Development of a Freckle Predictor via Rayleigh Number
Method for Single-Crystal Nickel-Base Superalloy

Castings

C. BECKERMANN, J.P. GU, and W.J. BOETTINGER

A Rayleigh number based criterion is developed for predicting the formation of freckles in Ni-base
superaloy castings. This criterion relies on finding the maximum local Rayleigh number in the mush,
where the ratio of the driving buoyancy force to the retarding frictional force is the largest. A critical
Rayleigh number for freckle formation of approximately 0.25 is found from available experimental
data on directiona solidification of a Ni-base superaloy. If the Rayleigh number in a superalloy
casting is below this critical value, freckles are not expected to form. Full numerical simulations of
freckling in directional solidification of superalloys are conducted for a large variety of casting
conditions, alloy compositions, and inclinations of the system with respect to gravity. For the vertical
cases, the Rayleigh numbers at the starting points of the predicted freckles are in good agreement
with the critical value established from the experiments. The simulations confirm that the same critical
Rayleigh number applies to different superalloys. The simulations for inclined domains show that
even asmall amount of inclination (lessthan 10 deg) significantly lowersthe critical Rayleigh number
and moves the freckles to the sidewall of the casting, where the mushy zone has advanced the most
relative to gravity. In application of the Rayleigh number criterion to complex-shaped superalloy
castings, the absence of freckles near upper and lower boundaries and in sections of insufficient cross-
sectional area or height needs to be taken into account as well. The criterion can be used to study
the tradeoffs between different superalloy compositions, applied temperature gradients, and casting
speeds. Additional experiments, in particular for other superalloys and for a range of inclinations, are

desirable to confirm the critical Rayleigh numbers found in the present study.

I. INTRODUCTION

FRECKLES (or channel segregates) have been the sub-
ject of intense research efforts for about 30 years,*@ due
to their importance as a defect in aloy casting and the
interesting fluid-mechanical phenomena associated with
their formation.®! Freckles are chains of small equiaxed
grainsin an aloy otherwise solidified with acolumnar struc-
ture. In particular, in directionally solidified single-crystal
superalloy parts, freckles are generally a cause of rejection.

Solidification experiments with transparent model alloys
and binary metalic alloys have shown that freckles are initi-
ated by convective instabilities in the high-liquid-fraction
region of the mushy zone near the primary dendrite tips
(for a review, refer to Hellawell et al.).[) During upward
directional solidification into a positive temperature gradi-
ent, the melt inside the mushy zone can become gravitation-
ally unstable due to chemical segregation of alloy elements
at the scale of the dendrite arms. Such microsegregation can
cause the local melt density to decrease during solidification
if light alloy elements are preferentially rejected into the
melt (for a partition coefficient less than unity) or if heavy
aloy elements are preferentially incorporated into the solid
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(for a partition coefficient greater than unity). If the melt
overcomes the retarding frictional force in the porous
medium-like mushy zone, convection cells form. Since the
mass diffusivity of the liquid is much lower than its heat
diffusivity, the segregated melt retains its composition as
it flows upward through the mush into regions of higher
temperature. There, the melt causes delayed growth and
localized remelting of solid, such that pencil-shaped chan-
nels, devoid of solid, form in the mushy zone. L ow-density,
highly segregated liquid emanates from the channels as solu-
tal plumes or fingers flowing upward into the superheated
liquid. Hence, the channels provide self-sustaining paths for
feeding the plumes. At the lateral boundary of the channels,
higher-order dendrite arms can become detached from the
main trunk, most likely by alocal remelting process. These
dendrite fragments either (1) remain in the channels and
grow into the equiaxed grains|ater observed asfrecklechains
or (2) are advected out of the channels by the flow and, if
not remelted completely, may form spurious grains inside
the columnar structure or even cause a columnar-to-equi-
axed transition.[24-6l

Clearly, the onset of freckling depends on the complicated
interplay of the stabilizing thermal gradient (G); the speed
of theisotherms (R) relative to the flow velocities; the struc-
ture and permeability of the mush, which, in turn, depend
on the casting conditions G and R aswell as on the variation
of the solid fraction in the mush; the variation of the liquid
density in the mush and, thus, the segregation behavior of
the solutesasafunction of thealloy composition and solidifi-
cation path; and the casting geometry and growth direction
relative to gravity. Copley et al.[l suggested a criterion for
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freckle formation that is based on a critical cooling rate (T,
equal to G X R), below which freckles are likely to form.
Their directional solidification experiments with the trans-
parent analog system NH,Cl-H,O aso showed that freckles
appear preferentially at those locations of the casting cross
section where the interface between the mushy zone and the
overlying liquid region is the highest in the direction of
gravity. This explains why freckles usually appear on the
outside casting surface, instead of the interior, because, in
most directional solidification processes, a small amount of
lateral cooling will cause the mush/liquid interface to be
concave. Detailed experimental work on freckling has also
been carried out using Pb-Sn systems.!®-*3 Pollock and Mur-
phy™ and Auburtin et al.[** performed directional solidifica-
tion experiments using Ni-base superalloys. The former
investigators found a strong correl ation between the primary
dendrite arm spacing (A,) and freckle initiation, and, for one
superalloy, the critical spacing above which freckles form
was found to be 320 um. Since, according to traditional
theoretical models, A, varies with G712 X R™Y4[*3 they
suggested this thermal parameter as an improved freckle
criterion. However, for superalloys, the primary spacing has
been experimentally found to be well correlated aso by
T Y3 [1617] |ending support to the cooling rate based criterion
of Copley et al.[l aswell. Dueto thedifficulty of performing
such experiments over large ranges of G and R, the relative
merits of the various thermal criteria are sometimes difficult
to assess. Auburtin et al.[*¥l noted that a minimum cross-
sectional area is required in order to support the fluid flow
patterns associated with freckles. Since typical freckle spac-
ings observed in experiments are about 5 to 10 mm, amini-
mum area for freckle formation of 25 to 100 mm? was
estimated, which is supported by their experiments.

Severa investigators have attempted to interpret their
experimental results in terms of a nondimensional mushy
zone Rayleigh number.[%131418] The Rayleigh number mea-
suresthe ratio of the driving buoyancy force to the retarding
frictional force associated with the permeability of the mush
The main advantage of a Rayleigh number based criterion
for freckle initiation over the aforementioned purely thermal
criteria is that the influence of aloy composition is taken
into account. In other words, the same critical Rayleigh
number should apply to different alloy compositions. Unfor-
tunately, the permeability variation in the mush is difficult
to evaluate, thermophysical properties may not be known
accurately, and every investigator appears to be using differ-
ent definitions of the Rayleigh number. Therefore, areliable
value of the critical Rayleigh number for freckle initiation
is dtill lacking.

Considerable progress in understanding the formation of
freckles has been made by various theoretical analyses of
convection in mushy layers, as reviewed by Worster.[¥l Lin-
ear stability analysed®-24 have been conducted to identify
the critical Rayleigh number for which the system becomes
unstable to infinitesimal disturbances. The nonlinear theo-
riesd?23 confirm that the bifurcation to convection (and
freckling) in mushy layersissubcritical, determinethe global
critical Rayleigh number below which the system is com-
pletely stable to disturbances of arbitrary amplitude, and
show the various convection modes possible as a function
of the Rayleigh number. The studies also reveal that the
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globa critical Rayleigh number varies with at least four
other system parameters, namely, the Stefan number, a
dimensionless melt superheat, adimensionless concentration
ratio characterizing the phase diagram, and a parameter that
describes the variation of the permeability with the solid
volume fraction. The analyses are limited to steady direc-
tional solidification and a somewhat “ideal” mathematical
model of the mushy layer.[¥ Therefore, quantitative compari-
sons with actual laboratory experiments are discouraged,?3
and the application to casting of Ni-base superaloys is
difficult.

Numerical simulations of the transport phenomena during
aloy solidification, using the full set of conservation equa-
tions, also succeeded in predicting freckles beginning in the
late 1980s.?4 Beckermann and Wang!®® and Prescott and
Incropera? have reviewed this subject in detail. Although
the numerical predictions appear qualitatively correct, the
predictions for freckle initiation in directiona solidification
have never been compared to experiments and stability anal-
yses. Furthermore, because such simulations are computa-
tionally expensive, they have not been used to fully explore
the dependency of freckle initiation on the various system
parameters. For the same reason, it will probably take many
years before commercially available casting simulation
codes can be used to directly simulate the formation of
frecklesin complex-shaped parts. With respect to directiona
solidification of Ni-base superalloys, Schneider et al.[*”]
developed a micro/macrosegregation model that is linked to
a multicomponent thermodynamic phase equilibrium sub-
routine.!?® Two-dimensional simulation results are presented
that investigate freckle formation for various thermal condi-
tions and superalloy compositions, but, again, no direct com-
parisons with experiments or theories are made. More
recently, Felicelli et al.”® simulated freckling in three
dimensions for a Ni-Al-TaW alloy.

The objective of the present study isto develop aRayleigh
number based criterion for freckle formation in Ni-base
superalloy directional solidification, by using both available
experimental datal™ and the results of full numerical simula-
tions.!?”! The experimental data serve to establish the basic
validity of such a criterion and to evaluate the critical Ray-
leigh number for freckle initiation for one alloy composition
and a certain set of experimental conditions. Because of the
limited availability of experimental data, numerical simula-
tions are then used to evaluate the critical Rayleigh number
for other alloy compositions and casting conditions. The
most interesting question here is whether the critica Ray-
leigh number deduced from the experiments agrees with the
one from the full numerical simulations. For this purpose,
the input parameters for the simulations are chosen to be
reasonably close to typical single-crystal superalloy casting
conditions. Then, any variation of the critical Rayleigh num-
ber with other system parameters (such as the dimensionless
melt superheat discussed previously)® is minimized. Sec-
ond, there are no ambiguities associated with the evaluation
of the critical Rayleigh number from the simulation results,
other than those related to the identification of the onset
of freckling itself. When evaluating a Rayleigh number in
experiments, considerable uncertainties exist in the mushy
zone permeability variation, the thermal conditions, the lig-
uid density variation inthe mush, and other properties. These
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Fig. 1—Schematic of the directional solidification system and boundary
conditions used in the numerical simulations.

parametersare all known in simulations. Self-consistent crit-
ical Rayleigh numbers can, thus, be obtained. Third, simula-
tions alow for the investigation of a large range of alloy
compositions and casting conditions. As part of the present
study, extensive simulations are conducted to investigate the
onset of freckling in domains that are inclined with respect
to gravity. A brief discussion of the use and limitations of
the proposed Rayleigh number criterion in predicting freckle
formation for redlisticaly shaped castings concludes the
present study.

[I. RAYLEIGH NUMBER

A. Definition and Supplementary Relations

Many different mushy zone Rayleigh number definitions
have been proposed in the literature for characterizing
freckle formation.[®13141821.231 \We have examined each one
of them and found a definition similar to the one proposed
by Worster®4 to be physically most meaningful:

Ra, = (Aplp)gK h

ay

(1]

The subscript h to the Rayleigh number (Ra) denotes that
it is a mean value over a height h of the mushy zone,
measured downward from the interface between the single-
phase liquid and mushy regions (i.e., from the primary den-
drite tips). Figure 1 illustrates the directional solidification
system considered in the present study. The height h varies
from O to H, the total height of the mushy zone. For agiven
temperature gradient G, the height, h, is related to the local
temperature, T, by h = (T, — T)/G, where T, is the liquidus
temperature. Other symbols in Eqg. [1] include the thermal
diffusivity (a), the kinematic viscosity (») of the melt in the
mush, and the gravitational acceleration (g, equal to 9.81
m/s?). An approximate value of av = 5 X 1012 m¥/s13%
is used throughout this study in evaluating the Rayleigh
number.

Therelativeliquid density inversion (A pl pg) over themush
of height h is given by

Aplpo = (po — p(h))/po [2]
where pg is the liquid density at the mush/liquid interface,
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y = 0 (evaluated at the liquidus temperature and solute
concentrations corresponding to the nominal alloy composi-
tion), and p(h) is the liquid density at y = h (evaluated at
thelocal temperature and liquid concentrationsin the mush).
The calculation of the liquid densities is described
subsequently. _

The mean permeability (K) corresponding to the average
solid fraction (g¢) in the mush of height his calculated from

= \3
R=&Qf%i [3]
Es
whereKy = 6 X 1074 A2, inwhich A, isthe primary dendrite
arm spacing. This permesbility relation is the same as the
one used in the numerical simulations of Schneider et al.[?]
and is based on the isotropic Blake—K ozeny equation. The
numerical value in the coefficient K, was obtained from a
best fit of experimental (at intermediate solid fractions) and
theoretical (at low solid fractions) permeability datafor flow
parallel and perpendicular to the primary dendrites, as sum-
marized in the thesis of Bhat.®! Figure 4 in Schneider et
al.?1 shows the curve fit. The same permeability relation
has been found to produce good agreement with macrosegre-
gation measurements in other systems.*? More complicated
relations, which al so take the ani sotropic nature of the mushy
zone into account, could be used,’? but the uncertainties
are large, especialy in view of the fact that the primary
dendrite arm spacing (or other microstructural parameters)
is not known exactly in castings. More simple permeability
relations, such as those used by Sarazin and Hellawell,l®!
Anderson and Worster,’? and Auburtin et al.,™ may pro-
vide physically reasonable functional dependencies, but do
not always give the correct magnitude of the permesability.
In EQ. [3], the average solid fraction is given by

h
_ 1
gS_H{ssdy [4]

where y is measured downward from the interface between
the single-phase liquid and mushy regions (Figure 1). The
calculation of the solid fraction variation in the mush is also
described subsequently. The use of an average solid fraction
inEq. [3], first proposed by Worster,?Y resultsin an estimate
of a mean permeability of the mush over the height h. This
mean permesbility is then “compared” to the density inver-
sion over the same mush height in the Rayleigh number.
The use of alocal permeability, either aty = 02 or aty =
h, would not be possible when using the present permeability
relation (because K(y = 0) — =) or would be physically
less meaningful. For the same reasons, the permeability is
not averaged directly.

The primary dendrite arm spacing A; is the single most
important parameter in the permeability relation and, hence,
in the Rayleigh number (i.e., Ra ~ A%). Asin Schneider et
al.”M it is calculated using an expression that has been
found to be applicable to a wide range of superalloys:*

Ay = 147 T 7033 = 147 (G x R) 3% [5]

where T isin K/s and A; isin microns. In accordance with
traditional theoretical models,*® Pollock and Murphy™ sug-
gested that A; ~ GY2 R"V4 for the arm-spacing measure-
mentsin their experiments, but noted that the af orementioned
cooling rate based relation works well too.
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B. Calculation of Solidification Path, Microsegregation,
and Liquid Densities

The remaining parameters needed in the evaluation of the
Rayleigh number are (1) the solid fraction variation with
temperature or distance in the mush and (2) the variation of
the liquid density in the mush as a function of temperature
and liquid concentrations (C{"), where the superscript m
denotesthe species. These quantities can be obtained through
a detailed consideration of phase equilibrium and microse-
gregation during solidification of superalloys. The method
used here is the same as described in Schneider et al.,[?”
and only a brief overview is provided here.

The phase equilibrium is calculated using a subroutine
developed by Boettinger et al.?8l for Ni-base superalloys.
The subroutine is based on the CALPHAD method*® and
relies on the use of thermodynamic free energy functions
for the relevant phasesin the aloy. It establishesthe relation

cro (T, Cm (6]

where CT are the interfacial species concentrations in the
solid for each element. By using this subroutine, thetempera-
ture/concentration dependence of partition coefficients and
liquidus slopes is automatically taken into account, and any
superalloy composition can be input. The thermodynamic
database used in Schneider et al.[?”l and in the full numerical
simulations shown subsequently, aswell asin the evaluation
of the Rayleigh numbers for these cases (for consistency),
is considered preliminary. In the evaluation of the Rayleigh
numbersfor the experiments, asdescribed in the next section,
a more refined database is used. The reader is referred to
Kattner et al.[3 for further discussion of the databases and
their use.

The phase equilibrium subroutine is linked to a microse-
gregation model to calculate the solidification path, i.e.,
e(T).2"%8 |n the full numerical simulations of Schneider
et al.,? thismodel also includes consideration of macroseg-
regation (which results in changes in the average composi-
tion in avolume element due to flow), back-diffusion in the
solid, and temperature dependent species diffusion coeffi-
cientsinthesolid. Inthe evaluation of the Rayleigh numbers,
we only use a standard Scheil analysis. Because, at the
point of freckle initiation, the melt flow is either wesak or
nonexistent and the solid fraction is small (less than 20 pct),
any differences between the Scheil analysis and the full
numerical simulations have a negligible effect on the Ray-
leigh number. Figure 2 in Schneider et al. shows examples
of solidification path calculations for the superalloy IN718.

Theknowledge of theliquid concentrations and the solidi-
fication path allows for the determination of the variation
of theliquid density inthe mush. Thefollowing formulafrom
lida and Guthriel®! is used to calculate the liquid density:

ey 7
P T R AT - T

m

where pi and T1y are reference densities and temperatures,
respectively, for each element, and A™ = 9p™/9T. Vaues
for these three properties for each element in a superalloy
can be found in liada and Guthrie.®® Figure 3 in Schneider
et al.l?l shows an example of the variation of the liquid
density with solid fraction, calculated using the previous
procedure, for the superalloy CMSX2,
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SX-1: G=10 K/cm, R=0.005 cm/s

SX-1: G=10 K/cm, R=0.01 ¢
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Mar-M247: G=10 K/cm, R=0.01 cmm/s

Waspaloy: G=10 K/cm, R=0.01 cm/s
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Fig. 2—Variation of the local mush Rayleigh number with solid fraction for
three different Ni-base superalloys and several combinations of temperature
gradient and growth speed.

C. Maximum Rayleigh Number in the Mush

Figure 2 shows the calculated variation of Ra, with &g
for the SX-1 superaloy of Pollock and Murphy™® and the
superalloys Waspaloy and Mar-M247, studied by Auburtin
et al.'" Their compositions are given in Table I. For these
example cases, the Rayleigh number variation is plotted for
several different combinations of G and R. It can be seen
that for al alloys and therma parameters, the Rayleigh
number increases with solid fraction and reaches amaximum
at around 10 to 15 pct solid. Beyond that solid fraction, the
Rayleigh number decreases. A maximum exists because the
density inversion increases with solid fraction, whereas the
permeability decreases. The maximum Rayleigh number
corresponds to the location in the mushy zone where the
buoyancy force is the largest relative to the permeability
drag. It isin this high-liquid-fraction region where channels
aremost likely to beinitiated. Closer to the primary dendrite
tips, the buoyancy forces are not large enough. Deeper inside
the mush, the permeability is too small.

The maximum Rayleigh number, thus, serves as a physi-
cally meaningful, single reference value for evaluating sta-
bility to freckling. The maximum isalso convenient, because
it varies by less than 10 pct for solid fractions ranging from
5 to more than 20 pct. Choosing the Rayleigh number closer
toy = 0, or deeper inside the mush, as a reference value
would make it quite sensitive to the solid fraction variation.
In the following text, this maximum Rayleigh number is
simply denoted by Ra, i.e.,

Ra = Ra, |ma (8]

Using average G and R values over the upper 20 pct of the
mush (which corresponds to a temperature range of about
10 K below the liquidus temperature for most superalloys)

METALLURGICAL AND MATERIALS TRANSACTIONS A



100

] © No Grain Defects o
x Freckles and/or Grains x
10 4 x
3 X
] x
. X
g ] g
' Raseons ¥
£ : o ¥
2 e Mo s
.80 :
ﬁ 0.1 3 .
< 3 '
K~ 3 ;
] o * critical value proposed by
] :o' : Pollock and Murphy (1996)
° .
0.01 - ° : /
3 0® 4
0-001 v v v v v ¥ L] v . 1] L] L] L] Ll L L L] L)
0.1 1 10

12014 ¢ 1/4_1ldg,-1/2
G"R " [em's K]

Fig. 3—Calculated Rayleigh numbers for the directional solidification experiments of Pollock and Murphy!® for the SX-1 superalloy as a function of the
thermal parameter G2 X R™Y4, and establishment of the critical Rayleigh number based on the grain defect measurements.

Tablel. Superalloy Compositionsin Weight Percent
(Excluding Small Amounts of Hf)

Alloy Al Cr Co Re Ti Ta Mo W Ni
SX-1 60 45 125 63 — 70 — 58 bd
Waspaloy 12 190 123 — 30 — 38 — ba
Mar- 55 85 100 — 10 30 06 100 bad
mM247

CMSX2 56 80 50 — 10 60 06 80 ba
CMSX2m 56 80 50 — 10 10 06 130 ba

should be most appropriate in eval uating the maximum Ray-
leigh number from experiments or casting simulations. Once
the maximum Rayleigh number is found, it needs to be
compared to some critical value (Rag;;) to judge the stability
to freckling. Here, the critical Rayleigh number is defined
such that freckles will not form if

Ra < Rait [9]

The following sections are devoted to determining the criti-
cal Rayleigh number from experiments and numerical simu-
lations, including consideration of the effect of inclination
of the directional solidification system with respect to grav-
ity. Thiscritical value should be the samefor all superalloys,
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assuming aminimal variation with other system parameters
(as discussed in Section 1). It should be emphasized, how-
ever, that the critical value would depend strongly on the
definition of the Rayleigh number. If a definition different
from the one proposed here is used, or if a different perme-
ability relation is used, the critical value will change. Note
that Eq. [9] does not imply that there will always be freckles
if Ra > Rayi. As reviewed by Worster,[¥ it is possible for
the system to be stable above the global critical Rayleigh
number if the disturbances are not of a sufficient magnitude.
Other reasons could be that the casting cross section or the
section height is not sufficient to support freckles (refer to
Section 1).

The usefulness of the present Rayleigh number criterion
can be understood by comparing the maximum Rayleigh
numbers for the SX-1, Mar-M247, and Waspaloy alloys in
Figure 2. For the same thermal parameters (G = 10 K/cm
and R = 0.01 cm/s), the maximum Rayleigh numbers for
these three alloys are approximately 0.5, 0.2, and 0.09,
respectively. Hence, the Waspaloy alloy ismore than 5times
as stable (in terms of the Rayleigh number) as the SX-1
aloy and more than twice as stable as the Mar-M 247 alloy,
for the same casting conditions. A freckle criterion based
solely onthermal parameterswould not be ableto distinguish
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these differences in stability between the three aloys. It can
also be seen from Figure 2 that for R = 0.01 cnm/s, the
Waspaloy alloy has about the same maximum Rayleigh num-
ber at G = 10 K/cm as the SX-1 dloy at G = 30 K/cm.
Other illustrative examples can be found.

Before leaving this section, it is useful to examine how
the maximum Rayleigh number varies with the thermal
parameters G and R for a given aloy. Since K ~ A% ~
T-2% (Egs. [3] and [5]), h ~ G™* (refer to the paragraph
below Eqg. [1]), and the properties are approximately constant
for agiven aloy, the definition of the Rayleigh number (Eq.
[1]) gives

Ra~T G 1=R2G® [10]

It can be easily verified from Figure 2 that this proportional -
ity is true. Hence, the Rayleigh number criterion (Eq. [9])
can be expressed for agiven aloy in terms of thermal param-
eters as

R™23G™%% < constant  or, equivaently,  [11]
G Y2 RS < congtant

where the constants are different. The latter inequality in
Eq. [11] is quite similar to the therma criterion proposed
by Pollock and Murphy,® i.e.,, G¥2 X R™¥* < constant.
While this approximate correspondence lends some confi-
dence to the present Rayleigh number criterion, it should
be emphasized again that such thermal criteria work only
for a given aloy, because the constants would be different
for every aloy composition.

[Il. EVALUATION OF THE CRITICAL
RAYLEIGH NUMBER FROM EXPERIMENTS
OF POLLOCK AND MURPHY®

Pollock and Murphy™ conducted a series of directional
solidification experiments on the SX-1 superalloy (Table
1), where they systematically varied the casting conditions.
Single crystals were vertically cast in the form of cylindrical
bars, rectangular slabs, and solid blade-shaped samples. For
al experiments, the primary dendrite arm spacing A, and
the withdrawal rate R were measured directly. In a few
selected experiments with blade-type samples, the thermal
gradient G was measured indirectly by insertion of thermo-
couples. The thermal gradient was then calculated by divid-
ing the measured cooling rate between the liquidus and
solidus temperatures by the withdrawal rate. For most of
those samples, the arm spacings calculated from Eq. [5]
agreed reasonably well with the measured spacings. How-
ever, because the thermal conditions were rather complex
in the blade-type samples and the thermal gradient in the
Rayleigh number is defined differently, the indirectly mea-
sured thermal gradients are not used in the present study.
Instead, all thermal gradients are calculated from Eq. [5]
using the measured arm spacings and withdrawal rates.

For each experiment, Pollock and Murphy counted the
number of freckle chains and isolated, highly misoriented
(or spurious) grains. In al but a few experiments, spurious
grains were observed whenever freckles were present. The
mechanisms for spurious grain formation in the presence of
freckling are discussed in more detail in Gu et al.[® (refer
alsoto Section ). We obtained the original datafrom Pollock
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and Murphy and cal culated the Rayleigh number correspond-
ing to each experiment using the measured dendrite arm
spacings and withdrawal rates, as discussed previously. Fig-
ure 3 shows the Rayleigh numbers as a function of G~¥2 X
R™Y4, The occurrence of freckles and/or spurious grains is
indicated in the figure, using different symbols. It can be
seen that the transition to freckling iswell correlated by both
the Rayleigh number and the thermal criterion of Pollock and
Murphy, who proposed G Y2 x R™¥4 < 0.95 cmV* s
K ~Y2 asthecritical valuefor the SX-1 alloy. This correspon-
denceis not surprising, as explained in the previous section.
Around the critical value, there is some scatter in the data,
which is well within the experimental uncertainties.

Ascan be seenfrom Figure 3, the critical Rayleigh number
corresponding to the transition value proposed by Pollock
and Murphy is approximately Ragi; = 0.4. Considering the
spread of the dataand the uncertaintiesin the thermal param-
eters, a more conservative critical Rayleigh number as low
as Rayiy = 0.25 is possible as well. This seemingly large
uncertainty in the critical Rayleigh number is caused by the
fact that the Rayleigh number is more sensitive to variations
in G and R (Eq. [10]) than the thermal criterion GY2 X
R4, In practice, it Smply means that uncertainties in the
thermophysical properties and permeability relation used in
the calculation of the Rayleigh number are less important
than variationsin the thermal parameters. Clearly, additional
experimental data around the critical value, and for different
superalloys, would be highly desirable to further validate
the proposed Rayleigh number criterion.

IV. EVALUATION OF THE CRITICAL
RAYLEIGH NUMBER FROM SIMULATIONS

The recently developed numerical simulation model of
Schneider et al.l*”! is used in this section to predict the
onset of freckling in directiona solidification of Ni-base
superalloys. The main objective is to determine a value
for the critical Rayleigh number from the simulations. A
comparison with thevalue determined in the previous section
from experiments will then validate the simulations. The
simulations are conducted for superalloys different from the
SX-1 alloy, in order to test the concept of a single critical
Rayleigh number for al superalloys. Additional simulations
are conducted to determine critical Rayleigh numbers for
domains that are inclined relative to gravity.

A. Description of the Numerical Smulations

The numerical simulations of directional solidification of
single-crystal, Ni-base superalloys were conducted using the
model, system, and properties of Schneider et al.?”l As
discussed in the Introduction, the micro/macrosegregation
model consists of fully coupled mass, momentum, energy,
and species conservation equationsfor solidification together
with a phase equilibrium subroutine for multicomponent Ni-
base superaloys. The system is illustrated in Figure 1 and
consists of a two-dimensional rectangular cavity of height
and width equal to 0.15 and 0.05 m, respectively. The side-
walls are adiabatic, while the top and bottom walls are
maintained at time-varying hot (T,)) and cold (T.) tempera-
tures, respectively, asshown in Figure 1, such that solidifica-
tion proceeds directionally from the bottom toward the top
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Tablell. Summary of Simulation Cases for the CMSX2 and CM SX2m Superalloys

Inclination (T — T)/15 dT, w/dt N* Freckle Rayleigh
Case (Deg) (K/cm) (K/hr) (pem) Start** (cm) Numbert
1-0 0 50 1250 210 no freckle —
2-0 0 35 350 320 125 —8
30 0 30 300 340 85+ 1 0.239
4-0 0 20 200 400 45+ 1 0.175
6-0 0 12 120 463 0.8 0.208
1m-0%f 0 50 1250 210 115 =1 0.250
3m-0 0 30 300 340 3.0 0.229
4m-0 0 20 200 400 0.8 0.288
1-10 10 50 1250 210 12.9 —8§
1510 10 50 500 286 75 0.086
2-10 10 35 350 320 5.7 0.096
3-10 10 30 300 340 5.0 0.108
4-10 10 20 200 400 23 0.123
5-10 10 16 160 420 1.0 0.140
1-30 30 50 1250 210 113 0.079
15-30 30 50 500 286 7.1 0.080
2-30 30 35 350 320 4.7 0.082
4-30 30 20 200 400 1.0 0.102
1-45 45 50 1250 210 9.7 0.042
1545 45 50 500 286 5.4 0.057
2-45 45 35 350 320 4.2 0.076
3-45 45 30 300 340 2.0 0.069

*Primary dendrite arm spacing is assumed constant for each simulation.
**Distance of the freckle starting point from the bottom; the uncertainty is =0.5 cm unless otherwise indicated.
TRayleigh number based on the local temperature gradient at the freckle starting point.

¥The term m refers to the modified CMSX2m composition.

8No reliable value of the Rayleigh could be computed for these cases because the variation of the temperature gradient near the top

wall was too large.

wall. Different solidification conditions are achieved by var-
ying the global cooling rate (dT./dt = dT,/dt) and tempera
ture gradient ((T,, — T.)/0.15 m), where t denotes time. The
top wall is maintained at the initial temperature, equal to
the liguidus temperature of the alloy plus 150 K superheat,
until the bottom wall reaches a temperature consistent with
the desired global temperature gradient. Note that these con-
ditions are applied at the top and bottom boundaries. The
cooling rates and temperature gradients inside the domain
are a consequence of the solution of the energy equation
and depend on location and time. The primary dendrite arm
spacing was assumed constant for each simulation and was
calculated from Eq. [5] using the global cooling rate. In the
simulations for an inclined domain, only the gravity vector
in the momentum equations was changed.

Asin Schneider et al.,[*! simulations are reported for the
superalloy CMSX2 and a modified CMSX2 alloy, denoted
by CMSX2m, whose compositions are listed in Table I. The
modification of the CMSX2 alloy consists of decreasing Ta
from 6 to 1 wt pct and increasing W from 8 to 13 wt pct,
resulting in a considerably more unstable aloy. Recall from
Section I1-B that al simulations of this section are per-
formed using a preliminary thermodynamic database for Ni-
base superalloys, as described in Schneider et al.l?”! There-
fore, the two aloys can be regarded as somewhat hypotheti-
cal (for example, the solidification interval is too large),
but, since the Rayleigh number is evaluated using the same
thermodynamic database, consistent results are obtained. All
other properties used in the simulations are listed in Schnei-
der et al.

The simulation cases are listed in Table Il. Only six of
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the 22 simulations were aready reported in Schneider et
al.,”" and all simulations for an inclined domain are new.
Figure 4 showsan exampleof simulation resultsfor avertica
domain (case 4m-0) and Figure 5 for a domain inclined at
30 deg (case 2-30). The results are for some intermediate
time during solidification, when the mush/liquid interface
has advanced alittle further than midheight and a thin, fully
solid layer appeared at the bottom. The | eft-hand-side panels
show the isotherms (equal intervals); the middle panels show
the liquid velocities and solid fraction contours (equal inter-
vals of 20 pct); and the right-hand-side panels show the
mixture concentration (equal intervals between the gray
shades) of Ti, normalized by the initial concentration (the
patterns being similar, if scaled, for the other elements).
Noteworthy are the long channels in the mush, devoid of
solid, through which the segregated liquid flows upward to
feed a plume above the channel in the single-phase liquid
region. These channels lead to freckle chains, as described
in the Introduction. For the vertical case (Figure 4), severa
channelsinitially compete for the avail able horizontal space.
Eventually, three channels, one at each sidewall and one in
themiddle, survive. Thefreckle spacing and sizesare similar
to what is observed in experiments.

For the inclined case (Figure 5), only one channel is
predicted aong the upper sidewall. The one channel exists
at that location because low density, segregated liquid flows
upward inside the mush and accumulates along the upper
sidewall. Thisaccumulation, which occurs even before chan-
nel formation, can be observed in Figure 5 as a band of
increased solute concentration (for Ti) along the upper side-
wall and preceding the open channel. The channdl itself is

VOLUME 31A, OCTOBER 2000—2551



cm e e - ————
L ———N

.
-----

......

~———1625.0 ———— Al

1600.0

1575.0

1550.0

1525.0

1500.0

@ -~ =6.3 mm/s

0.87<C ; /C;;<1.34

(©

Fig. 4—Example simulation results for a vertical domain (case 4m-0): (a) isotherms in Kelvin, (b) velocity vectors and solid fraction contours (in 20 pct

increments), and (c) normalized mixture concentration pattern of Ti.

somewhat thinner and characterized by amuch higher solute
concentration (for Ti). The low density liquid coming out
of the channel flows aong the upper sidewall toward the
top boundary.

Another consequence of the inclination is the presence of
athermally driven, clockwise rotating convection cell in the
single-phase liquid region. Theliquid is cooled at the mush/
liquid interface, flows toward the lower sidewall, and then
flows upward along the lower sidewall. Along the upper
sidewall, there exists a counterflow, with the channel plume
flowing toward the top and the thermally driven cell toward
the mush/liquid interface. Note in Figure 5 that the liquidus
isotherm corresponding to the nominal alloy composition
(1606 K) does not coincide with the mush/liquid interface.
This can be explained by the thermally driven flow near
the mush/liquid interface advecting solute from the upper
regions of the mush into the single-phase liquid region.
The segregated liquid has a lower liquidus temperature and,
hence, delays solidification near the lower sidewall, in a
manner similar to the liquid inside the channel. This advec-
tion of solute can be observed in the mixture-concentration
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plot of Figure 5, which shows considerable deviations from
the nominal concentration in the upper mush and higher
concentrations (of Ti) in theliquid aong the lower sidewall.

Convection patterns similar to the inclined case are
responsiblefor the observation that freckl es appear preferen-
tialy at those locations of the casting cross section where
the mushy zone has advanced the most (usually on the out-
side casting surface, where the cooling is the greatest).[”]
The localization of freckles due to inclination can aso be
used to purposely move freckles to alocation in the casting
cross section that is later removed.

B. Calculation of the Local Rayleigh Number in the
Smulations

Having accomplished the prediction of frecklesfor arange
of global thermal conditions, alloy compositions, and incli-
nations (Table I1), the next step is to determine the Rayleigh
number in the simulations. The Rayleigh number varies in
space and time during each simulation, because the domain
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Fig. 5—Example simulation results for an inclined domain (case 2-30): (a) isotherms in Kelvin, (b) velocity vectors and solid fraction contours (in 20 pct

increments), and (c) normalized mixture concentration pattern of Ti.

is not long enough for the heat transfer to become quasi-
steady. This can be observed, for example, from the iso-
therms plotted in Figure 4(a), which indicate that the vertical
temperature gradient is much higher near the cooled bottom
wall than in the upper part of the cavity. Consequently,
according to Eq. [10], the Rayleigh number can be expected
to increase with height from the bottom of the domain. Since
the primary dendrite arm spacing was assumed to be constant
in each simulation case (at the values provided in Table
I1), variations in the cooling rate have no influence on the
Rayleigh number. Thus, the knowledge of the temperature
gradient alone, in addition to the alloy composition and the
primary dendrite arm spacing, is sufficient to evaluate the
local Rayleigh number in the simulations.

The following steps were taken in determining the varia-
tion with height from the bottom of the Rayleigh number
in the simulations:

(1) Each simulation case was repeated with convection
turned off. Thishasanegligible effect on thetemperature
gradients, because convection is nonexistent (in the ver-
tical cases) or weak (in theinclined cases) before channel
formation. In view of Tablell, thismeant seven different
simulations for the CMSX2 aloy (cases 1, 1.5, 2, 3, 4,
5, and 6), and three simulations for the CMSX2m alloy
(1m, 3m, and 4m). With the flow turned off, the inclina-
tion has no effect on the heat conduction simulation.

(2) The local temperature gradient was evaluated at each
time step by measuring the distance h between the lig-
uidus isotherm and the isotherm 10 K below liquidus;
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then, G = 10 K/h. This gradient was assigned to the
location midway between the two isotherms. A tempera-
ture interval of 10 K was chosen in order to obtain a
mean gradient in the region of the mush where the
Rayleigh number is maximum (Section [1-C). When
done, a smooth variation of the temperature gradient
with height from the bottom is obtained.

(3) With the knowledge of the temperature gradient, alloy
composition, and primary dendrite arm spacing, the
(maximum) Rayleigh number is caculated at each
height using the procedure detailed in Section 1.

The resulting variation of the Rayleigh number with height
from the bottom of the domain for each of the different
simulation cases is shown in Figure 6. Because of the
decrease of the temperature gradient with height from the
bottom, the Rayleigh number increases for each case, as
expected from Eq. [10]. At any particular height, the Ray-
leigh number increases when going from case 1 to 6, in
accordance with the decrease in the applied global-tempera-
ture gradient (Table 11). Comparing cases 1 with 1m, 3 with
3m, and 4 with 4m, it can be seen that the CMSX2 dloy is
roughly 3 times more stable, in terms of the Rayleigh hum-
ber, than the CM SX2m alloy for the samethermal conditions.

C. Critical Rayleigh Number for Vertical and Inclined
Smulation Cases

In view of the strong variation of the Rayleigh humber
with height from the bottom of the domain during the smula-
tions (Figure 6), the next step is to decide which Rayleigh
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number is associated with freckle formation. Since Eq. [9]
defines the critical Rayleigh number as the value below
which freckles will not form, the Rayleigh number at the
starting point of afrecklewas chosen to be the critical value.
The height of the starting point of a freckle is measured
from the plots of the mixture concentration (of Ti), such as
those shown in Figures 4(c) and 5(c). An open channel and,
hence, a freckle is only associated with the darkest shade
(i.e., the strongest macrosegregation) in these plots. Each
freckle is preceded by a trail of weaker macrosegregation,
which does not correspond to an open channel in the mush.
This is particularly evident in the inclined cases along the
upper sidewall (Figure 5(c)), as explained in Section IV -A.
Therefore, for the example of Figure 5(c), the freckle starting
point is at a height of approximately 4.7 cm, not closer to
the bottom wall wherethe weak macrosegregation trail starts.
The uncertainty in the freckle starting point measurement
is estimated to be =0.5 cm.

The freckle starting point measurements for each simula-
tion case are listed in Table |1, together with the values of
the corresponding Rayleigh number. The freckle starting
points are also included in Figure 6 as symbols on the curves
of the Rayleigh number variation for each case. For example,
three symbols are present on the curve for case 4, because
three simulations (4-0, 4-10, and 4-30) were performed under
those thermal conditions. Going horizontally to the left of
each symbol, the critical Rayleigh number for each simula-
tion case can be read off the figure. Note that an uncertainty
of =0.5 cm in the freckle starting point location translates
to an uncertainty of approximately 20 pct in the critical
Rayleigh number.

Focusing first on the vertical cases, the following observa
tions can be made. To within the present uncertainties, the
critical Rayleigh numbers for all vertical cases, except case
4m-0, are the same, the mean value being Ray;; = 0.22
(standard deviation: 0.03). This constancy in the critical
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Rayleigh number for the vertical casesisremarkable, consid-
ering the large range of thermal conditions, freckle starting
point heights, and alloy compositions covered in the smula-
tions. For example, the critical Rayleigh number for cases
3-0 and 6-0 (CMSX2 aloy) are the same to within the
uncertainty, even though the freckle starting point is 8.5 cm
in the former case and 0.8 cm in the latter. Similarly, the
critical Rayleigh numbers for cases 3-0 and 3m-0 are the
same, even though the CMSX2 alloy is about 3 times more
stable than the CMSX2m aloy for the same thermal condi-
tions (as discussed previously). The reason for the discrep-
ancy in case 4m-0 can be explained by the fact that the
freckle starting point is essentially at the bottom of the
domain (Figure 4). Freckles will form at the bottom of the
domain whenever the Rayleigh number is above the critical
value. For case 4m-0, the Rayleigh number near the bottom
is about 0.3, so freckles will form right away.

The critical Rayleigh number of 0.22 * 0.03, determined
from the simulations for vertical directional solidification,
isin excellent agreement with the conservative value of 0.25
obtained in Section |11 from the experiments of Pollock and
Murphy.®®! The agreement is remarkable, considering the
uncertainties in evaluating for the experiments the perme-
ability, thermal parameters, and, to a lesser extent, thermo-
physical properties. This comparison can, therefore, be
regarded as a quantitative experimental validation of the
numerical predictions of freckle formation. Clearly, more
comparisons are desirable, but, considering the Rayleigh
number range covered in both the experiments and simula-
tions (from about 0.01 to more than 10 (Figures 3 and 6)),
the evidence is strong. The good agreement between the
critical Rayleigh numbers for the SX-1, CMSX2, and
CMSX2m alloys also indicates that the concept of a single
critical Rayleigh number for all superalloys is valid within
the range of compositions and casting conditions studied.

For the inclined cases, the following observations can be
made from Figure 6. The critical Rayleigh numbers for the
inclined domains are below those for the vertical domain.
Furthermore, the critical Rayleigh numbers decrease with
increasing inclination angle. As for the vertical domain, the
critical Rayleigh numbers are the same for each inclination
to within the present uncertainty. The mean values for each
inclination, together with their standard deviations, are plot-
ted in Figure 7 to better illustrate these trends. The standard
deviations are generally of the same magnitude as the uncer-
tainty in determining the critica Rayleigh number (i.e,
20 pct).

Asindicated in Figure 7 by the dashed line, the decrease
inthecritical Rayleigh number with inclination can be repre-
sented by the following fit:

Rayit = 0.125 — 0.0014¢
for 10 deg = ¢ = 45 deg

[12]

where ¢ is the inclination angle, in degrees, of the domain.
Other fits, including one that involves trigonometric func-
tions, could be found, but Eq. [12] adequately describes the
present limited data. The decrease in the critical Rayleigh
number with increasing inclination can be explained by the
accumulation of segregated, buoyant liquid along the upper
sidewall beforefreckleformation, asexplained in connection
with Figure 5 in Section IV—A. The larger the inclination,
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the more segregated liquid flows toward the upper sidewall
and contributes to the initiation of an open channel.

Interestingly, Figure 7 shows that an extension of the
straight line through the critical Rayleigh numbers for the
inclined cases, given by Eq. [12], does not meet the critical
Rayleigh number at zero inclination. There is a difference
of about a factor of 2 (0.125 vs 0.22), implying that there
must be a sharp decrease in the critical Rayleigh number
between 0 and 10 deg. Hence, even small inclinations (less
than 10 deg) can significantly reduce stability to freckling.
The sharp decrease may be explained by the qualitatively
different convection patterns in the vertical and inclined
cases. Inthe vertical case, thereisno convection in the mush
before channel initiation, and at |east three channel s compete
for the same buoyancy (Figure 4). As soon as there is some
inclination, segregated liquid flows toward the upper side-
wall where the channel forms, and al of the available buoy-
ancy contributes to only one channel (Figure 5). In
directiona solidification of complex-shaped parts, some
inclination of the local temperature gradient with respect to
gravity can be expected to be present always, and the value
of the critical Rayleigh number for the vertical case (0.25)
may never be applicablefor those parts. The good agreement
of the critical Rayleigh number for the vertical case with
the experiments of Pollock and Murphy! indicates that the
inclination effect was small in the experiments. However,
the scatter in the experimental data around the critical value
(Figure 3) may be partially due the various sample geome-
tries and furnaces used by Pollock and Murphy resulting in
different inclination effects. Only direct simulations of each
experiment, together with a careful evaluation of the local
temperature gradients and growth directions, can clarify this
issue. Certainly, additional experimentswith arange of sam-
pleinclinations are needed to validate the present simulation
results for the inclined cases.
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V. APPLICATION TO CASTING

The proposed Rayleigh number criterion can provide a
simple means of evaluating stability to freckling in casting
of single-crystal Ni-base superaloys. The first step would
be to determine the local temperature gradients and cooling
ratesin the casting during solidification. This can be accom-
plished experimentally through the use of multiple thermo-
couples inside the casting, or numerically through the use
of well established casting simulation codes. Since the heat
transfer in complex-shaped castings is rarely quasi-steady,
care should be taken to evaluate the thermal conditions in
al parts of the casting, at the correct times, and over an
appropriate temperatureinterval, in amanner consi stent with
the definition of the present Rayleigh number. When using
simulation, it is also straightforward to determine the local
inclination of the temperature gradient with respect to grav-
ity. In experiments, it is desirable to measure the primary
dendrite arm spacing directly, instead of calculating it from
a correlation such as EQ. [5]. Then, the local (maximum)
Rayleigh number can be calculated according to the proce-
dure detailed in Section Il. Here, the most difficult part is
the evaluation of the liquid densities during solidification.
This can typically only be accomplished if thermodynamic
software, such asthe oneused in the present study, or detailed
phase equilibriuminformation (i.e., liquidus slopesand parti-
tion coefficients) are available, which alow for the calcula-
tion of the liquid species concentrations for a certain
solidification path (e.g., Scheil analysis, Section |1-B). For-
tunately, such software is rapidly becoming generally avail-
able. Finaly, the calculated map of Rayleigh numbersshould
be compared to the critical Rayleigh number established in
the present study. Since the numerically determined effect
of inclination on the critical Rayleigh number has not yet
been verified experimentally, caution should be exercised
when using Eq. [12]. Nonetheless, critical Rayleigh numbers
significantly below 0.25 can be expected when the tempera-
ture gradient is not vertical, such as in the presence of
multidirectional cooling or cross-sectional changes.

There are several additional items that should be taken
into account when interpreting the cal culated Rayleigh num-
ber map for a casting.

(1) Althoughthecritical Rayleigh number isassociated with
the starting point of afreckle in the full numerical simu-
lations, the Rayleigh number criterion cannot provide
the exact location and number of freckles in a casting
cross section (i.e., in a plane normal to the temperature
gradient). Furthermore, the Rayleigh number criterion
cannot be used to accurately determine the end point of
freckles, because freckles can be expected to persist for
some distance even if the local Rayleigh number falls
significantly below the critical value after initiation.

(2) Even if the Rayleigh number is well above the critical
value, freckles may not form if the casting cross section
is too small. As noted in the Introduction, a minimum
cross-sectional areais required to support the fluid flow
patterns associated with each freckle, specifically, the
downward flow through the mush to feed the open chan-
nel. This area is estimated to be of the order of 25 to
100 mn?,4 but further study is required.

(3) Similarly, afrecklewill not form, regardless of the calcu-
lated Rayleigh number, if insufficient vertical height is
availablein the casting to support the fluid flow patterns
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associated with a freckle. Above awall, it is estimated
that at least 20 pct of the total thickness of the mushy
zone must be present before freckles can form. This
estimate is supported by the fact that freckles start sev-
eral millimeters away from alower boundary, depending
on the temperature gradient. A similar estimate can be
made for the necessary height of the single-phase liquid
region above the mush, and freckles will end a few
millimeters before the mush reaches an upper boundary.
As a consequence, freckles will not exist inside the
relatively thin platformstypical in turbine blade castings.

VI. CONCLUSIONS

A Rayleigh number based criterion has been developed
for predicting the formation of frecklesin Ni-base superalloy
castings. This criterion relies on finding the maximum local
Rayleigh number in the mush, where the ratio of the driving
buoyancy forceto the retarding frictional forceisthe largest.
A critical Rayleigh number for freckle formation of approxi-
mately 0.25 has been established using the experimental
data on directional solidification of a Ni-base superalloy of
Pollock and Murphy.[® If the local (maximum) Rayleigh
number in a superalloy casting is below this critical value,
freckles are not expected to form. Additional experiments,
in particular, for other superalloys and casting configura-
tions, are desirableto confirm the critical value. Such experi-
ments should be accompanied by numerical simulation of
the heat transfer during casting, in order to establish accu-
rately the local thermal conditions.

Full numerical simulations of freckling in directiona
solidification of superalloys have been conducted for alarge
variety of casting conditions, alloy compositions, and incli-
nations of the system. For the vertical cases, the Rayleigh
numbers at the starting points of the predicted freckles are
in good agreement with the critical value established from
the experiments. Although additional comparisons should
be performed, the agreement represents a first experimental
validation of freckle predictions from full numerical smula
tions. The smulations also confirm that the same critical
Rayleigh number applies to different superalloys, within the
parametric ranges studied. This implies that the Rayleigh
number based criterion can be used to study the tradeoffs
between different superalloy compositions, applied tempera-
ture gradients, and casting speeds.

Additional simulations provide a first insight into the
effect of inclination of the casting system with respect to
gravity. It is found that even a small amount of inclination
(less than 10 deg) significantly lowers the critical Rayleigh
number and moves the frecklesto the sidewall of the casting,
where the mushy zone has advanced the most relative to
gravity. The critical Rayleigh number decreases further with
increasing inclination. The predicted results on the inclina-
tion effect still need to be verified experimentally.

In application of the proposed Rayleigh number based
freckle predictor to complex-shaped superalloy castings, the
local thermal conditions, solidification path, and liquid den-
sities need to be carefully evaluated. Also, the absence of
freckles near upper and lower boundaries and in sections of
insufficient cross-sectional area or height needs to be taken
into account. These observations are consistent with the fact
that the Rayleigh number criterion alone is not a sufficient
condition for freckles to form.
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Finaly, it should be kept in mind that stability analyses
have shown that the critical Rayleigh number varies with
parameters such as the latent heat, the superheat, and the
phase diagram.[¥ Therefore, even if the variation of the
permeability with solid fraction (Eq. [3]) isfairly universal,
it is unclear if the present value of the critical Rayleigh
number applies to the many freckling experiments that have
been conducted using transparent model aloys and Pb-Sn
aloys. This issue will be investigated in the near future.
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