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The present work simulates the transformation of austenite to ferrite with mixed-mode in a
simplified austenitic grain geometry. The quantitative phase-field model, developed on the basis
of non-local equilibrium at the interface, simulates the transformation. The present work reveals
that the soft-impingement takes place much earlier than has been so far considered. The
accumulation of carbon in and around the meeting point of the diffusion layers is not
continuous, and a detailed mechanism of soft-impingement is presented here. The growth of
ferrite under mixed-mode of transformation is analyzed and found to be consistent with the
theory.
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I. INTRODUCTION

THE formation of proeutectoid-ferrite from
metastable austenite is an important transformation in
steel, and there has been a plethora of both experimental
and theoretical studies on this transformation in order
to understand its mechanism as well as predict the
microstructural evolution. Most of the earlier theoret-
ical models are based on the local equilibrium
approach[1–4] where the concentrations across the inter-
face are assumed to be same as those obtained by the
equality of chemical potentials. This assumption is
actually valid for very slow transformation. As the
velocity increases, solute gets trapped behind the
advancing front which is known as ‘solute trapping’.
Phenomena like solute trapping, massive transforma-
tion, etc. have established the theory of interface-con-
trolled transformation.[5] Therefore, a more general
approach for modeling phase transformation has been
introduced in the concept of ‘mixed-mode’ transforma-
tion[6–8] which lies between two extremes: one extreme is
diffusional transformation where the solute does not get
trapped as quasi-equilibrium prevails in the interface,
and the second extreme is interface-controlled

transformation. A ‘mixed-mode’ of transformation is
basically a mixture of both modes of transformation in
the sense that the composition at the parent side of the
interface lies between the equilibrium and the initial
compositions.[7,8]

In the late stage of transformation, wide diffusion
layers around growing nuclei impinge on each other.
This phenomenon is known as ‘soft-impingement’, and
it significantly affects both nucleation and growth.[9–12]

The progress of growth under soft-impingement results
in a change in the composition of the bulk parent phase
far away from the nuclei. The major limitation for
formulation of growth models under soft-impingement
is the lack of knowledge on the exact nature of
diffusion layers. However, some workers assume a
linear diffusion field around the nuclei and model the
transformation of growth under soft-impingement to
formulate the parabolic growth coefficient and the
transformed volume fraction.[13–17] However, a linear
diffusion layer is clearly an oversimplified assumption.
Chen proposes a polynomial function of degree n, to
describe the diffusion layer as shown in Figure 1(a),
having the following form[18]:

ccðxÞ ¼ ci þ ðc�c � ciÞ 1� x� x0
L

� �n�1
½1�

The analysis suggests that a quadratic expression for the
diffusion layer is more appropriate than the linear one,
although a detailed comparison with experimental data
is yet to be carried out to establish the exact nature of
the diffusion layers.
The phase-field model has gained considerable atten-

tion for its ability to simulate realistic evolution of the
microstructure during phase transformation.[19–23] The
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model is based on thermodynamic principles, and the
fact that it does not require the interface to be tracked in
every timestep has made it hugely popular.[24–26] Also, in
an alloy phase-field model, the flux conservation is
automatically satisfied and no prior assumption is
required for modeling the diffusion layer and its
interaction.[21,28,29] Due to the limitations of local
equilibrium-based models, the phase-field model has
been formulated to simulate the mixed-mode of trans-
formation.[30–32] Moreover, the anomalous jump in
chemical potential leading to undesired dependency on
the interface length is removed by introducing a simple
diffusivity interpolation.[21,27,28,30,33] In the present
work, we use the phase-field model for mixed-mode
and study the interactions of diffusion layers and its
effect on growth of ferrite in austenite.

II. METHODS

A. Sharp Interface Relationships for Mixed-Mode of
Transformation

We briefly discuss the ‘Case 2’ class of transformation
of austenite (c) to ferrite (a) as explained in Reference
30. In this class of transformation, solute carbon atoms
can diffuse much faster than solvent iron atoms.
Therefore, during the transformation, carbon atoms
can redistribute themselves close to equilibrium, but less
mobile Fe atoms cannot. The redistribution of Fe atoms
away from the equilibrium results in the following
inequality of diffusion potentials:

@fa
@ca

����
ca¼c�a

¼ @fc
@cc

����
cc¼c�c

þK ½2�

c�a and c�c are the solute carbon concentrations at the
ferrite and austenite sides of the interface, fa and fc are
the free energy densities of ‘a’ and ‘c’ phases, respec-
tively, and K ¼ lcFeðc�c ;TÞ � laFeðc�a;TÞ. Furthermore,

the diffusivity of carbon in ferrite is about two orders
higher than that in austenite. Therefore, carbon diffu-
sion in ferrite allows the homogeneous distributution
of solute so that the ferrite-side carbon concentration
can be assumed to be equal to the equilibrium compo-
sition i.e. c�a � ceqa .

[8,34] These assumptions result in the
following relationship in one dimension:

c�c
c
eq
c
¼ 1� ð1� keqÞ�bV ½3�

where �b ¼ 1=ceqc ð1� keqÞMRT is a kinetic coefficient, V
is the transformation velocity, M is the mobility of the
c� a interface and keq is the equilibrium partition
coefficient. If V ! 0, c�c ! ceqc , which captures the local

equilibrium mode of transformations. Otherwise, for
any V>0, c�c<ceqc . The flux–balance relationship for

this model becomes:

�Dc
@cc
@x

����
c

¼ Vðc�c � ceqa Þ ½4�

This model does not consider any diffusion within the
ferrite, and the flux in austenite is entirely due to the
rejection of carbon from the ferrite.

B. The Phase-Field Model

The phase-field model essentially considers a diffuse
interface having a very small, but finite volume, along
which the phase-field variable / changes from unity in
ferrite to zero in austenite. The global free energy
functional Fð/; c;TÞ can be written as the following

F ¼
Z

�2

2
ðr/Þ2 þ fð/; c;TÞ þ xgð/Þ

� �
dv ½5�

where � is the gradient energy constant which intro-
duces the penalty in energy due to the interface;

gð/Þ ¼ /2ð1� /Þ2 is the double-well potential and T is
the temperature of the interface. Since the present
study considers isothermal transformation, the temper-
ature remains the same in the whole domain. fð/; c;TÞ
is the homogeneous part of the free energy (i.e.

(a)

(b)

Fig. 1—(a) Schematic of diffusion layer. ci is the bulk concentration
of austenite, c�c is the peak concentration at the austenite side of the
interface, ceqa is the equilibrium concentration of ferrite, L is the dif-
fusion length, ccðxÞ is the concentration in austenite in the diffusion
layer with x is the distance measured from the origin and x0 is the
length of the transformed ferrite. (b) Schematic of hexagonal austeni-
tic grain geometry chosen in the present work. The simulation do-
main is marked by A.
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without an interface) representing free energy density
of the phases, given as

fð/; c;TÞ ¼ hð/Þfaðca;TÞ þ 1� hð/Þf gfcðcc;TÞÞ ½6�

hð/Þ is an interpolating function with hð/Þ ¼ 1 when
/ ¼ 1 and hð/Þ ¼ 0 when / ¼ 0. Using the same inter-
polation function, the solute carbon concentration (c)
can be written as

c ¼ hð/Þceqa þ ½1� hð/Þ�cc ½7�

The interface is considered to be a mixture of ferrite
with a constant composition of ceqa and austenite with
the composition of ccðxÞ. The present model assumes
the inequality of the diffusion potential as given in
Eq. [2].

@fa
@ca

����
ca¼c

eq
a

¼ @fc
@cc

þ K ½8�

The relationship in Eq. [2] is actually applicable for the
austenite and ferrite sides of the interface. It has been
shown by using matched asymptotic analysis that the
leading order cc is constant in the present model.[30]

Therefore, the relationship in Eq. [2] can be extended
within the interface as given in Eq. [8]. The constant K in
this equation defines the jump in potential across the
interface which is dependent on the interface velocity,
and this jump results in the concentration at the phase
boundary as given in Eq. [3], when the interface-con-
trolled transformation prevails. Even though K does not
enter into the governing equations, it determines c�c by

fixing the mobilities for the interface-controlled
transformation.[30]

The evolution of the phase-field ensuring the phe-
nomenological minimization of free energy functional F
results in the following relationship:

1

M/

@/
@t

¼ �2r2/� h0ð/Þ faðceqa Þ � fcðccÞ
� �

� 1� hð/Þf g @fc
@cc

@cc
@/

� xg0ð/Þ
½9�

Since K in Eq. [8] is not known beforehand, differenti-
ating Eq. [7] with respect to / and considering cc to be
a function of c and /, the following relationship can
be obtained[35]:

@cc
@/

¼ ðcc � ceqa Þh0ð/Þ
1� hð/Þ ½10�

From Eqs. [9] and [10], the evolution equation of the
phase-field can be derived as follows:

1

M/

@/
@t

¼ �2r2/� h0ð/Þ fa � fc þ
@fc
@cc

ðcc � caÞ
	 


� xg0ð/Þ

½11�

Similarly, the diffusion equation based on the phe-
nomenological equation for solute flux and chemical
potential can be written as

@c

@t
¼ rMcr

@f

@c
¼ r �Drcþr �D fc/

fcc
r/ ½12�

where fc/ ¼ @2f=@c@/ and fcc ¼ @2f=@c2, diffusivity
D ¼ Mcfcc and Mc is the mobility. Using the relation-
ships in Eqs. [6] and [7], the following relationship for
diffusion potentials can be derived:

@f

@c
¼ @fc

@cc
½13�

This relationship indicates that, as ca is constant, the
diffusion is strictly limited to cc. A straightforward
manipulation with the relationship in Eq. [13] results in
the following relationships:

fcc ¼
@2fc
@c2c

@cc
@c

fc/ ¼ @2fc
@c2c

@cc
@/

½14�

Using Eqs. [12] and [14], the diffusion equation can be
finally obtained as:

@c

@t
¼ r �Drcþr �Dh0ð/Þðcc � ceqa Þr/ ½15�

Solving the governing Eqs. [11] and [15], along with
Eq. [7], simulates the growth of ferrite from austenite
under mixed-mode transformation.
Using matched asymptotic analysis, it has been shown

that the sharp interface relationships in Eqs. [3] and [4]
are recovered for thin interface limit.[30] The same
analysis also results in the correlation of the phase-field
and the sharp interface mobility as given below:

M/ ¼ ceqc ð1� keqÞ2d0MRT=W2x ½16�

where d0 ¼ cTM=4HM �mceqc ð1� keqÞ is the capillary
length, �m ¼ RT2ð1� keqÞ=4HM is the slope of the line
demarcating the austenite-ferrite and austenite phases
in the phase diagram. TM is the temperature where the
free energies of pure ‘a’ and ‘c’ phases are equal, and
DHM is the latent heat released at TM. The gradient
energy constant � and barrier x are related to the
interface length W and the interfacial energy c which
are the input parameters for the present model.

W ¼ �=
ffiffiffiffi
x

p
; c ¼ �

ffiffiffiffi
x

p

3
ffiffiffi
2

p ½17�

C. Quantitative Phase-Field Model

We briefly explain the technique for quantitative
phase-field simulation so that numerical simulations are
independent of input interface lengths, as discussed in
Reference 30, with a matched asymptotic analysis.
Since, ca is constant in the present model, the diffusion
Eq. [15] can be converted into the following form
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@c

@t
¼ rD � 1� hð/Þf grcc ½18�

Considering the one-dimensional form and the front
moving with a steady velocity, V, the following rela-
tionship can be obtained :

�V
dc

dx
¼ d

dx
Dð/Þ 1� hð/Þf g dcc

dx
½19�

Using the relationship in Eq. [7] and integrating from
the origin of the interface to either side, cc at the two
sides of the interface can be shown to be the
following[30]:

lnðcc � ceqa Þj
þ1
0 ¼ �V

Z þ1

0

dx

Dð/Þ ½20�

lnðcc � ceqa Þj
�1
0 ¼ �V

Z �1

0

dx

Dð/Þ ½21�

If the diffusivity profile Dð/Þ is symmetric around the
origin located at / ¼ 0:5, chemical potentials become
equal on both sides of the interface, and this equality
is necessary for implementing the local equilibrium
condition. Failure of this equality leads to an anoma-
lous chemical potential jump which scales with the
interface length, and leads to an undesirable depen-
dency of the solution on the interface length. In order
to remove this anomaly, the diffusivity profile must
satisfy the following equality:

Z

0

x!þd

1� Dc

Dð/0Þ

� �
dx ¼

Z x!�d

0

Dc

Dð/0Þ
� Dc

Da

� �
dx

½22�

The present model assumes an inherent jump in chemi-
cal potential. If the symmetry relationship in Eq. [22] is
not satisfied, there will be an additional jump in chemi-
cal potential which will not only produce the depen-
dency of the solution on the interface length but also
modify the actual jump in chemical potential intended
in the present study. In order to satisfy this equality, the
following diffusivity interpolation has been adopted:

lnDð/0Þ ¼ hð/0Þ
�n lnDa þ 1� hð/0Þ

�n� �
lnDc ½23�

where �n is an adjustable parameter which allows the
symmetry relationship in Eq. [23] to satisfy. Performing
simulations with different input interface lengths, it has
been shown that this technique of diffusivity interpola-
tion indeed removes the undesired dependency of the
simulations on interface length in one dimension.[30] In
Appendix B, it has been shown that the diffusivity
interpolation in Eq. [23] also removes the dependency on
the input interface length in two dimensions.

D. Free Energy Density

Free density functions of the phases are important
parameters for the simulation. The present study adopts
the free energy density functions from the relevant

thermodynamic database.[36] However, this database
considers site ratio instead of mole fraction as the
concentration variable. Therefore, the free energy den-
sity functions are constructed in the following form:

fh ¼ Ah þ Bhch þ RT ch ln ch þ ð1� chÞ lnð1� chÞf g
½24�

where ‘h’ represents the phases ‘a’ and ‘c’ . The details of
evaluation of the constants A and B for the phases are
given elsewhere.[30] Using the constructed free energy
density functions, ceqa and ceqc at different temperatures

are calculated. From these calculations, the slope �m and
then the capillary length d0 are determined. During the
evaluation of d0, 4ST (instead of 4SM, the entropy
change at T ¼ TM) is used, as it is usually assumed that
4SM � 4ST where 4ST is the change in entropy at the
transformation temperature. The effect of the alloying
element is introduced by magnetic and nonmagnetic
Zener parameters.[37]

E. Simulation Methodology

In the present work, we study the transformation of
austenite to ferrite under mixed-mode in one dimension.
The simulation domain is based on Bradley’s work, in
which the grain size of ASTM No 1 to 2 has been
adopted.[38] Assuming hexagonal austenitic grain, the
distance between opposite vertices represents the grain
size of 216 lm which is ASTM grain size no 1.5.[13]

Furthermore, we apply the site saturation approach of
nucleation in all the corners of the hexagon.[39–42] We
also assume that the dominant overlapping of the
diffusion layers takes place between the nearest neigh-
boring nuclei only. Therefore, the simulation domain
becomes any side of the hexagon with the dimension of
125 lm as shown in Figure 1(b).[13] In the present
simulation, we neglect x0 in the domain as x0 is very
small as compared to the whole domain. The transfor-
mations of austenite to ferrite have been studied in two
compositions of steel:

� Alloy B: 0.23 pct C, 0.002 pct Mn, 0.003 pct Si, 0.001
pctP, 0.005 pct S, 0.001 pctO, 0.001 pctN, balanceFe.

� Alloy C: 0.42 pct C, 0.002 pct Mn, 0.004 pct Si, 0.001
pctP, 0.004 pct S, 0.001 pctO, 0.001 pctN, balanceFe.

Austenite to ferrite transformation inAlloyB is simulated

for isothermal transformation temperatures of 1048 K

and 1088 K (775 �C and 815 �C), and for alloy C, the

transformation temperature is 1048 K (775 �C). In the

present simulation, elaborate initial / and c, based on the

leading order terms, obtained from the matched asymp-

totic analysis, are implemented. The details of the

construction of the initial / and c are discussed else-

where.[30] In the present work, at the two ends of the

one-dimensional domain, nuclei and identical initial /
and c distributions are applied. Using the initial phase-

field distribution, the values of the exponent �n in Eq. [23]

are evaluated in order to satisfy Eq. [22]. In the present
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work, dual meshing is adopted, i.e., spatial resolutions:

Dx/ ¼ 10�7m (for phase-field) and Dxc ¼ 10�8m (for

diffusion equations) are different, but both themeshes are

coincident on the same simulation domain. The interim

values of the phase-field in the numerical domain of

diffusion are calculated by a cubic spline. In a similar way,

dual time-stepping is applied. Therefore, the present work

uses fine spatial and temporal resolutions for the diffusion

equation for better numerical solution which ensures

conservation of solutes. On the other hand, the phase-

field equation is allowed to be solved in coarser mesh, and

the anomalous effect of using a high interface length is

removedbyusing appropriate diffusivity interpolation. In

Appendix A, the conservation property of the dual mesh

and dual time-stepping scheme is discussed in detail.

Altogether, the numerical solution of the present work

can be considered to be fairly accurate. All the related

data used in the present simulation are given in t Table I.

The effect of alloying effect is negligible, and therefore the

present simulation can be considered to be the transfor-

mation in a binary Fe-C system.We assume that the effect

of the high diffusivity of the grain boundary having a very

small thickness is limited to a negligibly small region

surrounding the grain boundary (which is actually along

the side of the hexagon), but, in the region slightly away

from the grain boundary in a direction perpendicular to it,

volume diffusivity dominates the growth.

III. RESULTS AND DISCUSSION

A. Soft-Impingement

In Figures 2(a) through (c), the simulated concentra-
tion profiles for the transformation temperatures of
1048 K and 1088 K (775 �C and 815 �C) in alloys B and
C are shown. Since the solubility of carbon in ferrite is
much lower than that in austenite, the excess carbon is
rejected and piled up ahead of the interface in austenite
to form a wide diffusion layer. These concentration

profiles are very similar to that shown in the schematic
Figure (1(a)). Diffusion layers in macroscale can actually
be observed to be much longer at a finer micron level (as
shown in the inset figures of Figure 2(a) through (c). In
macroscale, the diffusion layers neither overlap nor
show any characteristic of soft-impingement, whereas a
progressive buildup of solute concentration can be
observed in bulk (exactly midway between the ferrites)
at the microlevel. Such a behavior indicates that
phase-field simulation predicts a much more compli-
cated functional form of diffusion layers as compared to
theoretical models.
The numerical study of soft-impingement in the

present work is primarily based on L and ci. The
diffusion length L in the numerical domain is measured
by the distance from the position of c�c until the

concentration gradually decreases along the diffusion
layer to ci as shown in Figure 1(a). In the present work,
ci represents the concentration of the midpoint of the
simulation domain. According to theory, ci gradually
increases with time during soft-impingement, and the
progressive increase in ci during the transformation of
austenite to ferrite, as shown in Figure 2(a) through (c)
(and also corroborated by Figure 3(a) through (c), is in
qualitative agreement with the theory. Based on the
accumulation of carbon in the bulk austenite for the
same duration of transformation, the degree of
soft-impingement appears to be highest for the highest
transformation temperature of 1088 K (815 �C). There-
fore, it appears that the diffusivity of the parent phase
has a strong influence on soft-impingement. In contrast,
almost similar levels of increase in ci can be observed for
alloys B and C for the same transformation temperature
of 1048 K (775 �C), and, therefore, accumulation of
solute due to soft-impingement does not appear to be
strongly dependent on supersaturation.
In Figures 3(a) through (c), we show the simultaneous

variation of L and ci for the transformation tempera-
tures of 1048 K and 1088 K (775 �C and 815 �C) in
alloys B and C. In all the simulations, it is observed that
L on an average decreases while ci increases with time.
Chen has shown that L increases until soft-impingement

Table I. Parameters for the Present Simulation

Parameters T = 1048 K (775 �C) T = 1088 K (775 �C) Unit

� 0.00115175 J
1
2m�3

2

x 13,569,230.7 J/m3

c 1 J/m2

�m �4301.708 K
Aa �45,555.309585 �48,377.180919 J/mol
Ba 58,102.97882 56,192.308419 J/mol
Ac �45,355.494515 �48,257.165421 J/mol
Bc 29,364.711504 28,612.269759 J/mol
ceqa 0.0008900675 0.00066476242 atom fr.
ceqc 0.0235404862 0.0138354607 atom fr.
d0 3:15571	 10�8 7:285983	 10�8 m
Da 1:75278	 10�10 2:47111	 10�10 m2s�1

Dc 1:25717	 10�12 2:30159	 10�12 m2s�1

�n 2.845 2.762
M/ 1:138214	 10�6 2:833474	 10�6 J�1m3s�1
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and then decreases during transformation.[18] The pre-
sent simulation is therefore consistent with the current
theory. However, the present work also shows that the
diffusion length periodically increases followed by a
sharp decrease. This observation is related to the very
mechanism of soft-impingement and current theory
cannot explain this behavior. In theory, the ends of
two diffusion layers during the transformation approach
each other and meet at the center point of the domain.
Meeting at the center point is considered to be the onset
of soft-impingement. After soft-impingement, both the
colliding ends of the diffusion layers are fixed at the
center of domains while the other free ends move
towards each other, resulting in an overall and contin-
uous decrease in L. However, the present work has
revealed that the ends of the diffusion layers are actually
extended much further than that can be conceived in the
macrolevel and these ends quickly meet each other
causing instantaneous soft-impingement. In the present
simulation, the increase in L indicates the swift move-
ment of the two end points of the diffusion layers
towards each other. However, the remaining portions of
the diffusion layers lag far behind the ends. The ends of

the diffusion layers meet each other when L increases to a
maximum value, and a cycle of soft-impingement is
complete after the increased level of concentration
becomes uniform in and around the meeting point. The
next ends of the diffusion layer lags far behind and the
diffusion length decreases until the ends advance for the
next cycle of soft-impingement. This situation is eluci-
dated with an observation from the simulation for the
transformation temperature of 1048 K (775 �C) in alloy B
in Figure 4(a) and by a schematic in Figure 4(b), although
the same observation has been made with the other alloy
and transformation temperature. It is worth mentioning
that the steps in the concentration profile in Figure 4(a)
are actually numerical artifacts (they form because of
discretization and truncation error while storing the
values), but the mechanism of soft-impingement
described is not affected by these numerical features.
The schematic presented in Figure 4(b) describes the
same mechanism without involving this numerical arti-
fact. In Figure 4(a), at 24 seconds, one end of the
diffusion layer moves towards the other end and the
length therefore increases at 25 seconds. Eventually, these
two ends meet and the diffusion length is at a maximum.
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Fig. 2—The concentration profile at different time intervals for (a) T ¼ 1048 K (775 �C) in Alloy B, (b) T ¼ 1088 K (815 �C) in Alloy B, and (c)
T ¼ 1048 K (775 �C) in Alloy C . In all the cases, the soft-impingement is evident.
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In Figure 4(b), L2 represents the maximum diffusion
length followed by the completion of one cycle of
soft-impingement. At this stage, the remaining part of
the diffusion layer lags far behind and the diffusion length
drops sharply to L3. Furthermore, it can be observed that
L after the completion of the soft-impingement cycle at
26 seconds is slightly shorter than that at 24 seconds.
Considering the significant movement of the transforma-
tion front in the mean 2 seconds, a net decrease in
diffusion length is easily conceivable.

B. Interface Velocity

Figure 5(a) through (c) describes the variation of
interface velocity and concurrent peak concentration c�c
for all the transformation temperatures and composi-
tions. The observed periodic acceleration and decelera-
tion in all the cases are related to the mechanism of
transformation. The transformation of austenite with
f.c.c crystal structure into ferrite with b.c.c crystal

structure derives the driving force which results in
instantaneous acceleration. Since the advance of the
c� a transformation front is also associated with the
accumulation of rejected solute carbon from the ferrite,
the transformation slows down. Removal of some of the
accumulated carbon by diffusion in austenite away from
the transformation front restores the driving force and
brings back the acceleration. The periodic acceleration
and deceleration can be observed to coincide with the
periodic drop and increase in c�c , respectively, for all the

simulations to support the mechanism outlined here.[30]

The periodic acceleration and deceleration are also
evidenced experimentally and attributed to strain
energy.[43] The influence of strain energy in austenite to
allotriomorphic ferrite is emphasised in some
works,[41,42] but the present work does not consider the
strain energy and yet simulates the periodic acceleration
and deceleration. Therefore, this observation does not
appear to be related to strain energy. Furthermore, it can
be observed that, for the transformation temperature of
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Fig. 3—The variation of the diffusion length with time for different transformation temperatures and compositions. In all the cases, the diffusion
length gradually decreases in average sense. Also, the bulk concentration of austenite (i.e. carbon concentration of the center of the domain) is
plotted and its gradual rise is an indication of soft-impingement. (a) T = 1048 K (775 �C) in Alloy B, (b) T = 1088 K (815 �C) in Alloy B, and
(c) T = 1048 K (775 �C) in Alloy C.
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1048 K (775 �C) in both the alloys, the amplitude of the
interface velocity is approximately in the range of 1.1 to
1.8 	10�9 m/s, whereas for the transformation temper-
ature of 1088 K (815 �C), the amplitude is nearly twice
that (4	 10�9 m/s). Therefore, the amplitude of periodic
acceleration and deceleration appears to be strongly
dependent on the diffusivity of bulk austenite.

The present work reveals that average c�c in all the
simulations increases with time despite its periodicity as
shown in Figure 5(a) through (c). In an earlier work,
isolated ferrite has been shown to grow with constant
average interface velocity and c�c , despite periodicity

under the same mixed-mode of transformation.[30]

Therefore, the increase in average c�c in the present

work is attributed to soft-impingement, and this increase
is consistent with the corresponding decrease in interface
velocity in the average sense. According to Zwaag and
his coworkers, the peak concentration under the
mixed-mode of transformation is[6]:

where Z ¼ Dcðn� 1Þ=Mvnx0, 4ci ¼ ci � ceqa and v is a
thermodynamic parameter dependent on tempera-
ture.[6,18] Here, n is the degree of the polynomial used
to construct the diffusion layer, as in Eq. [1], M is the
phase mobility, and Z and z are the parameters which
decide whether the transformation is diffusion-con-
trolled (when Z ¼ 0) or interface-controlled (when
Z ! 1), respectively. In the present simulation
ci ¼ ciðtÞ in Eq. [25], even though this expression has
not been derived for overlapping of diffusion fields.
Chen considers the soft-impingement and modifies the
expression in Eq. [25].[18]

c�c ¼
ðceqa þ ceqc � zþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðceqa þ ceqc � zÞ2 � 4ðceqa ceqc � z Xci�x0c

eq
a

X�x0
Þ

q

2

½26�

where z ¼ Dcn=MvðX� x0Þ. In the present work, we
compare c�c obtained from the simulation for the

transformation temperature of 1048 K (775 �C) in alloy
B with those predicted by the expressions in Eqs. [25]
and [26] as shown in Figure 6. The value of x0 is
calculated from the mass balance and v ¼ 110 J/at.fr.
The change in L¼ X� x0 and x0 with time in Eq. [26]
during the transformation results in negligible variation
of c�c with time. On the other hand, the variation of c�c
with time can probably be the best explained by the
non-overlapping diffusion fields as in Eq. [25] for n ¼ 3.
Such a disparity between theory and simulation arises
due to a difference in the nature of overlapping assumed
in theory and that observed in the simulation. In theory,
the buildup of solute carbon in and around the meeting
point at X is continuous, and the diffusion layer is
assumed to be linear during the soft-impingement. In
comparison, the soft-impingement simulated in the
present work is not continuous, and there is a well
defined gap between two consecutive meetings of the
ends of the diffusion layers leading to a buildup of
carbon in and around X. Also, the slope of the diffusion
layer is never constant throughout its length. The
near-agreement of simulated and theoretical c�c for

non-overlapping diffusion fields also suggests that the
phase-field simulations performed are consistent with
the theory of mixed-mode transformation.

C. Growth Coefficient

It is common practice to describe the migration of an
interface with a suitable growth law, having the form of
S ¼ �atm where S is the distance traversed by the
interface in time t , �a is a growth coefficient and m is
the growth exponent. For diffusional transformation,
m ¼ 1=2 and the growth of isolated ferrite under mixed

(a)

(b)

Fig. 4—(a) The diffusion lengths (L) for alloy B at 1048 K (775 �C)
between 24 and 26 seconds. L at 26 seconds is smaller than that at
24 seconds. and the diffusion length gradually decreases. (b) The
mechanism of discontinuous accumulation of solute during
soft-impingement. L2 is the largest diffusion length.

c�c ¼
Zci þ4ciðceqa þ ceqc Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zci þ4c0ðceqa þ c

eq
c Þ2 � ðZþ 24ciÞðZc2i þ 24cic

eq
a c

eq
c Þ

q

Zþ 24ci

½25�
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mode of transformation has been shown to have
m ¼ 1.[30] In Figure 7, we plot the interface migration
for all the transformation temperatures and alloys as a
function of time with respect to a position obtained
after 5 seconds in all the simulations. It can be observed
that, initially, the interface migrates with a constant
interface velocity (though actually the interface peri-
odically accelerates and decelerates, but that variation
does not appreciably change the slope of the curve). In
the same plot, the calculated interface positions are
extrapolated based on the linear relationship (i.e.
m ¼ 1), and the average velocity determined in the
initial stage of the transformations. The later stage of
transformation shows considerable deviation from
linearity. In Figure 8, the variation of the growth
exponent m with time has been shown for all the
simulations. It can be observed that, at the beginning,
all the transformations follow a growth law with
approximately m ¼ 1. As the transformation pro-
gresses, m gradually decreases from unity for all the
transformations. There is some experimental evidence

which shows that the growth exponent of austenite to
proeutectoid ferrite transformation is well above 1/2
but below 1.[38] The present simulation is therefore
consistent with the experimental observation. The
extent of the decrease in the exponent m for the same
duration of the transformation is the highest for the
transformation temperature of 1048 K (775 �C) in alloy
C, which has the lowest supersaturation. But no
general relationship between the supersaturation and
the drop in the exponent m has been concluded in the
present work for higher supersaturation. The change in
growth exponent is considered to be associated with the
change in mechanism of the transformation. The
consistent decrease in m during the progress of the
transformation suggests a change in the nature of the
growth which can be attributed to soft-impingement.
Since the interface movement follows a growth law

with an exponent less than unity, we have fitted a
parabolic growth law and evaluated the parabolic
growth coefficient. In Figure 9, parabolic growth coef-
ficients from simulations are plotted. According to the
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Fig. 5—The variations of peak concentration and the concurrent transformation velocity for all the transformation temperatures and composi-
tions. Both the variations are periodic with identical periods. (a) T = 1048 K (775 �C) in Alloy B, (b) T = 1088 K (815 �C) in Alloy B, and (c)
T = 1048 K (775 �C) in Alloy C.
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theory, the growth coefficient should decrease with time
due to soft-impingement.[14] In contrast, the present
work shows an increase in parabolic growth coefficient

for all the transformations with time. The nature of the
variation of the growth coefficients with time suggests
that all the curves approach asymptotically to steady
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values. In the same plot, growth coefficients estimated
experimentally from the thickening of proeu-
tectoid ferrite under the assumption of volume

diffusion-controlled transformation are plotted along
with the same predicted by an expression proposed by
Zener for diffusional transformation[1]:
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Comparing the growth coefficients obtained from sim-
ulations at 30 seconds with the experimental values, the
deviation can be estimated to be 258 pct for T = 1048 K
(775 �C), Alloy C, 186 pct for T = 1088 K (815 �C),
Alloy B, and 1.16 pct for T = 1048 K (775 �C), Alloy B,
while the error percentages for theoretical predictions
are 230, 208 and 101 pct, respectively. Taking cog-
nizance of the fact that the parabolic growth coefficients
are approaching a steady value asymptotically in the
present simulation, these errors will not change drasti-
cally for simulations with longer runtimes. Both the
theory and the present model can be observed to
overestimate the growth coefficient, but the present
model predicts better growth behavior of austenite to
ferrite transformation in terms of error. Also, for the
highest supersaturation (T = 1048 K (775 �C), Alloy B),
the predicted growth coefficient is remarkably close to
the experimental observations and, as the supersatura-
tion increases, the simulated growth behavior becomes
closer to that observed in the experiments.

IV. CONCLUSION

In the present work, the transformation of austenite
to ferrite has been studied with a phase-field model
based on a mixed-mode of growth. In order to achieve a
better accuracy, a novel numerical strategy has been
applied. The present work predicts a discontinuous
nature of accumulation of the solute in bulk austenite
due to soft-impingement in and around the meeting
points of the diffusion layers, as opposed to the
continuous accumulation in theory. In fact, using a
realistic simulation domain, it has been shown that the
soft-impingement occurs in the early stage of the
transformation when the diffusion layers are far apart
in the macroscale, while the accumulation of solute
continues due to soft-impingement in the micron scale.
The present analysis suggests modeling the diffusion
layer with a polynomial of a much higher degree than
one. The mixed-mode phase-field model predicts peri-
odic rises and drops in c�c concurrent with periodic

deceleration and acceleration, while the average inter-
face velocity consistently decreases with time with
corresponding increases in the average c�c which also

conforms with theory. During the growth of ferrite, the
growth exponent m gradually decreases from unity with
time, which is attributed to the incumbent mechanism of
soft-impingement. The simulated interface migration
results in parabolic growth coefficients which are rea-
sonably close to the experimental observation. The
present model has been found to be more accurate for
higher supersaturation.

The simulations are performed in one dimension
without considering the possible contribution of grain
boundary diffusion, which is several orders higher than
the volume diffusivity employed in the present work. It

will be an interesting study in the future to simulate the
growth kinetics in real three-dimensional austenitic
geometry with grain boundary diffusion, incorporating
the contribution of crystalline defects in multicompo-
nent alloys. In the present work, the simulations have
been performed for 35 seconds, in which the late stage of
transformation has not been attempted to capture. It
should be extended for an even longer run so that the
diffusion layers in macroscale start to overlap. The
evolution of growth exponents and parabolic growth
coefficients should be investigated for longer runs. Also,
the effect of spacing between the ferrite layers and
thickness on soft-impingement should be investigated.
More detailed numerical and experimental studies on
the discontinuous nature of the accumulation of solute
carbon in and around the meeting point of diffusion
layers, and the periodic acceleration and deceleration of
the austenite-ferrite transformation front, should be
performed for better understanding of this transforma-
tion, although such investigations are beyond the scope
of the present work.

APPENDIX A

It is well recognised that the error terms of a
numerical scheme contribute to deviation from the
exact solution. For diffusion equations, these errors are
proportional to the spatial and temporal resolutions.
Therefore, the overall conservation of a diffusion-cou-
pled phase-field simulation is dependent on this numer-
ical error. The source of this error is rooted in the steep
concentration, / and diffusivity gradients and, during
evolution, this error accumulates, resulting in a contin-
uous loss of solute. We have performed numerical
simulations of austenite to ferrite transformation for
T ¼ 1048K in alloy B with Dx/ ¼ Dxc ¼ 10�7m and
identical temporal resolutions. We represent the degree
of conservation by the ratio of total solute content,
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Fig. A1—Comparison of the degree of conservation from two differ-
ent numerical schemes for the same phase-field simulations.
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calculated numerically by summing the concentrations
over the numerical domains in the initial stage, to
different time levels. For the most accurate scheme, it is
expected that the degree of conservation should remain
unity. In Figure A1, we compare the degree of conser-
vation for the present ‘coarse scheme’ with ‘dual-mesh’
schemes employed for the same simulation. It is evident
from the figure that the dual-mesh scheme significantly
outperforms the coarse scheme, as the coarse
scheme leads to a huge loss of solute due to incumbent
numerics.

APPENDIX B

We have simulated the growth of an isolated ferrite
under mixed-mode of transformation of austenite in two
dimensions at 1048K in alloy B. A ferrite nucleus placed
in the center of a square domain is allowed to evolve for
three input interface lengths, W, 2W and 4W, where
W ¼ 3:126	 10�7m. In these sets of simulations,
Dx/ ¼ Dxc and the ratio of input interface length to
spatial resolution is fixed. The values of �n in Eq. [23] for
interface lengths W, 2W and 4W are 4.455, 4.458 and
4.4585, respectively. In one set of simulations, the
diffusivity interpolation as shown in Eq. [23] has been
employed (henceforth denoted as ‘quantitative’), while
in the second set of simulations, diffusivity interpolation
of the form: Dð/Þ ¼ Da/þDcð1� /Þ, is implemented
(‘non-quantitative’). In Figure A2(a), an evolving ferrite
is shown in a 300	 300 simulation box. In both sets of
simulations, ferrite is allowed to evolve until steady
interface velocity is achieved. In Figure A2(b), we have
plotted steady interface velocity as a function of
interface length normalized with the capillary
length (d0)

[21,28]. It is evident that the interface
velocity is largely dependent on input interface
length for Dð/Þ ¼ Da/þDcð1� /Þ and, hence, it is

non-quantitative. In contrast, the diffusivity interpola-
tion in Eq. [23] certainly reduces the dependency on the
input interface length in two dimensions as well.
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