions between slip and twinning and saturation of
twin nucleation at higher strains. In the modeling of Mg
alloy AZ31 sheet,[38] a power-law was proposed to
express tensile stress as a function of strain, strain rate
and temperature. However, their proposed equation is
only valid between 5 and 7 pct strain for strain rates of

10�2 to 100 s�1 and temperatures of 423 K to 573 K.
Their model does not provide a good fit at the early
stages of deformation. The strain-hardening model
proposed in Reference 25 is applied to the late stage of
deformation (deformation regime following primary
basal glide); extension twinning and hai basal slip were
assumed to be negligible and were not included in the
model. Applying the Kocks–Mecking method of anal-
ysis,[13,48] Cáceres and his co-workers have analyzed the
Stage III deformation of permanent mold-cast pure
Mg[17] and die-cast Mg-9Al alloy[14] with a simple linear
equation, but other stages of deformation were not
investigated.
The purpose of this work is two-fold: develop a

simpler analytical description to capture the mul-
ti-staged tensile stress–strain curve and, in the process,
increase the understanding of the development of
different slip and twinning modes in a range of die-cast
Mg-Al-based alloys with various Al contents, i.e.,
AM40, AM60, AZ91 and AE44 at a wide strain-rate
range 10�6 to 10�1 s�1. These alloys are the most widely
used commercial alloys. Apart from their commercial
importance, these alloys were selected to understand the
deformation behavior of high-strength alloys (AZ91 and
AE44-T5) and medium-strength alloys (AM40, AM60
and AE44). Decomposition of the stress–strain curve
into different stages and analyzing them individually
provides insights into the contribution of each defor-
mation mechanism and this will provide the foundation
for future development of improved structural alloys.
This paper is structured as follows: the stress–strain
curve is first decomposed into four stages of deforma-
tion and then reconstructed with a simple analytical
equation and this is followed by model validation and a
brief discussion on the applicability of the current
approach.

II. MATERIALS AND EXPERIMENTAL DETAILS

A. Materials

Commercial high-pressure die-cast AM40, AM60,
AZ91 and AE44 alloys of similar grain sizes (~ 8 lm)
were used in this study. Details of the casting procedure
can be found elsewhere.[49] The chemical compositions
of these alloys analyzed using inductively coupled
plasma atomic emission spectroscopy (ICP-AES) are
listed in other publications by the authors.[4,5] Some
AE44 specimens were also given an aging treatment for
32 hours at 200 �C (labeled T5).

B. Mechanical Testing

Dog-bone-shaped round samples, 100 mm in length
with a 36 mm parallel section in the gauge length and a
diameter of 5.6 mm were used in this study. Monotonic
and cyclic tension loading-unloading tests were per-
formed on an Instron 5569 universal testing machine
with a 50 kN load cell at room temperature using a
constant rate of crosshead displacement with nominal
strain rates in the range from 10�6 to 10�1 s�1. A 25 mm
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gauge length extensometer was attached to the specimen
and digital output files of the flow curves were converted
to stress–strain curves. For the cyclic loading-unloading
tests, the samples were loaded to a predetermined strain,
unloaded to zero stress and then reloaded again. All
alloys were cyclic tested to a strain of 0.03, except AZ91;
AZ91 was tested to a higher strain (0.045) to obtain the
maximum anelasticity. Each test was repeated three
times. Compression tests were not conducted in this
study as high-pressure die-cast alloys are relatively
isotropic in mechanical properties.[50]

III. RESULTS

A. Stress–Strain Curves

Figure 1 shows the monotonic (taken from Reference
4) and cyclic stress–strain curves at different strain rates
for AZ91 and AE44 (alloys with the most different
behavior observed in these experiments). The flow
curves of as-cast AE44 consistently shift higher with
increasing strain rate while the changes in the flow
curves of AZ91 are smaller. It should be noted that the
flow curves of aged AE44-T5 show slightly higher
strain-rate dependence than that of AE44, while the flow
curves of AM40 and AM60 like AZ91, show a much-re-
duced effect of strain rate under both monotonic and
cyclic testing. The original paper[4] showed that the
reduction in strain-rate sensitivity with increasing Al
contents in solution was due to dynamic strain aging
from the interaction between Al solute and dislocations.
As also reported,[4] both AE44 and AE44-T5 have very
little Al solute in the a-Mg matrix, especially in the T5
condition where even more solute is removed as a result
of precipitation,[51] and therefore they are less likely to
be affected by dynamic strain aging and the intrinsic
strain-rate sensitivity in Mg attributed to its hexagonal
closed-packed crystal structure[52] is observed. Cycling
does not affect the strain-hardening behavior as

monotonic flow curve (dashed line) follows closely with
the cyclic one.

B. Analysis of Stress–Strain Curves

The analysis approach in this section decomposes the
stress–strain curve into four stages of deformation
described in the Introduction and quantifies each stage
of strain (Stage I strain, eI; Stage II strain, eII; Stage III
strain, eIII; Stage IV strain, eIV) individually. To under-
take this analysis, each time when a new stage of
deformation is being analyzed, previous stages are
removed from the stress–strain curve and are not
included in the analysis. By deconstructing the stress–
strain curve in this way, the total strain, et can then be
determined by the summation of these individual stage
of strains:

et ¼ eI þ eII þ eIII þ eIV ½1�

Consequently, in this section, the stress–strain curve is
deconstructed to understand the different stages of
deformation and then reconstructed into an analytical
description of the stress–strain curve.

1. Stage I: Elasticity
Elastic deformation is well understood as a change in

shape of a material at low stress that is recoverable
after the applied stress is removed. In this stage, the
applied stress, r, is proportional to elastic strain, eI,
and the deformation behavior is governed by Hooke’s
law:

r ¼ E eI ½2�

For Mg and alloys, the stress–strain curve has very
small linear elastic region which applies only at low
stress levels (< 40MPa),[7,10,11,18] where the elastic
modulus of Mg, E = 45 GPa[2,53] is measured.

Fig. 1—Monotonic (dashed) taken from Ref. [4] and cyclic (solid) stress–strain behavior of (a) AZ91 and (b) AE44 at different strain rates, _e =
10�6 s�1 (top curve)-10�2 s�1 (bottom curve).
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2. Stage II: hai Basal Slip and Twinning
The departure of linear elasticity is marked by the

onset of anelastic and plastic deformation. During this
stage, soft-oriented grains will undergo plastic deforma-
tion first by hai basal slip. However, due to the
hexagonal closed-packed crystal structure of Mg and
alloys, hai basal slip provides only two independent slip
systems[22] and this does not satisfy the von Mises-Tay-
lor criterion[26,27] for homogeneous deformation. There-
fore, most grains in this region will undergo
twinning.[54–56] However, twins formed during loading
are not stable[57]; and they can revert during unload-
ing,[58] giving rise to large hysteresis loops as observed in
cyclic stress–strain curves (Figure 1). The anelastic
strain is measured from the width of these hysteresis
loops.[8,10,18] Therefore, this stage is a mix of anelasticity
and plasticity. For the sake of the following discussion,
the term anelastic strain, eae is associated only with
reversible twinning (untwinning); while Stage II strain,
eII is made up of anelasticity and plasticity, and is
composed of all three mechanisms, hai basal slip,
irreversible twinning and reversible twinning.

To examine the relationship between eII and eae, et �
eI taken from monotonic flow curve and eae taken from
hysteresis loops in cyclic flow curve are plotted in
Figure 2. Note that at strains of £ 0.005, eIIIand eIV are
negligible. The average of the flow curve is plotted as
dashed line and it is named eII;av. It is clear that eae
(dotted) is proportional to eII;av (dashed) and eII;av is
composed of 60 to 75 pct of eae depending on the alloy.
In short, twinning dominates in Stage II and most twins
that form revert upon unloading, correlating well with
the literature for fine-grained high-pressure die-cast Mg
alloys.[8,9]

It is observed that eae is insensitive to strain rate prior
to reaching the maximum value. This is because at early
stages of deformation when hai prismatic slip is absent,
deformation is controlled by hai basal slip and twinning
which are less strain-rate sensitive.[35,59–62] As deforma-
tion continues, anelasticity begins to saturate to a
maximum upon extensive activation of hai prismatic
slip. The strain-rate sensitivity of hai prismatic slip[59,61]

leads immediately to the high strain-rate dependence of
maximum anelastic strain.[5]

Fig. 2—The applied stress as a function of et � eI strain, for (a) AM40, (b) AM60, (c) AZ91, (d) AE44 and (e) AE44-T5, at strain-rate range
10�6 to 10�1 s�1. The dotted line is the anelastic strain, eae and the dashed line represents the average of Stage II strain eII;av which is composed
of 60 to 75 pct of anelastic strain. Note that eIII and eIV are negligible at such low strains.
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Since eII;av is made up of 60 to 75 pct of eae (reversible
twinning) (Figure 2), both irreversible twinning and slip
mechanisms must contribute to the rest of the strain
magnitude. Irreversible twinning fraction was observed
to be less than 10 pct of the deformation in these die-cast
alloys,[4] a simple assumption is made that eII can be
modeled like eae, being strain-rate insensitive at early
stages of deformation prior to reaching a maximum.

Modeling of Stage II deformation has not yet been
reported but anelasticity which follows the same trend
as Stage II has been modeled with a Weibull function
because of its sigmoidal relationship with applied
stress[9]:

eae ¼ eae;max 1� exp � r
r1

� �me
� �� 	

½3�

where eae;max is the maximum anelastic strain, r1 is the
stress where anelasticity increases the fastest and me is
the Weibull modulus. However, anelasticity can be
further divided into strain-rate insensitive and sensitive
components as observed in Figure 2. The Weibull
function cannot clearly reflect these two distinct regions
of anelasticity because any changes to the Weibull
function parameters change the entire function curve
and not just the maximum. This is illustrated in
Figure 3(a) using the eae measured from AE44 at 10�4

s�1 as an example. In contrast, Figure 3(b) shows that a
much simpler power-law relationship is able to model
the strain-rate insensitive component of the anelasticity
while the strain-rate sensitive component (maximum
anelastic strain) can be included in the modeling of
Stage III deformation as discussed in Section III–B–3.

Due to this dilemma, we suggest modeling the
strain-rate insensitive component of Stage II with:

r ¼ KIIe
nII
II ½4�

where KII is the strength coefficient and nII is the
strain-hardening exponent in Stage II. The next step is to
determine the upper limit of Eq. [4] to describe the observed
strain-rate sensitivity of the maximum anelasticity.
To find this upper limit, the strain-rate-sensitive

maximum anelasticity needs to be reviewed. Based on
an observation in our recent publication,[5] there is a
correlation between maximum anelastic stress, rae;max

and the stress when Stage III strain reaches 0.01 (for
AM40, AM60, AE44) and 0.015 (for AZ91) as shown in
Figure 4. r0:01;III and r0:015;III denote the stresses when
Stage III strain (also known as hai prismatic strain), eIII,
reaches 0.01 and 0.015, respectively. Unlike the rest of
the alloys, r0:01;III in AZ91 does not match its rae;max

(symbol deviates from dashed line), indicating that the
maximum anelasticity in AZ91 saturates at a higher eIII
of 0.015. Determination of eIII is covered in
Section III–B–3.
The observation that anelasticity reaches a maximum

at eIII of ~ 0.01 to 0.015 is consistent with other work.
Previous experiments showed that maximum anelastic-
ity occurred at a plastic strain of ~ 0.01 for mold-cast
Mg-Gd alloys,[11] ~ 0.015 for sand-cast pure Mg and
Mg-Zn alloys[9] and die-cast AZ91,[8] ~ 0.02 for cast
Mg-Al alloys.[63,64] When deformation is small, less than
a strain of 0.01, twins can multiply undisturbed, and
anelasticity increases with stress and strain. When
deformation is large, exceeding a strain of 0.01, activa-
tion of other slip systems, such as hai prismatic slip, in
the matrix surrounding the twins will decrease the twin
boundary mobility. Consequently, reversible twinning is
restricted.[65,66] Considering this information, an
assumption is made that Stage II saturates (due to
saturation of reversible twinning) when anelasticity
reaches a maximum upon extensive activation of hai
prismatic slip at eIII of 0.01 for AM40, AM60 and AE44
and 0.015 for AZ91.

Fig. 3—Comparison of (a) the Weibull function[9] and (b) the power-law function in analyzing the stress–anelastic strain relationship in Stage II.
Changing the Weibull function parameters is shown to alter the entire function curve, which cannot reflect the strain-rate insensitive and
sensitive components of anelasticity.
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With this assumption in mind, Figure 5 compares the
experimental Stage II curves with those computed by
Eq. [4] at low eII of no more than 0.0015 for AZ91 and
AE44. This low eII value was chosen to ensure no
involvement of hai prismatic and hc + ai pyramidal slip
in the modeling of Stage II. It is observed that Stage II
starts at about 25 MPa for AE44 and about 40 MPa for
AZ91 when eII becomes significant, indicating that AZ91
has a larger elastic region. The experimental flow curves
(solid) in this stage show no strain-rate dependency. The
slight difference between the flow curves is due to
experimental variation, and an average flow curve
(dashed) is fitted. The KII and nII values for each strain
rate and alloy from repeated tests are summarized in
Table I. It is clear that Stage II parameters do not show
systematic variations with strain rate, so the average
values are used to model Stage II deformation.

3. Stage III: hai Prismatic
The end of Stage II is determined by the onset of hai

prismatic slip. In this stage, any hai basal plane
dislocations inhibited by obstacles (e.g., grain bound-
aries) are allowed to cross slip, relaxing the dislocation
pile-up stresses at grain boundaries. Activation of hai
prismatic slip allows cross slip to occur and creates a
forest of dislocations in the process. The strain-harden-
ing rate in this stage is linear and follows an equation of
the form[13,17,30]:

r ¼ HeIII þ ry;III ½5�

where eIII is Stage III strain (hai prismatic strain), ry;III
is the hai prismatic yield stress at the start of eIII, and
H is the strain-hardening rate in Stage III (slope), with
the definition[13,67]:

H ¼ Hh �Hrð_e;TÞ ½6�

The first term Hh is the athermal component of
strain-hardening rate which is between 1 and 2 GPa.[17]

Hh is � E/32 � 1.4 GPa for pure Mg[17] and Mg-9Al,[14]

and � E/25 � 1.8 GPa for AZ31,[15] where E is the
elastic modulus of Mg (45 GPa[2]). Hh is insensitive to
many variables and it varies only slightly from one metal
to another (within a factor of 2).[68,69] For face-centered
cubic polycrystals,[13] Hh � E=50.
The second term Hr is the thermal component

which describes the dynamic recovery rate. Hr is both
strain-rate and temperature dependent and it
accounts for any softening effects due to dislocation
annihilation as temperature (T) increases and/or
strain rate (_e) decreases. At the limit of the highest
strain rate or lowest temperature, Hr approaches
zero, and H ¼ Hh.
Kocks and Mecking[13] defined H as

H ¼ Hh 1� ry;III=l
rð_e;TÞry;III0=l0

� �
½7�

and r:

r ¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

g0

kT

lb3
ln

_e0
_e

� �s( )2

½8�

where ry;III0 is a mechanical threshold (hai prismatic
yield stress at 0 K); l is the shear modulus, l0 is the
shear modulus at 0 K; g0 is an extrapolated value from
Fig. 26 in Reference 13 with no identified physical
meaning; k is the Boltzmann constant; b the magnitude
of the Burgers vector of the dislocations and _e0 is a
constant.[13]

Here, by combining Eqs. [7] and [8], H is calculated
using

H ¼ Hh �Hh
A

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BT ln C

_e

� �qn o2
½9�

where A, B, C are grouped constants made up of indi-
vidual functional dependence:

Fig. 4—Stress when eIII reaches 0.01 for AM40, AM60, AZ91, AE44
and AE44-T5 and 0.015 for AZ91 as a function of maximum
anelastic stress.

Fig. 5—The experimental stress–strain curves (solid) in Stage II for
AZ91 and AE44, as compared with the best-fitted curves (dashed)
using Eq. [4].
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A ¼ ry;III=l
ry;III0=l0

½10�

B ¼ 1

g0

k

lb3
½11�

C ¼ _e0 ½12�

and hai prismatic yield stress, ry;III can be modeled
using Eq. [13] as reported[67]:

ry;III¼ry;III0
_e
_e0

� �n

½13�

where n is the temperature-dependent exponent, n = kT
lb3.

The straight lines (dashed) in Figure 6 are the linear
approximations of the experimental flow curves (solid),
which follow Eq. [5]. The measured values of H and
ry;III from two sets of data are summarized in Table II.
Figure 7 compares the measured H from Eq. [5] with

the modeled H predicted from Eq. [9]. The values of Hh

which provide the lowest scatter for AM40, AM60,
AZ91, AE44 and AE44-T5 are also shown and it is clear
that they fall within the expected range of 1000 to 2000
MPa[17] for AM40, AM60, AE44 and AE44-T5. AZ91,
however, has a higher Hh of 2300 MPa. Overall, Eq. [9]
describes the behavior of H well.
It is interesting to see that the optimum value of

constant C which provides the lowest scatter is ~ 1010

s�1 for present die-cast alloys. For FCC metal, this value
is ~ 107 s�1 determined by trial and error in Reference
13.
To model ry;III, the temperature-dependent exponent,

n in Eq. [13] is first calculated. By using a Boltzmann
constant, k of 1.38 9 10�23 m2 kg s�2 K�1, shear
modulus, l of Mg (17 GPa), the magnitude of the
Burgers vector, b of magnesium (0.32 nm)[70] at room
temperature T = 295.15 K, the temperature-dependent
exponent, n in Eq. [13] is calculated to be 0.0073. The n
value correlates well with the literature data where n is
reported to be 0 to 0.03[13] within a strain-rate range of
10�4 to 100 s�1, at room temperature.
Applying n of 0.0073 and _e0 of 4 9 1010 s�1 (constant

C in Figure 7), ry;III is modeled and compared with
measured ry;III from experimental flow curves as shown
in Figure 8. There is a good agreement between the
measured ry;III and modeled ry;III, confirming the good
fit of values of _e0 and n determined.

4. Stage IV: hc + ai Pyramidal
As deformation continues, the internal stresses are

high enough to activate additional non-basal slip
systems, which in Mg and alloys is hc + ai pyramidal
slip.[32] Activation of an additional slip system allows
dislocations piled up at obstacles due to cross slip in the
previous stage to escape, reducing the internal-strain
field. This process is called dynamic recovery, and
strain-hardening decreases until fracture occurs.[15] This
stage is also more sensitive to strain rate and temper-
ature than Stage III (hai prismatic slip-dominated
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stage), and may limit the extent of Stage III deforma-
tion, especially at low strain rates or high temperatures
when hc + ai pyramidal slip activates early.[30] The
stress–strain curve in this stage has been reported to
follow Hollomon’s equation: a power-law relationship
between stress and amount of hc + ai pyramidal
strain[36,71,72]:

r ¼ KIV enIVIV ½14�

where eIV is the Stage IV strain or hc + ai pyramidal
strain, KIV is the strength coefficient and nIV is the
strain-hardening exponent in Stage IV.

Figure 9 compares the experimental (solid) and the
best-fitted (dashed) stress–strain curve of Stage IV; the
parameters KIV and nIV from two sets of data are
summarized in Table III. It is clear that Eq. [14] can
describe this part of the flow curve reasonably well. It is
also interesting to see that hc + ai pyramidal slip starts
to dominate above an applied stress of ~ 200 MPa for
both AZ91 and AE44; slightly higher with increasing
strain rates. Below 200 MPa, hc + ai pyramidal strain,
eIV is insignificant. It is also observed that AZ91 has
considerably less total hc + ai pyramidal strain as
compared to AE44 (the scale on the x-axis of AZ91 is

smaller). This is because AZ91 fractures earlier before hc
+ ai pyramidal strain becomes too extensive.
The parameters KIV and nIV from Eq. [14] can be

further defined in the form of Ludwik’s empirical
equation[73] as shown in Eq. [15] or Hollomon’s equa-
tion[71] in Eq. [16]:

KIV or nIV ¼ a ½1� b _ec� ½15�

KIV or nIV ¼ d _ef ½16�

where a, b, c, d and f are constants. To determine which
model is more accurate for the present die-cast alloys,
both Ludwik’s and Hollomon’s constitutive models are
compared with the measured KIV and nIV obtained from
best fit of Eq. [14] (Table III), as shown in Figure 10 for
AE44.
Ludwik’s model provides a slightly better correlation

to the measured KIV compared to Hollomon’s model.
For determining nIV, however, both Ludwik’s and
Hollomon’s model are acceptable. Using Ludwik’s
model for KIV and Hollomon’s model for nIV, the values
of constants are summarized in Table IV for present
die-cast alloys. Given that both models provide good

Fig. 6—The experimental flow curves (solid) of (a) AZ91 and (b) AE44 at strain rates 10�6 to 10�1 s�1 as compared with the best-fitted linear
lines (dashed) according to Eq. [5].

Table II. Parameters in Stage III: H (MPa) and ry;III (MPa) of Best Fit of Eq. [5] Measured from Experimental Flow Curves

_e

AM40 AM60 AZ91 AE44 AE44-T5

H ry;III H ry;III H ry;III H ry;III H ry;III

10�6 1299 ± 27 127 ± 0.4 1334 ± 33 145 ± 1.1 2264 ± 84 180 ± 3.4 1187 ± 4.7 142 ± 1.4 977 ± 11 169 ± 4.0
10�5 — — — — — — 1400 ± 19 145 ± 1.0 1203 ± 2.3 178 ± 0.6
10�4 1437 ± 16 126 ± 0.6 1479 ± 9.6 148 ± 1.9 2271 ± 13 185 ± 1.9 1606 ± 16 151 ± 1.3 1435 ± 8.1 188 ± 1.3
10�3 — — — — — — 1645 ± 5.7 156 ± 1.3 1555 ± 2.6 194 ± 0.9
10�2 1512 ± 18 131 ± 2.2 1509 ± 0.1 147 ± 0.6 2381 ± 1.9 188 ± 0.2 1693 ± 31 162 ± 0.5 1601 ± 17 201 ± 0.2
10�1 — — 1512 ± 32 150 ± 1.2 2252 ± 48 190 ± 0.8 1776 ± 18 165 ± 1.4 1728 ± 9.1 206 ± 1.9
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descriptions of the data, Hollomon’s model was selected
to determine nIV due to its relative simplicity.

5. Complete Stress–Strain Curve
The contribution to the strain from the four stages of

deformation identified has been determined using
Eq. [1]; the complete stress–strain curve can now be
modeled. The contributions of each of the deformation
regimes are illustrated in Figure 11. One of the slightly

confusing aspects of this analysis is that the independent
variable is stress and strain is the independent variable,
as deformation is dependent on the materials response
to the stress applied, despite the typical representation of
the stress–strain curve. To understand the graphical
representation (Figure 11(a)), the applied stress needs to
be considered. At a particular value of applied stress,
there is a contribution from previous stages of strain. At
low stresses, only Stage I (elastic strain) contributes. As

Fig. 7—The strain-hardening rate, H in Stage III for the studied alloys at different strain rates. The solid-filled symbol and dashed line indicate
the measured H using Eq. [5] and the modeled H with Eq. [9], respectively. The values of Hh and constants A, B, and C for each alloy are
shown.

Fig. 8—The hai prismatic yield stress, ry;III of present alloys at different strain rates. The solid-filled symbol and dashed line indicate ry;III
measured from experimental flow curves using Eq. [5] and the modeled ry;III with Eq. [13], respectively. The value of ry;III0 (MPa) for each alloy
is shown.
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Fig. 9—The experimental (solid) and the best-fitted (dashed) stress–strain curve of Stage IV for (a) AZ91 and (b) AE44. Note the different scales
on the x-axis between the two alloys.

Table III. Parameters in Stage IV: KIV (MPa) and nIV of Best Fit of Eq. [14]

_e

AM40 AM60 AZ91 AE44 AE44-T5

KIV nIV (10�3) KIV nIV (10�3) KIV nIV (10�3) KIV nIV (10�3) KIV nIV (10�3)

10�6 373 ± 1.6 106 ± 0.8 396 ± 1.4 97 ± 2.7 363 ± 0.6 76 ± 3.3 347 ± 1.3 101 ± 0.8 334 ± 4.0 73 ± 0.4
10�5 — — — — — — 366 ± 2.4 92 ± 1.6 361 ± 0.5 68 ± 0.2
10�4 376 ± 3.6 96 ± 2.3 399 ± 3.2 85 ± 0.5 415 ± 0.0 97 ± 0.0 377 ± 1.0 85 ± 1.1 385 ± 1.2 63 ± 0.2
10�3 — — — — — — 389 ± 5.1 81 ± 1.2 394 ± 0.7 59 ± 0.0
10�2 379 ± 5.6 95 ± 0.8 382 ± 0.9 79 ± 0.9 410 ± 0.0 93 ± 0.0 384 ± 2.3 72 ± 1.6 399 ± 2.6 55 ± 0.5
10�1 — — 378 ± 1.1 74 ± 0.4 422 ± 8.3 94 ± 3.2 389 ± 1.7 68 ± 0.0 402 ± 0.0 51 ± 0.6

Fig. 10—Comparison of the fitting of Ludwik’s and Hollomon’s models for (a) KIV and (b) nIV in Eq. [14] as a function of strain rate.
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the stress increases to Stage II, hai basal slip and twinning
occur but this reaches a maximum when Stage III (hai
prismatic) slip is introduced and finally Stage IV (hc + ai
pyramidal) slip occurs. The contribution of each of the
stages of deformation is shown in Figure 11(b) and shows
that it is once Stage III (attributed to hai prismatic slip)
occurs that extensive plasticity is observed in AE44 (and
the other alloys studied here).

A generic mathematical description of the stress–
strain data observed in Figure 11 can be described by
combining Eqs. [2], [4], [5] and [14] and the total strain,
et can be calculated using Eqs. [17a] and [17b] depending
on the conditions stated:

when r � ry;III : et ¼
r
E
þ r

KII

� � 1
nII

½17a�

when r>ry;III : et ¼
r
E
þ rII

KII

� � 1
nII

þr� ry;III
H

þ r
KIV

� � 1
nIV

½17b�

In Eq. [17b], there is a condition for Stage II strain
(second term):

rII ¼
r0:01;III; when r � r0:01;III for AM40, AM60, AE44
r0:015;III; when r � r0:015;III for AZ91

r; otherwise

8
<

:

9
=

;

To verify the validity of this approach, stress is
used as the independent variable in Eq. [17b] to
model the complete stress–strain curve for all the
studied alloys as shown in Figure 12. Stage II strain
(second term) remains constant above the stress at
which Stage III strain reaches 0.01 for AM40, AM60,
AE44, AE44-T5 and 0.015 for AZ91. r0:01;III and
r0:015;III denote the stresses when Stage III strain, eIII,
reaches 0.01 and 0.015, respectively, as shown in
Figure 4.
It is clear that there is a good agreement between

experimental (colored) and modeled stress–strain
curves (black dashed) for all the alloys. Non-basal slip
(prismatic and pyramidal) is difficult to activate at
room temperature as their critical resolved shear stress
(CRSS) is several orders of magnitude greater than
that of basal slip.[74] At room temperature, the CRSS
of prismatic slip in Mg polycrystal is ~ 110 MPa,[75]

whereas the CRSS of basal slip and extension twinning
are ~ 10 MPa[20] and 30 MPa,[76] respectively, for Mg
AZ31. The onset of basal slip and twinning is the
factor for onset of Stage II and onset of prismatic slip
applies to Stage III. Die-cast alloys are randomly
textured, and no particular deformation mode is
favored, therefore, each deformation mode will be
activated upon reaching their CRSS.

Table IV. The Values of Constants a, b, c, d and f from
Eqs. [15] and [16]

Alloy

KIV = a [1�b _ec ] nIV = d _ef

a b c d f

AM40 385 0.011 � 0.069 0.088 � 0.0128
AM60 400 0.095 0.212 0.070 � 0.0230
AZ91 110 � 2.926 0.014 0.099 0.0163
AE44 391 0.003 � 0.261 0.063 � 0.0343
AE44-T5 408 0.007 � 0.232 0.047 � 0.0316

Fig. 11—(a) An example of the experimental (solid) and modeled (dashed) stress–strain curves showing the contributions of strain for each of
the stages of deformation, with each of the stages adding onto the previous stages of strain as per Eq. [1]. (b) The individual contributions of
strain for each of the stages of deformation for AE44 as shown in (a).
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IV. DISCUSSION

A. Strain-Rate Sensitivity at Different Stages

The results show that some stages of the stress–strain
curve, such as Stages III and IV are more strain-rate
sensitive. The change in strain-rate sensitivity is also
greater in alloys with lower Al contents in solid solution,
for example AE44. The discussion will now consider
how the underlying deformation mechanisms affect the
deformation behavior in these stages.

Both Stages I and II are strain-rate insensitive. In
Stage II, this is supported by the large statistical
deviation of KII in Table I, probably resulting from
experimental variation for a given strain rate. In this
study, the dominant deformation mechanisms in Stage
II are attributed to hai basal slip and twinning. One
piece of evidence to support this is that the CRSS of hai
basal slip and twinning are known to be strain-rate
independent,[35,59–62] leading to the strain-rate insensi-
tivity in this stage. While KII is strain-rate independent,
it is alloy dependent. KII is connected to the interaction
of dislocations with obstacles and is expected to increase
with increasing solute content.[77] In Table I, it is clear
that among the Mg-Al based alloys AM40, AM60 and
AZ91 without RE addition, AZ91 consistently shows

the highest KII due to its high Al solute concentrations.
For alloys with RE addition, the KII values of as-cast
AE44 are higher than AE44-T5 for a given strain rate.
AE44-T5 has lower Al solute in solution but it also
contains nanoscale Al-Mn particles as a result of
precipitation.[51] It is not known why AE44-T5 with
precipitates has a lower value of KII compared to AE44.
Further investigation is required. The nII values which
measure the ability of a metal to strain harden are also
quite consistent between strain rates and alloys, and can
range from 0.19 to 0.37.
Both Stages III and IV are more strain-rate sensitive

in AE44 and AE44-T5 as compared to AM40, AM60
and AZ91. The dominant deformation mechanism in
Stages III and IV are ascribed to hai prismatic slip and
hc + ai pyramidal slip, respectively. The CRSS of hai
prismatic and hc + ai pyramidal slip are known to be
strain-rate sensitive,[59,61,78] and this further supports the
notion that it is the presence of these deformation
mechanisms that leads to the strain-rate sensitivity in
AE44 and AE44-T5. In contrast, the AM and AZ alloys
have higher Al solute concentration and Al solute has
been reported to impede slip, lowering the strain-rate
sensitivity in Stages III and IV due to the dynamic strain
aging effect.[4]

Fig. 12—Comparison of experimental (colored) and modeled (black dashed) stress–strain curves of (a) AM40, (b) AM60, (c) AZ91, (d) AE44,
and (e) AE44-T5 at wide strain-rate range 10�6 to 10�1 s�1 (Color figure online).
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Note that the notion of different deformation mech-
anisms dominating in the four deformation stages was
generated from the literature which shows that the
deformation first occurred by hai basal slip and twinning
followed by hai prismatic and hc + ai pyramidal slip in
Mg and alloys.[14,15,20,79]

B. The Delayed Saturation of Anelasticity in AZ91

Both AE44-T5 and AZ91 are high-strength alloys, but
anelasticity in Stage II in AZ91 saturates at a higher eIII
(0.0015) as shown in Figure 4. As previously reported [5],
an effect of Al at high concentrations such as 9 wt pct in
AZ91 is to delay the onset of hai prismatic slip (Stage
III). A delay in the onset of Stage III will extend Stage II
and more twinning is necessary to accommodate the
deformation, such that the anelasticity saturates at
higher eIII.

The intergranular percolating network of eutectic
Mg17Al12 may also have a measurable effect on the
alloy’s Stage II deformation. In a highly concentrated
alloy such as AZ91, the percolating intermetallic is not
only abundant, but also fully interconnected, and this
further increases the strain-hardening effect, but reduces
the ductility due to the increased tendency of crack
propagation through the interconnected micro-trusses in
AZ91.[80,81] It is likely that the micro-trusses in AZ91
begin to fail at eIII of approximately 0.01 as suggested
previously,[80] which contributes an additional strain of
0.005, making up the strain of 0.015 when anelasticity
saturates. In contrast, more dilute alloys such as AM40
and AM60 are less affected by the micro-truss failure in
Stage II due to a reduced interconnection of the
percolating intermetallic network.[82] Ternary
Mg-Al-RE alloy AE44 consists of a different type of
Al-RE intermetallics and further investigation is
required to understand the micro-trusses’ strain to
failure in this alloy.

C. Athermal and Thermal Components in Stage III

The strain-hardening rate, H, in Stage III is made up
of two components: athermal component Hh and
thermal component Hr. In the event at the limit of the
highest strain rate or lowest temperature, when Hr

(softening effect) becomes negligible, H = Hh. It has
previously been assumed that Hr is negligible in Stage
III[14,15,17] and it becomes significant only in Stage IV
when dynamic recovery occurs. However, it is clear now
from Figure 7 that there is some contribution of Hr,
especially for AM40, AM60, AE44 and AE44-T5. The
effect of Hr is less in AZ91 in Stage III, presumably due
to its high Al solute concentration and fully intercon-
nected percolating intermetallic network which makes
dislocation annihilation difficult. This also explains the
high Hh in AZ91.

D. Applicability of the Current Analysis Approach

It should be noted that the current analysis approach
is conducted on the die-cast Mg alloys. Die-cast Mg
alloys are randomly textured and no particular

deformation mode is favored, therefore, each deforma-
tion mode will be activated upon reaching their CRSS.
It is generally accepted that at room temperature and
quasi-static strain rates, CRSSbasal < CRSSextension
twinning<CRSSprismatic<CRSSpyramidal.

[20,40,76,83] Non-
basal slip (prismatic and pyramidal) are difficult to
activate at room temperature as their CRSS at room
temperature is several orders of magnitude greater than
that of basal slip.[74,75] As these four stages are mutually
exclusive in randomly textured die-cast alloys, the
stress–strain curve can easily be decomposed into four
distinct stages and modeling of the complete stress–
strain curve can be achieved by addition of these stages.
Wrought alloys are textured and deformation modes are
dependent on the loading direction, and thus, the
dominant deformation modes and crystal plasticity
approaches are often required to model the stress–strain
behavior.[36,76,84,85]

It is also worth noting that the current analysis is
limited to the quasi-static strain-rate regime. At dynamic
strain rates above 103 s�1, other modes of twinning have
been reported to contribute more extensively to defor-
mation.[86–89] Extension twins 10�12

� �
, contraction twins

10�11
� �

and double twins 10�11
� �

– 10�12
� �

have been
observed in cast AE42 and AE44 alloys,[86] in cast AZ
alloys[87] and multiple 10�12

� �
twin variants were acti-

vated in hot-rolled AZ31 alloy[88] during dynamic tests
at and above 103 s�1. These different types of twinning
systems and 10�12

� �
twin variants activated at dynamic

strain rates may occur simultaneously and inevitably
interact with each other. This can lead to the high
strain-hardening rate as observed in the sigmoidal shape
of stress–strain curve associated with twinning-domi-
nated deformation. These different types of twins have
not been observed to partially revert (untwin) like the
extension twins upon unloading, and this makes the
quantification of their individual contribution to the
overall stress–strain curve difficult using the approach
used here. The increase in twinning activity also changes
the texture of cast AE and AZ alloys from near-random
texture to a strong basal texture.[86,87]

V. CONCLUSIONS

The tensile deformation behavior of commercial
high-pressure die-cast magnesium-aluminum-based
alloys has been analyzed and modeled. The following
conclusions are drawn from this study:

(1) The stress–strain curve can be separated into four
stages. Stage I is the elastic region. Stage II is hai
basal slip and twinning dominated, while Stages
III and IV are hai prismatic slip and hc + ai
pyramidal slip dominated, respectively.

(2) The four deformation stages of stress–strain curve
are modeled by mathematical equations. Stages I
and III exhibit a linear strain-hardening region
and can be described by a simple linear equation
while Stages II and IV exhibit a power relation-
ship of stress and strain and are described by
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Hollomon’s equation. These equations are com-
bined to model the entire stress–strain curve. The
proposed model provides a good fit to the
experimental stress–strain curve.

(3) Stages I and II are observed to be strain-rate
insensitive while Stages III and IV exhibit high
strain-rate sensitivity in alloys with lower alu-
minum contents in solid solution. This is attrib-
uted to the strain-rate sensitivity of the different
deformation mechanisms. The reduced strain-rate
sensitivity in Stages III and IV in alloys with
higher aluminum contents in solid solution is
attributed to the previously reported dynamic
strain aging effect.
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