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Abstract: The effect of blasting vibration waves on 
surrounding rock and supporting structures is an 
important field in underground engineering. In this 
paper, the separation variable method is used to solve 
the displacement potential function for the 
propagation of the blasting vibration waves. In the 
axis coordinate system, the particle motion and stress 
change with axial distance, radial distance and time is 
obtained in surrounding rock. The peak particle 
velocity law in surrounding rock under different blast 
loads and surrounding rock parameters is discussed. 
In addition, the particle vibration characteristics in 
the surrounding rock are studied using numerical 
simulations method. The results shows that the peak 
particle velocity in surrounding rock appears negative 
exponent attenuation with the increase of axial 
distance, but it appears positive and negative 
fluctuations in radial direction. This phenomenon is a 
new discovery and it has been rarely investigated 
before. Moreover, the peak particle velocity attenuates 
more quickly and intensely in the near blasting field, 
which means that the supporting structure in a 
shorter distance away from the heading face is 
vulnerable to the impact of blasting vibration. The  

 
attenuation of blasting vibration velocity is closely 
related to charge length, blasting load amplitude, 
attenuation index and rock elastic modulus. The 
numerical simulation accomplishes the same results 
and then demonstrates the validity of theoretical 
results. 
 
Keywords: Tunneling blasting; Blasting vibration 
wave; Surrounding rock; Wave equation; Vibration 
velocity 

Introduction  

Blasting vibration is one of the serious hazards 
associated with underground drilling and blasting. 
The vibration wave induced by tunneling blasting 
has different effects on the underground structures. 
They might induce failures in supporting structures 
and even cause dynamic rock bursting events in 
mining. Therefore, an in-depth understanding of 
the vibration effects induced by tunneling blasting 
in surrounding rock and supporting structures is 
critical to the security of underground construction. 
It is also an important issue in the geotechnical 
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field. Previous researches have shown that 
variations of displacement and stress over time 
induced by tunneling blasting in the surrounding 
rock are difficult to measure in three dimensions. 
Lamb (1904) developed a stress solution in a semi-
infinite space of continuous rock mass. Lv and 
Zhang (2007) conducted a mechanical analysis of 
different underground tunnel shapes using the 
complex variable method. Considering the 
elastoplasticity of surrounding rock and linings, 
using a three-dimensional dynamic analysis 
method, Liu and Wang (2004) investigated the 
dynamic responses of a tunnel under blasting load. 
Many researchers studied the dynamic stability of 
surrounding rock by mainly using numerical 
simulation to analyze peak particle velocity of the 
tunnel wall surface. Zuo et al. (2011) analyzed the 
dynamic damage of tunnel surrounding rock by 
simulating a circular tunnel under blasting 
excavation and then discussed the blast-induced 
particle vibration attenuation characteristics and 
distribution law of the rock damage. Ma et al. (1998) 
simulated the propagation of blasting stress waves 
during underground excavation using AUTODYNA. 
Shiro and Fung (1979) calculated vibration of 
surrounding rock when exposed to a vibration 
source in underground tunnels using dynamic 
finite element method. Li et al. (2011) simulated 
the propagation process of seismic waves in the 
elastoplastic tunnel rock under initial stress, and 
analyzed the propagation and attenuation laws of 
seismic waves around tunnel based on ANSYS/LS-
DYNA simulation. The results indicated that the 
amplitude attenuated by negative exponential law 
in the coal and rock, and the acceleration 
amplitude of seismic wave decayed rapidly in near 
field and slowly in far field. These research results 
could not reveal the mechanism of the propagation 
of blasting vibration wave in surrounding rock in 
detail. 

For the existing tunnels, the dynamic stability 
of shotcrete is equally important, Ahmed and 
Ansell (2014) used a finite element method to 
analyze the behavior of shotcrete and describe the 
propagation of the stress wave in two dimensions 
during tunneling blasting operation, and the given 
recommendations emphasized that blasting should 
be avoided in the first 12h after shotcreting. Sun  
et al. (2011) investigated the stability of jointed 
rock caused by blasting excavation in underground 

tunnels using the dynamic numerical simulation of 
the discrete element method and found that rock 
mass joints loose when normal stress unloads 
transiently.  

Because of the popularization of numerical 
simulation and testing technique, field test and 
numerical simulation are commonly used in 
blasting operation. Cai and Kaiser (2005) 
presented a numerical analysis with field 
monitoring data from a granite tunnel to 
demonstrate how micro-seismicity could be 
quantitatively linked to the dynamic properties of 
the rock mass. Yilmaz and Unlu (2014) investigated 
the applicability of the modified Holmberg-Persson 
approach in modeling the site specific attenuation 
of blast waves in rock mass for a tunnel blast 
design. Osinov (2011) discussed the numerical 
modeling of a wave in saturated granular soil 
around a cylindrical tunnel with a tube-type lining. 

Besides, many studies of blast-induced 
vibration effects were concentrated on adjacent 
tunnels and ground vibration, not on tunnel itself. 
Shi et al. (2008) analyzed the vibration effect of 
surrounding rock using the FLAC3D numerical 
program in a small neighborhood tunnel blasting 
excavation. Shin et al. (2011) used a numerical 
method to identify the effects of blast-induced 
vibration on immediately adjacent tunnel in soft 
rock. Jetschny et al. (2010) used 3D seismic finite 
difference modeling and analytical solution of the 
wave equation in cylindrical coordinate to study 
the propagation characteristics of tunnel surface-
waves, and to ensure the safety and efficiency of 
tunnel construction.  

In conclusion, because of the complexity of 
tunneling blasting, there is no an analytical 
solution available to discuss the dynamic action 
associated with the propagation of stress and 
particle velocity in the surrounding rock of its own 
tunnel. In this paper, the vibration wave 
propagation induced in the surrounding rock of its 
own tunnel is studied by the means of elasticity 
theory and mathematical physics. 

1     Analytical Solution of Blasting 
Vibration Wave 

For the blasting excavation of an underground 
tunnel, the tunnel section is simplified to be a circle 
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and the full-face millisecond blasting method and 
cylindrical charge are used. Because only the 
contour blasting is considered for calculation, the 
pressure on tunnel working surface is relatively 
small and the pressure on working surface is 
neglected. Therefore, only the radial blasting load 
is considered in this paper. The radial blasting load 
acting on the tunnel wall surface in each blasting 
excavation cycle is treated as a vibration source. 
Here, it is assumed that the blasting load causing 
the surrounding rock vibration undergoes negative 
exponential attenuation with time (Chen et al. 
2011). The formula of blasting load 0

tp A e α ′−= is 
used and the load curve is shown in Figure 1. 
Where, p is the blasting load (Pa), A0 is the 
amplitude of the blasting load (Pa) and can be 
obtained through the blasting theory. α  is the 
attenuation index related to the characteristics of 
explosives, t' is blasting load action time (s). Here, 
it is expressed as 

   2.2 2
0 0

1 ( )
8

pb

b b

dd
A D

s d
ρ−=                             (1) 

where, ρ0 is the explosive density (kg/m3), D is the 
explosive detonation velocity (m/s), db is the 
diameter of the blasting hole (mm), dp is the 
crushed diameter (mm). Generally, dp= 2.5db, sb is 
the blast hole spacing (mm). 

The deep underground blasting excavation in 
circular tunnel is a spatial axisymmetric problem, 
which can be shown in a two-dimensional plane 
(Figure 2). Where, b is the loaded length (or charge 
length (m)), r and z are the radial and axial 
coordination. 

In the three-dimensional axisymmetric 
cylindrical coordinates, the displacement potential 
function Ψ  does not vary with the azimuth angle, 
but it is related to the radial displacement, axial 
displacement, and time. The wave equation (Yang 
et al. 1990) is 

   
2 2 2

2
2 2 2 2

1 1

pr r r z c t

 ∂ ∂ ∂ ∂ Ψ∇ Ψ = + + Ψ = ∂ ∂ ∂ ∂ 
        (2) 

where, cp is the longitudinal wave velocity in the 
surrounding rock, r  is the radial distance, z  is the 
axial distance, t  is the time. 

Separation variable method is used to solve Eq.  
(2). Taking  ( ) ( ) ( )R r Z z T tΨ =  and abbreviating as

RZTΨ = , and substituting it into Eq. (2), the 

wave equation can be changed to 

   ''
2

''''' 11
RZT

c
RTZZTR

r
ZTR

p

=++            (3) 

where Z, T and R are the variables associated with 
the axial distance, time and radial distance, 
respectively. By dividing both sides of the equation 
of ZTR and introducing a real constant m, Eq. (3) 
can be expressed as 

2
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''''' 11
m

T
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Z

R

R
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R
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==++                  (4) 

In order to simplify the calculation, observing 
the right side of Eq.(4), T can be expressed as 

tmctmc pp eCeCT −+= 21                            (5) 

where 1C  and 2C  are constants related to the 
boundary conditions, when t→ ∞ , the vibration in 
the surrounding rock is zero, and Eq. (5) becomes 

    
tmc peCT −= 2                                              (6) 

By introducing a real constant, n into right 
side of Eq. (4), there is 

    2
''

2
''' 1

n
Z

Z
m

R

R

rR

R −=−=−+              (7) 

 
Figure 1 Blasting load curves. p is the blasting load 
(Pa), A0 is the amplitude of the blasting load (Pa), t' is 
blasting load action time (s).  

Figure 2 Calculation model of the propagation of the 
vibration wave induced by blasting in the tunnel. 
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According to the Eq. (7), Z can be obtained as 

    nznz eBeBZ −+= 21                                (8) 

where B1 and B2 are constants. Similarly,
0lim =∞→ Zz , so 

        nzeBZ −= 2                                                (9) 

The left side of Eq. (7) can be converted to a 
zeroth-order Bessel equation, and the solution can 
be expressed as (Wang 2011) 

       ( )rmnCJR 22
0 −=                             (10) 

When 2 2n m r−  is relatively large, it comes to 
an approximate relationship 

)
4

cos(2 22
22

π
π

−−
−

= rmn
rmn

CR     (11) 

where C is a constant. Combining Eqs. (6), (9) and 
(11) together, the displacement potential function 
can be gotten as 

tmcnz peermn
rmn

C −−−−
−

=Ψ )
4

cos(2 22
22

π
π

   (12) 

According to the relationship between the 
displacement potential function and the 
displacement in cylindrical coordinates, the radial 
displacement Ur, the tangential displacement Uθ, 
and the axial displacement W, are obtained 
respectively (Achenbach 1975). 

3
2 2 2

1
1 cos
2 4rU A r n m r

r

π−∂Ψ  = = − −  ∂  
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                              0=θU                                            (14) 

1
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2 cos
4
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z
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     (15) 

where A1 and A2 are constants, 
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2
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π
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2
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, 

which means that, A2=n A1. 
When t=0, r=r0 and W=0, it can be obtained 

that 2 2
0cos( 4) 0n m r π− − = from Eq. (15). 

So, 2 2
0 , ( 0,1,2,3 )

4 2
n m r k k

π ππ− − = + = ⋅ ⋅⋅ . 

Namely, 2 2

0

3( ), ( 0,1,2,3 )
4

n m k k
r

π− = + = ⋅ ⋅⋅ .  

In which, k  is a nature number (k= 0, 1, 2, 
3…), it is on behalf of the multi-value properties of 
cosine function, r0 is the radius of the circular 
tunnel. 

In the cylindrical coordinates, the radial 
velocity, tangential velocity and axial velocity are 
respectively (Achenbach 1975). 
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According to the relationship between the 
stress and displacement in the axisymmetric 
cylindrical coordinates (Xu 2006; Lu 1990), the 
stress can be obtained as 
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where rrσ , θθσ  and zzσ are the radial stress, 
tangential stress, and axial stress, respectively, and 
Θ  is the volumetric strain. 

Substituting Eqs. (13), (14) and (15) into Eq. 

(22), the volumetric strain can be obtained as 

1
2 2 22

1 cos
4

A m r n m r
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    (23) 

Substituting Eqs. (13)-(15) and (23) into Eqs. 
(19), (20) and (21), the stress can be obtained as 

3
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The load boundary condition in the tunnel 
blasting excavation is 

    
00 , 0

t
rr z b r r p A e ασ ′−

≤ ≤ = = =                        (27) 

where b is loaded length (or charge length (m)). 
By substituting Eq. (24) into Eq. (27), it can be 

obtained that 
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Thus, the radial and axial stresses in the 
surrounding rock can be obtained by this way. 

2    Analytic and Numerical Calculation 

2.1 Analytic calculation of particle vibration 
velocity 

For an underground blasting excavation 
engineering with the millisecond blasting 
technique, the charge length is 1.5m. The diameters 
of the blasting holes are 40 mm, and the hole 
spacing is 45cm. The radius of the circular tunnel is 
2.5 m. An emulsion explosive is used, with a 
density of 1100 kg/m3, and the detonation velocity 
of 3200 m/s. The rock material of the tunnel is 
weathered granite. The rock density is 2350 kg/m3, 
its elastic modulus is 18 GPa, and its Poisson's ratio 

is 0.25. The blasting load attenuation index is 
assumed to be 4000. The main parameters of 
tunneling blasting are illustrated in Table 1. The 
material parameters of the surrounding rock are 
illustrated in Table 2. 

In order to study the changing law of particle 
vibration velocity in the surrounding rock with 
axial distance and radial distance, the parameters 
are substituted into Eqs. (16)-(18) and calculated 
by Matlab program. The results are shown in 
Figure 3 and Figure 4. Because the particle 
vibration velocity in the surrounding rock has 
multiple solutions about k, different values of k will 
be taken for the calculation. Here, k is the nature 
number. 

Figure 3 indicates that the peak particle 
velocities in the surrounding rock appear the sign 
wave attenuation with the increase of radial 
distance. Figure 4 indicates that the peak particle 
velocities in the surrounding rock appear negative 
exponent attenuation with the increase of axial 
distance. Moreover, the peak particle velocities 
attenuate more quickly and intensely in the near 
field, which means that the supporting structure in 
a shorter distance away from the heading face is 
vulnerable to the impact of blasting vibration. 

According to Figure 3 and Figure 4, when k=1, 
2, 3···, the peak particle velocity in the surrounding 
rock is much smaller than that when k =0. Thus, 
we can take k =0 for the following calculations. 

2.2 Numerical calculation of particle 
vibration velocity 

The numerical simulation is established based 
on the tunnel model in Figure 2. The constitutive 
model of the rock is simplified as a linear elastic 

Table 1 Main parameters of tunneling blasting

Blast hole 
diameter 
(mm) 

Crushed zone 
diameter (mm)

Explosive  
density (kg/m3) 

Detonation 
velocity (m/s)

40 100 1100 3200 
Blast hole 
spacing 
(mm) 

Attenuation 
index 

Tunnel radial 
(m) 

Charge length 
(m) 

450 4000 2.5 1.5 
 
Table 2 Material parameters of surrounding rock 

Rock density
(kg/m3) 

Elasticity modulus 
(GPa)  

Poisson ratio 

2350 18 0.25 
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model of continuum material, and a non-reflective 
boundary condition is used. The size of the model 
is 35 m × 35 m × 11.5 m. The mesh model includes 
84,000 nodes and 75,400 elements and is shown in 
Figure 5.  

A component is proposed in the internal wall 
of tunnel for the application of equivalent blasting 
load, and is shown in Figure 6. 

The stress and velocity at various points inside 
the rock are obtained using LS-DYNA. Figure 7 

Figure 3 Radial peak particle velocity (a); axial peak 
particle velocity (b) changes with radial distance in 
surrounding rock when z=3 m.  

Figure 4 Radial peak particle velocity (when r=2.5m) 
(a); axial peak particle velocity (when r=6 m) (b) 
changes with axial distance in surrounding rock. 

 

 

Figure 5 Meshed numerical calculation model. 
Figure 6 Form of blasting equivalent load on the 
internal wall of tunnel. 
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shows the particle velocity contours in the 
surrounding rock at t = 0.00507 s. The radial 
velocity propagation of the vibration wave in the 
rock is manifested as alternating positive and 
negative, and the velocity decreases nonlinearly 
with radial distance. 

The peak particle velocity in surrounding rock 

under the blasting load can be obtained through 
the numerical simulation. Figure 8 shows the 
change of the simulated peak particle velocity. 

Comparing Figure 3a and Figure 8a, it is found 
that the numerical and analytical results of radial 
peak particle velocity changing with radial distance 
are similar, and the maximum value is 

 

Figure 7 Particle velocity in the surrounding rock at t = 0.00507s. 

 

Figure 8 Radial peak particle velocity (a); axial peak 
particle velocity (b) change with radial distance when 
z=3 m; Radial peak particle velocity changes on the 
surface of the surrounding rock with axial distance (c). 
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approximately 15cm/s. The attenuations with 
radial distance are in positive and negative 
alternation forms. Comparing Figure 3b and Figure 
8b, the same laws of axial peak particle velocity is 
obtained, and the maximum value is approximately 
25cm/s. While the maximum value of radial peak 
particle velocity in Figure 4a and Figure 8c is about 
100 cm/s, and the attenuation with axial distance is 
a nonlinear decrease similarly.  

As shown above, the simulation and analytical 
results for the velocity fields in the rock induced by 
tunneling blasting are consistent in both their 
values and variation trends.  

3    Influence Factor Analysis of Vibration 
Waves 

3.1 Blast load attenuation indexes 

In order to study the peak particle velocity 
law in the surrounding rock under different blast 
load attenuation indexes, the radial peak particle 
velocity in z=3m, r=2.5m and the axial peak 
particle velocity in z=3m, r=6m in the surrounding 
rock are calculated under different blast load 
attenuation indexes. The results are showed in 
Figure 9. 

Figure 9 indicates that the radial and axial 
particle velocity change with time in surrounding 
rock appear negative exponent attenuation under 
the same attenuation index. It is observed that the 
bigger the attenuation index is, the shorter the 
blasting load time is, the smaller the particle velocity 
is, and the smaller the blasting effect on the 
surrounding rock and the supporting structure is. 

3.2 Charge lengths 

The charge length is one of the most basic 
parameters in tunneling construction. In order to 
study the peak particle velocity law in the 
surrounding rock under different charge lengths, 
the peak particle velocities in the surrounding rock 
are calculated under different charge lengths. The 
results are showed in Figure 10 and Figure 11. 

Figure 10 and 11 indicate that the charge 
length has a significant impact on particle vibration 
velocity in surrounding rock. Currently, the deeper 
the blast hole is, the bigger the blast effect is. 
Therefore, the deep borehole blasting has more 

significant disturbance on surrounding rock. 

3.3 Amplitude of the blasting loads 

The blasting load amplitude is one of the most 
important parameters of blasting load. The peak 
particle velocities with radial and axial distance in 
the surrounding rock are calculated under different 
blasting load amplitudes.  

Supposing the amplitude of blasting load is 
A0=16.67MPa, and A0 in Eq.(1) is replaced by 0.5 A0, 
1.0A0 and 2.0A0 respectively, the calculation results 
are showed in Figure 12 and Figure 13. 

Figure 12 and 13 indicate that the blasting load 
amplitude has a significant impact on particle 
vibration velocity in surrounding rock. Currently, 
the bigger the amplitude of the blasting load is, the 
bigger the peak particle velocity in surrounding 
rock is. If decoupling charge blasting is used, the 
blasting vibration effect on the surrounding rock 
and the supporting structure can be reduced 
effectively. 

 

 
Figure 9 Radial peak particle velocity (a); axial peak 
particle velocity (b) changes over time in surrounding 
rock under different attenuation indexes. 
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3.4 Rock elastic modulus 

In order to study the peak particle velocity law 
in the surrounding rock under different rock elastic 
modulus, the radial peak particle velocity in z=3m, 
r=2.5m and the axial peak particle velocity in z=3m, 
r=6m are calculated. The calculation result is 

shown in Figure 14. 
Figure 14 indicates that the radial and axial 

peak particle velocities in the surrounding rock are 
first increased and then decreased with the 
increase of the rock elastic modulus. This 
phenomenon is a new discovery and it's never 
discussed before.  

        
Figure 10  Radial peak particle velocity (a); axial peak particle velocity (b) changes with the radial distance in 
surrounding rock under different charge lengths when z=3m. 

         
Figure 11 Radial peak particle velocity (when r=2.5 m) (a); axial peak particle velocity (when r=6 m) (b) changes 
with axial distance in surrounding rock under different charge lengths. 

          

Figure 12 Radial peak particle velocity (a); axial peak particle velocity (b) changes with radial distance in 
surrounding rock under different amplitudes of the blasting load when z=3 m. 
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4    Conclusions 

Based on the separation variable method in 
cylindrical coordinates, the propagation 
characteristics of blasting vibration wave are 

investigated by the method of analytic calculation. 
Furthermore, the factors that affect the blasting 
vibration waves are discussed. Analytical methods 
and figures are effective for revealing the 
mechanisms of the blasting vibration wave 
propagation. The following conclusions are gotten: 

1) The peak particle velocity in surrounding 
rock appears negative exponent attenuation with 
the increase of axial distance, but it appears 
positive and negative fluctuations in radial 
direction. This phenomenon is a new discovery and 
it's never discussed before. Moreover, the peak 
velocity attenuates more quickly and intensely in 
the near field, which means that the supporting 
structure in a shorter range away from the heading 
face is vulnerable to the impact of blasting 
vibration.  

2) The attenuation of blasting vibration 
velocity is closely related to charge length, blasting 
load amplitude, attenuation index and rock elastic 
modulus. Deep borehole blasting has more 
significant disturbance on surrounding rock. The 
blasting vibration effect on the surrounding rock 
and the supporting structure can be reduced 
effectively by taking decoupling charge blast. It is 
also observed that the bigger the attenuation index 
is, the shorter the blasting load time is, the smaller 
the particle velocity is.  

3) The elastic modulus has a significant impact 
on particle vibration velocity in surrounding rock. 
The radial and axial peak particle velocity in the 
surrounding rock are first increased and then 
decreased with the increase of the rock elastic 
modulus. This phenomenon is a new research 
result. 

The results help further explain the 
propagation of blasting vibrations in surrounding 
rock, and underscore the importance of the proper 
handling of the relationship between tunneling 
supports and blasting to ensure their safety during 
excavations. Besides, this is a preliminary study on 
the tunnel blasting vibration propagation, and the 
new research results are found. Deeper research 
requires a combination with model tests and other 
means, this is our next work. 
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