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Abstract: Considering the situation that the least-squares (LS) method for system identification has poor robustness and the least
absolute deviation (LAD) algorithm is hard to construct, an approximate least absolute deviation (ALAD) algorithm is proposed
in this paper. The objective function of ALAD is constructed by introducing a deterministic function to approximate the absolute
value function. Based on the function, the recursive equations for parameter identification are derived using Gauss-Newton iterative
algorithm without any simplification. This algorithm has advantages of simple calculation and easy implementation, and it has second
order convergence speed. Compared with the LS method, the new algorithm has better robustness when disorder and peak noises exist
in the measured data. Simulation results show the efficiency of the proposed method.
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1 Introduction

The least-squares (LS) method has been widely used
in the field of system identification because of its ma-
ture theories[1−4]. A series of new identification methods
based on the LS method have been proposed by many
researchers[5−8]. It is well known that if random noises
are normally distributed, the LS criteria can obtain excel-
lent performance[9]. However, if abnormal data exist in
the measured data (such as disorder and peak noises), the
LS criteria is unable to obtain good identification result.
In fact, abnormal data existing in the measured data can
cause large error and the squared value of the error becomes
larger. Thus, the impact of the abnormal data is inflated
when using the LS objective function. The estimated pa-
rameters by minimizing the sum of squared errors have to
fit with these abnormal data, which worsen the identifica-
tion robustness and convergence speed. Moreover, in many
cases, abnormal points just reflect some specific informa-
tion, so they cannot be removed arbitrarily[10] .

For the shortcoming of LS methods, least absolute devi-
ation (LAD) criteria which uses the minimum sum of ab-
solute errors as the objective function is adopted by many
researchers in order to improve the robustness and conver-
gence speed of identification algorithm[11−13] . However, the
main weakness of LAD criteria is that the objective func-
tion is non-differentiable. We need to solve a non-smooth
optimization problem, which is more difficult. Reference
[14] shows an iterative algorithm to find the linear LAD re-
gression coefficient, which lists all the possibilities. But the
convergence condition of the algorithm is difficult to deter-
mine, and the initial iteration vector is given only depending
on experiences. Linear model is analyzed by translating it
to linear programming problem, and the linear regression
coefficients under LAD criteria can be given by solving lin-
ear programming in Matlab quickly and correctly[15]. How-
ever, the computation cost of the method is too high in the
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presence of large samples. Xu et al.[16] used the majorize-
minimize (MM) algorithm to solve parameter identification
problem under LAD criteria, but the calculation process
is too complicated and not suitable for practical applica-
tion. For nonlinear Wiener-Hammerstein model, a new
method under LAD criteria is proposed by using particle
swarm optimization (PSO) algorithm for nonlinear system
identification[17]. However, it is not convenient to apply
because it needs to set many parameters.

Considering the drawbacks mentioned above, identifica-
tion algorithm based on approximate least absolute devia-
tion criteria (ALAD) is proposed in this paper. The objec-
tive function is constructed by using a deterministic func-
tion to replace the absolute value function. The determinis-
tic function has similar characteristics as the absolute value
function is differentiable. Model parameter identification
is done based on the objective function, and the recursive
equations for parameters identification are derived using
Gauss-Newton iterative algorithm without any simplifica-
tion. This algorithm has the advantages of simple calcu-
lation and easy implementation, and it compensates the
drawbacks of the LAD method whose objective function
is non-differentiable and involves complicated calculation.
Furthermore, compared with the LS method, this algorithm
is more robust when disorder and peak noises exist in the
measured data. Simulation results show the efficiency of
the new algorithm.

The remaining part of the paper is organized as follows:
A deterministic function used to approximate the absolute
value function is described in Section 2. Section 3 gives
the details of the new algorithm proposed in this paper.
Simulation results and analysis are presented in Section 4.
Finally, the conclusions are presented in Section 5.

Notations.
β: A controllable parameter.
u(k): System input.
y(k): System input output.
v(k): System noise.
A(z−1), B(z−1): Polynomials of unit delay operator z−1.
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ai, bj : Parameters to be estimated.
na, nj : Order of polynomials.
θ: System parameter vector.
θ̂: Estimated parameter vector.
ϕ(k): Data vector.
J(∗): Cost function.
e(k): Estimation error.
G: Gradient of J(θ̂).
H : Hessian matrix of J(θ̂).

2 Description of approximate absolute
function

A deterministic function which has characteristics of the
absolute value function is introduced in this paper to ap-
proximate the absolute value function, which compensates
the shortcomings of LAD method. The function can be
describe as

φ(x) = β ln[cosh(
x

β
)] (1)

where β is a controllable parameter, and nonlinear function
φ(∗) is related with β.

When β is small enough, nonlinear function cosh( x
β
) ≈

1
2
e|x/β|, β ln[cosh( x

β
)] ≈ |x|, i.e., φ(x) ≈ |x| apprioximates

the absolute value function.
When β = 0.01, the function curve is shown in Fig. 1.

Fig. 1 Curve of the function, β = 0.01

The curve shows that when β is small enough, nonlinear
function φ(x) = β ln[cosh( x

β
)] can approximate the absolute

value function |x| effectively.

3 The identification algorithm based on
approximate LAD criteria

3.1 The model description

The system under consideration is assumed to be repre-
sented by

A(z−1)y(k) = B(z−1)u(k) + v(k) (2)

where u(k) and y(k) are the system input, and output re-
spectively, A(z−1) and B(z−1) are polynomials of the unit
delay operator z−1 (i.e., z−1y(k) = y(k − 1)), A(z−1) and
B(z−1) are defined as

A(z−1) = 1 + a1z
−1 + a2z

−2 + · · · + anaz−na

B(z−1) = b1z
−1 + b2z

−2 + · · · + bnbz
−nb

where ai(i = 1, 2, · · · , na), bi(i = 1, 2, · · · , nb) are the pa-
rameters to be estimated.

The system represented by (2) can be rewritten in a
signal-regressive form

y(k) = ϕT(k)θ + v(k) (3)

where

ϕ(k)=[−y(k−1), · · · ,−y(k−na), u(k−1), · · · , u(k−nb)]
T

θ = [a1, · · · , ana, b1, · · · , bnb]
T.

The problem is to estimate the parameter vector θ from
the available data y(k), ϕ(k), k = 1, 2, · · · , m. The esti-
mated θ should converge to the true value as the sample
size tends to infinity. The criteria used in this paper is
defined as

J(θ̂) =

m∑

k=1

β ln[cosh(
e(k)

β
)] (4)

where e(k) = y(k) − ϕT(k)θ̂.
The identification algorithm proposed in this paper is

used to search system parameters θLS to satisfy J(θLS) is
minimum.

3.2 Identification algorithm based on
ALAD criteria

Lemma 1. Given the system represented by (3), the
recursive equations for estimated system parameters θ̂ that
minimize the objective function (4) are derived as follows

θ̂(m) = θ̂(m − 1) + αΔθ̂(m) (5)

Δθ̂(m) = Δθ̂(m − 1) −
W (m){ϕT(m)Δθ̂(m − 1) − z(m) tanh[

e(m)

β
]} (6)

W (m)=P (m−1)ϕ(m)[z(m)+ϕT(m)P (m−1)ϕ(m)]−1 (7)

P (m) = P (m − 1) − W (m)ϕT(m)P (m − 1) (8)

z(m) =
1

1 − tanh2 e(m)
β

e(m) = y(m) − ϕT(m)θ̂(m − 1) (9)

where α is the learning rate, P (0) = ωI , ω=106, θ̂(0) and
Δθ̂(0) are initialized as small real vectors.

Proof. Using Gauss-Newton optimization method to
solve the minimization problem (4), the recursive equation
for parameter identification is derived as

θ̂(m) = θ̂(m − 1) + αΔθ̂(m) (10)

where α is the learning rate, Δθ̂(m) is “Gauss-Newton”
search direction. Δθ̂(m) can be defined as

Δθ̂(m) = −[Hm]−1G(m) (11)

where G(m) is a gradient of J(θ̂), and Hm is Hessian matrix
of J(θ̂).
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We can obtain from (4) that

Jm = Jm−1 + β ln[cosh(
e(m)

β
)]. (12)

Thus,

G(m) =
∂Jm

∂θ
|θ=θ̂(m−1) =

∂Jm−1

∂θ
|θ=θ̂(m−1)−ϕ(m) tanh[

e(m)

β
] =

G(m − 1) − ϕ(m) tanh[
e(m)

β
]. (13)

Then, we can get

Hm =
∂2Jm

∂θ2
=

1

β

m∑

k=1

ϕ(k)ϕT(k)[1 − tanh2(
e(k)

β
)]. (14)

Apparently, Hessian matrix is a symmetric matrix, and
it should be kept positive in the process of recursive com-
puting. (14) can be rewritten as

Hm =
∂2Jm

∂θ2
= Hm−1 +

1

β
ϕ(m)ϕT(m)[1 − tanh2(

e(m)

β
)]. (15)

Define

P (m) = H−1
m .

Then,

P (m − 1) = H−1
m−1.

Define

z(m) =
1

1 − tanh2 e(m)
β

.

Then, we can obtain that

P (m) = P (m − 1) − P (m − 1)ϕ(m)[z(m) +

ϕT(m)P (m − 1)ϕ(m)]−1ϕT(m)P (m − 1). (16)

Define

W (m) = P (m − 1)ϕ(m)[z(m) +

ϕT(m)P (m− 1)ϕ(m)]−1. (17)

Then,

P (m) = P (m − 1) − W (m)ϕT(m)P (m − 1). (18)

Equation (17) can be rewritten

W (m)z(m)=P (m−1)ϕ(m)−W (m)ϕT(m)P (m−1)ϕ(m).
(19)

We obtain (20) from (18)

P (m)ϕ(m)=P (m−1)ϕ(m)−W (m)ϕT(m)P (m−1)ϕ(m).
(20)

Thus,

W (m)z(m) = P (m)ϕ(m). (21)

Then,

Δθ̂(m) = −[Hm]−1G(m) −
P (m){G(m − 1) − ϕ(m) tanh[

e(m)

β
]} =

[W (m)ϕT(m) − I ]P (m − 1)G(m − 1) +

P (m)ϕ(m) tanh[
e(m)

β
] =

[I − W (m)ϕT(m)]Δθ̂(m − 1) + P (m)ϕ(m) tanh[
e(m)

β
] =

Δθ̂(m − 1) − W (m){ϕT(m)Δθ̂(m − 1) −
z(m) tanh[

e(m)

β
]} (22)

where P (0) = ωI , ω = 106, θ̂(0) and Δθ̂(0) are real vectors
initialized small enough. �

3.3 Analysis of algorithm performance

1) A deterministic function which has characteristics of
absolute value function is introduced in this paper. It com-
pensates the shortcomings of the LAD method whose ob-
jective function is non-differentiable. Traditional optimize
algorithm is used to solve the problem of system identifi-
cation. It has advantages of simple calculation and easy
implementation, and is valuable for practical applications.

2) The method proposed in this paper uses first and sec-
ond order derivative fully, Gauss-Newton optimization al-
gorithm is used to derive recursive equations that reduce
storage and computation effectively and it has better con-
vergence performance than gradient algorithm. Moreover,
recursive equations for Hessian matrix are derived in the
method.

4 Simulation and analysis

In order to prove the good performance of the proposed
ALAD method in this paper, many simulation experiments
have been done. The proposed method is compared with
LS method for two cases, one is that only white noises exist
in measured data, the other is that not only white noises
but disorder and peak noises exist in the measured data.
simulation results show that the new algorithm has better
robustness and faster convergence speed. The simulation
and analysis of a typical system are shown as follows.

4.1 Simulation example and evaluation
criteria

Consider the typical auto regression with control item
(CAR) model

A(z−1)y(k) = B(z−1)u(k) + v(k)

where

A(z−1) = 1 − 1.5z−1 + 0.7z−2

B(z−1) = z−1 + 0.5z−2

where {u(k), k = 1, 2, · · · , m} are input values of M se-
ries with the longest cycle period of 31 bits, {v(k), k =
1, 2, · · · , m} are additive random disturbances, input and
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output data for identification are obtained from this model.
Comparison with LS method for the two cases is as follows:

Case 1. Only white noises exist in measured data,
{v(k), k = 1, 2, · · · , m} are white noises with variance one
and zero mean value.

Case 2. Disorder and peak noises are added with the
probability of 5%, 10% and 20% respectively to the mea-
sured data that are disturbed by white noises. Relative
error of estimated parameter is used as the evaluation cri-
teria of the algorithm, which is defined as

δ =
||θ − θ̂(t)||

||θ|| .

4.2 Identification results and analysis

Simulation experiments are done for the mentioned two
cases respectively. The corresponding results obtained by
the ordinary LS method and the proposed ALAD method
are also included for comparison.

1) If only white noises exist in measured data, the results
are shown in Table 1.

Table 1 Simulation results of LS method and ALAD method

Parameter a1 a2 b1 b2

True value –1.5 0.7 1 0.5

LS –1.4988 0.6998 1.0044 0.4951

ALAD –1.5011 0.6983 1.0101 0.4983

2) Disorder and peak noises are added with the probabil-
ity of 5%, 10% and 20% respectively to the measured data
that are disturbed by white noises, curves of relative errors
are shown in Figs. 2–4.

Results analysis: The results of Table 1 demonstrate
that, when only white noises exist in measured data, both
the ALAD algorithm and the LS method are able to achieve
good performance with high accuracy. It is shown from
Figs. 2–4 that the ALAD algorithm has higher identification
accuracy and faster convergence speed than the LS method
when disorder and peak noises exist in the measured data.
And the more noisy, the better identification results the new
algorithm gets. Simulation results show that the new algo-
rithm has better robustness, faster convergence speed and
higher identification accuracy than the LS method, when
the measured data are disturbed by not only white noises
but also disorder and peak noises.

Fig. 2 Comparison of δ curves with the 5% probability of dis-

order and peak noises

Fig. 3 Comparison of δ curves with the 10% probability of dis-

order and peak noises

Fig. 4 Comparison of δ curves with the 20% probability of dis-

order and peak noises

5 Conclusions

A novel identification algorithm is proposed in this paper
by minimizing an approximate LAD function. The approx-
imate LAD function has characteristics of absolute value
function and is differentiable. Then, the recursive equa-
tions can be derived using Gauss-Newton iterative algo-
rithm. The novel algorithm has advantages of simple calcu-
lation and easy implementation with second-order conver-
gence speed, and it avoids matrix inversion problem. The
algorithm compensates the shortcomings of LAD method
whose objective function is non-differentiable. And it is
more robust than the LS method. Finally, the simulation
results demonstrate the superiority of the proposed algo-
rithm.
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