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Abstract:   This work proposes a soft sensor based on a phenomenological model for online estimation of the density and viscosity of a
slurry  flowing through a pipe-and-fittings assembly (PFA). The model  is developed considering the conservation principle applied to
mass and momentum transfer and considering frictional energy losses to include the variables directly affecting slurry properties. A re-
ported proposal for state observers with unknown inputs is used to develop the first block of the observer structure. The second block is
constructed with two options  for evaluating slurry viscosity, generating two possible estimator structures, which are tested using real
data. A comparison between them indicates different uses and capabilities according to available process information.
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1   Introduction

Slurries are the types of  fluids predominant in indus-

tries  like  food,  paper  and  mineral  processing[1–4].  The

transport of particles to or from size reduction or extrac-

tion  processes  implies  operations  with  slurries  in  the

plant.  Material  particles  such  as  crystals  or  fibers  are

mixed  with  water,  and  eventually  reagents  to  form  a

slurry.  They  are  then  processed,  which  strongly  affects

the  slurry  properties[5].  The  majority  of  slurries  exhibit

non-Newtonian behavior and the properties and rheology

of the suspension do not depend on only one parameter or

process  variable[6–8].  These  properties  are  normally  used

as the quality indicator of the processed material. For in-

stance,  in  distributed  control  of  chemical  networks,  the

distributed  state  estimation  is  a  crucial  thing  to

consider[9].  Therefore,  to  guarantee  optimal  operation,

slurry properties must be correctly determined, measured,

or estimated.

There are direct and indirect methods for characteriz-

ing the rheology of non-Newtonian fluids in each particu-

lar  processing  industry[10, 11].  The  direct  methods  consist

of  using  off-line  techniques  to  determine  slurry  rheology

(e.g.,  in  laboratory),  while  the  indirect  methods  use  the

available  information  of  other  measured  variables  from

slurry processing or transport to estimate the slurry prop-

erties, for instances, the software sensors (soft sensors). In

this case, soft sensors have been designed based on empir-

ical  models[2, 6, 11, 12],  which  provide  poor  information

about the phenomenology of the process. Those empirical

models  are  not  generalized  with  other  similar  processes

because they strongly depend on installation particularit-

ies and the kind of slurry being studied. Indeed, the phe-

nomena that  influence  the  slurry  rheology are  not  expli-

citly considered for the construction of an empirical mod-

el.  Therefore,  the  estimation  of  slurry  properties  using

soft sensor based on empirical modeling is difficult when

there  are  changes  in  process  inputs,  or  when  changes  in

phase  properties  modify  slurry  rheology.  If  the  main

factors affecting the properties of the mixture are known,

the  viscosity,  as  interesting  rheological  property,  can  be

determined through a soft sensor, using a model based on

phenomenology[13, 14]. This  kind  of  model  allows  an  ex-

planation  of  the  dependence  of  slurry  properties  on

factors and parameters governing the slurry flow[15–18].

In this work, we propose an online estimation of rhe-

ological  properties  of  slurries  in  general,  including  three

key elements. The first one is the detailed development of

a  phenomenological  based  semi-physical  model  (PBSM)

for slurries flowing through a typical pipe-and-fittings as-

sembly.  Current  available  models  of  this  process  do  not

allow  the  construction  of  the  required  observer,  because

of their static character or their inadequate mathematic-

al  structure.  The  second  one  is  the  incorporation  of  the

PBSM  into  online  observation  of  slurry  density  using

commonly available  measurements:  flow  rate  and  pres-

sure.  The  third  one,  and  also  the  main  contribution  of
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this work, is the way in which the main disturbance (the

unknown input) was added to the model, and the estima-

tion of two different viscosity calculation blocks to estim-

ate both  slurry  properties.  In  particular,  this  work  fo-

cuses  on  mineral  slurries,  but  the  proposed  procedure  is

applicable to other industrial processes using this kind of

fluid.  We  want  to  point  out  that  the  term  observer  is

used  for  the  known  structure  for  state  estimation[19, 20],

and the term estimator is  used for structure as a whole,

containing one or more observers inside.

The  paper  is  organized  as  follows.  In  Section  2,  the

proposed model for the flow process of a slurry through a

pipe-and-fittings  assembly  (PFA)  is  explained  in  detail

and the  estimation  structure  is  described  and  character-

ized. In  Section  3,  the  two  estimator  proposals  are  ap-

plied  to  a  real  mineral  processing  process  located  in

Colombia. Simulation results using the PBSM of the pro-

cess  as  the  plant  and  the  estimator  structures  as  soft

sensor  for  slurry  viscosity  and  density  are  shown.  This

paper closes with some brief conclusions in Section 4.

2   Estimation structure for density and
viscosity of a slurry

One requirement for proposing a soft sensor is to have

a model of the process where relations between measured

variables and those variables to be estimated are explicit.

Models for slurry flow in pipelines are available in the lit-

erature,  some  are  simple[16],  and  others  are  more

complex[21, 22].  However,  due  to  the  static  character  and

non-explicit  form  of  those  process  variables  which  affect

rheological  properties,  e.g.,  density  and  viscosity,  these

models  do  not  allow  to  be  considered  as  structure  for  a

soft  sensor.  Therefore,  a  phenomenological  based  semi-

physical model is developed here, using the methodology

proposed[14, 23].

2.1   Model of a slurry flowing through a
PFA

P1

P2

Let  us  consider  a  pipe-and-fitting  assembly  (PFA)

where  a  mineral  slurry  is  transported  from  one  process

unit to another, as shown in Fig. 1. The intention is to es-

timate  slurry  density  and  viscosity  using  the  available

measurements in the PFA section: inlet pressure, , out-

let  pressure, ,  pressure  transmitters  (PT1  and  PT2),

and volumetric flow rate of the slurry, Q, and flow trans-

mitter  (FT).  For  this  model,  the  following  assumptions

are considered:

1)  The  slurry  is  a  mixture  of  water  with  solids,

without chemical reactions taking place, and with no heat

exchange with surroundings.

2) The concentration of solids in the mixture at inlet

point is an unknown input.

3)  The  fluid  suffers  energy  losses  due  to  friction

between fluid and pipe walls, and between fluid portions

in contact during the flow.

4)  For  the  vertical  pipeline  section,  a  turbulent  flow

regime is considered to avoid sedimentation of solids.

Based on  the  above  and  according  to  the  methodo-

logy for developing a PBSM, a process systems block dia-

gram for selected PFA section is illustrated in Fig. 2. Two

process systems (PS) are required to identify the interac-

tions causing energy losses, which are detected as a pres-

sure  drop  in  the  pipeline.  The  process  system  I  (PS-I)

represents the slurry contained in the selected section of

the  PFA  with  the  same  internal  volume.  The  process

system II (PS-II) represents the mass of pipe and the fit-

tings forming  the  selected  PFA  section.  PS-II  is  con-

sidered to be a sump for the mechanical energy lost dur-

ing  slurry  flow through  the  PFA,  which  is  dissipated  as

noise  and  small  amplitude  mechanical  vibrations  to  the

surroundings. Equations for PS-II are not presented here

due to its simple role and poor contribution to the model.

Considering  only  the  PS-I,  the  next  model  equations

are  formulated  applying  the  principle  of  conservation  of

mass and energy.

Total mass balance.

dM
dt = ṁ1 − ṁ2 (1)

 

Process
unit-Ⅱ

Conventions
Flange
Gradual contraction
Unscaled pipeline
Low diameter pipeline
High diameter pipeline

2 PT2

PT1
FT

Process
unit-Ⅰ

Process
unit-Ⅲ

1

 
Fig. 1     Flowsheet of a pipe-and-fittings assembly to transport a
slurry  from  process  units  I  to  II.  PT1  and  PT2  are  pressure
transmitters and FT is a flow transmitter.
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Fig. 2     Process  systems  used  for  modeling  the  slurry  flow
through the PFA section. PS-I represents the slurry contained in
the selected section of the PFA. PS-II represents the mass of pipe
and the fittings forming the selected PFA section.
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ṁ1 ṁ2

ρ1, ρ2

where M is the total mass of slurry into the PFA section,

and  and  are the inlet and the outlet mass flow of

the  slurry,  measured  at  the  same  positions  of  pressure

transmitters  PT1  and  PT2.  Replacing  total  mass  and

mass  flows  in  terms  of  total  volume, V,  inlet  and  outlet

densities, , and volumetric flow, Q, we get the next

equation for outlet density changes:

dρ2
dt = (ρ1 − ρ2)

Q

V
. (2)

ṁ2

Note  that,  at  each  stationary  state, Q has  the  same

value at inlet and outlet points due to slurry incompress-

ibility.  However,  when  an  unknown  disturbance  occurs,

i.e., the inlet content of solids changes, the slurry density

also changes and a transition from one stationary point to

another of Q is carried out. Additionally,  can be dif-

ferent  due  to  the  homogenization  of  any  change  of  inlet

content of solids.

Total energy balance. For a slurry flowing through

a PFA, the changes in kinetic energy can be described by

the following general equation:

1

2

d(MP v
2)

dt = Wf +Wg +Wfr (3)

Wf Wg Wfrwhere v is the flow velocity and ,  and  are the

flow, gravitational, and friction works acting on the fluid,

respectively.  No driving machine  work was  included and

only  the  effect  of  gravity  was  considered  as  external

forces  field  action.  Each  one  of  these  terms  can  be

represented as follows:

Wf = −
(
ṁ2

ρ2
P2 −

ṁ1

ρ1
P1

)
(4)

Wg = −g (ṁ2z2 − ṁ1z1) (5)

Wfr = −ṁ1hf1→HP − ṁ2hfHP→2 (6)

z1 z2

hf1→HP hfHP→2

where g is  gravity,  and  are  the  height  at  the  inlet

and  outlet  with  respect  to  a  reference,  respectively,  and

 and  are the friction losses from inlet to a

homogenization point (HP), and from HP to outlet point,

respectively. HP is located near Point 1 due to turbulent

flow and it is arbitrarily chosen.

M = ρ2 A L

ṁ2 = ρ2Av

Expressing  the  total  mass  of  the  slurry  as

, with A and L being the pipe cross area and

pipe length, and remembering that the mass flow is equal

to , the  equation  for  volumetric  flow  vari-

ations is

dQ
dt =

A

L

(
−P2

ρ2
+

ṁ1

ṁ2

P1

ρ1
− gz2 +

ṁ1

ṁ2
gz1−

ṁ1

ṁ2
hf1→HP − hfHP→2

)
. (7)

All variables, including density, could change between

Points 1 and 2 due to the dynamic behavior of the slurry

when  changes  in  inlet  concentration  or  flow  take  place.

We want  to  point  out  that  such  a  variation  takes  place

due to changes in the content of solids in spite of the in-

compressibility of the slurry. This fact is the main contri-

bution of  a PBSM for a soft  sensor construction,  as  will

be  shown  in  Section  2.2.  The  model  structure  is  formed

by (2)  and (7),  which  have  valuable  information  for  the

model. A summary with the model variables, parameters

and constants is provided in Table 1.

A, L, V, z1, z2
P1, P2

Known values from PFA, , and opera-

tion  conditions,  act as  trivial  constitutive  equa-

tions.  For  the  remaining  parameters,  the  constitutive

equations are summarized in Table 2.

µ2

NRei hf1→HP hfHP→2

wS,1

Note that until now, there is no equation (algebraic or

differential) for calculating the outlet slurry viscosity, ,

which  is  one  of  the  unknown  variables  to  be  estimated.

The only relation between density  and viscosity  is  given

by , strongly affecting  and . This im-

plies  that  viscosity  is  not  a  variable  in  the  main  model

structure, which is a limitation when attempting to estab-

lish traditional  observers  for  this  slurry  property.  Addi-

tionally,  according to Table 2, the inlet density is calcu-

lated using the inlet solids fraction, , which is an un-

known input.

2.2   Soft sensor structure

ρ2
µ2

µ2

ρ2
µ2

The estimation structure is formed by a state observ-

er for both states, outlet density  and flow rate Q, and

a calculation block for outlet viscosity . In the estimat-

or  proposed here,  the  observation of  flow rate Q is  only

used  for  internal  adjustments  of  the  estimation,  because

this variable is measured online. The computational block

for  is  required  because  the  model  does  not  have  this

viscosity as a state. Inlet properties, such as density, vis-

cosity and the inlet solids fraction fraction are unknown.

Three  available  measurements  in  plant,  slurry  flow  rate

and  PFA  inlet  and  outlet  pressures,  are  used  as  known

values. Proposed structure acts as a soft sensor, using the

PBSM developed  in  Section  2.1  as  the  base  for  an  un-

known input observer (UIO) for .  Two options for the

 computational block are proposed here, producing two

approaches to  estimator  construction,  which  are  illus-

trated in Fig. 3 and described in Section 2.2.2.
2.2.1   Unknown input observer

The unknown  input  observer  (UIO)  is  a  kind  of  ob-

 

Table 1    Model variables, structural parameters, and structural
constants

PS-I Total

Variables ρ2, Q 2

Parameters A, L, V, P1, P2, ṁ1, ṁ2, ρ1, z1, z2 hf1→HP hfHP→2,  ,  12

Constants g 1
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server based on a linearized version of the process model

and its main requirement is the capability to separate the

unknown inputs. Note that the implicit relation between

density and viscosity in the Reynolds number avoids the

use of nonlinear structures[27–29], which requires an expli-

cit separability.

The model structure obtained from the previously ex-

posed phenomenological approach, is fixed and known. In

this case, for the proposed UIO the model basic structure

is given by (2) and (7) and the variable definition is de-

scribed in Table 3. This system is linearized using Taylor

series  expansion  around  the  process  operation  point

shown  in Table  3.  The  design  of  the  UIO  follows  the

methodology proposed in [20], where the conditions of ob-

servability and  existence  are  stated.  A  two-state  nonlin-

ear model (on the left) and linearized version of the mod-

 

xm, 1 =  ρ

xm, 1 = μ

^ ^

^ ^

Section of PFA between
PT1 and PT2 

Inputs
   u

Measured  Outputs
               y

Unknown Input
OBSERVER (UIO) 

Unknown Inputs d
or Disturbances

Observed-
Unmeasured

Viscosity Computation
Block 

Estimated-
Unmeasured

ESTIMATOR

PROCESS

ρ2Fig. 3     Estimation  structure: a  state observer  for   and Q and a viscosity computation block. For Option 1, viscosity computation
block  requires only  the observed unmeasured variable, while  for Option 2,  system  inputs and outputs are also  required  (dashed  lines
represent additional connections).
 

 

Table 2    Constitutive equations for structural parameters

# Description Constitutive equation Reference

1 Inlet density
ρ1 =

1
wW,1

ρW
+

wS,1

ρS
[24]

2 Inlet mass flow ṁ1 = ρ1 A v [16]

3 Outlet mass flow ṁ2 = ρ2 A v [16]

4 Velocity v =
Q

A

4 Friction losses hfi→j = (KPk +ΣKFk )
Q2

2 A2
[16]

5 Energy losses factors for pipeline KPk = fDk

D

L
[16]

6 Energy losses factors for fittings KFk =
K1,k

NRei

+K∞,k

(
1 +

1

IDk

)
[25]

7 Darcy′s friction factor fDk =

−2 log

 ϵ

D
3.71

− 5.02

NRei

log

 ϵ

D
3.71

+
14.5

NRei


−2

[26]

8 Reynolds number
NRei =

(
Q

A

)
D ρi

µi

[16]

ρW ρS K1,k K∞,k IDk

ϵ
where   and   are the water and average solid density, respectively,   and   are taken from a fitting table given in Hooper′s work[25],   is
the pipe internal diameter of fitting in inches, and   is the pipe roughness. Indexes: i = 1, HP ; j = HP, 2; k enumerates the fitting.
 

 

Table 3    Classification of the process variables and their steady
state values

Kind of variable Vector Steady state values

State variables: x = [ρ2, Q] xss =
[
104 1 kg/m3, 0.062 4 m3/s

]
Known inputs: u = [P1, P2] uss = [0.487 MPa, 0.345 MPa]

Unknown inputs: d = [wS,1] dss = [0.063 9 kgsolids/kgslurry]

Measured outputs: y = [Q] yss =
[
0.062 4 m3/s

]
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el (to the right), are represented in state-space format as

follows:

ẋ = f(x,u,d) → ẋ = Ax+Bu+Dd

y = h(x) → y = Cx (8)

x ∈ X ⊆ Rnx ,u ∈ U ⊆ Rnu ,d ∈ D ⊆ Rnd

y ∈ Y ⊆ Rny

f : Rnx × Rnu × Rnd → Rnx h : Rnx → Rny

A ∈ Rnx×nx B ∈ Rnx×nu

D ∈ Rnx×nd C ∈ Rny×nx

where  and

 are the state,  manipulated input,  unknown

input  and  output  vector,  respectively.  Moreover,

 and  are the

nonlinear mapping functions for the dynamics and output

equations,  respectively. , ,

 and  are  matrices  for  unforced

process  response,  forced  process  response  due  to  known

inputs,  forced  response  due  to  unknown inputs  taken  as

disturbances,  and  sensors  conversion,  respectively.  The

standard equations given in [20] to describe the dynamics

of one UIO are

ż = Nz +Ly +Gu (9)

x̂ = z −Ey (10)

x̂ z

N ∈ Rnx×nx ,

L ∈ Rnx×ny ,G ∈ Rnx×nu E ∈ Rnx×nd

where  is the vector of estimated state,  is the vector of

state  transformation  for  observer  design. 

 and  are  the  UIO

matrices.  These  observer  matrices  must  be  selected  to

ensure  convergence  of  the  observer.  Thus,  based  on  the

error dynamics given by

e = x̂− x = z − x−Ey (11)

the  design  is  to  determine  matrices  ensuring  that  the

estimated state asymptotically converges to the real state

value. Replacing the equations for linear model and linear

observer in (11), the error dynamics can be expressed as

ė=Ne+(NP+LC−PA)x+(G−PB)u−PDd (12)

Pwhere  is a matrix defined as

P = I +EC (13)

I nx

E, G L

with  a  diagonal  unitary  matrix  of  order ,  equal  to

the  order  of  the  model  in  state-space.  If  the  matrices

 and  are  calculated  based  on  the  following

equations:

PD = 0; (I +EC)D = 0; G = PB

NP +LC − PA = 0 (14)

the error dynamics is reduced to

ė = Ne. (15)

NHowever,  matrix  must satisfy  the  Hurwitz  condi-

tion  (eigenvalues  with  real  part  negative)  for  ensuring

asymptotic  convergence  for  error  dynamics.  Therefore,

this matrix can be obtained from

N = PA−KC (16)

with the gain matrix calculated as

K = L+NE (17)

Kwhere  the  entries  of  matrix  are  selected  to  satisfy

Hurwitz condition.
N , L, G E

x̂

(PA, C)

It is evident that knowing matrices  and ,

the state estimation  is easily evaluated solving the dy-

namic  system  given  by  (9)  and  (10).  All  observer

matrices must be selected to guarantee the following con-

ditions  of  existence  and  observability.  Taking  the  pair

 into account, the observability matrix is given by

O =


C

CPA
...

C(PA)n−1

 . (18)

rank(O) = nx (PA,C)

(PA,C) K

(PA,C)

If the , the pair  will be observ-

able, while for the opposite case, it will not be. When the

pair  is not observable, the eigenvalues of  can-

not be  arbitrarily  located  and  it  is  necessary  to  guaran-

tee that the pair  is  at  least  detectable.  Next is

the test of these conditions for the UIO design.

1) Existence condition: There exists a UIO if and only

if the following equation is satisfied[20]:

rank(CD) = rank(D) = nd (19)

ndwith  being  the  dimension  of  the  vector  of  unknown

inputs.

2)  Condition  for  the  arbitrary  error  dynamics:  If  the

observability of the system is not guaranteed, it is neces-

sary to verify that the system is at least detectable. Thus,

the following condition must be evaluated:

rank
[

sP − PA
C

]
= nx, ∀s ∈ C. (20)

For the steady state presented in Table 2, the linear-

ized matrices for the observer design are

A =

[
−0.161 4 0
−0.000 3 −0.446 5

]
, B =

[
0 0 0
0 0 −0.031 4

]
C =

[
0 1

]
, D =

[
109.682 7
−0.006 5

]
.

rank(CD) = 1 = nd ∧ rank(D) = 1 = nd

Thus, for  this  linearized  system,  the  existence  condi-

tion, ,  and  the

detectability condition of the system

rank

 4.722 8 073.194
0 0
0 1

 = 2 = nx
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N

are  satisfied.  To  fulfill  the  Hurwitz  condition  in  matrix

, the observer gains are fixed as follows:

K =

[
k1
k2

]
=

[
−7 020.5

4

]
. (21)

k1

PA

N k2
PA

k2
N N

In  this  case,  the  value  of  is set  equal  to  the  com-

ponent of the first row and second column of the matrix

 to cancel the same component in the resulting mat-

rix . On the other hand,  is a free value because the

corresponding value  in  the  matrix ,  (16),  is  equal  to

zero, and  is directly an element of the diagonal in the

resulting matrix . From this, the matrix  is defined as

N =

[
−4.659 5 0

0 −4.000 0

]
. (22)

NWith  previous  derivations,  the  eigenvalues  of  matrix 

have  negative  real  parts  and  the  Hurwitz  condition  is

satisfied. The other matrices for the observer can be calcula-

ted using the equations presented above, resulting in:

L =

[
71 518

0

]
(23)

G =

[
0.044 4 −0.044 4 −529.026 3

0 0 0

]
(24)

which complete the observer design.
2.2.2   Viscosity calculation block

1)  The first  option for  the viscosity calculation block

uses  the  non-Newtonian  model  for  slurry  viscosity.  This

option is very useful if a good characterization of rheolo-

gical behavior of the slurry is available. In this case, the

pseudoplastic  behavior  for  volumetric  concentrations  is

represented by the power law model:

µ2 = Kµ|γ̇|n−1 (25)

Kµwhere  and n were  identified  using  laboratory  tests

covering  a  wide  range  of  shear  stresses  with  different

volumetric concentrations of solids in water[30],  obtaining

two polynomial correlations as a function of a solids fraction:

Kµ = 981 072w2
s,1 − 45 397ws,1 + 583 (26)

n = −269.9w3
s,1 + 104.1w2

s,1 − 12.0ws,1 + 0.62. (27)

Thus, a formulation to calculate the slurry viscosity as

a  function  of  the  solids  fraction  is  available.  In  order  to

relate viscosity with operational conditions, for non-New-

tonian fluids flowing through a pipeline,  the shear stress

can be computed using the following equation[31]:

γ̇ =
3

4

(
8v

D

)
+

1

4

(
8v

D

) d
(

ln
(
8v

D

))
d
(

ln
(
D∆P

4L

)) (28)

8v
D

D∆P
4L

where D and L are the diameter and length of the PFA,

v is  the  slurry  velocity  in  the  line  and  the  term 

corresponds to the wall shear rate, while the term  is

the wall shear stress. For the case of fluids represented by

the  power  law  model,  (25),  the  logarithm  term  can  be

replaced with the reciprocal of the exponent of the power

law model and the wall shear rate can be determined by

the following equation:

γ̇ =
3n+ 1

4n

8v

D
. (29)

Replacing  (29)  in  (25),  the  slurry  viscosity  computation

block as a function of the operation condition is

µ2 = Kµ

(
3n+ 1

4n

8v

D

)n−1

. (30)

Note that  this  option  fails  if  the  material  being  pro-

cessed is  changed,  because  the  rheological  model  for  vis-

cosity could change, or its parameters may suffer dramat-

ic  variations  not  explicitly  considered  in  the  estimator.

However, these changes are totally anticipated in any in-

dustrial facility.

dQ
dt = 0

ρ1 = ρ2 = ρ ṁ1 = ṁ2

2) The second option uses the mechanical energy bal-

ance in the stationary state between the inlet and outlet

PFA  section[32],  i.e.,  in  (7).  Assuming  that  the

slurry inside the pipeline is homogeneous through all the

PFA, i.e.,  and , (7) becomes

0 = −P2

ρ
+

P1

ρ
− g z2 + g z1 − hf1→2 . (31)

hf1→2

These  considerations  are  valid  because  pressure

changes are faster  than solids  fraction changes.  Thus,  at

each  iteration,  the  measured  and  estimated  values  are

used  for  solving  a  system of  one  unknown variable  (vis-

cosity) and one equation (31), where the friction loss term

 depends  implicitly  on  viscosity.  A  seed  value  for

slurry  viscosity  is  required  for  solving  (31).  This  option

can  handle  solid  changes,  i.e.,  variations  in  the  slurry′s
mineralogical composition, because it does not require ex-

perimental  results  for  the  treated  slurry.  Therefore,  the

structure can  be  applied  independently  of  the  slurry  be-

ing processed,  taking  into  account  the  fact  that  estima-

tion precision is affected by the steady state assumption.

However,  for  some  applications,  a  low  error  is  accepted

because otherwise no measure would exist.

3   Estimator application and simulation
results

To evaluate both estimation options, we consider step

changes in the inlet solids fraction while maintaining the

same  pressure  drop  between  the  inlet-outlet  of  the  PFA

selected  section.  Estimator  responses  are  obtained  by
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solving  the  process  model  and  the  estimator  equations.

Random  noise  is  included  in  the  measured  variable  to

replicate the operation of real sensors. All simulations re-

produce  the  operation  at  the  constant  pressure  drop  of

current plant, because the model was validated with data

from  a  real  process.  Additionally,  a  comparison  with  a

nonlinear observer is discussed.

3.1   Performance of the estimation near the
operating point

ρ2

In  this  case,  disturbances  to  the  inlet  solids  fraction,

shown in Fig. 4, are applied. Fig. 5 shows the slurry volu-

metric flow rate Q of the plant,  represented by continu-

ous black and gray lines for Options 1 and 2, respectively,

and the two estimations for this variable, represented by

dashed gray and light gray lines for Options 1 and 2, re-

spectively.  Two  tests  are  considered  to  avoid  excessive

line overlap. It is important to note that state Q is meas-

ured, but the proposed structure uses its estimation to re-

construct  unmeasured  state .  The  overlapping  of  the

continuous black and gray lines in Fig. 5 shows that both

options give nearly the same results for calculating Q, al-

though  Option  2  reflects  a  small  amount  of  additional

noise that was artificially added.

ρ2 µ2Figs. 6 and 7 show  the  observation  of  and , re-

spectively. As expected, when the solids concentration at

input increases, the slurry density and viscosity will  also

increase, while the volumetric flow decreases.  This beha-

vior is  due  to  the  higher  energy  requirement  for  trans-

porting  a  slurry  with  higher  solids  content,  and  as  the

pressure drop remains constant, the transport capacity of

the system for a heavier slurry is low. For Option 2, the

estimation  of  the  unmeasured variable  is  not  as  close  as

desired to the value of  the plant compared to Option 1.

However,  as  time  passes  and  the  system  remains  at  the

steady state, the precision of the Option 2 estimator will

improve. Additionally, when one disturbance takes place,

the estimation of the unmeasured variable with Option 2

will loses precision until the new steady state is reached.

The effect of noise in Option 2 is higher than the effect in

Option  1,  due  to  the  strong  dependence  of  Option  2  on

the steady-state condition, which is altered by inherent to

real sensors noise.

Additionally,  in  order  to  have  a  numeric  comparison

of  estimation  quality  between  both  estimator  structures, 
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Fig. 4     Disturbances applied  to  the  inlet  solids  fraction  to  the
evaluate performance of estimation near the operating point
 

 

0 200 400 600 800 1 000
61.0

61.5

62.0

62.5

63.0

63.5

64.0

Q
 (L

/s
)

Volumetric flow 
Plant for Option 1
Option 1
Plant for Option 2
Option 2

250 255 260

61.6

61.8

62.0

62.2

62.4

t (s) t (s)
 
Fig. 5     Estimation  of  the  volumetric  flow  of  mineral  slurry.
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and  considering  the  disturbances  applied  to  the  inlet  solids
fraction  shown  in  Fig. 4.  Continuous  black  and  gray  lines
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Close up of left figure for t ∈ [250 s, 265 s].
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the integral  time  absolute  error  (ITAE)  index  is  evalu-

ated for each option. Results for previous simulations are

presented in Table 4. Comparing the two proposed struc-

tures based  on  ITAE,  it  is  evident  that  Option  1  per-

forms better.  The  main  difference  in  observed  perform-

ance is on unmeasured variables, where Option 1 presents

an ITAE lower than Option 2. Therefore, it is possible to

obtain a  better  estimation  when  the  slurry  is  character-

ized  with  previous  experimental  data.  However,  the  less

restrictive  applicability  of  Option  2  allows  its  wide  use

taken into account its less precision and high noise sensit-

ivity.

3.2   Performance of the estimation far from
operating point

ρ2 µ2

ρ2
µ2

µ2

In  order  to  evaluate  performance  of  the  estimation

when  strong  changes  in  the  unknown  input  are  applied,

disturbances  to  the  inlet  solids  fraction,  shown in Fig. 8,

are  employed. Fig. 9 shows  the  volumetric  flow  rate  of

slurry Q of the  plant,  which  is  represented  by  the  con-

tinuous black line.  The two estimations  for  this  variable

are  represented  by  dashed  gray  and  light  gray  lines  for

Options  1  and  2,  respectively.  According  to Fig. 9,  both

options estimate this state without problem. Figs. 10 and

11 show the observations of  and , respectively. The

observation of  both  variables  using  both  estimation  op-

tions  is  suitable  when  the  system  is  close  to  the  steady

state in which the model was linearized. However, for the

second  step  change,  a  stationary  state  error  appears  in

the  estimation  of  using  both  options.  This  stationary

state  error  is  propagated for  the  observation of  using

Option 2, causing the whole estimator to fail. On the oth-

er hand, for Option 1 the observation of  is close to the

plant value.  The  effect  of  noise  and  the  error  propaga-

tion  on  Option  2  is  higher  than  its  effect  on  Option  1,
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Fig. 10     Estimation  of  the  density  of  the  mineral  slurry
considering higher disturbances in the solid concentration. Left:
Density  observation  using  both  estimation  options  and
considering  the disturbances applied  to  the  inlet  solids  fraction
shown  in  Fig. 8.  The  continuous  black  line  represents  the 
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Fig. 11     Estimation  of  the  viscosity  of  the  mineral  slurry
considering higher disturbances in the solid concentration. Left:
Viscosity  observation  using  both  estimation  options  and
considering  the disturbances applied  to  the  inlet  solids  fraction
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Close up of left figure for t ∈ [210 s, 215 s].
 

 

100 150 200 250 300 350 400 450 500 550
t (s)

0.060

0.065

0.070

Initial concentration of solids

Disturbance

w
s ,1

 (k
g so

lid
s/k

g sl
ur

ry
)

0 50

 
Fig. 8     Disturbances  applied  to  the  inlet  solids  fraction  to
evaluate performance of the estimation far from operating point
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Fig. 9     Estimation of the volumetric  flow of the mineral slurry
considering higher disturbances in the solid concentration. Left:
Volumetric  flow observation using both estimation options and
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Table 4    ITAE index for the state estimation of the transport of
a mineral slurry with noise

Variable ITAE Option 1 ITAE Option 2

Q 334.3 346.9

ρ2 162.1 891.3

µ2 8 385.7 58 799
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due to the strong dependence of Option 2 on the steady-

state  condition.  However,  note  that  estimation  Option  1

suitably covers a wide range of viscosity observation with

low error estimation.

3.3   Comparison between linear and non-
linear observers

A recent work has been developed using the nonlinear

moving  horizon  estimator  (NLMHE)[33], which  is  con-

sidered here to compare the performance with the estim-

ator  proposed  in  this  work.  The  NLMHE  employs  the

same  nonlinear  mathematical  model  presented  in

Section 2.1 with the first option for the viscosity calcula-

tion block.  Therefore,  we  compare  it  to  estimation  Op-

tion 1,  while  conserving the simulation conditions.  From

this, the same total time of simulation, the disturbances,

and the noise for the measured variable were considered.

The NLMHE estimates  state  variables  based  on  the  on-

line  solution  of  an  optimization  problem  constrained  to

the process model, and using a random value for the un-

known  input  into  its  feasible  region.  Thus,  the  interval

approach was developed by solving the proposed NLMHE

both for the admissible minimum and maximum values of

the unknown input, with the aim of determining the feas-

ible region for estimation of  the state variables.  The ad-

missible minimum and maximum values of  the unknown

input  can  thereby  be  established  from  the  knowledge  of

the operating range for solids fraction, which is related to

the slurry density[33].

ρ2 µ2

The  simulation  results  obtained  for  the  estimation

Option 1 and the NLMHE are shown in Figs. 12–14. Ac-

cording  to  the  obtained  results,  the  NLMHE  shows  an

improvement in the online estimation of  and  when

the  plant  moves  away from the  steady  state  over  which

the linear  observer  was  linearized.  However,  the  imple-

mentation  of  the  online  optimizer  in  the  real  plant  in

Colombia,  where  the  estimation  is  required,  reduces  the

applicability  of  the  NLMHE.  Additionally,  significant

changes in operational conditions are not expected in nor-

mal plant operations.

In that sense, and given the current state of majority

of  industrial  plants,  the  applicability  of  any  soft  sensor

for unmeasured process variables must be discussed. The

main interest for this kind of application will be for medi-

um and  small  size  enterprises  in  particular.  This  discus-

sion  is  not  about  big  corporations,  which  have  a  large

enough instrumentation budget to install  high capability

computers  for  process  control.  In  contrast,  medium  and

small  enterprises  normally  have  low  cost  programmable

logic  controllers  (PLCs)  for  data  processing  and  control

tasks.  A PLC is  used  as  a  local  control  system for  each

process equipment. A medium to low cost PLC for com-

puting equipment has limited capability for solving math-

ematical  systems.  In  addition,  any  online  optimization

task  assigned  to  this  kind  of  PLC must  be  programmed

as an extra module, sometimes using non-native software.

Obviously, this dedicated module is an extra cost and re-
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Fig. 12     Comparison  of  the  volumetric  flow  estimation  using
the  linear  estimator  and  NLMHE.  Left:  Volumetric  flow
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quires  specialized  technicians  for  its  programming  and

maintenance. Therefore, the ideal soft sensor is one with

only algebraic operations to solve, hopefully without iter-

ative  processes.  With  these  requirements,  it  is  evident

that the  estimators  presented  here  have  direct  applica-

tion in a PLC platform for small and medium size enter-

prises. Our proposals require only algebraic operation and

can be easily discretized without significant losses in pre-

cision.

4   Conclusions

Two  different  structures  for  the  online  estimation  of

the  density  and  viscosity  of  slurries  flowing  through  a

pipe-and-fittings  assembly  (PFA)  were  developed.  These

approaches  allowed  online  estimation  of  slurry  density

and  viscosity,  without  intervening  or  changing  the

pipeline,  providing  a  soft  sensor  which  used  only  pre-in-

stalled  meters.  Both  estimator  proposals  considered  the

use  of  a  phenomenological  based  semi-physical  model  as

the  main  element  for  estimation  structure.  In  addition,

the  necessary  conditions  to  for  designing  the  observers

were provided,  with  two  options  for  viscosity  computa-

tion.  Although  the  first  option  was  developed  for  the

transport  process  of  a  specific  slurry,  it  can  be  adjusted

for other kinds of slurries, provided enough data from the

laboratory is available. The second option is a more gen-

eral tool because it uses the static verification of mechan-

ical  energy  balance  to  estimate  viscosity,  without  using

exhaustive  experimental  information.  However,  the

second  option  for  prediction  is  poor  during  transitory

states,  which  fortunately  take  a  short  time  in  slurry

transport. In  order  to  improve  the  above  results,  a  non-

linear observer  has  been  developed  considering  the  un-

known  input  as  a  random  value[33]. Although  these  res-

ults  show  a  better  estimation  considering  disturbances

that  carried  the  system  to  another  stationary  state,  the

nonlinear  estimation  stated  as  a  nonlinear  optimization

problem  requires  a  more  complicated  implementation

compared to the linear observers developed in this work.
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