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Abstract: To investigate the natural convective process in a hydrodynamically and thermally anisotropic porous
medium at the representative elementary volume (REV) scale, the present work presented a multiple-
relaxation-time lattice Boltzmann method (MRT-LBM) based on the assumption of local thermal non-equilibrium
conditions (LTNE). Three sets of distribution function were used to solve the coupled momentum and heat
transfer equations. One set was used to compute the flow field based on the generalized non-Darcy model; the
other two sets were used to solve the temperature fields of fluid and solid under the LTNE. To describe the
anisotropy of flow field of the porous media, a permeability tensor and a Forchheimer coefficient tensor were
introduced into the model. Additionally, a heat conductivity tensor and a special relaxation matrix with some
off-diagonal elements were selected for the thermal anisotropy. Furthermore, by selecting an appropriate
equilibrium moments and discrete source terms accounting for the local thermal non-equilibrium effect, as well as
choosing an off-diagonal relaxation matrix with some specific elements, the presented model can recover the
exact governing equations for natural convection under LTNE with anisotropic permeability and thermal
conductivity with no deviation terms through the Chapman-Enskog procedure. Finally, the proposed model was
adopted to simulate several benchmark problems. Good agreements with results in the available literatures can be

achieved, which indicate the wide practicability and the good accuracy of the present model.

Keywords: lattice Boltzmann method, natural convection in anisotropic porous medium, local thermal
non-equilibrium

1. Introduction

Natural convection in the porous media has been
extensively studied, owing to the widespread applications
in many fields of science and engineering, such as
geothermal energy systems, underground spread of
pollutants in soils, petroleum reservoir modelling, and
electronic management with porous media. In order to

Received: Oct 24, 2018

Corresponding author: WU Wei

further analysis the performance of such systems, it is of
considerable interest to predict the convectional fluid
flow and temperature distribution of the porous media. In
the literatures, there exist two major models for the
natural convection in porous media. The first and most
commonly employed one is the local thermal equilibrium
(LTE) model, which assumes that the saturating fluid and
the constituent porous solid matrix are at the same
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temperature. However, the assumption of LTE will
induce substantial error in cases of certain applications,
such as the case with a significant internal heat
generation in fluid phase or solid matrix, or the case with
a very large difference in thermal conductivity between
the solid and fluid, and so on. In these cases, the rate of
temperature change for the fluid and solid will be no
longer equal and thus the assumption of LTE will be
broken down [1]. Thus, the local thermal non-equilibrium
(LTNE) model, which assumes that there exists a finite
temperature difference between the solid and the fluid
phases leading to the heat transfer between these two
phases, must be adopted in these applications. In the
LTNE models, two energy equations with appropriate
coupling term accounted for the interfacial heat transfer
are usually adopted to model the temperature fields of the
fluid and solid phases, respectively [2]. In the past two
decades, many numerical simulations based on the
well-developed traditional methods (e.g. finite difference
method (FDM) and finite volume method (FVM)) have
been conducted to investigate the natural convection in
porous media under LTNE condition [3].

As a promising numerical tool for computational fluid
dynamics, the lattice Boltzmann method (LBM), which is
based on the kinetic theory and the discretization of the
mesoscopic kinetic equations, has been successfully
adopted to study the heat transfer and fluid flow in
porous media, owing to its numerous advantages [4-6].
By introducing some additional terms into the LB
equation to account for the drag force due to the presence
of the porous media, Guo and Zhao [7] developed a
generalized LB model for the incompressible flow in
porous media at the representative elementary volume
(REV) scale. Then, they further extended the generalized
LB model to study the natural convection heat transfer in
the porous media with double distribution function LB
model [8]. Gao and Chen [9] proposed a thermal LB
model to investigate the natural convection in the porous
media at the REV scale under the LTE condition. Wang
et al. [10] also proposed a modified LBGK model for
convection heat transfer in porous media under the LTE
condition, in which the macroscopic equations can be
correctly recovered by constructing a modified
equilibrium distribution function and the corresponding
source term. However, all of the above-mentioned LB
models employ the Bhatnagar-Gross-Krook (BGK)
collision model, which encounters some defects, such as
numerical instability at low viscosities. In order to
overcome these defects of LBGK models, Liu et al. [11]
established a multiple-relaxation-time (MRT) LB model
for simulating convection heat transfer in porous media,
in which the porosity of the porous media is introduced
into the equilibrium moments and force terms in the
moment space. Very recently, Hu et al. [12] proposed a
MRT-LB model for simulating flow and heat transfer in
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the hydrodynamically and thermally anisotropic porous
medium at the REV scale under LTE condition. In their
model, the correct Darcy-Brinkman-Forchheimer and
energy equations with anisotropic permeability and
thermal conductivity can be recovered through the
Chapman-Enskog procedure by selecting the appropriate
equilibrium distributions, relaxation matrix and discrete
force/heat source terms.

It can be found from the above literatures review that
most REV-LB models for natural convection in porous
media are based on the LTE assumptions. Gao and Chen
[13] further extended the model to account for the
non-local  thermodynamic equilibrium (non-LTE)
condition with two new distribution functions for the
temperature fields of the fluid and solid matrix phases. It
should be noted that in most of the existing REV-LB
models for porous media, deviation term exists in the
corresponding macroscopic equations when the velocity
vector varies with space or time through the Chapman-
Enskog analysis, which has significant influence on
numerical error. Furthermore, there is no LB model for
flow and heat transfer problems in the anisotropic porous
medium under LTNE condition, which are very important
due to its wide range of applications. Thus, the aim of the
present paper is to develop a MRT-LB model to model
the natural convection in a hydrodynamically and
thermally anisotropic porous medium under LTNE. For
this purpose, through an appropriate selection of the
equilibrium moments, discrete source terms and an
off-diagonal relaxation matrix, the proposed MRT-LB
model can recover the governing equations under LTNE
with anisotropic permeability and thermal conductivity
with no deviation terms through the Chapman-Enskog
procedure.

2. Problem Description & Governing Equations

The schematic of the physical model for the natural
convective flow and heat transfer in a 2D cavity filled
with a fluid-saturated porous medium is shown in Fig. 1.
The side length of the cavity is L. To derive the
governing equations, the following simplifying
assumptions are particularly made: (1) the flow is
incompressible and laminar; (2) the solid matrix of the
porous media is in local thermal non-equilibrium (LTNE)
state with the fluid; (3) the thermos-physical properties of
the fluid as well as of the porous matrix are constant
except for density dependency of the buoyancy term in
the momentum equation, which follows Boussinesq
approximation; (4) the viscous dissipation and radiative
heat transfer can be neglected; (5) the porous medium is
anisotropic in permeability and the solid matrix is
anisotropic in thermal conductivity; (6) the generalized
non-Darcy model is used to depict the drag force due to
the presence of porous medium. Based on these
assumptions, the detailed volume-averaged governing
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Fig.1 The schematic of the physical model

equations for the natural convective flow and heat
transfer in a 2D cavity filled with a fluid-saturated porous
medium at the REV scale can be derived as follows:
Continuity equation:
V-u=0 (1a)
Momentum equation:
@W(ﬂj = —lv(gp) +v,Vu+F,  (Ib)
ot £ Py
Energy equation for fluid:

gaiJrv.(qu):v.

VT,
ot Y

Ker
(pes),
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Energy equation for solid matrix:
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| Kicos® 0, +Kysin® 6,
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(K, —K,)sin@, cos,
The inverse matrix of K in Eq. (2) can be given as:

4 1 | K, sin? 0,+K, cos’ 0,

KKy | (K, - K;)sin6, cos,

The Forchheimer coefficient tensor Cr can be given as:

F F,
1cosH+
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(fl_—\/_}inapcosep
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where, p is the density of the fluid; u and p are the
volume-averaged velocity and pressure respectively; € is
the porosity of the porous media; v, is the effective
kinematic viscosity; ¢, is the specific heat; &, is the
second-order tensor for the effective conductivity; Q is
the volumetric internal heat source; T'is the temperature;
the subscripts “m” and “‘f” denote the solid matrix and the
fluid respectively. F), represents the total body force
induced by the presence of a porous medium and other
external force fields, and can be given by:

F, =—gva_1u—gCF|u|u+gG 2)

where, K and Cr are the second-order tensors for the
intrinsic permeability of the porous media and the
Forchheimer coefficient respectively; |u| is the magnitude
of the superficial velocity; v, is the viscosity of the fluid
which is related, but not necessarily equal to v,. The first
and the second terms on the right side of Eq. (2) denote
the linear viscous and non-linear inertial drag forces due
to the presence of the porous media, respectively. The
buoyancy force G induced by the gravitational force can
be given by the Boussinesq approximation:

G=gB (T, ~T.) (3)
where g is the gravity acceleration vector; fr is the
thermal expansion coefficient; T, is the reference
temperature.

The anisotropic porous medium is assumed to be
hydrodynamically and thermally anisotropic. The
hydrodynamic anisotropy can be represented based on
both permeability and Forchheimer coefficient tensor,
while thermal anisotropy of the solid matrix can be
depicted by the thermal conductivity tensor. The
principal permeabilities are K; and K>, respectively. The
angle between K direction and x-direction is ,. Then the
permeability tensor K can be given by the following
matrix:

(K;—K,)sin@, cos,

. 5 4)
K,sin" 6, + K, cos" 0,
K, —-K,)sin@, cosf ]
Kz K Jsind, cody 5)
K, cos® 0,+K, sin? 0, |
ol F
{\/_ \/Z_Jsme 0056’
(6)
B
\/_cos o0 +\/_sm2€p
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where F| and F, are the geometric function. The Ergun’s
equation can be employed to evaluate F’s value, e.g. for
the granular porous medium, F, can be expressed as:

1.75
R=7— ™)

J150¢6°
For the anisotropic thermal conductivity of the solid
matrix, the principal effective thermal conductivities of
the solid matrix are x,,; and ,;, respectively. The angle
between «,,; direction and x-direction is &, Then the
effective conductivity tensor ., can be given by the
following matrix:

Kem™

2 s 2
Keml COs et +Ken12 sin Ht (Keml emZ)Slne COS@ (8)

(Kot — Koz )SIN 6, COSO, K, sin® @, +x,,, cos” 6,

The effective thermal conductivity x, determined by
the thermal conductivities of each constituent and the
microstructural characteristics such as porosity and pore
diameter distribution can be estimated by the effective
medium theory (EMT) [14]. However, a simplified
equation is adopted in the present study, which yields the
following formulation:

K = &K
Koy =(1-€)k,

e

)

where the x and x,, are the thermal conductivity of the
fluid and solid, respectively.

The convective flow and heat transfer can be
characterized by several dimensionless parameters,
which are given as follow:

L’AT v K,
Ra:—gﬂT ,Pr:'—f, Da:—zl,
Vidy y L
— V_e A= Km — Keml
! Ky of 10)
10
pe h,L*
o= ( p)m JHy=——,
(pcp)/ Ky
2 2
L
Haf=Qf ,Ham=Qm
i AT AT

where Ra is the Rayleigh number; Pr is the Prandtl
number; Da is the Darcy number; J is the viscosity ratio
of the effective viscosity to the fluid viscosity; y is the
ratio of the effective conductivity; 1 is the thermal
conductivity ratio of the solid matrix to the fluid; o is the
heat capacity ratio of the solid matrix to the fluid; Hv is
the dimensionless volumetric heat transfer coefficient;
Ha is the dimensionless volumetric heat generation rate;
AT=T,~T, or QL/ks is the characteristic temperature
difference. We also define three non-dimensional
parameters to take into the anisotropic media
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consideration: the ratio of Forchheimer constants R, the
ratio of permeability Rgx and the ratio of thermal
conductivity R,, which are given as:

F, K K
RCZ_ZaRKZ_ZsRKZLZ (11)
K K; Km

3. Multiple-Relaxation-Time Lattice Boltzmann
Model

A MRT lattice Boltzmann model is then established to
model the natural convective heat transfer in the
hydrodynamically and thermally anisotropic porous
medium under LTNE conditions at the REV scale. The
proposed thermal LB model consists of three sets of
distribution function, one for the flow field based on the
generalized non-Darcy model, and the other two sets for
the temperature fields of the fluid and solid matrix under
the LNTE conditions, respectively. The flow field and the
fluid temperature field couple with each other by the
buoyancy source term, while the fluid temperature field
and the solid temperature field couple with each other by
the source term for the interfacial heat transfer between
the solid and fluid phase.

The D2Q9 discrete velocity set is adopted to solve the
velocity and temperature field in the present study, the
corresponding nine discrete velocities are given as:

eaz

¢(0,0) a=0

_ -1 12

\/Ec[cos (20{;9)7[ sin (2a - 9)7r

4

j a=5,6,7,8

where a is the discrete velocity direction; and ¢ is the
lattice speed, defined as ¢=0d, /d, with 6, and J, are the
lattice spacing and time step, respectively. It should be
noted that both J, and J,, as well as all the other variables
in this study, are given to be dimensionless and ¢=d, /0~1.
The corresponding weighted coefficient w, satisfies the
following conditions:

Zwa =1, Zwaea =0,
oa
zwaealea/ v l/’ z
ZW €a,jCx kbl = Ay‘kl

Where d; is the Kronecker delta with two indices i and j,
A =00k +0udj1 00

The lattice Boltzmann equation with the MRT
collision scheme can be expressed as:

0, (13)

a/ak_
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fk (x+ea5m t+5t):

a

1k (x, t)—[M_IS (mk —m" eq)(x, t)L

sl EJee]

which can be decomposed into two steps, i.e., the
collision process:

Ja (% 1) =

(14)

SE (e )= S (mF—mb )k 0)]a9)
-1 S k
v [M (z_szm (x, 1)}
and the streaming process:
Ii(x+e,d,, t+6,)= f¥(x, t) (16)

where f(f is the poststreaming distribution function;

flfis the postcollision distribution function. The

superscript “k” denotes the velocity field when k = u or
the temperature field for the fluid phase when &k = T, and
solid matrix when k = T, respectively. I is the unit
matrix; M is a 9x9 orthogonal transformation matrix,
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m*=Mf* and m" “=Mf**1 are the vectors for the moments
of the distribution function and its corresponding
equilibrium moments vector, respectively. S=MAM ' is
a non-negative 9x9 relaxation matrix in the moment
space, which can be chosen as either a diagonal matrix or
a non-diagonal matrix for a specific problem. A* is the

relaxation matrix in the discrete velocity space. F,,’,‘ is

the discrete force term in the moment space. For D2Q9
model, the transformation matrix M can be chosen as:

(1111 1111 1]
4-1-1-1-12222
422221111
010-101--11
M={0-2020T1--"1 (17)
0010-11T1-1-1
00-202T1T1-1-1
01-11-10000
100000 -1 1-1)

3.1 MRT-LB model for the flow field

For the velocity field (k=u), the equilibrium moments
vector m™ “! can be given by:

T
2_ 2
3pu’ 3pou’ Po\Uy — Uy,
mt =l p,=2p,+ Z Py ==, Polhys = Potts Loty s = Polhy ( ) Pttt (18)
It should be noted that an incompressible LB model moment space S* can be chosen as a diagonal matrix:
with a modlﬁed equilibrium distribution fllIlCthIl. is S*=dia g( s, sY, s']-’, S5 s st sf) (20)
adopted in the present work, the corresponding S
equilibrium distribution function in the discrete velocity And these parameters can be chosen as:
field can be given as: st=st =5t =10, s =54 =14,
e _ @)
@ sy=s4=12,57 =53 =17,
5 .
e, -u (e, u) u’ (19) where
We pf + Po 2 + 4 2 2
c; 2¢c 2¢c; v, =c;0, (rf —0.5) (22)

where the mean density p, is set to be 1.0; the lattice
sound speed c¢; is defined as c; =c/ 3 for the D2Q9
model. The corresponding relaxation matrix in the

F'=|o 6pou-F, 6pu-F,

m

I

where F,=(Fj, F,) is the force term represented by Eq.
(2).

With the distribution function evolving on the discrete
lattices, the corresponding macro-quantities can be
computed as:

aPOE)x7_pOF}7x: pOE:y’_pOFby’ >

For avoiding error terms induced by the unsteady and
non-uniform force, the discrete force term vector F,,

can be given as:

T
2p0 (ubux _uyFby) 2100 (uszy +uyFbx) (23)

&

o,
Py =2 fu Pru= Zf;eaJr?t/’be: p=cips[e@24)
a a

It should be noted that the force term F), is the
nonlinear function of the velocity u, and with the help
of Eq. (2), a nonlinear implicit form of the velocity u
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can be derived:

0, 1)
pf[l+7’gva_1+7’8CF|u|ju
S (25)
= Yo +—Lp.eG
;fa a zpf

u(t+5t)

Through the Chapman-Enskog analysis, the proposed
MRT-LB model for the velocity field can recover Eq. (1a)
and Eq. (1b) in the incompressible limit where the Mach
number is small enough.

3.2 MRT-LB model for the temperature fields

For the temperature field of the fluid phase and solid
matrix phase, a two-temperature MRT-LB model is
developed to solve the energy equations under LTNE
conditions depicted by Eq. (lc) and Eq. (1d).
Particularly, by constructing two newly equilibrium

(1+%gva‘1 +%5CF |u(t)|j

J. Therm. Sci., Vol.29, No.3, 2020

It is difficult to obtain an explicit solution for this
nonlinear implicit equation. To keep the merit of the high
computational efficiency of the LBM, we replace the
nonlinear term |u(t+5t)|u(t+5t) with |u(t)|u(t+5t)

as suggested by Hu et al. [12]. Thus, an approximate
explicit solution for the velocity can be obtained:

-1 Zf:ea
a

+2 .G (26)
Py 2

distribution functions, as well as choosing two special
relaxation matrixes with some additional off-diagonal
elements inspired by Huang et al. [14], the convection-
diffusion equation for fluid phase and the diffusion
equation for the solid matrix with anisotropic diffusion
coefficient without the unwanted deviation term can be
recovered exactly through the Chapman-Enskog analysis.

For the fluid temperature field (k=T7)) and the solid
matrix temperature field (k=T7,,), two newly equilibrium
distribution functions are constructed to solve Eq. (lc)
and Eq. (1d), which can be given as:

(SWf —5)7} + Wo&ror Iss a=0

S =Aw, Ty (4 (26, w)[?),  a=123,4 (27a)
w, T, (greer(ea -u)/2cS2), a=5,6,7,8

faT'”")q _ (g)'ej'_g)z;rz W, (l_gref')Tm’ a=0 (27b)

Wa (l_gref)Tm’

The corresponding weighted coefficient w, can be
that the reference porosity &, which keeps unvaried over
the entire space is introduced into the equilibrium
function. Benefit from this treatment, the present LB
model can be used to tackle the problem with the

T
Treq u, u, u, u,
m" —[57}, -2T, (26-¢,, ), 2T/.(2g—g,gf),r,.7, TR T T o,oJ

o Tned :((1—5)Tm, = 2T, (&, —26+1),2T,, (£, —26+1), 0, 0, 0, 0, o,o)T

Followed by the inspiration of Huang and Wu [14],
some additional off-diagonal elements are introduced into
the relaxation matrix to account for the anisotropic heat
transfer and eliminate the unwanted deviation term induced

a=1,2,3,4,5,6,7,8

variation of the porosity which cannot be correctly solved
by many previous LB models. We will give the details in
the next section. In the computation, &, can be chosen as
the harmonic mean of the overall porosity of the domain.
The corresponding equilibrium moments function vector
m"“ are given by:

. (28a)

Cc - c /

(28b)

by the influence of the convection term on the diffusion
term when the velocity vector varies with space or time.

The relaxation matrix for the fluid temperature field
(k=Ty) can be given as:
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se', 0, 0, 0, 0, 0, 0, 0, 0
0, s, 0, 0, 0, 0, o0, 0, 0
0, 0, s, 0, 0, 0, 0, 0, 0
T, shrgTr
0, 0, 0, s, |=—lls/, st 2 0,0
2 ’ 2
T T,
S/={0 0, 0 0, 54, 0, 0, 0, 0 (29a)
sl gTr Ty
T Xy 54 T T
09 Os 09 S)QC» yTs Sy}/;, —2 - 6/5 Oa 0
0, 0, 0, 0 0, 0, s, 0, 0
0, 0, 0, 0 0, 0, o0, 2, 0
0, 0, O, 0, 0, 0, 0, 0, s8"
and the corresponding relaxation matrix for the solid matrix temperature field (k=T,,) can be expressed as:
(s, 0, 0, 0, 0 0, 0, 0, 0]
0, s, 0, 0, 0, 0, 0, 0,0
0, 0, sim, 0, 0, 0, 0, 0,0
0, 0, 0, s, 0, so, 0, 0,0
sn=l0, 0, 0, 0, 4, 0o, 0, 0,0 (29b)
Tm T;ll
0, 0, 0, s, 0, sy, 0,0, 0
0, 0, 0, 0, 0, 0, s, 0,0
0, 0, 0, 0, 0, 0, 0, 7,0
0, 0, 0, 0 0, 0, 0, 0,s"
. k
It should be noted that the matrix A" for FW{"‘ _ qu (1,_2’1’0, 0,0,0, O,O)T (30b)
T Ly L GTn .
AT = Sx'i S)j/ and A" :[ X; );y J are introduced ~ Where the effective heat source term can be expressed as:
Sx)f y; ij’)’ SY; qT/ _ h(Tm - Tf ) + EQf (3121)
to account for the anisotropic diffusion, while the ( pC, )f
additional off-diagonal elements matrix
T h T_Tm +(1-¢ m
sy | S8 g = (7, -7 )+(1-2)0 (31b)
. 2 ¢ 2 (Pes )m
B/ = K 7, is introduced to The corresponding macro-quantities 7y and 7,, then

Xy Sy

T/ { Syy 1

2 2

Ty
6

]S
eliminate the unwanted deviation term when the fluid
velocity vector varies with space or time. The

. . T

corresponding discrete heat source term vector F,’ and
T i .

F,» canbe given as:

Fo =g (1,-2,1,0,0,0,0,0,0)"

m

(30a)

can be computed as:

ot

ot Tf Tf T,
> q

+ (32a)

ng—Z fo+
(1-¢)1,, _z filn 4

Since the effective heat source terms also contain the
priori unknowns 7rand 7, Eq. (32a) and Eq. (32b) are
implicit linear equations. The corresponding explicit
solutions are given as:

ot
m —m NI + qu
2

(32b)
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o)+ r, 60
@) (%]Zfzwm

a=8 5(1—5)Qm
mwﬂ§f umu}

(1—£)+ Orh, &+ ol - S/hy S;hy
2(pey), | 2loey), | 2leey), 2lee,),
a=38 0.€0 ~ a=38 S(1-
Z t Qf +l e+ 5thv Z f;’" " t( g)Qm
(pc )m a=0 2(pcp)f Z(pcp)f a=0 2(pcp)
T, = (33b)
(1—£)+ L &+ Sh, _|__ Oh, S;hy
2(pcp)m 2(pcp)f Z(pc ) ‘Z(pcp)m
3.3 Chapman-Enskog analysis §(0) B () (37a)
Then, the Chapman-Enskog analysis is performed to . £.(0) k()
recover the energy equations for the temperature fields 3 (18 +E 0,+E, -0, ) -F,
under LTNE. By introducing a small parameter ¢, the S w6, FHO (37b)
moments of the distribution function and the derivatives B _?t m +? m
of space and time can be expanded as: @ £0)
m = mtO +§1mk’(1) +é’2mk’(2) +§3mk’(3) e ¢ 0,,m +( I0,+E_-0, +E, 'a.,vl) e
c

0,=80,+(%0,, 0,=004, (34)

k k(1
Fy(x, )=¢F(x, 1)
where f1 and 2 are the convective time scale and
diffusion time scale, respectively.

Taking the Taylor series expansion for Eq. (14) and
rewriting it, we can get:

ay :é/ayl

Dm* +%ﬁ2mk + O(é‘t2 ) =

K (35)

k
S i) o 125
5 2
D=16,+E-V=({d,+*0,)I+(E-V, =
Dy +¢%0,,1, Dy =106, +E-V, ,inwhich E=(E,, E,),

where

. -1
and E = M[dmg(eOX,elx,62x,63x,e4x,e5x,e6x,e7x,egx)]M s

— i -1
Ey _M[dlag(e0y7e1ys62y7e3y7e4y565y766yae7y588y):|M

Substituting Eq. (34) into Eq. (35), the following
equations in the consecutive orders of the small
expansion parameter { can be obtained:

g“(o) : ™) = e (36a)
k k
0 PO - _ 5 ki) +{1—%JF,,’;’(” (36b)
t
k k(1)
¢ 0,m " + D, [I—TJ{mk M 4 5F, }
36
o (36¢)
_ St ko)
5[

Rewriting it, we can get:

7 SN 0 O e | S e
2 2 5

With the help of Eq. (34), Eq. (32a) and Eq. (40) can
lead to the following relationships:

OO 2 pppfoea (38a)

k. (1)
(0 3 ofmi g (38b)
) Z0,n>2 (38¢)

The equations for the conserved moment, mé‘ , in Eq.
(37a) can be written as:

OO 2 pyhoea (39a)
¥ axlmg’(o) + 6y1m§5(0) + az1m(l)(’(0)
B R L
5
5,Fm st
¢ 0m ) +0, Hmé“’ 5= J(l—;‘)ﬂ
k
+V, ~[I —A—j
2
(39c)

§F(1 k §Fk’(1)
(m;c,(l)_{_ t2m3 J+S?4 mf’(l)-‘r%

SFY) st S
[m;c,(l) 12m5 ]+S76 mg,(l) 2 ;6

Sk
k(2
=2 m @

st
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With the help of Eq. (38), Eq. (39¢) can be rewritten as:

(1) k k(1)
8. 252

(1 N 399
[mﬁ"(‘)+—5’Fm5 ]+ i(mﬁ’(%—“mé ]

k
§(2) : 8t2mg’(0) +V, -[I—ATJ

2 2 2

To further simplify Eq. (39d), by adding the fifth equation to the fourth equation of Eq. (37b), as well as adding the
seventh equation to the sixth equation, and then combining the two resulting equations, we can get:

k(1) k k(1)
[m;‘(l) +5t Fm3 ]+s;[mj(l) +5t Fmg ]

2
ORI L) |
mt (1)+§I7F’”5 + 3 mé"(l)+5, Fns
2 2 2 (40)
60)  K(0)  k(0)  k(0)
Oy mym m m 6},1(2m§’(0))+6”(m§’(0) +mi"(0))—(Fn’fg(l) +F,f;(l))
s, 3 2 3 2
_F zmk’(o) mk’(o) mk,(()) mk,(o)
%@%@%q{ b T P P gy (e ) (R0 F)
Utilizing Egs. (28) and (30), Eq. (40) can be simplified as:
k(1) k k(1)
{mk,(l) 5, F.3 J+S_4[m§,(1) 5 Fi ]
2 2 2 k. (0 k,(0 k,(0
_ 9% 1[2’"0()+ml()+mz()] (41)
ORI k(1) A* 3 2 3
F F
mEW 5 Zms 1y e mg’(l) +5, 18
2 2 2
Thus, Eq. (39) can be rewritten as: Therefore, the macroscopic energy equation for the
é,(l) . ax1m§’(0) +8y1m§’(0) +atlmg,(0) _ qk,(l) (42a) fulid (Eq. (1c)) cat;be exai;tlz recovlered Ey setting:
T ef tCref
%) (0 r’ - - _Z 45
é’()~at2m0(): (’Dcl’)f 3 (Arf Zj 43)
k k,(0) k(0 k(0
v, || 1- A" o v, 2my | & + & (42b) Similarly, the macroscopic equations in the ¢1 and 2
A* 3 2 3 time scales for the solid matrix temperature field (k=T,)
With the help of Egs. (28), (30) and (38), the S be Obtame‘li as: )
macroscopic equations in the ¢1 and 2 time scales for the ¢V 0,[(1-2)T, |=g™ (46a)
fluid temperature field (k=T}) can be obtained as: (®0,[(1-6)T, ]
- Y2 - m
¢ 00Ty +0uTpu, + 0, Tpu, = qT”(l) (43a) -2, 1 7 (46b)
=V, —’6-5[ ——Jvrm}
A
' A7 2 3 The corresponding macroscopic equation can be

It’s should be noted that the reference porosity &, obtained:

keeps unvaried over the entire space. Therefore, Eq. (43b) o(l-¢)T, 1=&,, 1 I r
can be further modified as: o VT3 o (AT/" - _) VI, [+a' (37)
4,(2) I -{5}6}6»/- ( 1T ._ 1 jvle} (43¢) The thermal diffusion coefficient matrix of the
3 4% 2 anisotropic solid matrix I"™ can be given as:
Combining the equations for the time scale #; and #,, o Een _ 1-¢,, 1 I (48)
i.c., Eqs. (43a) and (43c), we recover the equation as: - (pcp) T3 Tl 2
oeT, 8,80 " . . .
v '(Tf u) v {ﬂ(%_ijVT f:|+ g’ (44) Thus, the energy equation for the fluid and solid
ot 3 47 2 ’ matrix under LTNE can be recovered exactly as:
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oeTy +v-(qu):v-(rTfVTf)
_T (49a)
+h(Tm T,)+ng
(pcp)f
o(i=e)T, =v-(r’vr)
o ! (49b)

W(T, -7, )+(1-2)0,

(pey )m
Through the Chapman-Enskog analysis, the proposed
MRT-LB model for the temperature fields can exactly
recover Eq. (1c) and Eq. (1d) of no deviation terms
without any additional assumptions. Additionally, in the
present study, the fluid is assumed to be thermally
isotropic, thus:

+

K,
r' =4 (50)

c
(’D P)_f‘

And the parameters for the relaxation matrix can be
chosen as:

T T, T, T, T 1
[ ro gl 2 gl =
sy’ =1.0, 5,7 =5,) =1.1, 857 =5, = 7
s
XX
] (51a)
T, T, T, T, T, T
f— ¢ = [ — o — J—
Ss' =S¢ = 87 =S =1.2 and s, =+,
Sy
- R
sgm =1.0, s;" =s," =1.1, 53 =584" ==,
oL
XX
(51b)
T, _ L1 w=gIn =12
Ss" =Sg" =g 87" =85 =
Sy

4. Numerical Results and Discussion

To evaluate the applicability of the proposed lattice
Boltzmann model for the natural convection in
anisotropic porous media under LTNE condition,
numerical investigation of a natural convection problem
in porous media is carried out. The simulated results are
compared with the results reported in the literatures.
Finally, the application of the proposed model considers
the problem of natural convection in a hydrodynamically
and thermally anisotropic porous medium under LTNE.
In all cases, the non-equilibrium extrapolation schemes
are applied to implement both the velocity and the
thermal boundary condition [15, 16].

4.1 Natural convection in a heat generating isotropic
porous medium

In the first case, the steady natural convection in an
isotropic porous medium with internal heat generating
solid matrix is investigated by the present LB model.

J. Therm. Sci., Vol.29, No.3, 2020

As shown in Fig. 1, a square cavity with isothermally
cooled walls is filled with a fluid-saturated porous
medium which generates heat in solid matrix at a
uniform rate Q,,. The four walls which are subjected to
the no-slip velocity boundary conditions are cooled at a
fixed temperature 7. The characteristic temperature
difference is given as AT=Q/l/k;. The dimensionless
parameters characterizing this problem are given as
follows: Ra=10", Pr=7.0, Da=0.01, J=1.0, »=1.0,
Ha~0.0, Ha,=1.0. The other parameters are set as:
F1=0.5648, R~1, R¢=1, R=1. Two cases with different
dimensionless volumetric heat transfer coefficient H, are
simulated, which are set H, =1.0 and 50.0, respectively.

The temperature profiles results at vertical mid-plane
for different H, by the present LB model are plotted in
Fig. 2. It can be found that, for a very small interfacial
heat transfer coefficient H, (i.e. H, =1), the temperature
of the solid matrix is much higher than the temperature of
the fluid phase, resulting from the very weak heat
transfer between the solid matrix and fluid. Thus, the
temperature difference between the phases is very large,
indicating that the non-equilibrium effect is very strong
when the interfacial heat transfer coefficient H, is very
small. With the increase of H,, the temperature of the
fluid increases, while the temperature of the solid matrix,
as well as the temperature difference between the phases
decrease, due to the enhancement of the heat transfer
between the two phases. Therefore, the non-equilibrium
effect will decrease with the interfacial heat transfer
between the solid and fluid phase. When the H, is large
enough (i.e. H,=1000), the local thermal equilibrium
condition between the fluid and solid have been almost
achieved. Additionally, the temperature profiles by the
present LB model have been compared with the results
reported in Ref. [2]. It can be observed that very good
agreement can be achieved.

0.08 T T T T " Tline Present LBM
b Fluid
0.07 _ - - - Solid
I 0 0y, symbol Ref. [2]
" o O HF1
0.06 0 ) O Hes0
L , O H=1000
i i je < .
2005 y ]
= r o ¢
— L / ¥ -1
3 0.04 p S
Somsl ¢ .
= 0.03| / -g-0-8-0- : ]
; o-T ol 0y
el P N
. B !
¥ /)j == N ‘\
0.01 —,’g _O= el
Ly Z
1y, \
0 1
0 02 0.4 0.6 0.8 1.0
Y

Fig. 2 The temperature profiles at vertical mid-plane for
different H, for Ra=10", Pr=7.0, Da=0.01, J=1.0,
y=1.0, Ha~0.0, Ha,,~1.0
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Fig. 3 shows the streamlines and temperature
distribution of fluid and solid matrix for different
interfacial heat transfer coefficient H,. It can be observed
that isotherms patterns of the fluid and solid matrix are
evidently different for different parameters. And the
temperature distribution for the fluid are different from
that of the solid. The less the H, is, the more evidently
the difference between the solid temperature and fluid
temperature is. It is observed that the flow consists of
two eddies consisting of clockwise (right) and
anti-clockwise (left) circulating vortices. It is also seen
that the two circulating vortices are symmetrical with
respect to the horizontal central plane of the cavity.

0.004

(¢) H=1000
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10,003}
— 0.0/
e

The streamlines (right) and temperature distribution of fluid (left) and solid matrix (middle) for different interfacial heat

4.2 Natural convection
anisotropic porous media

in a heat generating

In the above test, the porous media is isotropic in
thermal conductivity and permeability. To investigate the
proposed LB model for the anisotropic porous media, the
anisotropic effects of thermal conductivity and
permeability are taken into account in this test. The
dimensionless parameters characterizing this problem are
given as follows: Ra=10", Pr=7.0, Da,=0.01, J=1.0,
y=0.001, H, =1.0, Ha~0.0, Ha,=1.0, F,=0.5648, R=1.
The porous media is assumed to be thermally and
hydrodynamically anisotropic. The interfacial heat
transfer coefficients between the fluid and solid phase are
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fixed to be H, =1.0 for all cases. In this study, the
permeability K, and thermal conductivity «, are assumed
to be constant; the permeability K, and thermal
conductivity x, are varied with permeability ratio Rx and
thermal conductivity ratio R,. We investigate the
influence of parameters such as Ry, R, and the inclination
of principal axes (6,) by analysing in terms of streamlines,
isotherms of the fluid and solid. We also investigate the
influence of the ratio of vertical thermal conductivity to
horizontal thermal conductivity for the solid matrix.

The influence of the hydrodynamical anisotropy is
shown in Fig. 4 for §,=n/2 with the ratio of permeability
R variation (Fig. 4(a)—(b)), as well as for Rx =0.01 with
the inclination of principal axes (6,) variation (Fig. 4(b)
—(c)). It is observed that the temperature distributions for
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solid matrix almost keep unvaried when interfacial heat
transfer coefficient keeps constant regardless of the
permeability of the flow field. This is because heat
conduction is the dominating heat transfer mechanism for
the solid. As shown from Fig. 4(a) and 4(b), the increase
in Ry progressively strengths the natural convection due
to increase in permeability in the direction of K.
Additionally, the increase in permeability causes decrease
in obstruction for the flow field and that promotes the
flow and convective heat transfer transport, so the fluid
temperature in Fig. 4(b) is higher than that of Fig. 4(a).
With the increase in Rk, the maximum temperature for
the fluid will decrease because of the fact that decrease in
permeability will weaken the convection and thus
weaken the internal heat transport. As shown in Fig. 4(c),

=
O T—EN €

Xy

10,0031

(¢) 0,=n/4, R,=0.01

Fig. 4 The influence of the hydrodynamical anisotropy: the streamlines (right) and temperature distribution of fluid (left) and solid

matrix (middle) for 6, and Rg
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Fig. 5 The influence of the thermal anisotropy: the streamlines (right) and temperature distribution of fluid (left) and solid matrix

(middle) for different Rx,,

for 6, = /4, due to higher permeability (K;) at an angle
of /4 to the vertical axis, the non-symmetric nature of
the vortices can be observed.

Fig. 5 illustrates the streamline and the temperature
distribution for fluid and solid. The temperature
distributions for both the fluid and solid decrease with
the increase in thermal conductivity ratio. It should be
noted that the thermal conductivity in vertical direction
increases as Rk, increases, thus the overall thermal
conductivity increases and the internal heat transfer will
be enhanced. For a very large Rk, (i.e. Rx,=100), the
heat transfer will be dominated by conduction. And the
influence of the convection is comparetively not as
intense as conduction, so the centers of the eddies will

move downward. Due to relatively larger thermal
conductivity in the vertical direction, the temperature
gradients for the interstitial fluid for Rx,,=100 is smaller
than that for Rx,=0.01 and 1. It can also be found that
the direction with larger thermal conductivity (i.e. the
horizontal direction in Fig. 5(a) and vertical direction in
Fig. 5(c)) is the main direction for the heat transfer.

5. Conclusion

In the present paper, a multiple-relaxation-time (MRT)
lattice Boltzmann (LB) method based on the assumption
of local thermal non-equilibrium conditions (LTNE) is
established to investigate the natural convective process
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in a hydrodynamically and thermally anisotropic porous
medium at the REV scale. Three sets of evolution
equations are applied to solve the flow field based on the
generalized non-Darcy model and the temperature fields
of fluid and porous matrix under the LTNE conditions,
respectively. The hydrodynamic anisotropy due to the
porous media is considered by a permeability tensor and
a Forchheimer coefficient tensor, while thermal
anisotropy is accounted for with a heat conductivity
tensor and a special relaxation matrix with some
off-diagonal elements. Different from most of the
existing Rev-LB models for porous media, where
deviation term exists in the corresponding macroscopic
equation, the presented model can recover the exact
governing equations for natural convection under LTNE
with anisotropic permeability and thermal conductivity
with no deviation terms through the Chapman—Enskog
procedure by selecting an appropriate equilibrium
moments and discrete source terms accounting for the
local thermal non-equilibrium effect, as well as choosing
an off-diagonal relaxation matrix with some specific
elements.

The presented MRT model is firstly validated by the
numerical simulation of the natural convection problem
in porous media with internal heat generating solid
matrix where there exists simulating results reported in
the literatures. From the numerical analysis and
comparison, it can be found that good agreements can be
achieved between the predicted results and the existing
results. Finally, the proposed model is adopted to
investigate the problem of natural convection in a
hydrodynamically and thermally anisotropic porous
medium under LTNE.
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