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A Novel Thermodynamic Model for
Obtaining Solid–Liquid Interfacial
Energies

CONG ZHANG and YONG DU

The modeling of solid–liquid interfacial energies is
developed in the present work. The total interfacial
energy is separated into chemical and structure contri-
butions, which are estimated by applying reported
Gibbs energies, as well as correlated with molar inter-
facial area and melting temperature of solid phase. The
present model is well validated with comprehensive
datasets of measured solid–liquid interfacial energies,
and it can provide key input parameters for microstruc-
ture simulations.
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Solid–liquid interfacial energy is a thermophysical
property that describes the interfacial state between the
solid and liquid phases. It plays an important role in
various material science phenomena, such as nucleation,
wetting, and adsorption. In addition, the morphology
and growth kinetics of dendrites during directional
solidification,[1,2] dissolution and precipitation rate during
semi-solid processing,[3] as well as grain growth behavior
during liquid-phase sintering of cermets and cemented
carbides[4–6] are greatly influenced by interfacial energy.
Experimental determination of this property involves
complex procedures, while the number of valuable
solid–liquid combinations to test is immense. Models to
obtain solid–liquid interfacial energies through theoreti-
cal derivations is therefore of great value.

A comprehensive review of models describing
solid–liquid interfacial energies, on the basis of thermo-
dynamic considerations, was presented by Lippmann
et al.[7] In that paper,[7] Benedictus’ model[8] regarding the

temperature and concentration dependence of enthalpy
and entropy quantities via CALPHAD (CALculation of
PHAse Diagrams) approach was modified. The interfa-
cial energy between solid and liquid phases with equilib-
rium atomic compositions is closely related to chemical
potentials (partial molar Gibbs free energies) of each
component, so it is natural to extract solid–liquid
interfacial energies from bulk Gibbs energies, as was
reasonably achieved in the modeling work by Warren.[9]

In Warren’s model, the solid–liquid interface was treated
as an ideal plane with two atomic layers: one layer for the
liquid state and the other for the solid. The total
interfacial energy was separated into chemical and
structure contributions, which were correlated with molar
Gibbs energy of the system and solid–liquid interfacial
energy of the solid phase, respectively. According to
Warren,[9] the Gibbs energy curves of solid and liquid
phases were mathematically fitted based on the melting
temperatures of pure components and published phase
equilibria. However, with the development of the
CALPHAD technique, it is more accurate to find Gibbs
energies through thermodynamic evaluations. Generally,
the particle geometry in an equilibrium solid–liquid
system tends to be spherical if the anisotropy of crystal
structure is not apparent. Therefore, it should be an
improvement if the solid–liquid interface is described as a
sphere. Due to the inappropriate description of the Gibbs
energy and interfacial geometry, the Warren model is
further developed to obtain a better estimation of
solid–liquid interfacial energies.
In a hypothetical binary A–B system, the liquid (L) and

solid (S) phases are thermodynamically stable within
specific temperature and composition ranges. The
solid–liquid interface is assumed to contain two atomic
layers with no concentration gradient, which leads to the
liquid and solid layers having identical compositions of
their corresponding bulk phases. The Gibbs free energies
of (L) and (S) states are schematically presented in
Figure 1, and the compositions of the liquid (x1) and
solid (x2) phases are defined by the common tangent. The
effective composition of the interface is defined as xi, and
is located between the bulk equilibrium compositions x1
and x2. The excess free energy of this non-equilibrium
composition over that of the bulk solid and liquid states
is taken as the contribution of interfacial energy.
The interfacial energy (cSL) was modeled as separated

parts of chemical (cSL(c)) and structure (cSL(B)) contri-
butions by Warren,[9] which is also followed in the
present work:

cSL ¼ cSLðcÞ þ cSLðBÞ: ½1�

The chemical contribution of the interface atoms to
the interfacial energy is generated between the equilib-
rium molar free energy (G1) of the atoms in an
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equilibrium two-phase mixture and their energy (G2)
when forced to exist together as a liquid of composition
xi. The above assumption makes it possible to write the
chemical contribution as follows:

cSLðcÞ ¼ ðG2 � G1Þ=Am; ½2�

where Am is the interfacial area per mole of interface
atoms. As the interface is constructed by solid and liq-
uid layers, obtaining the effective interfacial composi-
tion (xi) and molar interfacial area of solid and liquid
phases is the key to solving Eq. [2].

The molar interfacial area of individual phases is
defined as

Ai ¼ AS=L

�
nA ½3�

in which nA is the mole of interface atoms for one
layer of phase i, AS=L is the total area of the solid–
liquid interface, and i stands for solid ( i ¼ S) or liquid
(i ¼ L) state. For a monolayer of phase i with a spher-
ical shape, its molar interfacial area has been deduced
by Kaptay[10] as

AL ¼ ðp=6Þ1=3 � V2=3
L �N1=3

A ½4a�

AS ¼ ðp=6Þ1=3 � V2=3
S �N1=3

A ; ½4b�

where NA is the Avogadro’s number, Vi ði ¼ L;SÞ is the
molar volume of the bulk phase, and ðp=6Þ1=3 ¼ 0:806 is
a constant for the interface with a spherical geometry.
Therefore, the effective composition of the interface in
terms of B atom concentration can be expressed as
follows:

xi ¼ ð1=ALÞ � x1 þ ð1=ASÞ � x2½ �= ð1=ALÞ þ ð1=ASÞ½ � ½5�

in which 1=AL and 1=AS are the mole amount of liquid
and solid components per unit of area, respectively.

Recalling the knowledge that the interface contains
the same area of solid and liquid monolayers, the
interfacial area per mole of atoms can be determined as

Am ¼ 1= ð1=ALÞ þ ð1=ASÞ½ �: ½6�

Combining Eqs. [2] to [6] provides the chemical
contribution of the solid–liquid interfacial energy. The
calculations involved with thermodynamic Gibbs ener-
gies were performed based on Thermo-Calc software.[11]

The structure contribution is considered equal to the
interfacial energy between the pure solid phase and its
melt. Its correlation with melting temperature and molar
interfacial area of solid phase is preferred[12]:

cSLðBÞ ¼ k � Tm=AS; ½7�

where Tm is the melting temperature of solid phase,
and k is an empirical constant. Based on the reported
solid–liquid interfacial energies,[13] melting tempera-
tures,[14] crystallographic information,[15] as well as
molar volume of liquid[16,17] for pure metals, the
linear fitting of Eq. [7] can be achieved for k ¼
4:22 J �K�1 �mol�1, as presented in Figure 2.
The model proposed in Eqs. [1] to [7] has been utilized

to estimate the solid–liquid interfacial energies of binary
alloys. The results are shown in Figure 3(a) in compar-
ison with experimental datasets[13,18,19] and the predic-
tions by Warren.[9] The thermodynamic parameters
reported in the literature were adopted for Al-Sn,[20]

Cu-Pb,[21] Sn-Zn,[22] Ag-Pb,[23] Cu-Fe,[24] Cu-Nb,[25] and
Fe-Pb[26] systems. It is shown in Figure 3(a) that most of
the experimental data are well reproduced by the present
model considering the expected experimental uncertain-
ties. The temperature dependence of interfacial energies
for Cu-Fe, Cu-Pb, and Fe-Pb alloys are predicted
reasonably. Moreover, this model yields a better esti-
mate than Warren’s model. Since the Gibbs energies of

Fig. 1—Molar Gibbs free energy curves of A–B system, where L is
liquid phase and S is solid phase.

Fig. 2—Linear fitting of Eq. [7] for the structure contribution. The
solid–liquid interfacial energies of pure metals based on different
measurement techniques are taken from the review work by Eus-
tathopoulos.[13]
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bulk alloys have a large influence on the calculated
interfacial energies, some of the published interfacial
energies for binary alloys cannot be predicted due to the
lack of reliable thermodynamic descriptions, such as
Ag-Cr, Ag-Fe, Cu-W, Mo-Sn, and Sn-W systems.

In many multicomponent systems, the liquid phase
can exist in equilibrium with a stable solid compound
such that their phase relationships can be described by
a pseudo-binary phase diagram. The present model can
be extended to such systems if it is assumed that the
compound retains its stoichiometry and its molecules
are treated as single species. The calculated solid–liquid
interfacial energies for WC-Co, TiC-Co, TaC-Co,
VC-Co, and NbC-Co alloys are presented in
Figure 3(b), together with the experimental data by
Warren and Waldron[27,28] as well as the predictions by
Warren’s model.[9] In the calculations, the thermody-
namic descriptions of these ternary systems[29] were
applied, and pseudo-binary lines can be defined in the

isothermal sections to find the equilibrium composi-
tions. As depicted in Figure 3(b), the present model
shows a better overall agreement with the experimental
results than Warren’s model, which verifies the
rationality of this approach. It is noticeable that the
calculated interfacial energy for TaC-Co system is not
in better agreement compared with Warren’s model,
which is due to large discrepancy between the calcu-
lated and measured values, and can be ascribed to the
following reasons. According to the experimental work
by Warren,[27] the solid–liquid interfacial energy of
TaC-Co alloy shows obvious anisotropy, thus large
error cannot be avoided when determining the interfa-
cial energy. On the other hand, the reported phase
equilibria for C-Co-Ta system are not plentiful enough
to assess the precise Gibbs energies, which in turn affect
the accurate calculation of interfacial energy for
TaC-Co system.
To clarify the separate contributions of spherical

interface modification and the use of Thermo-Calc
Gibbs energies in the present model, the calculations
of interfacial energies by means of Warren’s model (plan
interfaces) applying Thermo-Calc Gibbs energies are
performed. The calculated results are listed in Table I,
together with solid–liquid interfacial energies from
Warren’s model, this model, and experimental work.
According to this table, the spherical interface modifi-
cation shows notable improvement compared with plan
interface treatment. Moreover, the optimal predictions
of interfacial energies cannot be revealed by using only
Thermo-Calc Gibbs energies, because the introduction
of spherical geometry for interfaces and the utilization
of CALPHAD techniques are indispensable parts for
the improvements of this model.
The extended application of the present model is to

provide a parameter input for microstructure simula-
tion, with an important case being the grain growth
simulation of cermets during liquid-phase sintering.
Cermets are hard materials that consist of refractory
hard phases embedded in ductile binder metals, and are
used extensively in cutting tools. The control of grain
size is an important aspect of cermet production, as it
strongly affects the mechanical properties and cutting
performance. The grain growth of carbides during
liquid-phase sintering is dominated by Ostwald ripening,
for which the driving force is related to the total
solid–liquid interfacial energy. This kind of simulation
can be accomplished with the help of TC-PRISMA
software,[30] as long as the thermodynamic, kinetic,
molar volume, and interfacial energy data are provided.
The grain growth behavior of TiC containing 20 vol

pct Co during liquid-phase sintering at 1723 K, 1773 K,
and 1823 K (1450 �C, 1500 �C, and 1550 �C) was
investigated by Warren and Waldron.[31] The carbide
grain size was measured by the mean linear intercepts

(d) in combination with optical micrographs of the
sintered body. Since the TiC particles are close to being
spherical, the intercepts were placed randomly for the
measurement. The mean intercept of TiC particles can
be transformed into equivalent circle radius ( rc) by the
following relationship:

Fig. 3—Comparison of the solid–liquid interfacial energies of (a)
binary and (b) pseudo-binary carbide systems between the predicted
values by the present model and the experimental data.[13,18,19,27,28]

The estimates from Warren’s model[9] are also attached.
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d ¼ ðp � rcÞ=2: ½8�

Figure 4 displays the simulated results for the average
grain size of the TiC-based cermet containing 20 vol pct
Co during isothermal holding. The thermodynamic and
kinetic databases[29,32] as well as molar volume data[15–17]

for TiC and liquid phases were employed. The solid–
liquid interfacial energies between TiC and liquid Co
were estimated, according to the present model, to be
0.405 J/m2 at 1723 K (1450 �C), 0.407 J/m2 at 1773 K
(1500 �C), and 0.428 J/m2 at 1823 K (1550 �C), respec-
tively. It is shown in Figure 4 that the grain growth of TiC
phase is enhanced at high temperatures. As the growth of
hard phase is realized through diffusion transport of

liquid during the continuous process of dissolution and
precipitation, and the high temperature provides higher
diffusivity in the liquid phase. The high diffusion rate and
interfacial energy (driving force) are responsible for the
favorable grain growth at high temperatures. By com-
paring the results of simulations and experiments in
Figure 4, it is found that the simulated results at 1773 K
and 1823 K (1500 �C and 1550 �C) are in good agreement
with the experiments. However, the simulation at 1723 K
(1450 �C) is somewhat higher than the experimental
determinations. This is due to the fact that the decrease in
temperature will lower the volume fraction of liquid
phase, leading to an increase of contiguity between hard
phases, which can retard the hard phases from growing
significantly.[33]

In summary, a novel thermodynamic model of
solid–liquid interfacial energies is developed in this
work. The introduction of spherical geometry for
interfaces together with the utilization of CALPHAD
techniques are significant improvements. This model can
be extended to multicomponent systems provided that it
is simplified as a pseudo-binary system. The present
model is well validated by comprehensive datasets of
reported solid–liquid interfacial energies for various
alloys and metal carbides. Furthermore, microstructure
simulations can be performed with key input parameters
obtained using this model, such as grain growth
simulations during liquid-phase sintering.

The financial supports from the National Natural
Science Foundation of China (Grant Nos. 51371199 and
51701013) and Ministry of Industry and Information
Technology of China (Grant No. 2015ZX04005008) are
greatly acknowledged. The authors thank Dr. Qing

Table I. Calculated Solid–Liquid Interfacial Energies of Binary Alloys and Metal-Carbide Systems in Comparison with Warren’s

Model and Experimental Investigations*

System Temperature Model (P)** Model (S)� Warren’s model Experimental data

Al-Sn 623 K (350 �C) 0.199 0.247 0.227 0.250[13]

Cu-Pb 1000 K (727 �C) 0.316 0.392 0.339 0.410[18]

1093 K (820 �C) 0.261 0.324 — 0.390[13]

1193 K (920 �C) 0.204 0.253 — 0.348[13]

Sn-Zn 473 K (200 �C) 0.141 0.175 — 0.150[13]

Ag-Pb 608 K (335 �C) 0.243 0.302 — 0.160[13]

Cu-Fe 1373 K (1100 �C) 0.405 0.502 — 0.430[13]

1473 K (1200 �C) 0.373 0.463 0.443 0.465[19]

Cu-Nb 1773 K (1500 �C) 0.608 0.754 — 0.428[13]

Fe-Pb 1193 K (920 �C) 1.193 1.480 — 1.415[13]

1373 K (1100 �C) 1.079 1.339 — 1.080[13]

WC-Co 1723 K (1450 �C) 0.428 0.531 0.495 > 0.575[27]

TiC-Co 1723 K (1450 �C) 0.326 0.405 0.615 0.440[28], 0.505[27]

TaC-Co 1723 K (1450 �C) 0.647 0.803 0.855 1.150[27]

VC-Co 1723 K (1450 �C) 0.384 0.476 0.540 0.465[28]

NbC-Co 1823 K (1550 �C) 0.510 0.633 0.715 0.480[28]

*The unit of interfacial energies in this table is J/m2.
**Model (P) applies plane geometry of interfaces and Thermo-Calc Gibbs energies.
�Model (S) applies spherical geometry of interfaces and Thermo-Calc Gibbs energies, which is the model developed in this work.

Fig. 4—The TC-PRISMA simulated grain growth behavior of hard
phase in TiC-20 vol pct Co alloy sintered at 1723 K, 1773 K, and
1823 K (1450 �C, 1500 �C, and 1550 �C). The solid–liquid interfacial
energies were obtained according to the present model, while the
grain growth experimental data were reported by Warren and
Waldron.[31]
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Chen at Thermo-Calc Software AB of Sweden for valu-
able discussions.
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