
International Journal of Automation and Computing 05(3), July 2008, 313-318

DOI: 10.1007/s11633-008-0313-7

An Approach to Polynomial NARX/NARMAX Systems

Identification in a Closed-loop with Variable

Structure Control

O. M. Mohamed Vall1,∗ R. M′hiri2
1Laboratory of Systems Analysis and Control, Department of Electrical Engineering, National School for Engineers of Tunis,

le Belvédère 1002 Tunis, Tunisia
2Research Unit of Electrical Machines and Power Systems (RME), National Institute of Applied Sciences and Technology of Tunis, Tunisia

Abstract: Many physical processes have nonlinear behavior which can be well represented by a polynomial NARX or NARMAX
model. The identification of such models has been widely explored in literature. The majority of these approaches are for the open-loop
identification. However, for reasons such as safety and production restrictions, open-loop identification cannot always be done. In such
cases, closed-loop identification is necessary. This paper presents a two-step approach to closed-loop identification of the polynomial
NARX/NARMAX systems with variable structure control (VSC). First, a genetic algorithm (GA) is used to maximize the similarity of
VSC signal to white noise by tuning the switching function parameters. Second, the system is simulated again and its parameters are
estimated by an algorithm of the least square (LS) family. Finally, simulation examples are given to show the validity of the proposed
approach.
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1 Introduction

A wide class of nonlinear systems can be described by
NARX/NARMAX models. These models were introduced
by Leontaritis and Billings[1,2] and Chen and Billings[3] as
a means of describing the input-output relationship of a
nonlinear system[4].

The polynomial representation is the most common
model, and it has been proven to work well in practical
applications[5]. Compared to the Volterra or Wiener series
(which are frequently used for the identification of nonlinear
systems), these models could represent a nonlinear model
with a smaller number of parameters[6].

Several approaches to NARX/NARMAX models identifi-
cation have been developed (see e.g., [7–10]) and the major-
ity of these approaches were proposed for open-loop iden-
tification. However, such identification operations cannot
always be used or do not provide reliable models. The sys-
tem to be identified might be unstable in open-loop; this
system might contain inherent feedback mechanisms[11]; or
for safety and/or economic reasons open, loop identification
cannot be performed. Thus, we must carry out closed-loop
identification so that we can identify the system.

On the other hand, the choice of the excitation signal
is an important step in open- or closed-loop identification.
The results and the performances obtained are closely re-
lated to the excitation sequence. In open-loop identifi-
cation, we can freely choose an excitation signal having
the necessary properties for identification. In closed-loop
identification, the excitation signal is the controller output.
However, it is well known that the identification under out-
put feedback control and without persistent excitation gives
biased results. In many conventional methods, to achieve
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closed-loop identification with unbiased results, one adds a
persistently exciting test signal into the closed-loop. When
no such external excitation can be available, it is then re-
quired that the controller order should be higher than that
of the plant.

In this paper, we present an approach to identification
of polynomial NARX/NARMAX systems in a closed-loop
with variable structure control (VSC). The use of the VSC
is motivated by its outstanding robust property in stabi-
lizing highly nonlinear and uncertain processes[12−13] . Fur-
thermore, the control signal in such a control technique is
very rich in commutations and very interesting for identi-
fication. We will also show that an appropriate choice of
the switching function parameters provides a control signal,
whose spectral properties are very close to those of a white
noise. Thus, we will not need to add an external test signal
into the closed-loop for a better identification.

The problem of choosing the switching function parame-
ters is resolved by a genetic algorithm (GA).

The paper is organized as follows. In Section 2, we
present a formulation of the identification problem con-
sidered in this paper. The proposed genetic approach
is developed in Section 3. Section 4 describes the
NARX/NARMAX identification. The validity of the pro-
posed approach is illustrated with simulation example in
Section 5. Finally, conclusions is given in Section 6.

2 Problem formulation

This work deals with the identification of
NARX/NARMAX closed-loop systems with variable
structure control. Figs. 1 and 2 show polynomial NARX
and polynomial NARMAX systems in the a closed-loop
with VCS, respectively.
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Fig. 1 Closed-loop polynomial NARX system to identify

Fig. 2 Closed-loop polynomial NARMAX system to identify

These systems are described by the following equations.
NARX system:

⎧⎪⎨
⎪⎩

y(t) = f l[y(t− 1), · · · , y(t− ny), u(t− 1),

· · · , u(t− nu)] + e(t)

u(t) = F (S(t))

(1)

NARMAX system:

⎧⎪⎨
⎪⎩

y(t) = gp[y(t− 1), · · · , y(t− ny), u(t− 1), · · · ,
u(t− nu), e(t− 1), · · · , e(t− ne)] + e(t)

u(t) = F (S(t))

(2)
where y(t), u(t), and e(t) denote, respectively, the out-
put, input, and noise signals, and ny , nu, and ne are
the maximum lags of past outputs, inputs, and noise en-
tering the model. In this paper, f l and gp are assumed
to be polynomial-type functions with nonlinearity degree
l, p ∈ R+. F is a nonlinear function, which is often equal
to the sign function defined as follows:

sign(S(t)) =

{
+K if S(t) � 0

−K otherwise.
(3)

S(t) is called switching function and is defined by

S(t) = ε(t) + λ1ε
(1)(t) + · · ·+ λny−1ε

(ny−1)(t) (4)

where ε(t) is the error between the output signal y(t) and
the reference signal r(t). λi (i = 1, · · · , ny) are constants
and ε(i)(t) is the i-th derivative of ε(t).

The problem here is to estimate the models which de-
scribe, as well as possible, the considered systems behaviors,
using the input and outputs measurements. Next, follows,
we propose a method permitting a rich excitation signal.

As we have mentioned previously, the excitation signal
has a significant importance in the identification procedure.

A pseudo-random binary sequence (PRBS) is usu-
ally used as the excitation signal. Such a signal pro-
vides a sufficient excitation in the case of linear systems

identification[14]. However, the situation for nonlinear sys-
tems identification greatly differs from its linear counter-
part. The PRBS is not sufficient as an excitation signal in
this case, and can even lead to the loss of identifiability due
to having only two possible levels[15,16] . Thus, a multilevel
random signal is necessary in this case[16].

In our case, if F is the sign function, the VSC signal
switches between two values. The shape of VSC signal re-
mains in PRBS shape.

When F is the sign function, the VSC signal is a pseudo-
random binary sequence (at least it has the form of this
one). In a way similar to the PRBS, the VCS signal is not
sufficient as an excitation signal for the nonlinear systems
(due to having only two possible levels). Thus, we propose
to use continuous VSC whose signal is multilevel. In this
case, the function F is defined by

F (S(t)) = −K
(

S(t)

|S(t)|+ η

)
. (5)

It is clear that if η → 0 , one tends towards the same dis-
continuous control law defined by (3).

We also propose an approach that we have already pre-
sented in a previous literature [17]. This approach, which is
based on genetic programming, allows us to find the values
of the switching function parameters which give a control
signal whose properties approximate those of white noise.

3 Approach proposed to determine the
switching function parameters by ge-
netic algorithm (GA)

The signal which is more adaptable to identification is the
white noise. Indeed, this signal allows continuous excitation
of the system to be identified.

The autocorrelation function of this signal is a Dirac delta
function. It is given by

δ(t) =

{
∞ if τ = 0

0 if τ �= 0.
(6)

For a finished power signal, (6) is written

δ(t) =

{
1 if τ = 0

0 if τ �= 0.
(7)

From (7), we have

N∑
i = 2

(ϕuu(i))2 = 0 (8)

where u and ϕuu are white noise and its autocorrelation
function, respectively.

Since the spectral properties of the signal of VCS (in
particular its autocorrelation function) highly depend on
parameters of the switching function, we thus propose an
approach based on the genetic programming allowing deter-
mination of the values of these parameters which give the
nearest possible control signal to that of white noise. Based
on the white noise propriety defined by (8), this means that
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the approach allows us to obtain the switching function pa-
rameters values which minimize the criterion:

J =

N∑
i = 2

(ϕuu(i))2 (9)

where ϕuu is the autocorrelation of the VCS signal u.
Since the criterion J cannot be easily expressed analyti-

cally, we propose to solve this minimization problem via GA
because these algorithms use only the values of the studied
function and not its expression, its derivative or other aux-
iliary knowledge[18].

The application of the GA to determine the switching
function parameters can be reformulated as follows:

Step 1. Starting with an initial population randomly gen-
erated (N vectors (λ1, · · · , λn−1)

T), where λi (i =
1, · · · , n− 1) is the switching function parameter;

Step 2. Calculation of the fitness function value for each
individual (vector);

Step 3. Selection of the best individuals;

Step 4. Creation of a new population (from the old one)
by the application of the operators, crossover and mu-
tation;

Step 5. Insertion of the new population in the current gen-
eration;

Step 6. While the termination condition is not met, return
to Step 2.

4 NARX/NARMAX systems identifi-
cation

4.1 NARX system identification

The NARX system considered here is described by the
NARX polynomial model. This model is linear in the pa-
rameters non-linear difference equations, and it is a function
of past inputs and outputs.

y(t) = f l[y(t− 1), · · · , y(t− ny), u(t− 1), · · · ,
u(t− nu)] + e(t)

(10)

where y(t), u(t), and e(t) represent the output, input, and
noise signals, respectively, ny and nu are their associated
maximum lags, and f is some unknown nonlinear function.
In this paper, f is assumed to be a polynomial function of
degree l ∈ R+.

Equation (10) can be written as

y(t) = ψT(t− 1)θ + e(t) (11)

where ψT(t− 1) includes all the output and input terms as
well as all possible combinations up to degree l and up to
time (t − 1), and θ is a vector which includes their corre-
sponding coefficients.

Since the model described by (11) is linear in the linear in
the parameters model, the recursive least square algorithm
can be used to estimate the parameters vector θ.

The algorithm that we use here is described by

⎧⎪⎪⎨
⎪⎪⎩

θ̂(k) = θ̂(k − 1) + P (k)ψ(k)ε(k)

P (k) = P (k − 1)− P (k − 1)ψ(k)ψT(k)P (k − 1)

1 + ψT(k)P (k − 1)ψ(k)
ε(k) = y(k)− θ̂T(k − 1)ψ(k).

(12)

4.2 NARMAX systems identification

Consider the NARMAX system described by[2]

y(t) = gp[(y(t− 1), ..., y(t− ny), u(t− 1), · · · ,
u(t− nu), e(t− 1), · · · ,
e(t− ne] + e(t)

(13)

where ny , nu, and ne are the maximum lags considered for
the output, input, and noise terms, respectively. u(t) and
y(t) are the input and output signals, respectively. The
sequence {e(t)} represents uncertainties, possible pertur-
bation, un-modelled dynamics, etc., and g is some nonlin-
ear function of u(t), y(t), and e(t). In this paper, g is as-
sumed to be a polynomial function with nonlinearity degree
p ∈ R+.

In order to estimate the parameters of the NARMAX
model, (13) should be expressed as

y(t) = ψT(t− 1)θ + e(t) (14)

where ψT(t − 1) includes all the output, input, and noise
terms as well as all possible combinations up to degree p
and up to time (t − 1), and θ is a vector which includes
their corresponding coefficients.

The model (14) is linear in its parameters, so the esti-
mation of these parameters can be done by an algorithm of
the least square (LS) family[9]. If the noise {e(t)} is known,
an ordinary recursive least-squares (RLS) algorithm can be
used for estimation. However, in general, the noise is not
measurable, and sequence {e(t)} is estimated iteratively.
The problem can be resolved by a recursive extended least
square (RELS) algorithm. Notice that there is a different
version of this algorithm. In this paper, we use the one
based on a posterior estimation of the noise sequence.

From the expression of the model NARMAX (14), we
have

e(t) = y(t)− ψT(t− 1)θ. (15)

Equation (15) shows that the sequence of noise can be re-
placed by residues {ε0(t)}. In other words, the sequence
{ε0(t)} is a rebuilding of the noise sequence {e(t)}, by us-
ing experimental measurements (vector of observation) and
of the vector of estimated parameters.

The residue ε0(t), which corresponds to the a posterior
prediction error, can be calculated as follows:

ε0(t) = y(t)− ψ̂0T
(t− 1)θ̂ (16)

where the vector ψ̂0T
(t − 1) represents an approximation

of the observation vector ψT(t− 1). The vector ψ̂0T
(t− 1)

includes all output, input, and estimated noise terms.
The RELS algorithm, which allows estimating vector pa-

rameters in the model (14) using a posterior estimation, is



316 International Journal of Automation and Computing 05(3), July 2008

described by
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

θ̂(k) = θ̂(k − 1) + P (k)ψ̂0(k)ε(k)

P (k) = P (k − 1)− P (k − 1)ψ̂0(k)ψ̂0T
(k)P (k − 1)

1 + ψ̂0T(k)P (k − 1)ψ̂0(k)
ε(k) = y(k)− θ̂(k − 1)ψ̂0(k).

(17)

5 Simulation examples

The proposed method was implemented and tested to
identify several polynomials NARX/NARMAX systems.
All simulations carried out showed the effectiveness of this
method.

In this paper, two simulation examples, where polyno-
mial NARX/NARMAX models are considered, are used to
evaluate the proposed approach validity.

5.1 The NARX system

In this first simulation example, the following NARX
model is used to generate simulation data which will be
used for identification. This example is taken from [7].

y(t) = 0.5y(t− 1) + 0.8u(t − 2) + u(t− 1)2−
0.05y(t − 1)2 + 0.5 +

0.11

1− 0.5q−1
e(t)

(18)

where y(t) and u(t) are the output and input, respectively.
e(t) is a zero mean Gaussian noise with variance 0.05.

Consider that the system is in closed-loop with variable
structure controller, where

⎧⎪⎪⎨
⎪⎪⎩

u(t) = 0.1
S(t)

|S(t)|+ 0.025
S(t) = ε(t) + λε(1)(t)

ε(t) = r(t)− y(t)
(19)

where ε(t) is the tracking error between the reference signal,
chosen to be equal to 0.9, and the process output. ε(1)(t) is
the derivative of ε(t) .

Initially, a GA is used in order to determine the value of
λ which minimizes (9). The parameters for the GA are set
as follows:
1) Initial population size: 15;
2) Maximum number of generation: 100;
3) Crossover: uniform crossover with probability 0.9;
4) Mutation probability: 0.01;
5) Fitness function used to evaluate individuals is: F =
1/(1 + J). It is obvious that this fitness function increases
as J decreases. J is the criterion defined by (9).

Fig. 3 shows λ and fitness function evolution during the
optimization operation.

The optimum value of the switching function parameter
obtained by GA is λopt = 0.2320. Using the new switching
function, the data to be used identification are generated.

Fig. 4 shows the input and output of the system, which
can be measured for identification.

Fig. 5 shows the actual system and estimated model out-
puts.

Fig. 6 shows the error between the real system and esti-
mated model outputs. It can be noted that the agreement
between the estimated model and the actual system is good.

Fig. 3 Switching function parameter and fitness function

evolution during the optimisation operation

Fig. 4 Input and output signals of the system to identify

Fig. 5 Actual system output y (solid) and estimated model

output ym (dashed)
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Fig. 6 Error between the actual system and estimated model

outputs

5.2 The NARMAX system

In the second simulation example, we consider the follow-
ing NARMAX model. The structure of this model is taken
from [8].

y(t) = 1.25y(t − 1) + 0.8u(t − 2)+

0.012u(t − 1)y(t− 2)− 0.05y(t − 2)2+

0.007y(t − 2)e(t− 2) + e(t)

(20)

where y(t) and u(t) are the output and input system, re-
spectively; e(t) is a zero mean Gaussian noise with variance
0.001.

This NARMAX system is simulated in closed-loop with
variable structure controller whose parameters are set as
follows:

⎧⎪⎪⎨
⎪⎪⎩

u(t) = 0.5
S(t)

|S(t)|+ 0.125
S(t) = ε(t) + λε(1)(t)

ε(t) = r(t)− y(t)
(21)

where ε(t) is the tracking error between the reference signal
r(t) (taken here r(t) = 5) and the system output. ε(1)(t) is
the derivative of ε(t).

Firstly, a GA is used to determine the value of the switch-
ing function parameter which maximizes the similarity of
the VCS signal to the white noise. The parameters of this
AG are the same as those considered in the first example.

The switching function parameter and fitness function
evolutions during the GA running are shown in Fig. 7.

The value of the switching parameter obtained by the
GA is λopt = 0.0938. Fig. 8 shows the system input and
output.

The parameters of the model are estimated using an
ERLS algorithm (17). Figs. 9 and 10 show the estimation
results. In Fig. 9, we compare the actual system and esti-
mated model outputs. We can note that the output model
reproduces very well the actual system output.

Fig. 7 Switching function parameter and fitness function evolu-

tion during the optimisation operation

Fig. 8 Input and output signals of the system to identify

Fig. 9 Actual system output y (solid) and estimated model

output ym (dashed)
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Fig. 10 Error between the actual system and estimated model

outputs

6 Conclusions

In this paper, we present an approach to the closed-loop
identification of the polynomial NARX/NARMAX systems.
The systems to identify are assumed to be the closed-loop
with variable structure control (VCS). We have chosen to
use such control because the VCS has an outstanding ro-
bust property in stabilizing highly nonlinear and uncertain
processes.

Furthermore, the control signal is very rich in commu-
tations and is very interesting for identification. The ap-
proach that we have proposed here includes two stages. In
the first stage, a GA algorithm is used to determine the
values of the switching function parameters which give a
control signal whose properties are closest to those of white
noise. In the second stage, the model parameters are esti-
mated. Finally, the provided simulation examples show the
validity of the proposed approach.
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