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Abstract:    This paper presents a redundantly actuated and over-constrained 2RPU-2SPR parallel manipulator with two rotational
and one translational coupling degrees of freedom. The kinematics analysis is firstly carried out and the mapping relationship of the velo-
city, acceleration and the independent parameters between the actuator joint and the moving platform are deduced by using the vector
dot product and cross product operation. By employing d′Alembert′s principle and the principle of virtual work, the dynamics equilibri-
um equation is derived, and the simplified dynamics mathematical model of the parallel manipulator is further derived. Simultaneously,
the generalized  inertia matrix which can characterize the acceleration performance between joint space and operation space  is further
separated, and the performance indices including the dynamics dexterity, inertia coupling characteristics, energy transmission efficiency
and  driving  force/torque  balance  are  introduced. The  analysis  results  show  that  the  proposed  redundantly  actuated  and  over-con-
strained 2RPU-2SPR parallel manipulator in comparison with the existing non-redundant one has better dynamic comprehensive per-
formance, which can be demonstrated practically by the successful application of the parallel kinematic machine head module of the hy-
brid machine tool.
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1   Introduction

Parallel  manipulator  has  many  advantages  such  as

high stiffness, lower inertia and good dynamic character-

istics. It has more obvious advantages than serial ones in

speed,  precision  and  carrying  capacity  in  manufacturing

and industrial applications[1]. To address the specific task

requirement,  the  lower  mobility  parallel  manipulators

have  been  made  as  a  plug  and  play  parallel  module,

which has  good  reconfigurable  capacity  and  can  be  util-

ized to  construct  the  machining  unit  of  high-grade  hy-

brid kinematic machine tools or intelligent equipment sys-

tem.  Therefore,  parallel  manipulators  are  promising  and

potential  candidates  for  advanced  robotics  applications.

At present,  the most successful  application examples are

Tricept  machine  tool[2],  Exechon  machine  tool[3] and

Sprint Z3 parallel spindle head[4], and the three degrees of

freedom parallel manipulator with two rotational degrees

of  freedom  and  one  translational  degree  of  freedom  has

become one of the hottest focus in the mechanism field in

recent  years[5].  Zhang  et  al.[6] divided  the  spatial  1T2R

parallel  manipulators  into  three  categories  according  to

the rotating axis distribution property, namely, PRR con-

figuration, RRP configuration and RPR configuration (P

is a prismatic joint, and R is a revolute joint).

The dynamics modeling of the parallel manipulator is

to  investigate  the  mapping  relationship  between  end-ef-

fector  force  and  the  actuator  driving  force,  which  is  the

kernel issue of the structural design and optimization, the

dynamics performance evaluation,  the driving system se-

lection and the real-time control.  Due to the closed loop

characteristics  of  the  parallel  mechanism,  the  dynamics

has  the  features  of  multi-degree  of  freedom,  multi-vari-

able,  high  nonlinearity  and  multi-parameter  coupling.

Nowadays,  the  common  methods  of  dynamics  modeling

include  the  principle  of  virtual  work[7–9],  the  Lagrange

method[10–12],  the  Newton-Euler  method[13–15] and  Kane

formulation[16], etc.  The  dynamics  performance  evalu-

ation  is  vitally  important  technical  index  for  evaluating

the advantages  or  disadvantages  of  the  parallel  manipu-

lator. Bearing this in mind, Yoshikawa[17] defined the sin-

gular  value  of  the  acceleration  mapping  matrix  between

driving joint and operation space as the dynamics manip-

ulability  ellipsoid  (DME),  which  can  be  employed  as  an

index  to  evaluate  the  dynamics  performance,  and  the

smaller values of the dynamics performance are desirable.

Asada[18] put  forward  the  concept  of  generalized  inertia

ellipsoid (GIE)  and  considered  the  influence  of  accelera-

tion term on the principal axis of the generalized inertial

ellipsoid  in  dynamics  formulation.  More  recently,  Wu et

al.[19] conducted  the  dynamics  performance  evaluation

about three  degrees  of  freedom  parallel  manipulator  ap-

plied to  the  automobile  spraying  equipment,  and  pro-
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posed the maximum and minimum singular  value  of  the

acceleration coefficient  matrix  to  evaluate  the  accelera-

tion performance and isotropy performance.  Cui  et  al.[20]

considered the  transmission  performance  and  accelera-

tion performance  of  the  three  rotational  degrees  of  free-

dom  parallel  manipulator,  and  the  dynamics  dexterity

analysis was accomplished numerically. Zhang et al.[21] es-

tablished the modal and natural frequency analysis of the

3-RPS parallel manipulator in terms of the eigenvalue de-

composition of the inertial matrix to evaluate the dynam-

ics performance. Lu and Li[22] established the general ex-

pression of the dynamics model of the 3-PUU parallel ma-

nipulator based on the principle of virtual work, and util-

ized  the  condition  number  of  the  inertia  matrix  as  the

capability index for evaluating dynamics dexterity.  Li  et

al.[23] proposed  a  local  and  global  index  to  evaluate  the

dynamics performance, and compared the performance in-

dex  of  two  common  parallel  manipulators,  i.e.,  Tricept

and Trivariant. Zhao[24] derived the dynamics model con-

sidering the isotropic  characteristics  of  three  translation-

al  degrees  of  freedom,  put  forward  the  driving  force/

torque  index,  and  further  conducted  the  multi-objective

optimization design. Wu et al.[25] formulated the dynam-

ics  modeling  method  about  redundantly  actuated  and

non-redundantly  actuated  parallel  manipulator  based  on

the  principle  of  virtual  work,  and  the  optimal  driving

force is determined by the Moore-Penrose matrix. Zhao et

al.[26] conducted  the  dynamics  modeling  of  three  degrees

of  freedom  parallel  kinematic  machine  (PKM)  on  the

basis of the inverse kinematics and velocity and accelera-

tion  analysis,  and  verified  the  correctness  of  theoretical

solution according to the desired trajectory. Chen et al.[27]

utilized the vector method to deduce the velocity and ac-

celeration of each component and solve the Jacobian mat-

rix of each limb. The authors adopted the principle of vir-

tual work to establish the dynamics modeling of two rota-

tional  and  one  translational  degrees  of  freedom  3-UPU

parallel  manipulator.  Jiang  et  al.[28] established the  dy-

namics modeling of the novel redundantly actuated paral-

lel manipulator applied in the parallel kinematic machine

tool, and  improved  the  accuracy  of  the  machine  by  ad-

opting redundant  actuation.  In  practical  engineering  ap-

plication, the  dynamics  performance  and  dynamics  re-

sponse characteristics  of  the  mechanism  should  be  syn-

thetically evaluated according to the influence of various

factors  such  as  component  quality,  rotational  inertia,

gravity, velocity, acceleration, etc.

The rest of this paper is organized as follows. Section 1

provides the introduction. Section 2 presents the kinemat-

ic  analysis  and  coordinate  frame  assignation.  Dynamic

analysis  is  carried  out  through  the  principle  of  virtual

work in  Section  3.  Section  4  introduces  some  perform-

ance evaluation  indices.  Some  application  examples  con-

cerning  the  novel  redundantly  actuated  and  over-con-

strained 2RPU-2SPR parallel  manipulator are derived in

Section  5.  Finally,  the  conclusions  are  presented  in

Section 6.

2   Kinematics analysis

2.1   Architecture description and coordin-
ate system setting

ra rb

The redundantly actuated and over-constrained paral-

lel  manipulator  (as  shown  in Fig. 1)  is  composed  of  the

base, the moving platform, four driving branches connect-

ing  the  base  and  moving  platform,  and  end-effector,  in

which the limb 1 and limb 3 form RPU configuration kin-

ematic chain (U denotes a universal joint), the lower end

is  connected  to  the  base  by  the  rotational  joint  and the

upper  end  is  connected  to  the  moving  platform through

the  universal  joint,  while  the  limb 2  and  limb 4  is  SPR

configuration  kinematic  chain  (S  denotes  a  spherical

joint), the lower end is connected to the moving platform

through  compound spherical  joint,  and  the  upper  end  is

connected to the moving platform through the rotational

joint. The moving platform and the base are a square lay-

out, and its circumcircle radii are  and , respectively.

The  kinematic  joints  configuration  arrangement  satisfied

certain  geometric  constraints,  and  the  moving  platform

will own  three  degrees  of  freedom,  namely,  one  transla-

tion and two rotations[29, 30]. The spatial parallel manipu-

lator module is a good candidate for engineering applica-

tion, furthermore, it can connect X-Y linear guide or ring

rail in series to achieve five-axis machine tool, which can

complete  the  complex  special-shaded  surface  free

machining.

B

To facilitate  analysis,  the  fixed  coordinate  system B-

xyz is  attached  to  the  base  platform,  whose  coordinate

origin  is  a  square  center  of  the  circle,  in  which  the x

and y axes are the same as the vector BB1 and BB4, and

the z axis is determined by the right hand rule. The rel-

ative coordinate system A-uvw is set up similarly at the

moving platform. The coordinate origin A is the geomet-

ric  center  of  the  moving  platform,  the u and v axes  are

 

5

Limb 1
Limb 2

Limb 3

Limb 4

 
Fig. 1     A 3D model of the parallel manipulator
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the same as the vector AA1 and AA4,  and the w axis is

determined by the right hand rule. In addition, the chain

local coordinate system Bi-xiyizi (i=1, 2, 3, 4) is connec-

ted to  each  limb  joint,  the  origin  of  the  coordinate  sys-

tem is  at  the Bi joint,  the zi axis  points  from Bi to Ai,

the yi (i=1, 3) axis coincides with the rotation axis of the

rotational  joint,  while yi (i=2,  4)  coincides  with  the

second  axis  of  the  compound  spherical  joint,  and  the xi
axis is determined by the right hand rule.

2.2   Position analysis

α

β

p
(

x y z
)

BRA

The  pose  coordinate  transformation  matrix T of  the

redundantly actuated  and  over-constrained  parallel  ma-

nipulator is obtained through three times complex trans-

formation, i.e., rotate  around x axis, move d along new

z axis,  and  then  rotate  around v axis  of  the  moving

platform. Its position can be represented by position vec-

tor  and rotation matrix , and the ho-

mogeneous coordinate transformation matrix can be writ-

ten as

T =

[
BRA p

0 1

]
= Rot(x, α)Trans(z, d)Rot(v, β) =

cβ 0 sβ 0
sαsβ cα −sαcβ −dsα
−sβcα sα cαcβ dcα

0 0 0 1


(1)

where s and c are  the  abbreviations  of  sine  and  cosine

functions, respectively.

{
x = 0
y = −dsα

z = dsα.

(2)

Equation  (3)  is  the  parasitic  motion  of  the  parallel

manipulator through further derivation:

y = −z tanα. (3)

p =
[

x y z
]T

α, β, z vp

ωp

vs =
[

α̇ β̇ ż
]T

It  can  be  seen  from  (2)  that  the  position  vector

 of  the  moving  platform is  a  function

of ,  so  the  linear  velocity  and  angular  velocity

 of the mechanism can be expressed by the independ-

ent variables 

vp =



∂x

∂α

∂x

∂β

∂x

∂z

∂y

∂α

∂y

∂β

∂y

∂z

∂z

∂α

∂z

∂β

∂z

∂z

 = Jvp


α̇

β̇

ż

 (4)

where

Jvp =

 0 0 0
−zsec2α 0 − tanα

0 0 1

 .

The angular  velocity  of  the  mechanism  can  be  ex-

pressed as a linear superposition of the Euler angles:

ωp = Rot(α)α̇+ 0ż +Rot(β)β̇ = Jwp

 α̇

β̇
ż

 (5)

where

Jwp =

 1 0 0
0 cα 0
0 sα 0

 .

Therefore, the  mapping  relationship  between  general-

ized velocity and the independent parameter velocity can

be expressed as

q̇ =

[
vp

ωp

]
=

[
Jvp

Jwp

]
vs = Jpvs (6)

Jpwhere  is the Jacobian matrix of the moving platform.

Fig. 2 shows the structural diagram of the parallel ma-

nipulator, where  we  can  see  that  the  closed  vector  con-

straint equation of the chain can be expressed in the fixed

coordinate system:

bi + disi = p+ ai. (7)

bi
Aai

ai
Aai

ai = R · Aai

In  (7),  is  the  description  of  the  position  vector  in

the fixed coordinate system, and  is the description of

the position vector in the relative coordinate system, and

 is  the  representation  of  vector  in the  fixed  co-

ordinate system, namely .

The position inverse solution can be derived by
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x
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Fig. 2     Schematic of the parallel manipulator
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di = ∥p+ai − bi∥ (8)

∥·∥where  represents the 2-norm of a vector, thus

si =
∥p+ai − bi∥

di
. (9)

γi

θi
BRi

The chain local coordinate system can be obtained by

the rotation  transformation  of  the  fixed  coordinate  sys-

tem by the two Euler angles, i.e., rotate  around zi axis,

then  rotate  around yi axis  resulting  in  the  coordinate

system Bi-xiyizi, and then the rotation matrix  of the

chain  coordinate  system  relative  to  the  fixed  coordinate

system can be obtained as

BRi =Rot(γi, zi)Rot(yi, θi) = cγicθi −sγi cγisθi
cθisγi cγi sγisθi
−sθi 0 cθi

 . (10)

γi

γ1 =
π

2
γ3 =

3π

2

It is noteworthy that the chain i (i=1, 3) can only ro-

tate  around yi axis,  so  is  a  constant  value,  namely

, .

si
isi

isi =
[

0 0 1
]T

The chain unit vector  is expressed as  in the loc-

al coordinate system, namely 

si =
BRi · isi =

[
cγisθi sγisθi cθi

]T
. (11)

γi θiThrough simplification  and  solving  of  (11),  and 

can be readily obtained as

cθi = siz, sθi =
√

six2 + siy2, 0 ≤ θ ≤ π

cγi =
six
sθi

, sγi =
siy
sθi

(12)

six siy sizwhere , ,  are  the  components si of x, y, z,

respectively,  and  once  the  location  parameters  of  the

moving  platform  are  given,  the  unit  vector  and  Euler

angles of the chains can be determined by (11) and (12).

The  structural  diagram  of  the  chain i is  shown  in

Fig. 3, each of that consists of a swing rod and a telescop-

ic rod. Let e1 be the distance between the centroid Bi and

the center of mass of the swing rod, while e2 be the dis-

tance  of  the  centroid Ai and  the  center  of  mass  of  the

telescopic rod. The position vector of the centroid of the

swing  rod  and  the  centroid  of  the  telescopic  rod  in  the

fixed coordinate system can be written as

r1i = bi + e1si (13)

r2i = bi + (di − e2)si. (14)

2.3   Velocity analysis

The  inverse  kinematics  (7)  should  be  differentiated

with respect to time, and the velocity of kinematic joints

Ai connected to the moving platform can be obtained in

the fixed coordinate system:

vai = vp + ωp × ai = Jaiq̇ (15)

vp ωpwhere  and  are the velocity and angular velocity of

the  center  of  the  moving  platform,  respectively.

Furthermore, we can obtain the following

Jai =

 1 0 0 0 aiz −aiy

0 1 0 −aiz 0 aix

0 0 1 aiy −aix 0

 . (16)

ḋiThe active prismatic joint velocity  along the actu-

ation si can be expressed as

ḋi = si
T · vai = si

T · (vp + ωp × ai) = Jdiq̇. (17)

By  rewriting  (17)  in  the  matrix  format,  we  get

Jdi =
(

si
T (ai × si)

T )
. (18)

The  velocity  of  the  centroid  of  the  kinematic  joints

connecting the moving platform can be also obtained by

taking the time derivative of (7):

vai = ḋi · si + di · (ωi × si) (19)

ωiwhere  is the angular velocity of the chain i in the fixed

coordinate system.

By taking the cross product of both sides of (19), we

can obtain the angular velocity of the chain i:

ωi =
si × vai

di
= Jwiq̇ (20)

Jwi =
s̃iJai

di
s̃iwhere ,  and  is  anti-symmetric  operator
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Fig. 3     Structure diagram of the chain
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sicorresponding to the vector .

s̃i =

 0 −siz siy
siz 0 −six
−siy six 0

 . (21)

Taking the derivative of (13) and (14) with respect to

time, the velocity of the center of mass of the swing rod

and telescopic  rod  can  be  obtained  in  the  fixed  coordin-

ate system.

v1i = e1ωi × si = Jv1q̇ (22)

Jv1i = −e1 · s̃iJwiwhere 

v2i = (di − e2)ωi × si + ḋi · si = Jv2q̇ (23)

Jv2i = (e2 − di) · s̃iJwi + siJdi.and 

Combining (20), (22) and (23) yields

Jvω1i =

[
Jv1i

Jwi

]
, Jvω2i =

[
Jv2i

Jwi

]
(24)

Jvω1i Jvω2iwhere  and  are  the  generalized  Jacobian

matrices of the chain i.

2.4   Acceleration analysis

Taking the derivative of (15) with respect to time, the

acceleration of the point Ai can be obtained as

v̇ai = v̇p + ω̇p × ai + ωp × (ωp × ai). (25)

The  acceleration  of  the  kinematic  joints Ai,  in  the

fixed  coordinate  system,  is  also  expressed  by  taking  the

derivative of (19) with respect to time

v̇ai = d̈isi+2ḋiωi×si+diω̇i×si+diωi×(ωi×si). (26)

siTaking the dot product of both sides of (25) with ,

ω̇i =
si × v̇ai − 2ḋiωi

di
= Jwq̈ +Kwq̇ (27)

Kw =
s̃iJ̇ai − 2JaJwq̇

di
.where 

Taking the derivative of (17) with respect to time, the

acceleration of the active prismatic joint can be obtained

as

d̈i = si
T · v̇ai + vai

T · (ωi × si) = Jdq̈ +Klq̇ (28)

Kl = si
T · J̇ai − [Jaiq̇]

T · s̃i · Jwiwhere .

The  acceleration  of  the  center  of  mass  of  the  swing

rod and the telescopic rod can be obtained by differenti-

ating (13) and (14) with respect to time:

v̇1i = e1ω̇i × si + e1ωi × (ωi × si) = Jv1iq̈ + J1q̇ (29)

J1 = −e1s̃iKw − e1si · (Jwiq̇)
TJwiwhere 

v̇2i =d̈i · si + 2ḋi(ωi × si) + (di − e2)ω̇i × si+

(di − e2)ω̇i × (ωi × si) =

Jv2iq̈ + J2q̇ (30)

J2 = si ·Kl − 2Jdi · q̇ · s̃i · Jwi + (e2 − di)[s̃i ·Kw+

si(Jwiq̇)
TJwi]

and 

.

3   Dynamics analysis

The inverse dynamics problem of the parallel manipu-

lator is to determine the required driving force under the

requirement to  produce  output  motion  trajectory.  Ac-

cording to d′Alembert′s principle, the force applied on the

centroid of each component includes gravity, inertia force

and inertia moment. When we considered the whole sys-

tem, ignoring the effect of friction in the component, the

external force and inertia wrenches exerted on the center

of the moving platform can be expressed as

Fp =

[
fp

np

]
=

[
fe +mag −mav̇p

ne − BIpω̇p − ωp × (BIpωp)

]
(31)

BIp = BRA
AIp(

BRA)
T

where fe and ne represent  the  external  force  and  the

external  torque  acting  at  the  center  of  the  moving

platform,  respectively.  is  the

inertia  matrix  of  the  moving  platform  in  the  fixed

coordinate system.

Assuming that the external  force acting on the chain

is only gravity, the external force and inertia force of the

chain in the fixed coordinate system can be expressed as

F1i =

[
f1i

n1i

]
=

[
m1ig −m1iv̇1i

−BI1iω̇i − ωi × (BI1iωi)

]
(32)

F2i =

[
f2i

n2i

]
=

[
m2ig −m2iv̇2i

−BI2iω̇i − ωi × (BI2iωi)

]
(33)

BI1i =
BRi

iI1i(
BRi)

T BI2i =
BRi

iI2i(
BRi)

T.where , 
iI1i

iI2iIn the above,  and  stand for  the inertia  mat-

rix of the swing rod and the telescopic rod is expressed in

the chain local coordinate system, respectively.

We now adopt the principle  of  virtual  work,  and the

dynamics equation of the redundantly actuated and over-

constrained 2RPU-2SPR parallel  manipulator  can be ex-

pressed as

δdTτ + δqTFp +
∑
i

(δr1i
TF1i + δr2i

TF2i) = 0. (34)

The virtual displacement in (34) must satisfy the mo-

tion constraints of the kinematic joints, therefore, it is ne-

cessary to associate the virtual displacement with a series

of independent generalized displacement, namely
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δd = Jdδq (35)

δr1i = Jvω1δq (36)

δr2i = Jvω2δq. (37)

Substituting (35)–(37) into (34) and simplifying yields

vs
T · Jp

T(Jd
Tτ + Fp +

∑
i

Jvω1
TF1i +

∑
i

Jvω2
TF2i) = 0.

(38)

For arbitrary vs, the (38) is always satisfied, hence we

can obtain

Jp
T(Jd

Tτ + Fp +
∑
i

Jv1
TF1i +

∑
i

Jv2
TF2i) = 0.

(39)

Simplifying (39), the driving forces can be obtained as

follows:

τ = −
[
(JdJp)

T
]+

Jp
T(Fp +

∑
i

Jvω1
TF1i +

∑
i

Jvω2
TF2i)

(40)

[·]+

J0
T(

J0
T)+ = J0(J0

TJ0)
−1

(J0
T)+J0

T = E

where  denotes the Moore-Penrose inverse matrix. The

Moore-Penrose inverse of the matrix  can be denoted

as  and  the  condition

 should be satisfied.

Equation (40) is a dynamics model of the parallel ma-

nipulator, which can be simplified and the general expres-

sion of dynamics equation in the joint space can be writ-

ten as

τ = M(q)q̈ +C(q)q̇ +G(q)−
[
(JdJp)

T
]+

Jp
T
[

fe

ne

]
(41)

where

M(q)q̈ =
[
(JdJp)

T
]+

Jp
T{[

mav̇p

BIpω̇P

]
+

∑
i

Jvω1i
T

[
m1iv̇1i

BI1iω̇i

]
+

∑
i

Jvω2i
T

[
m2iv̇2i

BI2iω̇i

]}

C(q)q̇ =
[
(JdJp)

T
]+

Jp
T{[

0
ωP × (BIpωP )

]
+

∑
i

Jvω1i
T
[

0
ωi × (BI1iωi)

]
+

∑
i

Jvω2i
T
[

0
ωi × (BI2iωi)

]}

G(q) =−
[
(JdJp)

T
]+

Jp
T

{[
mag

0

]
+

∑
i

Jvω1
T

[
m1ig

0

]
+

∑
i

Jvω2
T
[

m2ig
0

]}

M(q)

C(q)

G(q)

where  is  the  generalized  inertia  matrix  of  the

redundantly  actuated  and  over-constrained  parallel

manipulator which characterizes the mapping relationship

between the acceleration of the moving platform and the

actuating  torques,  is  the  nonlinear  velocity

coefficient  term  including  the  centripetal  force  and  the

Coriolis force, and  is the gravitational force term of

the inverse dynamic equations.

M(q)q̈

Because of the coupling characteristics of the mechan-

ism,  can be reorganized to obtain the inertia mat-

rix  indicating  the  acceleration  mapping  relationship

between the joint driving force/torque and the independ-

ent motion parameter, namely

M(vs)4×3 =
[
(JdJp)

T
]+ {

Jp
T
[

maJvp
BIpJωp

]
+

∑
i

Jp
TJvω1i

T
[

m1iJv1i
BI1iJωi

]
Jp+

∑
i

Jp
TJvω2i

T
[

m2iJv2i
BI2iJωi

]
Jp

}
. (42)

4   Dynamics performance indices

Upon considering  the  application  and  working  condi-

tions of the parallel manipulator, this paper treats the dy-

namics dexterity, inertia coupling characteristics, the en-

ergy transmission efficiency and the driving force/torque

balance as the performance indices of the proposed paral-

lel manipulator.

4.1   Dynamics dexterity

Dynamics dexterity is an important index to evaluate

the  acceleration  and  deceleration  characteristics  of  the

mechanism. Because  the  inertia  factor  related to  the  ac-

celeration plays  a  crucial  role,  the  generalized  inertia  el-

lipsoid is established based on the generalized inertial el-

lipsoid principle,  and  dynamics  dexterity  index  is  adop-

ted for  evaluating the dynamics  performance and inertia

characteristics of the mechanism. The ratio of the minim-

um and maximum singular eigenvalue of the inertia mat-

rix,  that  is  the  reciprocal  of  condition  numbers,  can  be

used as the evaluation index

kM =
λmin(M)

λmax(M)
(43)

kM = 1when ,  it  is  shown  that  the  mechanism  was

dynamics  isotropic  in  this  configuration.  The  dynamics
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kM 0 ≤ kM ≤ 1

kM

dexterity  satisfies the range of , and when

the value of  is close to 1, the parallel manipulator has

good dynamics dexterity and the acceleration performance.

4.2   Inertia coupling characteristic

M(q)

The inertia coupling characteristics is the main factor

affecting the dynamic response of the parallel manipulat-

or. For the parallel manipulator with rotations and trans-

lation coupling  degrees  of  freedom,  the  coupling  charac-

teristics of the inertia force/torque will  affect the output

precision.  Therefore,  it  is  very  important  to  reasonably

evaluate the inertia coupling characteristics of the paral-

lel  manipulator  for  eliminating  or  reducing  the  errors

caused by the inertia coupling[31]. The ratio of the sum of

absolute values in every row of the inertia matrix 

expect the main diagonal elements and absolute value of

the  main  diagonal  elements  is  employed  as  the  measure

index  of  the  coupling  magnitude  of  the  coupling  inertia

and the equivalent inertia of the mechanism, namely

MIC1 =
|M12|+ |M13|

|M11|

MIC2 =
|M21|+ |M23|

|M22|

MIC3 =
|M31|+ |M32|

|M33|
(44)

MICwhere  denotes  the  inertia  coupling  index  of  the

parallel  manipulator,  and  the  amplitude  represents  the

inertia  coupling  intensity.  When  the  index  increases,  it

shows  that  the  coupling  inertia  of  the  mechanism

becomes  larger  and  the  coupling  characteristics  are

enhanced, and the dynamic response characteristics of the

mechanism are reduced.

4.3   Energy transmission efficiency

For the parallel manipulator with rotations and trans-

lation coupling degrees of freedom, owing to the inconsist-

ent  dimension,  the  algebraic  values  of  condition  number

or manipulability  will  present  the  phenomenon  of  un-

known physical  meaning.  With  introduction  of  the  en-

ergy efficiency coefficient, a dimensionless performance in-

dex is independent coordinate system, which can be util-

ized to evaluate the dynamics performance of the parallel

manipulator. For parallel manipulator, the output energy

of the moving platform is treated as the effective energy,

and the ratio of  the effective energy to all  the energy of

storage components is used as the energy transmission ef-

ficiency[32, 33], i.e.,

η =
Ep

Eall
(45)

where Ep is the energy of the moving platform, and Eall is

the energy of the parallel manipulator, namely

Ep =
1

2
vs

T(maJvp
TJvp + Jωp

TBIpJωp)vs

Eall =
1

2
vs

T[maJvp
TJvp + Jωp

TBIpJωp+∑
i

(m1iJv1
TJv1 + Jω1

TBI1iJω1)+∑
i

(m2iJv2
TJv2 + Jω2

TBI2iJω2)]vs.

Obviously, the higher  the energy of  the moving plat-

form is, the greater is the energy transmission efficiency.

4.4   Driving force/torque balance

τ1 τ2 τ3 τ4

τ̄

Inspired by  the  probability  theory,  this  paper  under-

takes a research on the fluctuation of the discrete points.

The  concept  of  driving  force/torque  mean and deviation

are generally  used  to  evaluate  driving  force/torque  bal-

ance. The actuation force value at the prismatic joint of

each driving chain , ,  and  can be calculated for

a given desired task requirement, the driving force mean

 can be straightforwardly expressed as

τ̄ =
(τ1 + τ2 + τ3 + τ4)

4
. (46)

σAnd  the  standard  deviation  of  the  four  driving

forces can be calculated, i.e.,

σ =

√
(τ1 − τ̄)2 + (τ2 − τ̄)2 + (τ3 − τ̄)2 + (τ4 − τ̄)2

4
(47)

τ̄

σ

where  denotes the mean index of the driving forces, and

 is  the  balance  stability  index  of  the  four  driving

branches.

5   Application examples and perform-
ance analysis

ra
rb ma

m1i

m2i

Bi

e1
Ai e2

g =
[

0 0 −9.807
]T

fe =
[

2 5 8
]T

In accordance with specific task requirement, a physic-

al  prototype  (as  depicted  in Fig. 4)  is  fabricated,  whose

main technical parameters are listed as: the radius of the

base is  = 0.15 m, the radius of the moving platform is

 =  0.25 m,  the  mass  of  the  moving  platform  is  =

5 kg, the mass of the swing rod is  = 2.5 kg, the mass

of the telescopic rod is  = 0.5 kg, the distance between

the centroid of the swing rod and the universal joint  is

 = 0.3 m, the distance between the centroid of the tele-

scopic rod and the joint  is  = 0.2 m, the gravity ac-

celeration  is ,  the  external  force

 and  the  external  torque
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ne =
[

1 3 5
]T

,  and  the  inertia  matrix  about  the

center of mass of chain i can be determined by the Solid-

works software as follows (unit: kg·m2):

AIp =

 2.3 0 0
0 4.9 0
0 0 3.1

× 10−3

iI1i =

 8.3 0 0
0 8.3 0
0 0 0.3

× 10−2

iI2i =

 2.2 0 0
0 2.2 0
0 0 0.01

× 10−2.

Specifically, the  motion  trajectory  parameter  equa-

tion of the moving platform is given as
α(t) =

π

6
sin(2t)

β(t) =
π

6
sin(2t)

z = 0.8 + 0.2 sin(2t).

(48)

5.1   Dynamics dexterity analysis

0.2–1

The  results  of  the  analysis  are  depicted  in Fig. 5,
where the distribution of dynamics dexterity at different

heights is demonstrated. From Fig. 5, the dexterity of the

mechanism  is  closer  to  1  as  the  height  decreases,  which

indicates  better  dynamics  dexterity  and  higher  motion

precision  of  the  mechanism.  Moreover,  the  range  of  the

local  condition number varies continuously in ,  and

the  value  decreases  when  the  configuration  gets  close  to

the boundary  of  the  workspace.  Furthermore,  the  distri-

bution  is  uniform,  the  change  is  stable,  and  there  is  no

sudden change, which illustrate that the proposed paral-

lel manipulator has better dynamics dexterity.

5.2   Inertia coupling index analysis

Figs. 6 –  8 show the  inertial  coupling  index  distribu-

tion  atlases  of  the  redundantly  actuated  and  over-con-

strained  2RPU-2SPR  parallel  manipulator  at  different

heights.

y = −dsα

α β

The  variations  of  the  coupling  inertia  characteristics

index  of  the  parallel  manipulator  are  depicted  in

Figs. 6 –  8. It is shown in Fig. 6 that the effect of the actu-

ator  force,  and  the  value  of MIC1 is  little  smaller  than

MIC2 or MIC3, which means that the diagonal element is

larger  than  the  others,  and  accounts  for  the  dominant

factor of the inertial term. In fact, this also explains (2),

x = 0,  without  parasitic  motion  in x direction,  while

 has  parasitic  motion  in y direction,  so  the

coupling  characteristic  is  relatively  larger  than MIC2 or

MIC3. Figs. 7 and 8 reflect the distribution of the inertial

coupling index in the whole workspace, and illustrate the

influence  of  Euler  angles  and  at  different  heights.

 

Control
cabinet

Prototype

 
Fig. 4     A physical prototype of the parallel manipulator
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α β

Owing to  the  symmetry  of  the  mechanism,  the  distribu-

tion  of  the  inertia  coupling  index  about  the  coordinate

axis also  presents  certain  symmetry.  In  the  whole  work-

space, Figs. 7 and 8 show that the coupling index of iner-

tia coupling of driving shaft is minimal at the initial posi-

tion.  With  the  increase  of  Euler  angles  and ,  the

coupling characteristics is also increasing.

5.3   Energy transmission efficiency analysis

The  higher  the  energy  transmission  efficiency  is,  the

higher the effective energy of the moving platform is and

the  lesses  the  energy  loss  in  the  transmission  process.  If

generalized  velocity  parameter vs is given,  the  transmis-

sion efficiency  of  the  parallel  manipulator  can  be  calcu-

lated by (45), and the result can be depicted in Fig. 9.

0.705–0.745
The range of the energy transmission efficiency index

values  in  whole  workspace  is  according  to

Fig. 9. Furthermore,  the  higher  the  transmission  effi-

ciency is, the better transmission performance of the par-

allel manipulator is. In the path planning of the mechan-

ism, the  parallel  manipulator  should  work  in  the  work-

space  with  high  energy  transmission  efficiency  as  far  as

possible,  so  that  the  mechanism  exerts  better  dynamics

performance,  simultaneously,  the  motion  precision  and

control  precision  of  the  parallel  manipulator  can  be

greatly improved  by  the  introduction  of  actuation  re-

dundancy.

5.4   Driving force/torque balance analysis

0–4
4–16

The  distribution  of  the  driving  force/torque  balance

performance  index  is  shown  in Fig. 10.  According  to  the

given  trajectory  expression  (48),  the  moving  platform

conducts  certain  motion  process,  the  variation  range  of

the mean of the driving force is . The standard devi-

ation of the driving force changes with . The changes

of  mean  and  the  standard  deviation  of  the  driving  force

are continuous, without mutation and jump, which shows

that the  potential  distributions  are  in  the  smooth  chan-

nel  and  the  driving  force/torque  balance  performance  of

the parallel manipulator is very well.

The amplitude of the required driving force of the re-

dundantly  actuated  and  over-constrainted  2RPU-2SPR

parallel manipulator is shown in Fig. 11. It is obvious that

the  driving  force  of  the  servomotor  is  changed  smoothly

under  the  external  force  and  torque,  without  singularity

and mutation, which embodies the superior dynamics per-

 

60

50

40

30

20

M
IC

2

30
15

0
−15

−30
β (°) α (°)−30

−15 0 15 30

z=0.8
z=0.9
z=1.0

 
τ2Fig. 7     Distribution of MIC2 versus driving force 

 

 

25

20

15

10

M
IC

3

30
15

0
−15

−30
β (°) α (°)−30

−15 0
15 30

z=0.8
z=0.9
z=1.0

 
τ3Fig. 8     Distribution of MIC3 versus driving force 

 

 

1.6

1.4

1.2

1.0

0.8

0.6
30

15
0
−15

−30 −30
−15 0 15

30

α (°)
β (°)

z (
m

)

0.745

0.740

0.735

0.730

0.725

0.720

0.715

0.710

0.705

 
Fig. 9     Distribution of energy transmission efficiency

 

 

D
riv

in
g 

fo
rc

e 
τ (

N
)

16

14

12

10

8

6

4

2

0

−2

−4
0 1 2 3 4 5 6 7

Time (s)

σ
τ

 
Fig. 10     Driving forces mean and deviation versus time

 

 282 International Journal of Automation and Computing 16(3), June 2019
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formance  of  the  parallel  manipulator,  and  the  driving

force  curves  and ,  curves  and  are approxim-

ately  symmetric,  for  which  the  driving  force  behavior  is

not  only  affected  by  the  structural  parameters  of  itself,

but  also  affected  by  the  parasitic  motion  characteristics

(seen from (2) and (3)).

The  four  driving  forces  of  the  redundantly  actuated

and  over-constrained  2RPU-2SPR  parallel  manipulator

with respect to time are achieved and shown in Fig. 11. It

is  worth  noting  that  the  maximum  driving  force  of  the

whole motion process is  42.4 N under the prescribed mo-

tion trajectory. Under the same motion trajectory and the

same  structural  parameters,  the  three  driving  forces  of

the  non-redundant  over-constrained  2RPU-SPR  parallel

manipulator,  removing the  fourth SPR limb,  are  plotted

in Fig. 12.  The  maximum  value  of  the  driving  force  is

51.6 N. By contrast, with the introduction of actuation re-

dundancy, the  maximum  driving  force  of  the  redund-

antly  actuated  parallel  manipulator  is  less  than  non-re-

dundant parallel  manipulator,  which  shows  that  the  re-

dundant  actuation  can  effectively  decrease  the  driving

force and improve the  dynamics  comprehensive  perform-

ance of the mechanism.

6   Conclusions

In  this  paper,  the  dynamics  performance  evaluation

method  for  a  novel  redundantly  actuated  and  over-con-

strained 2RPU-2SPR parallel manipulator with two rota-

tions  and  one  translation  coupling  degrees  of  freedom is

systematically investigated, and the following conclusions

can be obtained:

1) The inverse position analysis of the proposed paral-

lel manipulator has been formulated, and the mapping re-

lationship of  velocity  and  acceleration  between  the  driv-

ing chain and operating joint space are straightforwardly

deduced. In terms of the principle of virtual work, the dy-

namics standard formulation of the proposed parallel ma-

nipulator  is  established  and  the  inertia  matrix  including

acceleration term is also separated and the optimal driv-

ing force  value is  obtained by employing the generalized

Moore-Penrose inverse matrix.

2)  The  performance  evaluation  indices  including  the

dynamics  dexterity,  the  inertia  coupling  characteristics,

the  energy  transmission  efficiency,  and  driving  force/

torque balance are introduced. The distribution atlases of

the  redundantly  actuated  and  over-constrained  2RPU-

2SPR parallel manipulator in the workspace are depicted

in details.  The  results  show  that  the  proposed  mechan-

ism has better dynamics comprehensive performance.

3) The  dynamics  performance  evaluation  indices  pro-

posed in this paper can well describe the dynamics com-

prehensive performance  of  the  parallel  manipulator,  fur-

thermore  this  study  not  only  provides  the  theoretical

foundation  for  structure  design,  trajectory  planning  and

real-time control of the parallel manipulator, but also this

parallel manipulator demonstrates a good engineering ap-

plication prospect.
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