
Weibull Analysis of Mechanical Data for Castings II:
Weibull Mixtures and Their Interpretation
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The interpretation of Weibull probability plots of mechanical testing data from castings was
discussed in Part 1 (M. Tiryakioğlu, J. Campbell: Metall. Mater. Trans. A, 41 (2010) 3121-
3129). In Part II, details about the mathematical models of Weibull mixtures are introduced.
The links between the occurrence of Weibull mixtures and casting process parameters are
discussed. Worked examples are introduced in five case studies in which six datasets from the
literature were reanalyzed. Results show that tensile and fatigue life data should be interpreted
differently. In tensile data, Weibull mixtures are due to two distinct defect distributions, namely
“old” and “young” bifilms, which are a result of prior processing and mold filling, respectively.
“Old” bifilms are the predominant defect and result in the lower distribution, whereas “young”
bifilms results on the upper distribution. In fatigue life data, Weibull mixtures are due to two
failure mechanisms being active: failure due to cracks initiating from surface defects and interior
defects. Surface defects are predominant and interior defects lead to fatigue failure only when
there are no cracks initiated by surface defects. In all cases, only the mutually exclusive Weibull
mixture model was found to be applicable.
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I. INTRODUCTION

THE Griffith theory of brittle fracture requires a
preexisting crack to initiate failure.[1] Similarly, ductile
fracture requires a population of pores or cracks.[2,3]

Consequently, statistical models for fracture in materials
are all built on the concept that the difference between
the ideal and actual performances can be attributed to
the presence of defects (flaws) raising local stresses, and
consequently, resulting in premature failure. Hence the
statistical distributions of fracture-related mechanical
properties, such as fracture stress, elongation, impact,
fracture toughness, fatigue life, etc., can all be linked to
the underlying defect size distribution. Statistically, this
implies that the worst (largest) defect leading to the
highest stress concentration is the one that determines
the fracture-related mechanical properties.[4] Hence this
defect constitutes the “weakest link”, based on the
theory developed by Pierce.[5] The “weakest link” theory
applies in situations that are analogous to the failure of
a chain when its weakest link has failed.[6] Based on the
“weakest link” theory, Weibull[7] introduced an empir-
ical distribution, for which the cumulative probability
function is expressed as:

P ¼ 1� exp � r� rT
r0

� �m� �
; ½1�

where P is the probability of failure at a given stress
(strain, fatigue life, etc.), σ, or lower. The threshold

value, σT, is the value below which no specimen is
expected to fail. The term, σ0, is the scale parameter,
and m is the shape parameter, alternatively referred to
as the Weibull modulus. The probability density func-
tion, f, for any continuous distribution is found by:

f ¼ dP

dr
½2a�

For the Weibull distribution, f is expressed as:

f ¼ m

r0

r� rT
r0

� �m�1

exp � r� rT
r0

� �m� �
½2b�

One of the most commonly used methods of present-
ing the Weibull fits to data is the Weibull probability
plot. After rearranging, Eq. [1] can be written as

ln � ln 1� Pð Þ½ � ¼ m lnðr� rTÞ �m lnðr0Þ ½3�
Note that Eq. [3] has a linear form when the left-hand
side of the equation is plotted vs ln(σ − σT) with a
slope of m and an intercept of −m ln(σ0). Alternatively,
the Weibull probability plot can be obtained when the
left-hand side of the equation is plotted vs ln(σ). This
method of presentation gives a straight line relation-
ship only when σT = 0. This is demonstrated in
Figure 1, in which Weibull distributions for three data-
sets for tensile strength (ST) of sand cast A356[8,9] are
plotted. Probability was assigned to each data point by
using the following plotting position formula:

P ¼ i� 0:5

n
; ½4�

where i is the rank inascendingorderandn is the sample size.
Note that the trend of the curve at low values of ln(σ) is
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influenced by the value of the threshold, σT; a positive
threshold, as in the “bottom-filled and Sr-modified” cast-
ings, results in higher slope at low values of ln(σ). For
“bottom-filled” castings, the threshold value is zero, and
consequently the best-fit trend is a straight line. When the
threshold is negative however, as in the “top-filled” castings,
the slope decreases with decreasing ln(σ). For mechanical
properties, anegative threshold is, of course,meaningless. In
Part 1,[10] recommendations on how to interpret theWeibull
probability plots of mechanical data from castings were
provided; it was suggested that a negative threshold is a
strong indication of the presence of multiple Weibull
distributions, i.e., Weibull mixture. This paper introduces
two different scenarios for Weibull mixtures along with
worked examples* by using data from the literature.

II. WEIBULL MIXTURE MODELS

A. Mathematical Treatment

As indicated above, a negative threshold in a
3-parameter Weibull fit to fracture-related mechanical
data in castings is evidence for the presence of a Weibull
mixture. Further evidence is that the slope in a prob-
ability plot (i) decreases significantly, or (ii) approaches
zero and then increases again,[11] like an inflection point,
as observed in the data from the top-filled castings in
Figure 1; the filled circles indicate the location of the
inflection point in the trend of the data. The 3-parameter
fit, of course, does not show any inflection point.

When these discernments are exercised, it can be
observed that Weibull mixtures are not uncommon in
castings.[10] An example was provided by Cox et al.[12]

who investigated the effect of top and bottom filling in
investment castings with different alloys. We will focus
on the results for Ni alloy IN939 castings. For bottom-
filled castings, a 20 ppi (pores per inch) ceramic foam
filter was incorporated into the filling system. All IN939

castings were hot isostatically pressed (HIPed). The
Weibull analysis showed that tensile strength data below
1100 MPa had a much lower slope in the Weibull
probability plot than those above 1100 MPa. The
Weibull probability plots for the data of Cox et al. are
presented in Figure 2. Note that for both bottom- and
top-filled castings, the slope of the best-fit line (hence
2-parameter Weibull is assumed) is significantly less at
lower values of tensile strength. Consequently, Cox et al.
fitted different lines to the two regions, as presented in
Figure 2.
The first mixture model was proposed by Weibull[13]

who analyzed the tensile strength of malleable cast iron
reported by Pearson[14] after noticing that 15 of the 75
castings were poured at a different location. For the
mixture of distributions, Weibull[15] suggested the fol-
lowing form:

P ¼ pP1 þ 1� pð ÞP2; ½5�
where p is fraction of the Weibull distribution number 1
in the mixture, and subscripts 1 and 2 refer to the two
Weibull distributions. The Weibull probability plot for
the data of Pearson as well as the values of the estimated
parameters are presented in Figure 3.
The statistical treatment of the link between defect

size distributions and the resultant Weibull mixture in
ceramics was discussed in detail by Johnson.[16] Accord-
ing to Johnson, Eq. [5] applies only when defect
distributions are mutually exclusive, i.e., when fracture
is due to one type of flaw (defect). This scenario does not
mean that specimens will contain only one type of
defect; it may be that one type of defect always “wins”
over the other type, and hence, there is no “competi-
tion”. When there is indeed some competition between
the defect types, the mixture methods are as follows[17]:

P ¼ 1� ð1� P1Þð1� P2Þ ½6�

P ¼ ð1� pÞP1 þ p 1� ð1� P1Þð1� P2Þð Þ ½7�
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Fig. 1—The Weibull probability plots for the tensile strength
of A356 aluminum castings by Green and Campbell.[8,9] The best
3-parameter Weibull fits are also indicated.
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Fig. 2—Reanalysis of the data by Cox et al.[12] on the effect of filling
system design on the tensile strength of IN939 alloy castings. Note
that 2-parameter Weibull distributions were assumed in each case, as
originally used by Cox et al..

*All estimated Weibull parameters for the datasets were obtained by
using the maximum likelihood method.
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Equations [6] and [7] are for concurrent and partially
concurrent defect distributions, respectively. In the
concurrent model, the two defect distributions always
coexist and are always in competition to start failure. In
the partially concurrent version, defect distribution 1
has no competition in a fraction, p, of the castings and in
the rest of the castings (1 − p), two distributions are in
full competition. The three types of Weibull mixtures are
summarized in Table I.

According to Johnson, to determine which kind of
Weibull mixture is appropriate, one should (i) identify
the types of defects causing the premature fracture on
the fracture surfaces, and (ii) determine whether the two
defect distributions are competing with each other.
Hence the analysis of the fracture surfaces with a
scanning electron microscope (SEM) and an intimate
knowledge of the casting process are necessary to make
the correct selection of the type of Weibull mixture.

To complete the mathematical treatment of the
Weibull mixtures, we turn our attention to the proba-
bility density functions of Weibull mixtures. Note that
the probability density functions for the three types of
Weibull mixtures, Eqs. [5] through [7], are found by
using Eq. [2a] as:

f ¼ pf1 þ 1� pð Þf2 ½8�

f ¼ f1 þ f2 � f1P2 � f2P1 ½9�

f ¼ ð1� pÞf1 þ p f1 þ f2 � f1P2 � f2P1ð Þ ½10�
for the mutually exclusive, concurrent, and partially
concurrent Weibull mixtures, respectively.

B. Multiple Defect Distributions

It has been only recently understood[18,19] that the
degradation of and variability in the mechanical prop-
erties of castings are related to the defects that are
introduced into the molten metal usually as a result of
poor handling of the molten metal and/or poor filling
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Fig. 3—Reanalysis[10] of the tensile strength of malleable iron cast-
ings as reported by Pearson.[14]
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system design. These defects, namely bifilms, are incor-
porated into the bulk of the liquid by an entrainment
process, in which the surface oxide folds over itself. In
most steel castings, the oxide has a significantly lower
density than the metal, and therefore floats to the
surface quickly, leaving the metal relatively free of
defects. In aluminum alloys, the folded oxide has
practically neutral buoyancy, so that defects tend to
remain in suspension. The layer of air in the folded
oxide can (i) grow into a pore as a result of the negative
pressure due to contraction of the solidifying metal and/
or rejection of gasses, originally dissolved in liquid metal
upon solidification, or (ii) remain as an unbonded
surface, like a crack, in the solidified alloy, which usually
serves as heterogeneous nucleation sites for inter-
metallics.

Prior studies[20–25] have shown that there are multiple
types of defects in castings, including bifilms and pores
associated with bifilms. From a process viewpoint, most
Weibull plots for mechanical data of the castings can be
expected to reveal at least two populations of defects[10]:

1. The original rather fine scattering of defects remain-
ing in suspension in the originally poured liquid
from the crucible or ladle (prior damage). These
bifilms, referred to as “old”, have a typical mini-
mum thickness of approximately 10 μm and show
only coarse wrinkles.

2. The large new bifilms (new damage) that would
have been produced during the pouring if the filling
system was not designed properly. These “young”
oxides have a minimum thickness of tens of nano-
meters or less and show fine wrinkles on fracture
surfaces of castings.

A single Weibull distribution can normally be
expected in castings whose filling systems were designed
so that no new damage to liquid metal takes place
during filling. However, because the initial melt quality
is seldom high, and the filling systems of many castings
are poorly designed, multiple defect distributions can be
expected to be the norm, rather than the exception, even
when the castings are poured in a vacuum.[26,27] There-
fore, it is recommended[10] that certain process infor-
mation, such as melt quality and the design of the filling
system be taken into account during the Weibull
analysis of casting data.

The presence of multiple defect types as failure
initiators was demonstrated by Nyahumwa et al.[20]

who investigated the effect of placing a 20 ppi foam filter
in the filling system on the fatigue life of bottom-filled
Al-7 pct Si-Mg alloy castings. SEM analysis of the
fracture surfaces showed that the failure-initiating
defects were “old” bifilms, “young” bifilms, pores
associated with both “young” and “old” bifilms, and
slip surfaces. The data of Nyahumwa et al.[20] for filtered
and not-filtered castings tested at a maximum stress of
150 MPa, in the form of a cumulative probability plot is
presented in Figure 4. Due to the presence of these
multiple defect types which coexist in the metal,
Nyahumwa et al.[22] used the partially concurrent
Weibull mixture to model the fatigue life data for Al-
7 pct Si-Mg alloy castings. Wang et al.[25] found similar

results on the fracture surfaces of A356 alloy fatigue
specimens after running fatigue tests at a maximum
stress of 222 MPa and R = 0.1. Wang et al.[25] analyzed
the fatigue life distributions separately for every type of
failure-initiating defect. Reinterpretations of these data-
sets will be discussed below.

III. WORKED EXAMPLES OF WEIBULL
MIXTURES

For Weibull probability plots to be interpreted
correctly, it is the author’s opinion that in addition to
the casting process knowledge, one should also incor-
porate into the analysis the relationship between max-
imum defect size and the mechanical property of
interest. The relationships between defects size distribu-
tions and two mechanical properties, namely tensile
strength (or elongation) and fatigue life, are discussed
below along with case studies by using data from the
literature.

A. Weibull Mixtures in Tensile Properties

A relationship between fracture stress, σF, and max-
imum defect size, Ai, was suggested by Gruenberg
et al.[28] based on elasto-plastic and linear elastic fracture
mechanics, and was applied successfully[29] to A356
castings for tensile strength and elongation. The effect of
defect size distribution on the statistical distribution of
tensile strength (ST) is shown schematically in Figure 5,
with the curve showing the relationship suggested by
Gruenberg et al. Note that elongation (eF) vs defect size
plots show the same trend.[29] If there are two distinct
defect size distributions as shown in Figure 5, the result
is a Weibull mixture in the tensile strength (and
elongation) of castings.

B. Case Study 1: The Effect of Filtering and Melt Quality
on Elongation in A356 Alloy Castings

Eisaabadi et al.[24] investigated the effect of stirring
(and therefore melt quality getting progressively im-
paired by the entrainment of surface film) and the
presence (or absence) of a filter in the filling system on
the tensile properties of Al-7 pct Si-Mg alloy castings.
They had three casting conditions from the same melt:
(i) not stirred and filtered, (ii) stirred and not filtered,
and (iii) stirred and filtered. A 10 ppi ceramic foam filter
was used in those runs where the liquid metal had to go
through a filter.
The Weibull probability plots for elongation values

are presented in Figure 6(a). Note that the linear trends
for conditions “not stirred & filtered” and “stirred & not
filtered” in their Weibull probability plots indicate two-
parameter Weibull distributions. Data from “stirred &
filtered” have two distinct regions with different slopes.
Analysis of fracture surfaces via SEM, as suggested by
Johnson,[16] showed that all castings, indicated with
filled triangles, failed due to the presence of coarse “old”
oxides, entrained as a result of intentional stirring,
which managed to go through the filter. Those indicated
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with hollow triangles, however, had “young” oxides on
their fracture surfaces and there were no “old” oxides
detected during the SEM analysis (the sizes of oxide
bifilms were not measured; only their type was identi-
fied). Hence, the filter was effective in some, not all,
castings, although the initial melt quality was poor due
to stirring. Therefore, the Weibull mixture is due to
different defect distributions. It can be argued that the
two types of oxide bifilms exist concurrently in the
castings that failed at lower elongation (full triangles),
but only “young” oxide bifilms are in the casting with
higher elongations. Hence the partially concurrent
Weibull mixture model presented in Eq. [7] should be
applicable. However, there is a significant gap between
the lower and upper distributions for elongation. When
there is an “old” bifilm in the specimen, there is no
competition and “old” bifilm “wins” all the time over

“young” oxide bifilms in initiating premature fracture.
Therefore, the mutually exclusive version (Eq. [5]) can
be used when data from two distributions do not
overlap although the defects are partially concurrent in
the specimens. It is also significant that tensile strength
data showed the same trends as elongation.
As indicated in Figure 6(a), the fraction of the lower

Weibull distribution for the stirred & filtered castings is
0.28, which indicates that the filter was only 72 pct
effective in catching large, coarse bifilms. This result is
identical to the efficiency of a 10 ppi foam filter, reported
by Ardekhani and Raiszadeh,[30] after conducting metal-
lographic analysis and in filtered and unfiltered alumi-
num castings, and measuring the number density of
pores in samples. Hence the procedure followed by
Eisaabadi et al. and statistical analysis by using Weibull
mixtures can be used to measure the efficiency of filters
instead of the tedious metallographic analysis.
The probability density functions for Weibull distri-

butions for Eisaabadi et al. are plotted in Figure 6(b). It
is noteworthy that the location and the scatter in the
lower distribution in the Weibull mixture corresponds

Fig. 4—The cumulative probability plot of fatigue life data
of Nyahumwa et al.[20] for not-filtered (hollow symbols) and filtered
(full symbols), bottom-filled A356 castings. (Courtesy of Metallurgi-
cal and Materials Transactions A).
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Fig. 5—Schematic illustration of how two different defect size distri-
butions present simultaneously in castings affect the fracture stress
distribution.

(a) 

(b) 

-5

-4

-3

-2

-1

0

1

2

ln
(-

ln
(1

-P
))

ln(eF (%))

S�rred & 
Not Filtered
σT = 0
σ0 = 1.21%
m = 1.99

Not S�rred 
& Filtered
σT = 0
σ0 = 7.92%
m = 9.21

S�rred & 
Filtered
σT1 = 0
σ01 = 1.61%
m1 = 1.81
σT2 = 0
σ02 = 5.55%
m2 = 7.33
p = 0.28

0

0.2

0.4

0.6

0.8

-3 -2 -1 0 1 2 3

0 2 4 6 8 10 12

f

eF (%)

S�rred &
Not Filtered

Not S�rred 
& FilteredS�rred &

Filtered

Fig. 6—(a) Weibull probability plots, and (b) probability density
functions for elongation of Al-7 pct Si-Mg alloy castings under three
conditions.[24]

274—VOLUME 46A, JANUARY 2015 METALLURGICAL AND MATERIALS TRANSACTIONS A



exactly to those of “stirred & not filtered”, representing
those casting in which the “old” oxide bifilms managed
to go through the filter. The upper distribution, how-
ever, does not correspond to the distribution for the
original condition (“not stirred & filtered”). Hence there
is residual damage in those castings due to stirring even
when the coarse “old” oxides are trapped in the filter.
The residual damage is most probably due to “young”
oxides entrained along with the “old” during stirring.

C. Case Study 2: The Effect of HIP on Tensile Properties of
A206 Castings

Staley et al.[31] conducted experiments to determine
the effectiveness of various HIP conditions on the tensile
properties of A206 aluminum alloy castings. Chill cast
pig type ingots of A206 were procured for testing since it
was expected that ingots produced by conventional
processing techniques would exhibit many oxides and
much porosity. Specimens were excised from ingots that
were either hot isostatically pressed (HIPed) or ingots
that did not receive the HIP treatment (no HIP).

Weibull probability plots for elongation in HIPed and
no-HIP specimens are presented in Figure 7(a). Note
that the data for no-HIP condition has a linear trend,

indicating that the threshold is zero and the size of
defects in the castings is large.[10] Fractographic analysis
showed that old spinel (MgAl2O4) bifilms covered up to
55 pct of the fracture surface of tensile specimens.[31] For
the HIPed condition, there is a Weibull mixture with
both distributions having threshold values. Because a
positive threshold implies smaller defect sizes,[10] it can
be concluded that HIP treatment reduced the size of the
defects in the castings but the effectiveness of the HIP
treatment was at two distinct levels, resulting in a
Weibull mixture. The two distinct levels of response to
HIP treatment is evident in Figure 7(b) in which the
probability density functions are plotted.
Analysis of fracture surfaces of tensile specimens via

SEM showed[31] that the defects that led to premature
failure in no-HIP specimens were “old” and “young”
oxides and associated large pores. In HIPed castings,
there were no pores, as can be expected. The “old”
oxides were found to be resistant to healing and
therefore, cracks remained even after the pores around
the old oxide bifilms were closed. The lower distribution
in HIPed specimens is predominantly due to premature
failure from “old” oxide bifilms. The upper distribution
represents premature failure due to “young” oxide
bifilms that form during pouring and filling of the
current casting. The young bifilms, unlike old bifilms,
were partially healed during the HIP treatment. There-
fore, the upper distribution represents the case where an
“old” oxide crack either does not exist in the casting or
is parallel to the direction of loading. Hence the
mutually exclusive Weibull mixture model (no compe-
tition) is applicable in this case. The “old” oxides “win”
all the time over partially healed “young” oxides to lead
to premature fracture in HIPed castings. Hence it can be
concluded that for elongation to be improved signifi-
cantly by HIP, as represented by the upper distribution
in Figure 7(b), the coarse, large “old” oxide films should
not be present in the casting.

D. Case 3: Revisiting The Tensile Strength Data of Cox
et al. for IN939 Castings

The data of Cox et al. for IN939castings, introduced
in Figure 2 along with their Weibull fits, were reana-
lyzed. The Weibull probability plots are presented in
Figure 8(a). The estimated parameters for three-param-
eter Weibull fits are also indicated in Figure 8(a). Note
that the lower distribution for bottom-filled castings has
a positive threshold value whereas the estimated thresh-
old is zero for the top-filled castings. This finding implies
that the defects causing premature failure in the lower
distributions are smaller in size for the bottom-filled
than for the top-filled castings. Also note that the
threshold value is larger in the upper distribution of
bottom-filled castings than in top-filled castings. The
same interpretation about the defect size can be made
for this finding as well. The improvement by bottom
filling becomes more obvious in Figure 8(b) in which the
probability density functions are plotted. The upper
distribution is located at higher values of tensile strength
than the distribution after top-filling.

(a)

(b)

-5

-4

-3

-2

-1

0

1

2

-3 -2 -1 0 1 2 3 4

ln
(-

ln
(1

-P
))

ln (eF (%))

HIPed
σT1 = 1.42%
σ01 = 3.42%
m = 1.36
σT1 = 12.77%
σ01 = 3.91%
m = 3.75

No-HIP
σT = 0
σ0 = 1.69%
m = 1.54

0

0.1

0.2

0.3

0.4

0.5

20151050

f

eF (%)

No-HIP

HIPed

Fig. 7—(a) Weibull probability plots, and (b) probability density
functions for elongation of A206 alloy castings in HIPed or no-HIP
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Because Cox et al. did not analyze fracture surfaces,
we can only speculate the reasons for the two Weibull
distributions. Bifilm defects, both “old” and “young”,
are not uncommon in Ni-based superalloys.[26] Coarse
bifilms were observed[26] during the failure analysis in
superalloy castings that were subjected to HIP treat-
ment, and it was stated that they seemed almost
identical to those observed by Staley et al.[31] Hence, it
is conceivable that the lower distributions are probably
due to “old” oxides that resisted to healing during the
HIP treatment, whereas the upper distributions repre-
sent the response (healing) of pores and “young” oxides
during the HIP treatment in the absence of “old”
bifilms. Therefore the mutually exclusive Weibull mix-
ture is applicable in this case.

Computational fluid dynamics (CFD) modeling[32]

and real-time X-ray observations of top- and bottom-
filled investment castings showed[32,33] that there is much
less surface turbulence during filling in bottom-filled
investment castings than in the top-filled. Consequently,
creation of new surfaces that lead to “young” oxides and
their entrainment can be expected to be at a lower rate in
bottom-filled castings that in the top-filled. Therefore,
the number density of entrained “young” oxide films,

that may partially-heal upon HIP treatment, can be
expected to be lower in the bottom-filled castings,
leading to increased tensile strength values.

E. Weibull Mixtures in Fatigue Life Data

For a section of a casting that contains a crack-like
defect of initial length ai, the crack length increases to a
value, a, at any given number of stress cycles, N. The
fatigue crack growth rate in the power-law or steady-
state stage, as expressed by the Paris-Erdoğan law,[34] is
written as,

da

dN
¼ C DKeffð Þm; ½11�

where C and m are Paris-Erdoğan constants and ΔKeff

is the effective stress intensity factor range. Equa-
tion [11] can be integrated and arranged, after simpli-
fying assumptions, to obtain:

Nf ¼ Ni þ Br�m
a A

2�m
4

i ; ½12�
where Nf is cycles until failure (fatigue life), Ni is cycles to
initiate a fatigue crack, B is a constant, σa is alternating
stress amplitude and Ai is the area of the fatigue-
initiating defect as measured on the fracture surface.
Equation [12] is identical to the equation used in
previous studies[21,35–37] and its derivation is provided
in Reference 38. The relationship between Ai and Nf is
illustrated schematically in Figure 9. Because m ≈ 4 in
aluminum alloys, the exponent of Ai in Eq. [12] is
approximately −0.5.[21,37] Similarly, Murakami and
Endo[39,40] used √Ai as a parameter to model the fatigue
limit of surface and internal defects in steels. Moreover,
they showed that the fatigue strength is governed by one
critical inclusion, which usually has the largest size, not
by the presence of many inclusions, although most steels
were found[41] to contain multiple inclusion types, with
each having their own size distribution.
As noted previously, Weibull mixtures found in the

fatigue life data of A356 castings were assumed to be
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castings. [Data from Ref. 12].
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Fig. 9—Schematic illustration between the defect size and fatigue
life. The assumption that the Weibull mixture in fatigue life data is
due to multiple defects and their distinct size distributions is also
indicated.
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due to multiple defect types each with their own size
distribution.[22] This assumption is also depicted in
Figure 9.

F. Case Study 4: The Effect of HIP on Fatigue Life in A206
Castings

Staley et al.[42] conducted fatigue tests on specimens
excised from HIPed and no-HIP A206 aluminum alloy
ingots at a maximum stress of 170 MPa and R = 0.1.
SEM analysis of fracture surfaces of fatigue specimens
showed that all fatigue cracks for no-HIP specimens
initiated at surface-connected porosity contained vari-
ous amounts of alumina and spinel bifilms. All fatigue
cracks for HIPed specimens were initiated at surface-
connected or interior oxides, predominantly “old”
oxides.

Weibull probability plots for no-HIP and HIPed
conditions are presented in Figure 10.** Note that, as in

the results for elongation (discussed above), fatigue life
data follow a single Weibull distribution, whereas after
HIP treatment, fatigue life data indicate a Weibull
mixture. The lower distribution is for fatigue initiation
at surface defects and the upper distribution is for
fatigue initiation at defects in the interior. By eliminat-
ing the pores, fatigue life increases by more than an
order of magnitude even when fatigue crack is initiated
at the specimen surface. The improvement is at least two
orders of magnitude when the fatigue crack is initiated
in the interior.

Fatigue crack initiation from subsurface (interior)
defects has received considerable attention recently.[43–49]

The S–N curve for the subsurface defects is different
from the one for those on the surface, as shown
schematically in Figure 11. The location of the S–N
curve for internal defects will depend on the size of the

internal defect.[50] Separate S–N curves for surface and
subsurface defects were found[47] for a cast Al-10 pct Si-
4 pct Cu-0.6 pct Mg alloy when specimens were
subjected to a surface treatment. In several studies,
cracks were observed to grow from casting defects at or
shortly after the first stress cycle[51–53] and therefore, Ni

in Eq. [12] is often assumed to be zero. However in cases
where there is no defect on the surface large enough to
initiate a propagating crack, fatigue crack initiation
from a subsurface defect takes significantly longer to
initiate, resulting in increased fatigue life. When fatigue
life data are from a set of castings, some of which have
defects on their surfaces while the rest have only
subsurface defects, we can expect to have two fatigue
life distributions.

G. Case Study 5: Failure-Initiating Defects and Fatigue
Life in A356 Castings

In this case study, we will use results from two
different studies referred to earlier, by Nyahumwa
et al.[20,22] and Wang et al.[25] Nyahumwa et al. investi-
gated the effect of placing a 20 ppi filter in the filling
system on the fatigue life variability in A356 aluminum
alloy castings. Fatigue tests were performed at a
maximum stress of 150 and 240 MPa and R = 0.1.
The fatigue life results as well as the types of fatigue
failure-initiating defects determined by SEM analysis
were presented in Figure 4. The Weibull probability
plots for the not-filtered and filtered castings are
presented in Figure 12(a). For the not-filtered castings,
the three types of fatigue failure-initiating defects,
namely pores, young oxides and old oxides, all follow
the same Weibull distribution for the lower fatigue life
values. This is significant because three different types of
defects seem to have the same effect on fatigue life when
they are connected to, or within a close distance to, the
specimen surface. Therefore, it is not necessary to treat
the three types of defects separately as Nyahumwa
et al.[22] did by using the partially concurrent Weibull
mixture model (Eq. [7]). Note that there is a large gap in
the fatigue life data between the lower and upper
distributions. The upper distributions were originally
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Fig. 11—Schematic illustration of S–N curves of fatigue tested speci-
mens failed from cracks initiated at surface and internal (subsurface)
defects.

**Although natural logarithm of the mechanical property data is
used conventionally as the x-axis in Weibull probability plots, for fa-
tigue life data, it is the author’s recommendation that logarithm of
data with a base 10 be used for easier interpretation.
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attributed to slip planes by Nyahumwa et al. who later
suggested[54] that slip planes represented defect-free
failure, and therefore, the fatigue life potential of cast
aluminum alloys was several orders of magnitude higher
than the values usually obtained in fatigue tests.
Tiryakioğlu et al.[55] reanalyzed fracture surfaces in
Nyahumwa’s thesis[56] and concluded that slip planes
that were originally considered to be defect-free failure
were in fact facets that formed as a result of stress
concentrations due to internal defects. These stress
concentrations form slip bands in the metal surrounding
the defect. However, the root cause for the facet (or slip
band) is still a defect, such as a pore or entrained oxide
film. Therefore, just as in the dataset for A206 castings
by Staley et al., the upper distributions for both not-
filtered and filtered castings represent fracture due to
internal defects. Because there is no competition, a
surface defect would win over a subsurface defect to
initiate a fatigue fracture, the mutually exclusive Weibull
mixture is more appropriate than the partially concur-
rent model originally used by Nyahumwa et al.

It is noteworthy that the lower distribution in filtered
castings represents fatigue fractures that are initiated at
old oxide films. Filters are expected to stop the coarse

old oxides. It has been discussed above that filters do
allow old bifilms to pass through. In the process of
passing through the filter, old bifilms are “chopped”[57]

to smaller pieces, leading to a shift in the size distribu-
tion of old oxides to lower values. This point becomes
more apparent on the probability density plots for the
not-filtered and filtered castings, as shown in Figure 12
(b). The lower tail of the lower distribution shifts to
higher values whereas the upper tails are almost
identical. Hence, the largest defects on the specimen
surface get smaller in size with the filter in the filling
system. A reduction in the size of the defects can be
expected to increase the probability that a defect will not
be connected to the surface,[58] and therefore will be
subsurface and lead to longer fatigue life. That is
probably why the fraction of fatigue failures that
initiated from internal defects is significantly higher in
castings.
Wang et al. investigated the fatigue life variability in

A356 alloy castings and determined the type of fatigue
crack initiating defects for each casting. Some specimens
were subjected to a HIP treatment to close pores,
although the specific specimens that were HIPed were
not disclosed in the paper. Fatigue failures were
attributed to three different types of defects; pores,
oxides, and slip planes. Wang et al. presented separate
Weibull probability plots due to these three fatigue
crack initiators. The data of Wang et al. and the original
two-parameter Weibull fits are presented in Figure 13
(a). Note that in all three cases, the data at lower values
deviate from the linear fit in a manner which strongly
suggest that σT> 0. It should be noted that pores and
oxides, as reported by Wang et al., were all connected to
the surface of fatigue specimens. Moreover, slip steps
were observed around defects when the fatigue-initiating
defects were not connected to the surface. These internal
defects were surrounded by the slip planes and therefore,
the fatigue initiators were still defects, such as oxides,
which were subsurface. When all data are plotted on the
same Weibull probability plot, Figure 13(b), it becomes
evident that fatigue life data with pores and oxides on
the surface come from the same Weibull distribution.
Specimens that initiated cracks internally, the fatigue life
has a distinctly different Weibull distribution. As in the
cases of A206 castings by Staley et al. and A356 castings
by Nyahumwa et al., there is no competition between
surface and interior defects because surface defects
dominate over to initiate fatigue failure. Hence the
mutually exclusive Weibull mixture is most suitable for
this case.
All three datasets for fatigue life with Weibull

mixtures showed that the lower distribution represents
failure due to surface defects and upper distribution due
to internal defects. Because pores, young and old bifilms
are all attributed to entrainment of the surface film, it is
conceivable to treat pores and bifilms together as
“entrainment defects”. Moreover, taking Figure 11 into
account, the original assumption of multiple defect size
distributions as the source of Weibull mixtures, as
depicted in Figure 9, is false. A modified version is
presented in Figure 14 in which a single defect size
distribution leads to a Weibull mixture in fatigue life
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for the filtered and not-filtered A356 aluminum alloy castings [Data
from Ref. 20, 56].
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when two failure mechanisms, i.e., due to surface and
interior defects, are active. More in-depth discussion of
Figure 14 along with experimental data is given in
Reference 55.

IV. CONCLUSIONS

1. When Weibull plots are interpreted, the possible
presence of Weibull mixtures can be detected by
inflection points in the trend of the data. The actual
presence of Weibull mixtures should still be vali-
dated through the analysis of fracture surfaces.

2. In tensile data, Weibull mixtures are due to two dis-
tinct defect distributions: “old” and “young”
bifilms, which are a result of prior processing and
mold filling, respectively. “Old” bifilms are the pre-
dominant defect and result in the lower distribu-
tion, whereas “young” bifilms results on the upper
distribution.

3. In fatigue life data, Weibull mixtures are due to
two failure mechanisms being active: failure due to
cracks initiating from surface defects and interior
defects. Surface defects are predominant and inte-
rior defects cause fatigue failure only when there
are no cracks initiated by surface defects.

4. Fatigue fracture from different defect types such as
“old” and “young” bifilms and pores were charac-
terized separately in several studies in the literature.
Reanalysis of the data from those studies showed
that fatigue life data from different defect types
belong to the same distribution. Hence it is not nec-
essary to analyze different defects separately. The
only distinction comes from whether the defect is
on the surface of the specimen.

5. In all cases presented in this study, only the mutu-
ally exclusive Weibull mixture was applicable. The
author has yet to come across a case in which either
the concurrent and partially concurrent Weibull
mixture would be applicable.
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