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Abstract: This paper deals with the simultaneous estimation of states and unknown inputs for a class of Lipschitz nonlinear systems
using only the measured outputs. The system is assumed to have bounded uncertainties that appear on both the state and output
matrices. The observer design problem is formulated as a set of linear constraints which can be easily solved using linear matrix
inequalities (LMI) technique. An application based on manipulator arm actuated by a direct current (DC) motor is presented to
evaluate the performance of the proposed observer. The observer is applied to estimate both state and faults.
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1 Introduction

Over the last decades, tremendous research activities
have been focused on observer design for linear or nonlinear
systems with unknown inputs. This topic was motivated by
the fact that state estimation together with unknown inputs
can be used for control, diagnosis or supervision.

In the linear systems case, Johnson[1] and Meditch and
Hostetter[2] suggest approximating the unknown inputs by
the response of a known dynamic system. In [3–9], change
of coordinates methods, from which a conventional observer
has been designed, are proposed. In [10] an observer for
the simultaneous estimation of the states and the unknown
inputs is proposed. The observer design problem is solved
via strong conditions, involving equalities and inequalities
constraints. These constraints are then formulated as linear
matrix inequality (LMI).

On the other hand, many works focus on particular
classes of nonlinear systems. For the class of Lipschitz non-
linear systems, Ha and Trinh[11] have proposed an observer
permitting the simultaneous estimation of the states and
the unknown inputs. The observer design problem has been
solved via the LMI technique. For a class of multi-inputs
multi-outputs nonlinear systems with unknown inputs, the
work of [12] has proposed a high gain observer to estimate
states and unknown inputs. Using sliding mode technique,
an LMI condition to design observer for nonlinear system in
multiple model representation is given in [13] and in recent
work in [14]. In [15], a robust unknown input observer for
linear and nonlinear systems is proposed in LMI formula-
tion. Other works consider different observers for descriptor
systems[16], for neutral models[17] and for systems with ac-
tuator constraints[18].

However, few works which deal unknown inputs observer
design for uncertain nonlinear systems exist in the litera-
ture. Moreover, to the best of our knowledge, no results
consider uncertainties on output matrix.

In this study, the objective is to design an unknown in-
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put observer (UIO) for a class of nonlinear systems in the
presence of uncertainties that appears on both the state
and output matrices. For this purpose, a UIO to estimate
both state and unknown inputs is derived in LMI terms.
The paper is organized as follows. In Section 2, the consid-
ered class of nonlinear systems is introduced. Section 3 is
devoted to the observer synthesis. Section 4 illustrates the
obtained results using physical model. Finally, a conclusion
is given in Section 5.

Notations. Throughout the paper, the following useful
notation is used: XT denotes the transpose of the matrix
X, X > 0 means that X is a symmetric positive definite
matrix and ‖·‖ represents the Euclidean norm for vectors
and the spectral norm for matrices.

2 Problem statement

Consider the following model described by an uncertain
system with Lipshitz constraint.{

ẋ(t) = (A + ΔA)x(t) + φ(x, u) + Dv(t)

y(t) = (C + ΔC)x(t)
(1)

where x(t) ∈ Rn is the system state vector, u(t) ∈ Rs is
the system input vector, v(t) ∈ Rm is the unknown input
vector and y(t) ∈ Rp is the system output vector. A, C, and
D are constant matrices with compatible dimensions. ΔA,
ΔC are real-valued matrix functions which represent time-
varying parameter uncertainties affecting the state and the
output matrices, respectively.

In the following, we mention a useful lemma that will be
used later in the proof of our results.

Lemma 1. For any positive scalar μ > 0, the following
inequality holds:

XTY + Y TX � μXTX + μ−1Y TY.

For the observer synthesis, the following assumptions are
needed.
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Assumption 1. The nonlinear function Φ(·, ·) satisfies
the Lipschitz condition, i.e., for all x, x̂ ∈ Rn,

‖Φ(x, u∗) − Φ(x̂, u∗)‖ � k ‖x − x̂‖ (2)

where k is a Lipschitz constant. Φ(0, u∗) = 0, u∗ is any
admissible control signal.

Assumption 2. If v(t) is bounded by a known positive
scalar, then there exists β such that ‖v‖ � β.

Assumption 3. rang(CD) = m,m < p, with D+ is the
left inverse of D, i.e., D+D = I

Assumption 4. If ΔA and ΔC are bounded by known
positives scalars, then there exist σ1 and σ2 such that
‖ΔA‖ < σ1 and ‖ΔC‖ < σ2.

3 Main result

In this section, we aim to design an observer for a class of
nonlinear system in the presence of uncertainties affecting
both the state and the output matrices. Let us consider the
following observer:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

˙̂x(t) = Ax̂(t) + Φ(x̂, u) + Dve(t)+

L(y(t) − ye(t)) + s(t) + m(t)

ye(t) = Cx̂(t)

ve(t) = γG(y(t) − ye(t))

(3)

where γ is a positive scalar, L, s(t), m(t), and G are the
observer′s parameters to be determined and x̂, ve are the
estimates of x, v, respectively.

To ensure the observer′s stability, the following theorem
is given.

Theorem 1. Suppose that there exist matrices P > 0,
K, L and G, positive scalars μ1, μ2, ηi , i = 1, 2, 3 satisfying
the following linear conditions:⎡

⎢⎢⎢⎢⎣
Ω K P P

KT −μ2 0 0

P 0 −μ1 0

P 0 0 − 1

k2

⎤
⎥⎥⎥⎥⎦ < 0 (4)

DTP = GC

with

Ω = ATP − CTKT + PA − KC + I + σ2
1η1 +

σ2
2η2 + σ2

2η3 (5)

and

L = P−1K. (6)

Then, for any ε > 0 such that limt→∞ sup ‖x(t) − x̂(t)‖ �
ε, the observer (2) is defined by

γ � β

‖DTP‖ ε
(7)

s(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

2
σ2

1μ1

(
1 +

μ1

η1 − μ1

)
P−1CTr(t)

rT(t)r(t)
x̂T(t)x̂(t),

if r(t) �= 0

s(t) = 0, if r(t) = 0.

(8)
Proof. see Appendix. �
Equality (5) can be solved using existing numerical tools.

It can be also approximated by an LMI formulation with
minimization of an additional variable δ:

min δ[
δI DTP − GC

(DTP − GC)T δI

]
� 0.

(9)

Design steps. The estimation error cannot converge to
zero but to a small neighbourhood of zero depending on the
choice of ε > 0 such that limt→∞ sup ‖x(t) − x̂(t)‖ � ε.

1) Solve LMI conditions (4)/(10) and compute unknown
variables: P > 0, K, L, G, μ1, μ2, ηi , i = 1, 2, 3.

2) Deduce gains observer L, γ, s(t), m(t) and G from
(7)–(9).

Notice that when the system is assumed without uncer-
tainties on the output matrix, i.e., ΔC = 0, the observer
can be written as follow:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

˙̂x(t) = Ax̂(t) + Φ(x̂, u) + Dve(t)+

L(y(t) − ye(t)) + s(t)

ye(t) = Cx̂(t)

ve(t) = γG(y(t) − ye(t))

(10)

with (11), and the following design observer conditions are
given.

Corollary 1. Suppose that there exist matrices P > 0,
K, L and G, positive scalars μ1 and η1 satisfying the fol-
lowing linear conditions:⎡

⎢⎢⎣
Φ P P

P −μ1 0

P 0 − 1

k2

⎤
⎥⎥⎦ < 0 (12)

DTP = GC (13)

with

Φ = ATP − CTKT + PA − KC + I + σ2
1η1.

r(t) = Ce(t)

m(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1

2
σ2

2

(
μ2

(
1 +

μ2

η2 − μ2

)
+ μ3

(
1 +

μ2

η2 − μ2

))
P−1CTr(t)

rT(t)r(t)
x̂T(t)x̂(t)+

1

2
γ

η2

η3μ2
‖G‖4P−1CTr(t) if r(t) �= 0,

0 if r(t) = 0

(11)
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Then, for any ε > 0, such that limt→∞ sup ‖x(t) − x̂(t)‖ �
ε, the observer (11) is defined by (6)–(9) and

s(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

2
σ2

1μ1

(
1 +

μ1

η1 − μ1

)
P−1CTr(t)

rT(t)r(t)
x̂T(t)x̂(t),

if r(t) �= 0

0, if r(t) = 0.

(14)

Remark 1. It is important to note that a potential
problem arises in the implementation of the given observer.
Thus when the output estimation error r(t) = Ce(t) tends
towards zero, the magnitude of s(t) and m(t) may increase
without bound. This problem is overcome as follows: the
terms s(t) and m(t) are fixed to zero when the output es-
timation error is such that ‖r(t)‖ � λ where λ is a small
positive number chosen by the user. It goes without saying
that the estimation error converges to a small neighbour-
hood of zero. Notice also that the choice of large values of
gain γ produces a large sensitivity to the noises.

4 Example: manipulator arm actuated
by a DC motor

The proposed approach is tested on a real process of a
manipulator arm with revolute joints actuated by a DC
motor[19] as shown in Fig. 1. The nonlinear model of this
system is given by

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

θ̇m(t) = ωm(t)

ω̇m(t) =
k

Jm
(θl(t) − θm(t)) − B

Jm
ωm(t) +

kτ

Jm
u(t)

θ̇l(t) = ωl(t)

ω̇l(t) = − k

Jl
(θl(t) − θm(t)) − mgh

Jl
sin(θl(t))

(15)

where θm(t) stands for the angular rotation of the motor,
ωm(t) is the angular velocity of the motor, θl(t) is the an-
gular position of the link, and ωl(t) is the angular velocity
of the link. The input signal is given by u(t) = sin(t), and
the initial condition is x0 = 0 for the system and x̂0 = 1 for
the observer.

Fig. 1 Manipulator arm actuated by a DC motor

The parameters definition and their values are given in
Table 1.

Table 1 Model parameters of manipulator arm actuated by a

DC motor

Parameter Meaning Value

Jm Motor inertia 3.7 × 10−3 kg·m2

Jl Link inertia 9.3 × 10−3 kg·m2

m Pointer mass 2.1 × 10−1 kg

h Link length 3.1 × 10−1 m

k Torsional spring constant 1.8 × 10−1 N·m·rad−1

B Viscous friction coefficient 4.6 × 10−2 N·m·V−1

kτ Amplifier gain 8 × 10−2 N·m·V−1

This system can be submitted to faults that are consid-
ered as unknown inputs[20]. Then the system (15) can be
rewritten as follows:{

ẋ(t) = (A + ΔA)x(t) + Bu(t) + Φ(x) + Dv(t)

y(t) = (C + ΔC)x(t).
(16)

The state vector is x(t) = [θm(t)ωm(t)θl(t)ωl(t)]
T, the

measured outputs vector is y(t) = [θm(t)ωm(t)]T and the
considered matrices:

A =

⎡
⎢⎢⎢⎣

0 0 1 0

−48.6 −1.25 48.6 0

0 0 0 1

1.95 0 −1.95 0

⎤
⎥⎥⎥⎦ ,

B =

⎡
⎢⎢⎢⎣

0

21.6

0

0

⎤
⎥⎥⎥⎦ , D =

⎡
⎢⎢⎢⎣

1

1

0

0

⎤
⎥⎥⎥⎦ , C =

[
1 0 0 0

0 1 0 0

]

and Φ(x) =
[
0 0 −3.33 sin(x3(t)) 0

]T

. It follows

that the Lipschitz constant of Φ(x) is k = 0.333.
For simulations, the considered uncertainties are assumed

bounded (Assumption 4) as follows: ‖ΔA‖ < σ1 and
‖ΔC‖ < σ2 with σ1 = σ2 = 0.2.

The proposed approach assumes that the estimation er-
ror cannot converge to zero asymptotically but to a small
positive number (ε) chosen by the user (see Remark 1).
The simulation results are carried out with ‖r(t)‖ � λ with
λ = 0.01.

4.1 Simulation results

By using the feasp and mincx functions of the LMI Tool-
box of Matlab, the resolution of (4) and (10) lead to the
following data:

L =

⎡
⎢⎢⎢⎣

9.9278 −1.5049

−6.8376 61.9656

9.5740 20.5173

20.9922 43.2715

⎤
⎥⎥⎥⎦ G =

[
30.6892 9.3064

]
;

P =

⎡
⎢⎢⎢⎣

13.3537 1.9909 −6.6508 0.1017

1.9909 2.6623 −3.3772 0.0434

−6.6508 −3.3772 15.3582 −1.9655

0.1017 0.0434 −1.9655 0.8718

⎤
⎥⎥⎥⎦

μ1 = 273.9789, μ2 = 487.4580

η1 = 0.0056, η2 = 26.6006, η3 = 26.6006 .
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Figs. 2 and 3 show the estimation of state and fault (un-
known input) using the designed observer with γ = 1.2. We
note a good estimation of the non-measured outputs θl(t)
and ωl(t) of the system as well as the unknown input de-
spite the presence of the uncertainties on state and on the
output matrices.

Fig. 2 The non-measured outputs θl(t) and ωl(t) and their es-

timates

Fig. 3 The unknown input and its estimate

5 Conclusions

In this work, a class of uncertain nonlinear systems is
considered. The system is assumed to have bounded uncer-
tainties affecting both the state and output matrices. An
unknown input observer is developed to estimate the states

and the unknown inputs simultaneously. The stability con-
ditions of such observer are expressed in terms of LMI. The
given designed observer can be used for fault detection pro-
cedure. The performance of the proposed observer has been
demonstrated in simulation through a manipulator arm ac-
tuated by a DC motor.

Appendix

Proof of Corollary 1. The estimation error is defined
by

e(t) = x(t) − x̂(t). (A1)

From (1) and (2), the dynamics of the estimation error
is

ė(t) = ẋ(t) − ˙̂x(t) =

(A − LC)e(t) + ΔAx(t) − LΔCx(t) + Φ(x, u) −
Φ(x̂, u)ė(t) + Dv(t) − Dve(t) − s(t) − m(t). (A2)

That can be rewritten as follow

ė(t) = ẋ(t) − ẋe(t) =

Aee(t) + (ΔA − LΔC)x(t) + ΔΦ +

Dv(t) − Dve(t) − s(t) − m(t) (A3)

with ΔΦ = Φ(x, u) − Φ(x̂, u) and Ae = A − LC.
Consider Lyapunov function candidate

V e(t) = eT(t)Pe(t), P > 0 (A4)

the derivative of along the system (1) yields to

V̇ = ėT(t)Pe(t) + eT(t)P ė(t) =

eT(t)(AT
e P + PAe)e(t) + 2eT(t)PΔΦ+

2eT(t)PDv(t) − 2eTPDve(t)+

2eTP (ΔA − LΔC)x(t) − 2eTPs(t) − 2eTPm(t) =

eT(t)(AT
e P + PAe)e(t) + 2eT(t)PΔΦ+

2eT(t)PDv(t) − 2γeT(t)PDGCe(t) − 2eT(t)Ps(t)+

2eT(t)PΔAx(t)− 2eT(t)Pm(t)−
2γeT(t)PDGΔCx(t) − 2eT(t)PLΔCx(t).

Using the condition (5), we get

V̇ = eT(t)(AT
e P + PAe)e(t) + 2eT(t)PΔΦ+

2eT(t)PDv(t) − 2γeT(t)PDDTPe(t) − 2eT(t)Ps(t)−
2eT(t)Pm(t)− 2γeT(t)PDGΔCx(t)+

2eT(t)PΔAx(t)− 2eT(t)PLΔCx(t) =

eT(t)(AT
e P + PAe)e(t) + 2eT(t)PΔΦ+

2‖DTPe‖ ‖v‖ − 2γ
∥∥DTPe

∥∥2 − 2eT(t)Ps(t)−
2eT(t)Pm(t)− 2γeT(t)PDGΔCx(t)+

2eT(t)PΔAx(t)− 2eT(t)PLΔCx(t).

Using again Assumption 2, we obtain

V̇ � eT(t)(AT
e P + PAe)e(t) + 2eT(t)PΔΦ +

2‖βDTPe‖ − 2γ‖DTPe‖2 − 2eTPs(t) −
2eTPm(t) − 2γeT(t)PDGΔCx(t) +

2eT(t)PΔAx(t)− 2eT(t)PLΔCx(t). (A5)

According to Assumption 1, we have 2eTPΔΦ �
2k ‖Pe‖ ‖e‖ and from Lemma 1, we have

2eTPΔΦ � k2eTPPe + eTe. (A6)
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Using Lemma 1, for any positive scalars μ1, μ2, μ3, μ′
1

and μ′
2, the following inequalities hold:

2eT(t)PΔAx(t) � μ1x
T(t)(ΔA)TΔAx(t) +

μ−1
1 eT(t)PPe(t) =

μ1σ
2
1xT(t)x(t) + μ−1

1 eT(t)PPe(t) =

μ1σ
2
1(x̂

T + eT)(x̂ + e) + μ−1
1 eT(t)PPe(t) =

μ1σ
2
1 x̂Tx̂ + μ1σ

2
1(x̂

Te + eTx̂) +

μ1σ
2
1eTe + μ−1

1 eT(t)PPe(t) =

μ1σ
2
1 x̂Tx̂ + μ1σ

2
1(μ

′
1x̂

Tx̂ + μ′−1
1 eTe) +

μ1σ
2
1eTe + μ−1

1 eT(t)PPe(t) =

μ1σ
2
1(1 + μ′

1)x̂
Tx̂ + μ1σ

2
1(1 + μ′−1

1 )eTe +

μ−1
1 eT(t)PPe(t) (A7)

2eT(t)PΔCx(t) � μ2x
T(t)(ΔC)TΔCx(t) +

μ−1
2 eT(t)PLLTPe(t) =

μ2σ
2
2xT(t)x(t) + μ−1

2 eT(t)PLLTPe(t) =

μ2σ
2
2(x̂

T + eT)(x̂ + e) + μ−1
2 eT(t)PLLTPe(t) =

μ2σ
2
2x̂Tx̂ + μ2σ

2
2(x̂

Te + eTx̂) +

μ2σ
2
2eTe + μ−1

2 eT(t)PLLTPe(t) =

μ2σ
2
2x̂Tx̂ + μ2σ

2
2(μ

′
2x̂

Tx̂ + μ′−1
2 eTe) +

μ2σ
2
2eTe + μ−1

2 eT(t)PLLTPe(t) =

μ2σ
2
2(1 + μ′

2)x̂
Tx̂ + μ2σ

2
2(1 + μ′−1

2 )eTe +

μ−1
2 eT(t)PLLTPe(t) (A8)

and

2γeTPDGΔCx �
μ3x

T(ΔC)TΔCx + γμ−1
3 eTPDGGTDTPe =

μ3σ
2
2xT(t)x(t) + γμ−1

3 eTPDGGTDTPe =

μ3σ
2
2(x̂

T + eT)(x̂ + e) + γμ−1
3 eTPDGGTDTPe =

μ3σ
2
2 x̂Tx̂ + μ3σ

2
2(x̂Te + eTx̂) + μ3σ

2
2eTe +

γμ−1
3 eTPDGGTDTPe =

μ3σ
2
2 x̂Tx̂ + μ3σ

2
2(μ′

2x̂
Tx̂ + μ′−1

2 eTe) + μ3σ
2
2eTe +

γμ−1
3 eTPDGGTDTPe =

μ3σ
2
2(1 + μ′

2)x̂
Tx̂ + μ3σ

2
2(1 + μ′−1

2 )eTe +

γμ−1
3 eTPDGGTDTPe.

Using condition (5) with r(t) = Ce(t), one gets

2γeTPDGΔCx � μ3σ
2
2(1 + μ′

2)x̂
Tx̂ +

μ3σ
2
2(1 + μ′−1

2 )eTe + γμ−1
3 eTCTGTGGTGCe

μ3σ
2
2(1 + μ′

2)x̂
Tx̂ + μ3σ

2
2(1 + μ′−1

2 )eTe +

γμ−1
3 ‖G‖4 rTr. (A9)

Substituting (A6)–(A9) in (A5), we obtain:

V̇ � eT{AT
e P + PAe + k2PP + μ−1

1 (t)PP +

μ−1
2 (t)PLLTP + I + μ1σ

2
1(1 + μ′−1

1 ) +

μ2σ
2
2(1 + μ−1

2 ) + μ3σ
2
2(1 + μ′−1

2 )}e(t) +

2‖βDTPe‖ − 2γ‖DTPe‖2 − 2eTPs(t) −
2eT(t)Pm(t) + μ1σ

2
1(1 + μ′

1)x̂
Tx̂ +

μ2σ
2
2(1 + μ′

2)x̂
Tx̂ + μ3σ

2
2(1 + μ′

2)x̂
Tx̂ +

γμ−1
3 ‖G‖4rTr �

eT(t)Ωe(t) + 2‖βDTPe‖ − 2γ‖DTPe‖2 −
2eTPs(t) − 2eT(t)Pm(t) +

μ1σ
2
1(1 + μ′

1)x̂
Tx̂ − μ2σ

2
2(1 + μ′

2)x̂
Tx̂ −

μ3σ
2
2(1 + μ′

2)x̂
Tx̂ − γμ−1

3 ‖G‖4rTr (A10)

where

Ω = AT
e P + PAe + k2PP + μ−1

1 (t)PP +

μ−1
2 (t)PLLTP + I + μ1σ

2
1(1 + μ′−1

1 ) +

μ2σ
2
2(1 + μ′−1

2 ) + γμ3σ
2
2(1 + μ′−1

3 ) =

ATP + PA − LTP − PL + k2PP +

μ−1
1 (t)PP + μ−1

2 (t)PLLTP + I + σ2
1η1 +

σ2
2η2 + σ2

2η3

with η1 = μ1(1 + μ′−1
1 ), η2 = μ2(1 + μ′−1

2 ) and η3 =
μ3(1 + μ′−1

2 ). Then with the definitions (8) and (9) we
get

V̇ � eT(t)Ωe(t) + 2‖βDTPe‖ − 2γ‖DTPe‖2. (A11)

For any ε > 0 such that limt→∞ sup ‖e(t)‖ � ε, we show
that with the following condition

γ � β

‖DTP‖ ε
(A12)

we get V̇ � eT(t)Ωe(t). The schur complement of (4) guar-
antees Ω < 0 and then V̂ > 0. �
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