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We present phase field simulations incorporating contributions due to chemical free energy,
anisotropic interfacial energy, and elastic energy due to transformation strain, to demonstrate
the nucleation and growth of multiple variants of alpha from undercooled beta in Ti-6Al-4V
under isothermal conditions. A new composite nucleation seeding approach is used within the
phase field simulations to demonstrate that the presence of a pre-existing strain field can cause
the nucleation of specific crystallographic variants of alpha based on minimization of local
elastic strain energy. Under conditions where specific combinations of elastic strains exist, for
example in the vicinity of one or more pre-existing alpha variants, the nucleation of a new alpha
variant is followed by the successive nucleation of the same variant in the form of a lamellar
colony by an autocatalytic mechanism. At a given thermodynamic undercooling, the colony
structure was favored at a nucleation rate that was low enough to allow sufficient growth of
previously nucleated variants before another nucleus formed in their vicinity. Basket weave
morphology was formed at higher nucleation rates where multiple nuclei variants grew almost
simultaneously under evolving strain fields of several adjacent nuclei.
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I. INTRODUCTION

THE microstructures of two-phase Ti alloys are
composed of the b phase that has a body-centered cubic
structure and the a phase that has a hexagonal
close-packed structure. b is stable at high temperature
and a precipitates in the form of plates from b on
cooling. The existence of a Burgers orientation (BO)
relationship between b and a given by

101ð Þbjj 0001ð Þa; 11�1
� �

bjj 11�20
� �

a ½1�

results in 12 possible variants of a based on the crystal
symmetries of b and a.[1] Two distinctly different
microstructures are produced depending upon the
undercooling of the b phase field. Typically, a basket
weave structure is produced at a large undercooling
where a high thermodynamic driving force favors the

intragranular nucleation and growth of multiple vari-
ants of a. When the undercooling is lower, a lamellar a
in the form of colony morphology is obtained. For-
mation of the colony structure under these conditions
has been mainly attributed to the formation of
Widmanstätten side-plates (WS) of the same variant
originating from a grain boundary allotriomorph
(GBA) of a.[2] The nucleation of WS occurs in general
by one of the following mechanisms: (1) the instability
of the GBA-b interface that grows with the same
variant into a b grain that has BO relationship with
GBA[3] or (2) sympathetic nucleation[4] of WS ahead of
the GBA-b interface with a misorientation to account
for the deviation of the b grain orientation from BO
with respect to GBA. Recent phase field calculations[5]

have shown that the variant selection in the latter
mechanism may be driven by the minimization of the
elastic strain energy due to transformation strains and
may be more appropriately considered as autocatalytic
nucleation.
However, the mechanisms of WS based entirely on

grain boundary nucleation may not be adequate to
explain the formation of intragranular colony structure
in coarse-grained materials. An interesting example is
the formation of a colonies during laser additive
manufacturing (LAM) of Ti-6Al-4V.[6,7] Prior beta
grains in this case are of the order of several millimeters,
while the packet length of the a colonies is only of the
order of 10 seconds of micrometers. Therefore, it is
necessary to explore mechanisms by which a lamellae
can be nucleated inside the b grains. In Ti-6Al-4V, nuclei
of a that form inside the grains are known to be
coherent with the b matrix and are known to nucleate
heterogeneously in the strain fields of pre-existing
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dislocations.[8] Therefore, it is possible to have varia-
tions in the nucleation rate of intragranular a due to
variations in the prior dislocation density. Since the
strain field of dislocations couple with the transforma-
tion strain field of the a variants, dislocations are able to
selectively nucleate up to 5 variants at low levels of
thermodynamic undercooling [1120 K (847 �C)], while
at higher undercooling where the thermodynamic driv-
ing forces are higher [1020 K (747 �C)], it has roughly
equal propensity to nucleate all 12 variants.[8] Variation
in nucleation rate due to dislocation density has been
demonstrated during warm laser shock peening of
aluminum alloy AA6061.[9] In the current simulations,
we assume that multiple variants are nucleating at
dislocations at a rate proportional to the total disloca-
tion density.[10] At a given undercooling, it is possible to
envision based on the pre-existing dislocation density:
(1) a high nucleation rate where there is insufficient time
for the growth of any one variant to offer a significant,
unique strain field to induce a variant selection in
another nucleus forming in its vicinity based on strain
energy minimization, and (2) a lower nucleation rate
where the first-to-form variants can grow to a large size
before additional nucleation can occur in their vicinity
such that the strain field of the pre-existing variant can
significantly influence the subsequent variant selection
when nucleation occurs in its vicinity. At the higher
nucleation rate, the growth of multiple variants would
occur in the presence of an evolving, long-range,
complex strain field that stabilizes several variants
through a strain accommodation mechanism, leading
to the basket weave structure.[11] However, when the
nucleation rate is lower, the variant selection would
become sensitive to the elastic strain energy associated
with the growth of specific variants. In this case, the
strain field due to the pre-existing variant could over-
come the strain field of a single dislocation that was
responsible for the formation of a nucleus. The presence
of the strain field adjacent to the large, pre-existing
variants could promote the autocatalytic nucleation of
specific variants, very similar to the mechanism observed
for the autocatalytic nucleation of an a colony from a
pre-existing GBA.[4] Although recent phase field simu-
lations in Ti-6Al-4V have demonstrated the preferential
formation of selective variants due to the strain field of a
large, pre-existing a,[5] the simulations have not demon-
strated the formation of a colony microstructure.
Intragranular nucleation of a lamellae from pre-existing
stacking faults has been demonstrated in gamma tita-
nium aluminide.[12]

The objective of this study is to simulate the b fi a
diffusional transformation in Ti-6Al-4V using a phase
field method. Initially, the growth of isolated, individual
a variants in a b grain is simulated and the variant
morphology and crystallographic orientation are com-
pared with existing results[5] to validate the method.
Subsequently, the phase field approach is coupled with a
unique composite nucleation model that is capable of
capturing the effect of pre-existing strain field in b on the
variant selection during nucleation of a. Finally, the
nucleation and growth of multiple a variants in a large
single crystal b are simulated at levels of thermodynamic

undercooling where dislocation-mediated nucleation is
known to promote the formation of multiple variants of
a.[8] The nucleation rate at each undercooling was varied
based on the assumption of different levels of prior
dislocation density in b. The simulation results are
analyzed in the context of a morphological change from
a basket weave to a colony structure in Ti-6Al-4V
during LAM.[6,7]

II. SIMULATION APPROACH

In the phase field method, the individual phases and
their crystallographic variants are described by a set of
non-conserved order parameters. The interface between
two phases or variants of a phase has a gradient in one
of the order parameters that smoothly varies from 0 to 1
at the corresponding interface. Therefore, the technique
is called a ‘‘diffuse interface’’ model. The method allows
for capturing complex interface morphologies resulting
from phase transformations without the need for
tracking the interfaces explicitly, as in alternative
techniques such as sharp-interface, front-tracking mod-
els. In addition to the order parameter gradient, there
are also gradients in the local concentrations of solutes
at the diffuse interface. The order parameters and the
solute concentrations are coupled at the interface
through thermodynamic and kinetic constraints. In the
approach by Kim et al.,[13] a parallel tangent approach
was used to identify phase concentrations at the same
chemical potential and the interface was assumed to
consist of mixtures of the two phases. While the Kim
et al.[13] approach was developed for binary alloys, it
was generalized to multi-component systems by Stein-
bach and Apel.[14] Kobayashi et al.[15] developed an
approach where the interface region was assumed to
consist of a mixture of two phases who concentrations
were determined by local thermodynamic equilibrium
and therefore through a common tangent approach.
Simulation of ternary alloys was carried out using this
approach and linking the phase field simulations to a
thermodynamic database. The approach used in the
current simulations is the one by Kim et al.[13] Com-
prehensive reviews of the phase field method and their
applications in materials science can be found
elsewhere.[16,17]

In the current phase field model, the total free energy
of the system per unit volume, F, is defined as

F ¼
Z

Fch þ Fb þ Felð Þ dV; ½2�

where Fch is the chemical free energy per unit volume,
Fb is the interfacial energy per unit volume due to
grain and interphase boundaries, and Fel is the elastic
energy per unit volume arising from transformation
strains due to solid-state phase transformations. Fch

includes the contribution from the parent and the pro-
duct phases in the microstructure. In the case of
Ti-6Al-4V, there are 12 different variants of the pro-
duct a phase along with the b matrix phase. Therefore,
Fch is given by
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where Fa
v and Fb

vare the free energy per unit volume of
the a and b phases, respectively, and h(/) is an inter-
polation function of the order parameter given by

h /ð Þ ¼ /3 6/2 � 15/þ 10
� �

: ½4�

hð/Þ has the property that it is equal to 1 when / = 1
and 0 when / = 0. The boundary energy, Fb, is given
by the sum of the energy of the diffuse interface and
an additional penalty due to the presence of a gradient
at the diffuse interface as shown below:
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In Eq. [5], the first term is the gradient energy with
anisotropic gradient coefficient, j, and the 2nd an 3rd
terms together describe the energy of the a–a and a–b
boundaries in the system, where x is an energy-well
calculated using the boundary width and the average
gradient coefficient. The free energies of a and b phases
as a function of Al and V concentrations (XAl and XV,
respectively) at different temperatures were obtained
from Thermo-CalcTM using the TTTI3 database (Ti
Alloys Database V3) with Al concentration ranging
from 0.0 to 0.20 wt pct, and V concentration ranging
from 0.0 to 0.40 wt pct. The free energy values were
fitted to a second-degree polynomial in XAl and XV for
different temperatures. The error between the Thermo-
Calc� data and the fit was between 0.1 and 1 pct over
the range of the Al and V concentrations.

In phase field simulations of solid-state phase trans-
formations, the elastic energy, Fel, can be computed using
several approaches. An approach that is commonly used
is to utilize a closed-form solution to the coherent elastic
energy based on the homogeneous elasticity theory of
Khachaturyan.[18] In addition, there are three main
approaches that explicitly consider the elastic inhomo-
geneity between the matrix and the precipitate. The three
approaches differ in the way in which the elastic strains
and stresses are described in the diffuse interface between
the matrix and the precipitate. In all three models, the
elastic strain eelkl is defined as etotkl � e�kl, where e�kl is the
strain that arises due to phase transformation and etotkl is
the total strain given by �ekl þ dekl, where dekl is the lattice
inhomogeneous strain due to displacements. In the
Khachaturyan inhomogeneous elasticity model,[18] the
strain energy is described as Fel ¼ 1

2 e
el
ij : Cijkl : eelij ; where

the stiffness matrix, Cijkl is defined as h /ð ÞCa
ijklþ

1� h /ð Þ½ �Cb
ijkl; and the transformation strain e�kl is

defined as h /ð Þe�; akl þ 1� h /ð Þ½ �e�; bb . In other words, stiff-

ness matrix and the strains are interpolated across the
diffuse interface. In another scheme by Steinbach and
Apel,[14] the strain energy is interpolated over a and b
phases as Fel ¼ h /ð ÞFa

el þ 1� h /ð Þ½ �Fb
el, where the strain

energy in the individual phases is calculated separately
using their respective elastic constants according to

Fa
el ¼ 1

2 e
el; a
ij : Ca

ijkl : e
el; a
kl and Fb

el ¼ 1
2 e

el; b
ij : Cb

ijkl : e
el; b
kl . The

overall elastic strain eelkl (defined as e
tot
kl � e�kl where e

tot
kl is the

total strain and e�kl is the transformation strain) is interpo-

lated between a and b as eelkl ¼ h /ð Þeel; akl þ 1� h /ð Þ½ �eel; bkl .
In a third approach by Voight and Taylor,[19] the total
strain is assumed to be the same in all phases at the
interphase, and the elastic stress is interpolated between
a and b. In the current simulations, the Steinbach–Apel
approach was used for calculating the elastic energy due
to transformation strain. Assuming mechanical equilib-
rium, the displacements in a andbphaseswere calculated
using an iterative technique proposed by Hu and
Chen.[20] The elastic constants for a and bwere obtained
from.[21]

The evolution of the system is due to a reduction in
the total free energy, F, and is obtained by solving the
Ginzburg-Landau and Cahn-Hilliard equations for the
non-conserved order parameters for the 12 a variants,
/p, and the conserved species concentrations, XAl and

XV, respectively. Detailed description of the phase field
technique for solid-state transformations is well docu-
mented in the literature and we describe only some of
the specific features of our approach. The form of the
Ginzburg–Landau equation that relates the partial
derivative of the order parameter with respect to time
to the functional derivative of the system energy with
respect to the order parameter used in the current
simulations is given by[5]

@/p r; tð Þ
@t

¼ �L
1
�N

X

p 6¼q
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In Eq. [6], the quantity L is the mobility of the diffuse
interface. In the current simulations, it was calculated at
a given temperature using an approach developed by
Kobayashi et al.[15] for the solidification of a ternary
alloy. The quantity �N is the number of phases that
coexist at any point, which in our simulations was
determined using a cut-off value for the order param-
eters of 0.05. Eq. [6] is solved for each a variant with
order parameter /p, with the constraint that

P12

p¼1

/p þ /m ¼ 1:0 at any point, where /m is the order

parameter for the matrix. The 12 variants of a bear a BO
relationship with b, and their orientations were obtained
using the procedure outlined in Reference 5. The
numbering scheme used for the variants in the current
simulations is identical to the one used in Reference 5.
The interfacial anisotropy and the transformation
strains for the variants were also obtained from Refer-
ence 5. The Cahn-Hilliard equation used in the simula-
tions was based on an extension of the form used by
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Kim et al.[13] for binary alloys to the ternary Ti-6Al-4V
alloy. The final form of the Cahn-Hilliard equation used
in the present simulations is as given below for Al
concentration, and a similar expression can be written
for V concentration.

@XAl
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¼ r: DAlrXAl þDAlkrXV½
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In Eq. [7], the quantity k is given by

k ¼ @2Fa
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A. Assumptions

Under low thermodynamic undercooling, the rate-lim-
iting step for the b fi a transformation is the diffusion of
V in the b phase, since V is the slow diffuser.[22] As the
undercooling increases, the sharp concentration peak
that builds up in the b phase on cooling to the
undercooling temperature is known to result in the
formation of a face-centered cubic, interface phase.[23]

This leads to a reduction in the V concentration on the b
side and enrichment on the a side of the interface that
effectively reduces the partitioning of V between b and a.
However, the extent of undercooling and the actual
interface V concentrations are not known. Moreover,
phase field simulations that include the interface phase
and its evolution during growth are too complicated, and
not the main focus of this study. Therefore, the diffusion
of V is not considered and we assume that the b fi a
transformation is controlled by Al diffusion with no
partitioning of V. In addition, there is further supporting
evidence that V diffusion may not play a significant role
during short isothermal holds of a few seconds that are
the subject of this present investigation. Ohmori et al.[24]

performed isothermal studies at different levels of
undercooling and performed compositional analysis of
b and a phases using wavelength dispersion spec-
troscopy. They concluded that for short isothermal
holds of 20 seconds at 1173 K (900 �C), the partitioning
of V was quite insignificant, and that significant parti-
tioning occurred only at isothermal hold times of the
order of several minutes. Ahmed and Rack[25] used an

instrumented Jominy test to investigate b fi a transfor-
mation in Ti-6AL-4V under cooling rates ranging from
410 to 1.5 K/s. Through careful morphological and
analytical electron microscopy characterizations, they
concluded that a diffusionless, massive transformation of
b fi a occurred down to cooling rates of roughly 20 K/s.
As the cooling rate was further reduced, the transfor-
mation seemed to occur by an interfacial diffusion
mechanism and ledge-wise diffusional growth. More
recently, Ji et al.[26] performed a theoretical assessment of
phase transformation kinetic pathways in Ti-6Al-4V
using a graphical thermodynamic approach. The anal-
ysis showed that for isothermal transformation in the
temperature range of 895 K to 1145 K (622 �C to
872 �C) b fi a initially occurred via diffusionless nucle-
ation followed by a diffusional nucleation and growth of
the � fi a+ b transformation. The phase field simula-
tions in the present work have been carried out isother-
mally at 950 K or 1000 K (677 �C or 727 �C) that fall in
the above temperature range. The diffusion coefficient
for Al used in the simulations was taken from Semiatin
et al.[27] The impurity diffusion coefficient of Al in a and b
have been published by Good.[28] The diffusion coeffi-
cients are shown in Table I. It is clear that the relative
diffusivity of Al in a and b is roughly the same. This
allowed us to assume equal Al diffusivity in a and b that
simplified the phase field solution to Eqs. [7] and [8].

B. Numerical Approach

Equations [6] and [7] were solved using a semi-im-
plicit, Fourier spectral method proposed by Shen and
Chen[29] using periodic boundary conditions. A parallel
three-dimensional fast Fourier transform library,
P3DFFT, that allows domain decomposition to be
carried out in two orthogonal directions,[30] was used to
implement the solution in a parallel computing envi-
ronment so that large simulation volumes could be
handled. Table II summarizes the parameters used in
the phase field model.

C. Nucleation Model

One of the challenges in phase field simulations is to
accurately incorporate the nucleation step. The nucle-
ation step in phase field simulations is typically carried
out using either a Langevin noise, which is introduced in
the form of a stochastic perturbation term in the
Ginzburg–Landau and the Cahn–Hilliard equations,[5]

or explicit Poisson seeding[31] approach, where a critical,
pre-determined fluctuation in the order parameter,
composition, and shape with a diffuse interface is

Table I. Diffusion Coefficients of Al and V in Ti Solid Solution

Element Phase Diffusion Equation

Diffusivity 9 1016 m2/s

950 K (677 �C) 1000 K (727�C)

Al b D = 2.4 9 105 exp (�18040/T(K)) [Ref. 27] 6.79 17.56
Al a Ln(D) = �11.04 � 23700/RT(�C)) [Ref. 28] 61.39 114.6
Al b Ln(D) = �11.11 � 21900/ RT(�C)) [Ref. 28] 147.63 262.7
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introduced based on the calculated nucleation rate. Even
though Langevin noise approach works reasonably well
at high undercooling where small fluctuations become
critical, it is somewhat limited in physical insight. The
explicit nucleation approach better captures the size and
number density of the critical nuclei. However, it
becomes very difficult to implement when there are
additional complexities due to the presence of multiple
crystallographic variants and variant selection based on
dynamically varying strain fields. This is particularly
relevant to Ti-6Al-4V where there are 12 crystallo-
graphic variants of a and the strain energy associated
with nucleation of each variant could be different
because of the presence of an evolving, long-range,
strain field due to the presence of other pre-existing a
variants.

In order to overcome the above complexities, a novel,
composite nucleation approach was used in the current
simulations. The composite nucleation model is roughly
analogous to the multiple-variant nuclei forming at
dislocations. It was shown in Reference 8 that the
subsequent growth of such a complex of dislocation-nu-
cleated variants will be influenced by strain fields arising
from pre-existing variants. Instead of explicitly simulat-
ing the multiple-variant nuclei formation at dislocations,
it was assumed that these composite nuclei would form
at a frequency proportional to the dislocation density
that exists in the material. In addition, the critical
nucleus size for a composite was calculated in a
strain-free b by simulating the evolution of an isolated
spherical particle of a of a specific variant, and identi-
fying the particle size that would transition from
dissolution to growth mode for a given undercooling.
It was assumed that the critical nucleus size of the
composite nucleus was the same as that calculated using
a single variant in a strain-free matrix. Therefore, the
criterion used for placing the composite nuclei is quite
approximate since it lacks the details of their evolution
in the presence of the strain field of the dislocations.
However, the dislocation nucleation simulations in
Reference 8 could in future studies be coupled with
the current simulations to get a more physical represen-
tation of the nucleation rate of the composite nuclei.
Composite nuclei were introduced within the b phase

only if none of the order parameters belonging to the a
variants at the location exceeded a low critical value. In
the current simulations, the critical value used was 0.05,
thus ensuring that the nuclei did not overlap with a
pre-existing a. Such a procedure resulted in a decrease in
the success rate of placing the composite nucleus
because of the increasing transformed volume with
simulation time. For each lattice site within the com-
posite nucleus, the order parameter for each variant of a
was assigned the value of 1/12, so that the sum of the
order parameters for all variants at any site is equal to
1.0. Therefore, each sphere represented a composite
nucleus that contained an equal fraction of each of the
12 variants, and its further evolution was determined by
the growth of the variant(s) that minimized local energy
while growing in the presence of strain fields of other
variants causing subsequent variant selection.
The nucleation rate for heterogeneous nucleation of a

coherent phase in the strain field of a dislocation is
known to be proportional to the dislocation density.[9,10]

Accurate calculation of nucleation rate for a given
thermodynamic undercooling is difficult because of the
uncertainty in the pre-exponential terms.[9,10] Therefore,
we simply considered two arbitrary attempt frequencies,
namely 0.4 and 5.0 s�1 in the simulations. For example,
for an attempt frequency of 0.4 s�1, an attempt was
made to place a composite nucleus into the simulation
volume after every 2.5 seconds of simulation time. At
transformation temperatures of 950 K and 1000 K
(677 �C and 727 �C), these attempt frequencies resulted
in almost complete transformation of b in about
45-50 seconds. Such transformation times are typical
of Ti-6Al-4V where basket weave structure forms inside
prior b grains.

III. SIMULATIONS

The following simulations were performed using the
phase field approached described in the previous section:

(1) Isothermal simulations at 950 K (677 �C) to
capture the morphology, and spatial orientation
of each of the 12 a variants in b matrix; these

Table II. Parameters Used in the Phase Field Simulations of Ti-6Al-4V

Parameter Values

Temperature 950 K (677 �C), 1000 K (727 �C)
Grid spacing 950 K (677 �C) � 1.7 9 10�8 m

1000 K (727 �C) � 1.9 9 10�8 m
Interface width 5 times grid spacing
Interfacial energy 0.4, 0.05, 0.1 J/m2 (anisotropic, in the local coordinate of the

variant)
Interface mobility obtained using Kobayashi et al.[15]

Transformation strains for 12 a variants from Shi and Wang 2013[5] (same numbering scheme used here for
the variants)

Critical nucleus size (radius in lattice units) 950 K (677 �C) � 2.0
1000 K (727 �C) � 4.0

Elastic constants of a (GPa) C11 = 119.0, C12 = 64.0, C44 = 36.0, C33 = 134.0, C13 = 49.0[21]

Elastic constants of b (GPa) C11 = 97.7, C12 = 82.7 C44 = 37.5[21]

Diffusion coefficient of Al D = 24 9 104 exp (�18040/T) lm2/s[27]
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simulations were carried out in a
128 9 128 9 128 site simulation box with a
critical spherical nucleus of radius 2 and a spatial
resolution of 1.7 9 10�8 m.

(2) Simulations of variant selection from a composite
nucleus due to the presence of a pre-existing a
variant; the a variant was introduced in the form
of a vertical wall in the middle of the simulation
box. Note that the orientation of the a wall is not
the equilibrium orientation of the variant but it is
parallel to the xz plane of the simulation coordi-
nate system. The lateral stability of the wall
during the simulations was artificially imposed by
not allowing plane to evolve from the side faces.
The objective of these simulations is merely to
show that (a) the composite nucleation model is
able to capture the effect of a pre-existing strain
field on variant selection. These simulations were
carried out isothermally at 1000 K (727 �C) in a
128 9 128 9 128 site simulation domain.

(3) Simulations of variant selection from a composite
nucleus due to the presence of a pre-existing a
variant; however unlike in Eq. [2] above, the
variants are now present in their equilibrium
orientations inside the b with no grain boundaries
being present. The objective is to show that strain
energy minimization at the potential nucleation
site drives selection of a specific variant from the
composite nucleus. These simulations were car-
ried out in 64 9 64 9 64 site domain with at
1000 K (727 �C).

(4) Simulations of b fi a transformation at 950 K
and 1000 K (677 �C and 727 �C) using composite
nucleation model, assuming a nucleation attempt
frequency of 0.4 or 5.0 s�1 at either temperature.
These simulations were carried out in a simulation
box of 256 9 256 9 256 sites with a spatial
resolution of 1.7 9 10�8 m [at 950 K (677 �C))
or 1.9 9 10�8 m (at 1000 K (727 �C)].

IV. RESULTS AND DISCUSSION

A. Growth of Isolated Precipitates

The crystallographic framework used to capture the
BO relationship between the b matrix and the 12
variants of a is similar to the one developed by Shi
et al.[32] The three non-coplanar vectors that define the
cubic coordinate system for the body-centered cubic b
matrix are given by x ¼ ½010�b; y ¼ ½�101�b; z ¼ ½101�b
that also represents the crystallographic orientation of
the computational frame. The transformation strain for
each variant is calculated on the basis of the total lattice
distortion due to a coherent transformation and the
distortion due to the introduction of misfit dislocations
and structural ledges on the precipitate-matrix interface.
The misfit strains for different variants are obtained by
rotation of the respective strain tensors to the compu-
tational frame.[5,32] The interfacial energies for the side,
edge, and broad faces of the precipitate are defined in

the local coordinate system defined by the non-coplanar

vectors x ¼ 101½ �b
h i

; y ¼ �3; 5; 3
� �

b and z ¼ 11; 13; 11
� �

b.

The anisotropic interfacial energies normal to these
three interfaces (shown in Table II) are transformed to
the computational domain. The variant morphology
and the habit plane are shown in Figure 1 for one of the
variants. The broad side of the precipitate is parallel to

the habit plane, 11; 13; 11
� �

b in agreement with the

results shown by Shi and Wang.[5] The spatial orienta-
tions and morphology for all 12 variants are shown in
Figure 2.
Figure 3 shows the temporal evolution of a single a

variant (variant number 8) as a function of the simu-
lation time at 950 K (677 �C). The simulation is started
by placing a nucleus of radius 2.0 at the center of a
128 9 128 9 128 computational domain with a grid
spacing of 1.7 9 10�8 m. The order parameter corre-
sponding variant 8 is set to 1.0, while all the other 11
order parameters are set to 0.0 within the spherical
nucleus. The nucleus evolves by setting up a diffuse
interface from the initial sharp interface that had a sharp
discontinuity in the order parameter and by a change in
shape from the initial sphere to the elongated morphol-
ogy consistent with the equilibrium orientation for the
variant and the interfacial energy. There is a simultane-
ous evolution of the order parameter and the concen-
tration field within the matrix and the precipitate. The
simulations are able to capture the Al depletion in the
matrix side of the interface and the Al enrichment within
the a variant. The depletion zone is confined to the
broad face of the a, while it is absent along the sharp
edges. This is presumably due to the higher interfacial

X

Y

Z

(-1
1,

 -1
3,

 1
1)

Fig. 1—Morphology of variant 1[5] obtained using the simulations.
The precipitate face is parallel to the habit plane in agreement with
the simulations in Ref. [5].
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velocity at the edges than at the broad faces of the a
precipitate.

B. Strain-Induced Variant Selection

Since the elastic energy generated by the growth of
different crystallographic variants of a is the same
when they are isolated, the selection of specific variants
from a composite nucleus will occur only through the
presence of a pre-existing strain field. The composite
nucleus approach is quite efficient in capturing such an
orientation selection as described below. In one set of
simulations, the elastic strain field was introduced
initially through a vertical wall of a single variant
parallel to the yz plane of the simulation box posi-
tioned at the midsection along the x direction. Since
the equilibrium orientation of the variant may not
coincide with the wall direction, the wall is merely an
artificial source for producing a strain field in the
lattice. The vertical direction was chosen because
continued growth of the wall variant by wrap around
due to the periodic boundary conditions could be
arrested. In addition, the lateral stability of the wall
was ensured by artificially constraining the side sur-
faces of the wall. It is instructive to use this approach
to illustrate the ability of the composite nucleus to
evolve a selective orientation due to a pre-existing
strain field. The composite nuclei are positioned

randomly along the y and z directions but restricted
along the x direction to be very close to the interface
between the variant wall and the matrix, so that each
nucleus will fully experience the strain field due to the
variant. Figures 4 and 5 show the results obtained for
the presence of different variants in the wall. The
simulations indicate that the presence of the strain field
due to the wall preferentially nucleates specific variants
from the composite nucleus.
Figure 4 shows two different kinds of selective nucle-

ation from the composite nuclei due to the strain field of
the wall. In one case, the variant in the wall selectively
nucleates just one variant, while in the other case it
nucleates two other variants out of the 12 possible
variants. An example for the first case is shown in
Figure 4(a) where variant 3 in the wall preferentially
nucleates variant 4. Two examples are provided for the
second case. When the variant in the wall is 4
(Figure 4(b)), it nucleates variants 3 and 5. Similarly,
when the variant in the wall is 6, it nucleates variants 3
and 5 (Figure 4(c)). In Figure 4(a), while it appears that
there are many precipitates of variant 4 that nucleated
from the wall, in reality there are only two indepen-
dently nucleated precipitates of variant 4 that wrapped
around the faces of the simulation box due to the
periodic boundary conditions used in the simulations.
Figure 5 shows an interesting case where the central

wall with variant 5 first preferentially nucleates variants

Fig. 2—Spatial orientation and morphology of a variants obtained from the phase field simulations. See Shi and Wang[5] for an explanation of
the variant numbers.
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2 and 6 from composite nuclei placed in the vicinity of
the wall. However, unlike the cases shown in Figure 4,
variant 10 nucleates at a later time from a composite
nucleus placed in the vicinity of variants 2, 5, and 6,
which then subsequently triggers the nucleation and
growth of multiple parallel plates of variant 10 in the
form of a colony due to the presence of the strain fields

from variants 2, 5, and 6. This is a clear example of
colony formation by autocatalytic nucleation. Once the
first plate of variant 10 formed, the additional plates in
the colony formed quite frequently, with the result that
the subsequent insertion of composite nuclei within the
remaining space became an improbable event. While in
this case, one of the variants (variant 5) was introduced
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Fig. 3—Temporal evolution of variant 8 precipitating out of b showing evolution of Al concentration (top row) and order parameter (bottom
row).
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Fig. 4—Preferential nucleation from composite nuclei when they are placed in the vicinity of the strain field of a pre-existing variant in the form
of a vertical wall parallel to the yz plane. (a) variant 3 in the wall nucleates variant 4, (b) variant 4 in the wall nucleates variants 3 and 5, and (c)
variant 6 nucleates variants 3 and 5, from the composite nuclei. Colors are based on variant number.

6584—VOLUME 47A, DECEMBER 2016 METALLURGICAL AND MATERIALS TRANSACTIONS A



artificially in the form of a wall in a non-equilibrium
position, the same mechanism operates when the three
variants are present inside a grain in their equilibrium
orientations satisfying the BO, as shown in the subse-
quent simulations.

In this simulation, variants 2, 5, and 6 were intro-
duced initially through seeds of the respective variants.
The 3 variants were then allowed to grow until subse-
quent growth was arrested by impingement. Composite
nuclei were subsequently introduced in the strain field of
variants 2, 5, and 6. The strain energy distribution in the
xy section due to the variants is shown in Figure 6(a)
and the corresponding order parameter distribution is
shown in Figure 6(b). Figure 6(d) shows the order
parameter profile of a composite nucleus in the process
of evolution. It is clear from Figure 6(c) that the
evolution of the composite nucleus is accompanied by
a reduction in the strain energy at that location.

Subsequent evolution of the strain energy and the order
parameter profile are shown in Figures 6(e) and
Figures 6(g) and Figures 6(f) and 6(h) respectively. It
is clear that further evolution of the composite nucleus
results in the formation of a single variant and in the
process the strain energy in the corresponding volume
decreases by the sweeping of the volume by a low-energy
front. Figure 7 shows the morphology obtained at
longer times after continued evolution of the newly
formed variant. It is interesting to note that the variant
that evolves in this case (variant 10) is the same as the
one that nucleated in the previous example shown in
Figure 5. Longer term evolution of this variant resulted
in the formation of a lamellar structure by autocatalytic
nucleation as before. As shown in Figures 6(g) and (h),
the movement of the low-energy front causes the
widening of the variant. As the strain energy increases
due to widening, it is energetically favorable to nucleate
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Fig. 5—Preferential nucleation of variant 10 from a composite nucleus in the presence of a wall with variants 6 and 2 nucleated earlier by the
wall from composite nuclei (top row), and the subsequent autocatalytic nucleation and growth of variant 10 in the presence of the strain fields of
variants 2, 5, and 6 (bottom row).
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another variant, thus causing autocatalytic nucleation of
the same variant in a columnar fashion.

C. Growth of Multiple a Variants

Isothermal simulations of a phase evolution in single
crystal b through nucleation and growth were simulated
at 950 K and 1000 K (677 �C and 727 �C) representing
two levels of undercooling. A nucleation attempt fre-
quency of 0.4 or 5 s�1 was used as described previously

to account for materials with two different dislocation
densities. Composite nuclei were introduced at random
locations within the untransformed b matrix based on
the overlap criterion described previously. If the random
location fell in a region of overlap nucleation event was
disallowed. Thus, the effective nucleation rate reduced
as the a volume fraction increased.
At a nucleation rate of 5 s�1, the temporal evolution

of a led to the formation of a basket weave structure for
both 950 K and 1000 K (677 �C and 727 �C). The
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Fig. 6—Evolution of the elastic strain energy and order parameters during the evolution of a composite nucleus situated in the strain field of
variants 2, 5, and 6. The strain energy locally decreases during the formation of a single variant from the composite nucleus as well as the subse-
quent autocatalytic nucleation of the variant by the sweeping of a low-energy front.
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temporal evolution of the basket weave morphology is
shown in Figures 8 and 9 as contours of the sum of the
order parameters. The simulations showed that for

both levels of thermodynamic undercooling, the high
nucleation rate ensured that many composite nuclei
were introduced into the b phase. The evolving strain
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Fig. 7—Long-term evolution of the microstructure shown in Fig. 6. (a) contour plot of the sum of order parameters and (b) contour of variant
numbers. Variant 10 is seen to nucleate in an autocatalytic fashion.
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Fig. 8—Temporal evolution of a at 950 K (677 �C) with a nucleation attempt frequency of 5.0 s�1 showing the formation of multiple variants
that results in a basket weave structure. Contours based on sum of order parameters.

METALLURGICAL AND MATERIALS TRANSACTIONS A VOLUME 47A, DECEMBER 2016—6587



field from many nearby composite nuclei influenced the
variant that evolved from any single composite
nucleus. Since it was shown earlier that the variant
selection from the composite nucleus is based on strain
energy minimization, the evolution criterion for the
basket weave structure with multiple variants appears
to be related to the strain accommodation mechanism
similar to the one suggested by Sargent et al.,[11] which
minimizes the overall strain energy in the system.
Representing the microstructure on the basis of the
variant type in Figure 10 shows that almost all the
variants are present in the microstructure. There is very
little difference in morphologically between the final
microstructures produced at 950 K and 1000 K
(677 �C and 727 �C), except that the transformation
at 1000 K (727 �C) is completed at an earlier time than
at 950 K (677 �C) due to faster diffusion kinetics at
1000 K (727 �C).

When the nucleation attempt frequency is low
(0.4 s�1), the time between successive nucleation events
is high. Therefore, there is sufficient time for a
pre-nucleated variant to grow to a large size before
subsequent nucleation occurs in its immediate vicinity.
The preferential growth of a single variant from a
composite nucleus, in this case, is governed by the
strain fields associated with one or two nearby variants
only. The simulations show that under these conditions
the autocatalytic nucleation and growth similar to the
one shown in Figure 5 occurs. The temporal evolution
of the structure at 950 K (677 �C) is shown in
Figure 11. For isothermal transformation at 950 K
(677 �C), variant 11 is seen to grow in a lamellar
fashion in the space between the previously grown
variants as shown in Figure 12. The variant color map
shows that the nearby variant in this case is 5. For
isothermal transformation at 1000 K (727 �C), variant
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Fig. 9—Temporal evolution of a at 1000 K (727 �C) with a nucleation attempt frequency of 5.0 s�1 showing the formation of multiple variants
that results in a basket weave structure. Contour based on the sum of the order parameters at each site.
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1 forms as a colony when variant 12 surrounds it. It is
clear that the variant that forms in the colony depends
on the type of the surrounding variants and therefore a
specific combination of elastic strains.

D. Relevance to Basket Weave to Colony Structure
Transition During LAM of Ti-6Al-4V

LAM of Ti-6Al-4V involves melting powder in
successive layers to form a part.[6,7] As successive layers
are melted, the previously solidified layers experience
multiple thermal cycles as the laser source processes the
top layer. The peak temperature at any location in the
pre-solidified material decreases from the liquidus tem-
perature to the b fi a transformation temperature as
the subsequent layers build up. Although these temper-
atures are known to be a function of the heating and
cooling rates, it is clear from the experiments of Kelley
et al.[6,7] that the so-called layer bands that contain the
colony a morphology are formed only when the re-heat
temperature exceeds the on-heating solvus temperature
and the on-cooling transformation occurs in the diffu-
sive regime. Outside the layer bands, a graded basket
weave structure is seen with varying thickness of the a
phase. The length scale of the a colony within the layer
bands as well as the thickness of the layer bands is only
tens of micrometers, while the prior b grains are of the
order of millimeters. Therefore, the colony morphology
should have resulted from an intragranular nucleation
of a lamellae. No significant compositional inhomo-
geneity was found across the layer band and therefore
should not play a role in the formation of the layer
band.

Dislocations are known to form in metallic alloys due
to rapid solidification[33] and rapid thermal cycling.[34,35]

In the case of rapid solidification, it was shown that a
high density of dislocations was grown into the solid
during freezing of several metallic systems including
nickel, copper, Ag-Cu alloys, and a DD3 single crystal

superalloy.[33] A similar effect was observed in the weld
heat-affected zone (HAZ) of the Ni-base superalloy
TSM-75,[34,35] where it was found that the dislocation
generation involved a broad region of the fusion line
that covered the solid as well as the liquid sides. The
dislocation density was shown to increase by at least one
order of magnitude over a distance of several millime-
ters. It was also shown that the dislocation density in the
HAZ at a given distance from the fusion line increased
with the cooling rate. A similar dislocation generation
mechanism probably occurs during LAM. Accordingly,
the dislocation content in the high-temperature b phase
would be the highest near the fusion line and would
decrease at distances farther down in the pre-solidified
regions. Therefore in regions closer to the fusion line,
the b phase could transform into a basket weave
structure similar to the high nucleation rate case shown
in Figures 8 through 10. Presumably, when the disloca-
tion content falls below a threshold level, the critical
nucleation rate required to sustain such a long-range
strain relaxation mechanism cannot be sustained, and b
phase would transform to a colony structure as shown in
Figures 11 and 12. As the cooling rate reduces further,
very little dislocation generation occurs. However, the
peak temperatures are probably either in the a+ b
region or the dissolution of the a phase is not complete
such that residual nuclei exist in the material which
would again lead to a high effective nucleation rate. The
assumption of two independent heterogeneous nucle-
ation rates at each temperature in the current simula-
tions is to represent two sets of process parameters with
different levels of heat input. For the assumed nucle-
ation rates and transformation temperatures, the tran-
sition from basket weave to columnar morphology
seems to depend more on the nucleation rate than the
transformation temperature.
While the dislocation density generated due to rapid

cooling decreases monotonically from the fusion line,
and therefore the heterogeneous nucleation rate on the
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Fig. 10—Comparison of the basket weave structures obtained at 950 K and 1000 K (677 �C and 727 �C) at a nucleation attempt frequency of
5.0 s�1 using contours of variant numbers. Almost all variants are present in the microstructure.
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dislocations would also show a similar trend, homoge-
neous nucleation rate goes through a peak as a function
of increasing undercooling (decreasing distance from the
fusion line). Therefore, the assumption of homogeneous
nucleation may not lead to a unique location of the layer
band in the HAZ based on the nucleation rate-depen-
dent mechanism described above. Since the homoge-
neous nucleation rate is maximum at a given
undercooling, it would be lower at a higher or lower
level of undercooling. Therefore, a zone with basket
weave morphology would be sandwiched between two
zones with a colony microstructure. However, this does
not occur and the layer band is always confined to
regions where the peak temperature is just above the
b fi a transformation temperature. Therefore, variation
in the heterogeneous nucleation rate due to a monotonic
variation in the dislocation density as a function of peak

temperature in the HAZ is a more likely explanation for
the layer bands.
However, in reality the thermal history of the material

during LAM is much more complicated than the
isothermal conditions for which the simulations are
carried out. Each volume element is subjected to
multiple thermal cycles where each subsequent thermal
cycle has a lower peak temperature, and lower heating
and cooling rates. The kinetics of dissolution of a and
homogenization b depend on the heating and cooling
rates and the total residence time above the b transition
temperature. The on-heating and on-cooling transfor-
mation temperatures are therefore functions of solute
diffusion kinetics. The heterogeneous nucleation rate
will also become a function of the time-temperature
history. Incorporating such complexities in phase field
simulations will be the subject of future research.
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Fig. 11—Temporal evolution of a at 950 K (677 �C) at a nucleation attempt frequency of 0.4 s�1 showing autocatalytic nucleation of lamellae of
the same variant. Colored according to the sum of the order parameters of variants at each site.
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V. SUMMARY AND CONCLUSIONS

Phase field simulations of b fi a transformation in
Ti-6AL-4V in the diffusional transformation regime
were carried out under the assumption of negligible V
partitioning. The simulations considered the effect of the
elastic strain fields due to transformation strains and
their effect on variant selection during nucleation and
growth of a. A composite nucleation model was used to
represent heterogeneous nucleation of multiple variants
due to pre-existing strain fields of dislocations. The
subsequent variant selection due to strain fields of
growing variants was investigated. The following con-
clusions were reached:

(1) Strain fields due to pre-existing variants had a
significant influence on variant selection from
the composite nucleus whether the variant
existed in a non-equilibrium orientation such as
on a grain boundary or equilibrium orientations
such as inside a grain based on a BO relation-
ship.

(2) Under certain combinations of pre-existing vari-
ants, an autocatalytic nucleation was observed
that gave rise to colony a morphology.

(3) The morphology evolution during nucleation and
growth of multiple variants of a in a b grain was a
function of the nucleation rate. At high nucleation
rates, basket weave morphology was obtained,
while at an order of magnitude lower nucleation
rate autocatalytic nucleation and growth mecha-
nism was observed that gave rise to the formation
of lamellar a.

(4) Heterogeneous nucleation model on pre-existing
dislocations can offer a qualitative explanation
for the formation of layer bands during LAM of
Ti-6Al-4V.
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