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Abstract: This paper presents a method of state estimation for uncertain nonlinear systems described by multiple models approach.
The uncertainties, supposed as norm bounded type, are caused by some parameters’ variations of the nonlinear system. Linear matrix
inequalities (LMIs) have been established in order to ensure the stability conditions of the multiple observer which lead to determine
the estimation gains. A sliding mode gain has been added in order to compensate the uncertainties. Numerical simulations through a
state space model of a real process have been realized to show the robustness of the synthesized observer.
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1 Introduction

The knowledge of state variables of nonlinear systems
is necessary in control systems field. Although, in most
real systems, this knowledge is partial because some vari-
ables of the state can not be measured and some sensors
are expensive. As a solution, the researchers turn to the
observer which is a dynamical system able to estimate the
unmeasured state variables. It is noticed that the design of
an observer is preceded by the step of modeling. Indeed,
the modeling operation involves the construction of mathe-
matical model describing the dynamic behavior of the real
system. So, many works are focusing on this issue in
order to reach the correct representation of nonlinear sys-
tems.

The multiple models is one of many tools of systems
modeling. In the literature, methods of obtaining multi-
ple models structure are studied. In fact, the work!!! treats
the method based on the direct identification of model pa-
rameters (number of local models, the structure of weight-
ing functions and data partitioning). In [2], the researchers
present the method based on the linearization of an exist-
ing nonlinear model around the operating points. Other
researchers use a method based on a transformation of the
nonlinear system[3’4]. As a definition, the multiple models
approach is an interpolation of many submodels qualified
as linear through activation functions. For each submodel,
a local observer is synthesized. The interpolation of
the local observers lead to the obtention of multiple
observers.

State estimation based on multiple models structure is
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widely studied in the literature. Works as [5—7] are in-
terested in determining the estimation gains using Linear
matrix inequalities (LMIs). Later, many researchers have
been focusing on the design of multiple observers in order to
satisfy desired performances. In fact, the authors in [8—11]
show designs of robust multiple observers for unknown in-
put/uncertain systems based on LMI tools. Other works
as [12—15], treat the design of robust sliding mode multi-
ple observers in order to overcome the effect of unknown
inputs, uncertainties and disturbances.

Most of works as [16—18], which deal with multiple ob-
server design for uncertain systems using sliding mode tech-
niques, assume that the uncertainties are bounded. The
disadvantage of such assumption is the way of choosing
the uncertainties’ upper bounds. In order to overcome this
limitation, our contribution comes to enhance and improve
some related works like [19] which assume that the uncer-
tainties are norm bounded.

The objective of our study is to design a sliding mode ob-
server for nonlinear system with time varying uncertainties
supposed as norm bounded. To reach this aim, the mul-
tiple models approach is adopted in modeling such class
of systems which leads to deal easily with the synthesis of
the proposed observer by profiting from the linear tools like
those used in [20—25].

This paper is organized as follows. In Section 2, we give
the problem statement. The structure of the observer is
presented in Section 3. The proof of the estimator’s con-
vergence is demonstrated in Section 4. In Section 5, we
present the simulation results and interpretations. A con-
clusion ends the paper.
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2 Problem statement

Consider a nonlinear system described by

{‘i_f(w7u)

y= Co (1)

where x € R"™, u € R™ and y € RP are, respectively,
the state vector, the input vector and the output vector of
the system. C' = [I,0,x(n_p] and verifies CCT = I,. CT
is the transpose of matrix C and it presents also its right
pseudoinverse.

The system (1) can be written under multiple model ap-
proach as follows:

T = ; wi(2)(Asx + Biu) @)

y=Cx
where A; and B; are matrices with appropriate dimensions.

,zr] is considered as the vector of premise
variables. The activation functions p;(z) verify the convex

property:

2 = [z1, 22, -

Zﬂi(z) =1

0<pui(z) <1

®3)

The aim of this paper is to develop a sliding mode observer
for the reconstruction of unmeasured variables of uncertain
nonlinear system described by the following multiple mod-
els:

i = Z wi(2)((Ai + AA)z + Biu) @
y=Cz

where A A, represent the variation of parameters and verify
the following hypothesis:

Hypothesis 1. We suppose that the uncertainties are
norm bounded type:

AA; = M F,N;'
where F, € R**! respects the following constraint:
FF, < L.
It should be noted that F, defines the structure of

parameters’ uncertainties or variations.

3 Structure of the sliding mode ob-
server

Consider the multiple observer presented in [5] which has
the following form:

T = ; 1i(2)(AsZ + Biu+ Li(y — 9)) )

g =Ci.

The estimation gains L; € R™*? are determined by solv-
ing the following LMI's :

(A — LiCO)"P+ P(A; — LiC) <0, for i=1---M. (6)

The structure of the proposed observer is an extended
form of (5) and it is given by

M
&= pi(2)(Aid + Biu+ Li(y — §) + o)
=1

y=Cz%

where 2 € R" is the estimate state vector, L; € R"*? are
the estimation gains. «; represent the sliding mode gains
which play their role in compensating the uncertainties A A,
for each local model.

Theorem 1. The error estimation between the system
(4) and (7) converges asymptotically to zero if there ex-
ist symmetric positive definite matrix P € R"*" and ma-

trices W; € R™ P, and a positive scalar ¢ such that for
i=1,---,M:

ATP+ PA; — CTW,T + WiC +2e"*N¢™Ng PMg

MeTP I
e>0 (8)
where C' and M;*Nj* are known matrices.
And the following conditions are fulfilled
If r # 0, then oy = e 2" NI NF&PCT 7
sl (9)

If r =0,then a; =0
where s is the sliding mode surface. The gains of the ob-

server are derived from L; = P~1W;.

4 Stability analysis of the observer

In the proof of theorem, the following lemma is used:
Lemma 1. For every two matrices X and Y with ap-
propriate dimensions, the following property holds:

XY +Y"X <BX"'X+87'Y"Y, B>0 (10)

Lemma 229, For a symmetric matrix M partitioned
into blocks:

Z S
ST R

(11)

where both Z and R are symmetric and square. Assume
that R > 0, then the following properties are equivalent:

M >0
Z - SR'sT >o.

In order to prove the stability of the observer, let us define
the state and output errors:

e=x—& (12)
r=y—4g. (13)
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The dynamics of estimation error is given by

b= —7 (14)
é= Z i (2)((Ai — LiC)e + Adiz — a;) (15)

defining the sliding surface
s=r=Ce=C(zx—2). (16)
Considering the following candidate Lyapunov function:
V=5"Qs (17)

where @ is a symmetric positive definite matrix and
rank(@) = p. Using (15) and (16), its time derivative is
given by

V=35TQs + sQs
. M
V=Y pi(z)(e"(Ai — LiC)TCTQCe+
=1
zTAATCTQCe — af CTQCe+
e'CTQC(A; — LiC)e+
e"CTQCAA iz — T CTQCw). (18)

Supposing that P = CTQC, one can obtain:
. M
V= pi(2)(e"((Ai — LiC)TP + P(A; — LiC))e+
i=1

2TAA;TPe + eTPAAxz — 26TPOt~;). (19)
Applying the Lemmas 1 and 2, one can obtain:
2T AAT Pe + eTPAAz = xT(MiaFaNia)TPe—&—
e"PMF,Niz = ¢T PM{F,Nfz+
" NFTET M Pe < e PMP M Pet
e TN N g, (20)
So, the derivative of the Lyapunov function can be ob-
tained as follows:

V=Y pi(z)(e" (A — LiC)" P + P(A; — L:C)+

ePMIM{ T Pe+ e 2" NET Nz — 2" Pay).  (21)

Replacing the state by its new expression:
r==%+e (22)

one can obtain the following equality:
e 2" NFTINfz = (@ +e) " NFTN (&4 €) =

e ' @TNF TN G + e TN TN et
e e NITNF 2+ e "NF TN e. (23)
Now, using the Lemma 1 with 8 = 1, this leads to obtain:

e ' @TNF TN E + e 2T NS TN et

e e "NITIN 2 + e e NP TNfe <

26 ' TNFTNPE + 267 e T NPT Nfe. (24)
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As a consequence, a new inequality can be obtained as
M
V<Y paz) (et ((Ai — LiC)" P + P(A; — LiC)+
i=1
ePM{M{" P +2e ' N}"N#Ye + 2¢ "2 N} TN &

—2¢" Pay;). (25)

According to the output error, two cases can be investi-
gated:
Case 1. If r # 0, then

22T NFTNEE — 2¢T Poy = 0 (26)
o = "#TNSTNA PO H ‘9”2. (27)
S

So, the inequality becomes:
. M
V<Y pi2) (e ((Ai — LiC)TP + P(A; — LiC)+
i=1

ePMIM" P +2e "N T Nfe). (28)

Case 2. If r =0, then a; =0,
. M
V <Y pa2) (et ((Ai — LiC)' P+ P(A; — LiC)+
=1

ePM{IMETP + 2" N NMe). (29)

As a conclusion, the system converges asymptotically to
zero if and only if:

(Ai — L;C)"P + P(A; — L;C)+
ePMIMPTP +2e ' NN < 0. (30)
Supposing W; = PL;, we obtain
AP+ PAT — "W —wilo+
ePMAMETP 4+ 2:7'NET NP < 0. (31)

By using Schur Complement, cited in Lemma 2, the in-
equality can be written in the LMI form:

ATP 4 PA, — C™W,™ + WiC + 2e"'N¢TNe  PM2

0.
MgTP —ety| <

(32)
After determining P and W;, the values of estimation
gains are given by
L; =P 'W,.

The sliding mode gains take the following expressions:

S

If r #0,then oy = e '&" N/ " NfaP~'CT )
sl (33)

If r =0, then «a; = 0.

By using CCT = I, the value of Q can be deduced from P
as follows:

P=CcTQC
cprcT =ccteceT
Q =cpc”.
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In conclusion, starting with V = sTQs > 0, where QT =
@ > 0, we obtain V' < 0. So, the estimation error converges
asymptotically to zero.

5 Numerical example

5.1 Description of denitrification process

In this section, the proposed design approach is applied
to a model of denitrification process. This process is a bac-
terial culture of Pseudomonas denitrificas where biomass,
X, begins consuming acetic acid, S3, and the nitrate, Si,
and rejects nitrites, S2. Then it continues to use acetic acid
and nitrite product.

The process is described by the following model(?”

S1 = —yumX + D(Siin — 1)

S = (y1zp1 — y22p2) X + D(Sain — S2)
Ss = (a1 — yas12) X + D(S3in — S3)
X = (1 + p2)X — kaX — DX

(34)

where S1, S2, S3 and X are respectively the concentrations
of the respective species. Siin, S2in S3in are the respective
supply of S1, S2 and S3 concentrations. kg is the mortality
rate of the microorganisms. D is the dilution rate, and
the y;; denote yield coefficients and finally p1 and po are
respectively the specific growth rates of the biomass on the
acetic acid and nitrite and have the following expressions:

B Sy S
Hr= fimax g 4 ke,) (S1 + ks,)
Ss3 Sa

H2 = Homax (g k) (Sa + ksy)

Let’s define the state vector z, the input vector u and
the output vector y of the system: = = [S1 S2 S3 X]|T,
@ = [S1in S2in Szin]T andy =[S1 Sz S3]T

5.2 Multiple model form

The multiple model is adopted as an approach in order
to design the observer for state estimation. We employ the
procedure presented in [3,4]. Considering the process, we
define the following nonlinearities as the premise variables:

z21=D (35)
Ss3 S1

= 36

2T (S5 + ksy) (S1+ ks, ) (36)

m= . B 52 (37)

(S3+ksy) (S2+ks,)’

The nonlinear model can be written in the following quasi-
linear parameter varying (LPV) form:

= A(z)r + B(2)u (38)

with matrix A(z) and B(z) are expressed by using the
premise variables:

[—2z1 0 0 aiq
0 — 0
A(z) = . 2 (39)
0 0 —Z1 as4
L 0 0 0 a44
_—2'1 O 0
0 Z1 0
B(z) = 40
(2) 0 0 —z (40)
L O 0 0
where
a14 = —Y11 41max 22

a24 = Y12 41max22 — Y222max <3
a34 = —Y13M41max22 — Y23U2max<3

Q44 = —Z1 + HPimax?2 + H2max23 — Kd. (41)
Each one of the premise variables can be expressed as
z; = Fj1zj1 + Fjazj2, for j =1,2,3 (42)
where
zj1 = max{z;}

zj2 = min{z;}

Zj — Z42
Fj1: J J
Zj1 — %52
Zi1 — Z4
Fjp = 17 % (43)
Zj1 — %52

The constant matrices A; and B; defining the 8 submod-
els are determined by using the matrices A(z) and B(z) and
z(j,1),i=1,2and j =1,2,3.

A(z11, 21, 232

(
(
(
(

= A(z11, 221, 231), A2 =

)
)7 Ay =
)
)

D>.
D>.

Z11, 222, 231 211, 222, 232

:r>.

212, 221, 231), As = A(z12, 221, 232

—_— — ~— ~—

212, 222, 231), Ag = A(z12, 222, 232

Z11 ) B3 = B4 = B1
z12), Bs = Br = Bs = Bs. (44)

tU

(
(
(
(
(
= B(

The activation functions have the following expressions:

(2) = F11F21F3
(2) = FuiFa1 F3
(2) = FuiFaaF3
(2) = Fi1FaaF3
us(z) = FioF1 Fa
(2)
(2)
(2)

ps(z) = FiaF22F32. (45)

Finally the nonlinear model can be written in multiple
model form:

T+ Biu)

&= ; i (2) (A ; )

y=Cx.
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The multiple model used for denitrification process is
modified in order to take account of the uncertainties af-
fecting the parameters ftimax and fiamax. These parameters
appear in the coefficients a14, a24, asa, asa. So, the struc-
ture of AA; will have the following form:

0 0 0 Aa14i
0 0 0 Aas
AA; = a2 (47)
0 0 0 ACL34¢
0 0 0 ACL44¢
Aarsi = —y11Apiimasz2i
Aaz4; = Y12Alimaz22i — Y22 Al2maz 23
Aazsi = —Y13AUimaz22i — Y23 DN l2mazZ3i
Aaasi = Apimaz22i + Dl2maz 23i- (48)

International Journal of Automation and Computing 14(2), April 2017

As we have supposed that the uncertainties are of norm
bounded type: AA; = M{ F,N;* where

—Y11
ME = Y1222;

—Y1322i

Z2i
N = [0 00

0
—Y2223i , Fa _ A/«leax
—Y23%3; A/«LQmaX

234
1] . (49)

The nonlinear model of the denitrification process and
the proposed observer are simulated under the initial con-
ditions and parameters values given, respectively, by Tables

1 and 2.

Table 1

Variables
S1(0)
S2(0)
S3(0)
X(0)
51(0)
$2(0)
$3(0)
X(0)

Table 2

Parameters
Y11
Y12

Initial conditions

Values
0.6 g/L
0g/L
2.77 g/L
0.15 g/L
0.6 g/L
0g/L
2.77 g/L
0.2 g/L

Parameters values

Values
6.2
3.3
1.2
1.1
1.6

0.17h~!
0.085 h™!
0.05 g/L
0.07 g/L
0.1 g/L
0.025 h™!

The variations of some parameters are shown in Fig. 1.
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Fig.1 Parameters variations

The uncertainties Apimax and Apomax are given as fol-
low:

Aftimax = 0.05 x sin(257:)t)
(50)

2
Aptgmax = 0.02 x sin( 2"

50 )

The evolution of the known inputs of the denitrification
process are shown by Fig. 2.

~s T T T T T ]
)
0 " . . . .
0 100 200 300 400 500 600
Time (h)
=
59 5
o
O0 100 200 300 400 500 600
Time (h)
a sl |
2 5—’—,—|_
o
OO 100 200 300 400 500 600
Time (h)

Fig.2 Evolution of the known inputs

5.3 Luenberger observer

The resolution of the inequalities in (6) leads to obtain
the matrices P and L;:

1.376 9 0 0 0.624 5

p_ 0 1.376 9 0 —0.0206

0 0 1.3769  0.5265

0.6245 —0.0206 0.5265 2.0289
—0.7252 —34.3741 10.803 2
L= 28.396 5 0.5580 4.3824
—-9.3101 —9.5083 1.7835
2.3929 13.2588  —3.7223
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Lo

L3

Ls

L¢ =

Lg =

[1.3262
65.398 9
7.050 2
|—2.1304

[ 4.4452
—18.1000
28.7130
| —9.0076

[ 2.0911
—32.0737
10.8780
| —3.8168

[ 2.4259
—20.3910
11.390 1
| —4.4007

[0.7023
25.716 9
0.5108
| —0.6003

[0.3413
—0.4394
~1.0247

| 0.1955

[0.496 0
0.1339
0.0473

|—0.1454

—78.9058
0.8037
—19.8632
29.7114

21.6290
0.2394
5.1059

—8.0779

37.7025
0.1728
3.4378

—12.5369

23.4950
0.3256
—0.136 3
—6.9890

—30.5561
0.5891
—3.7733
10.650 2

0.708 8
0.4212
1.056 8
—0.5875

—0.1370
0.4300
0.0050
0.0020

—7.2891
8.5359
—0.528 4
2.3231

—29.755 7
—1.8690
—3.4236
9.894 1

—11.0522
1.4103
—1.0176
3.602 3

—11.3405
2.862 8
—0.9472
3.6014

—0.2003
—0.3022
0.498
—0.1785

1.2540 ]
—0.8422
0.686 4
—0.6704]

0.1012 ]
—0.008 8
0.508 3
—0.2047]

The system and the observer are simulated with the pres-
ence of the uncertainties described by (50). Figs. 3—6 show
the Luenberger estimator tracking the real state. But, it is
mentioned that the accuracy is bad because the observer

0.7

0.6

0.5

0.4

S, (glL)

0.3

0.2

100

200

300
Time (h)

400 500 600

Fig.3 Evolution of Si: Real value (solid) and estimated value

(dotted)

S, (g/L)

207

6

0 . . ‘ . .
0 100 200 300 400 500 600
Time (h)
Fig.4 Evolution of S>: Real value (solid) and estimated value
(dotted)

S, (g/L)

6

300 400 500
Time (h)

0 100 200 600

Fig.5 Evolution of S3: Real value (solid) and estimated value
(dotted)

1.8

1.61

300 300 500

Time (h)

0 ) 200 600

Fig.6 Evolution of X: Real value (solid) and estimated value
(dotted)

pre:

sents a non robust behavior. Moreover, it should be

highlighted that the non robustness appears very clear in

@ Springer



208

International Journal of Automation and Computing 14(2), April 2017

Fig. 5 because it corresponds to the unmeasured variable.

5.4 Sliding mode observer

Solving the inequalities described in (8) leads to obtain
the numeric values of the matrices P, ) and L; and the

scalar e:
1.0874 14427 01906  2.0136
p_ [L4427 20491 00427 22236
10,1906 —0.0427 3.1531  4.7511
20136 22236 47511 10.3426
£ =3.0410
[—0.7252 —34.3741 10.8032
5| 00079 00663  0.7673
Ly =10
0.0379  —0.3873 —0.0280
|—0.0251 02629  0.0719
[-0.6201 —0.9309 1.0621
5| 03696 05799 —0.6273
Lo =10
~0.0896 —0.0285 0.1177
| 00841  0.0696 —0.1261
—95.9986 —449.0547 —373.7676
L. _ | 1580132 2787043 1520034
7 1124.3318  —15.9638 —114.2906
724568 347669  92.4422
05643 —1.4401 —0.5381
s | 04208 06655 0.3393
Li=10
0.0422 —0.3853 —0.0333
—0.0001 0.3142  0.0470
[ 2451670  330.3931 —109.980 7]
L _ |-1136146 —120.0244 216150
7| 738630  134.9207 —57.7524
| —57.2677  —100.5330  43.2144 |
(—111.9137 —431.2422 —250.206 3]
[ _ | 1017201 1066560 1549055
7| 318156 —120.2406 —17.7648
| —14.7305  96.8756  23.4912 |
[—22.8856 —20.7668 334.8536
. 112114 59.7660 —205.3840
"7 | 83108 67.1396  20.9431
| 5.8307 —30.6865 —34.8679
[—38.8176 —223.4972 —94.3856
Lo _ | 420070 1000036 1520034
71201841 —52.3846 —114.2906
|—10.9715  44.0847 7.1643

Each sliding mode gain «; is modified as follows:

—1.T rraT nra s p—1 ~T
a;=¢ & N{ " NizP 'C

a; =0, if s=0.

S
s[> +6°

if s#0
(51)

The parameter § is a small scalar and it is used in order
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to smooth out the discontinuity.

The simulation of the system and the sliding mode ob-
server took place with the same conditions of the observer
of Section 5.3. Figs. 7—10 show the evolution of the four

0.7

0.6

) L/\/‘L/\/\
0

0 100 200

300
Time (h)

400 500 600

Fig.7 Evolution of S;: Real value (solid) and estimated value
(dotted)

6
5t
4 -
=
251
o
2l
i
0 . . . . .
0 100 200 300 400 500 600
Time (h)

Fig.8 Evolution of S>: Real value (solid) and estimated value

(dotted)
6

360 460 560
Time (h)

0 IOIO 2(:;0 600
Fig.9 Evolution of S3: Real value (solid) and estimated value

(dotted)
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1.8

1.6

1.4

12

X (gL)

0 100 200 300 200 500 600
Time (h)

Fig.10 Evolution of X: Real value (solid) and estimated value

(dotted)

state variables of denitrification process. It is clear that
the estimated values converge to the real ones with an im-
proved accuracy which lead to say that the proposed ob-
server presents a robust behavior via parametric variations
in comparison with the observer of Section 5.3.

In Fig. 11, additional curves of estimation errors are pre-
sented in order to support the previous figures of state vari-
ables in showing the performance of the proposed observer.
It is noticed that e1, e2, es and e4 are the estimation errors
of S1, S2, S3 and X, respectively.

X 1073
1 T T T T -
s OF'W*NM«—-‘ i W‘“Vﬂ!
7] " A " i .
0 100 200 .30 400 500 600
«167° Time (h)
1 -
N . I A‘M
) of e ‘ Ay oty
_10 100 200 . 300 400 500 600
4 Time (h)
X10
o 5 '
< OM/V\/WVMW
- 5 " I " I L
0 100 200 300 400 500 600
Time(h)
0.1 T T ]
= |
—0.1 -
0 100 200 300 400 500 600
Time (h)

Fig.11 Evolution of estimation errors

Another simulation is performed with different initial
conditions for the observer:

51(0) = 0.7g/L,
S5(0) = 2.9g/L,

S5(0) = 0.01 g/L,
X(0) =0.2g/L.

The results are presented in Figs. 12-15 which show the
evolution of the state variables, for both the system and
the observer, and provide a zoom captured near the initial
conditions in order to check the behavior of the estimator
in the transient phase.

6 Conclusions

A robust sliding mode observer based on multiple models
is developed for a nonlinear uncertain system. The design
of observer gain is based on LMI’s tools that guarantee the
asymptotic convergence of estimation error. A sliding mode

0.7 T T T T T

0.6f

! U\/‘L/\/\_A
0 L L L
0 100 200 300 400 500 600

Time (h)
(a) Evolution of Sy

Time (h)

(b) View near initial conditions of S

Fig.12 Curves of Si: Real value (solid) and estimated value

(dotted)
6

S, (g/L)
W

0 100 200 300 400 500 600
Time (h)

(a) Evolution of Ss
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Fig.13 Curves of S2: Real value (solid) and estimated value
(dotted)
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Fig.14 Curves of S3: Real value (solid) and estimated value

(dotted)

term is added in order to ensure the robustness against the
uncertainties. A classic Luenberger multiples observer and

@ Springer

the proposed multiple observer are applied to estimate the
state of a denitrification process under uncertainties that
affected the maximum of specific growth rates. The simu-
lation results demonstrate the effectiveness of the proposed
multiple observer.
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Fig.15 Curves of X: Real value (solid) and estimated value
(dotted)
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