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Abstract: This paper is concerned with the stability
analysis of reinforced slopes. A new approach based
on the limit equilibrium principle is proposed to
evaluate the stability of the reinforced slopes. The
effect of reinforcement is modeled as an equivalent
restoring force acting the bottom of the slice and
added into the general limit equilibrium (GLE)
method. The equations of force and moment
equilibrium of the slice are derived and corresponding
iterative solution methods are provided. The new
method can satisfy both the force and the moment
equilibrium and be applicable to the critical failure
surface of arbitrary form. Furthermore, the results
predicted by the proposed method are compared with
the calculation examples of other researchers and the
centrifuge model test results to validate its
correctness and effectiveness.
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Introduction

In recent years, geosynthetic-reinforced soil
structures, such as slopes, embankments and
retaining walls are widely used in China and
elsewhere due to the increasing infrastructural
development demands, as is shown in Figure 1.
Construction of slopes at steeper angles can be
realized by the use of geosynthetics, thereby
decreasing land requirements for slope
construction. The stability analysis of reinforced
slopes can be conducted using the limit equilibrium
method. Leshchinsky and Reinschmidt (1985),
Leshchinsky and Boedeker (1989) presented an
analytical approach for the stability analysis of
reinforced slopes based on limit equilibrium theory.
In the analysis, the failure surfaces are either log-
spiral or bilinear and two extreme inclinations of
reinforcement force are investigated: tangential to
the slice base and horizontal. Rowe and Soderman
(1985) extended the simplified Bishop slip circle
method by incorporating the reinforcement effect
and estimated the stability of geotextile-reinforced
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Figure 1 Photo of a geosynthetic-reinforced slope (in
Beijing-Chengde  highway, taken by  Tensar
Geosynthetics Limited Company in 2009).

embankments. Sabhahit et al. (1994) conducted the
stability analysis of a reinforced embankment
constructed on a non-homogeneous clay deposit of
finite depth by modifying Janbu’s generalized
procedure of slices. Shahgholi et al. (2001)
presented horizontal slice method for the stability
analysis of reinforced slope. Some researchers
performed stability analysis of slopes using finite
element method (FEM). Griffiths and Lane (1999),
Dawson et al. (1999) conducted stability analysis of
slopes by means of shear strength reduction
technique in finite element method (FEM).
Mehdipour et al. (2013) calculated the factor of
safety and the location of failure surface of geocell
reinforced slope using the strength reduction
method by employing the finite difference program
FLAC 2D. Although FEM can be applied to a lot of
complex conditions, the accuracy of the results
depends greatly on the appropriate constitutive
model adopted in the analysis. In addition, in many
practical situations, its sophistication cannot be

warranted due to the insufficiency of time and fund.

Therefore, among the many approaches, limit
equilibrium method is still very popular and
generally preferred for the stability analysis of
reinforced slopes because of its simplicity, accuracy
and familiarity for engineers. The limit equilibrium
techniques for unreinforced slopes have been
modified and extended to incorporate the effect of
reinforcement by a lot of researchers. However,
some approaches have the limitations of the shapes
of failure surfaces. For example, the method of
Jewell (1991) can only be suitable for bilinear
failure surfaces. Leshchinsky and Boedeker (1989)
assumed logarithmic spiral failure mechanism in
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the analysis. Besides, the circular failure surfaces
were adopted by Hird (1986), Wright and Duncan
(1991), Mandal and Labhane (1992), Mandal and
Joshi (1996), Palmeira et al. (1998). In addition,
some methods can only satisfy moment
equilibrium such as those extended from the
simplified Bishop slip circle analysis (Rowe and
Soderman 1985), while others can only satisfy force
equilibrium such as those extended from the
Janbu’s method (Greenwood 1990; Sabhahit et al.
1994).

In this paper, a new rigorous approach
satisfying both force and moment equilibrium is
proposed to evaluate the stability of geosynthetic-
reinforced slope by the extension of general limit
equilibrium (GLE) method (Fredlund and Krahn
1977; Fredlund et al. 1981; Chugh 1986; Zhang
2005). The proposed method can be applied to
both circular and arbitrary polygonal shape. The
effectiveness of the method is confirmed by the
comparison with other researchers and the
centrifuge model test results.

1 Formulation of the Method

1.1 Determination of the reinforcing force

According to the pullout test results of
Mitchell and Christopher (1990), the pullout
resistance of the geosynthetic material can be
estimated by the following equation:

t=2-k-tang-0, -1, (€))

where t=the pullout resistance per unit width of
geosynthetic sheet; k= a parameter related to the
coefficient of friction at the interface between the
soil and the geosynthetic material (within the range
of 0.6~1.0); ¢ = the internal friction angle of the
soil; &, = average normal stress along the
embedment length; I, = the embedment length
beyond the failure surface.

In order to be conservative in the design in
engineering practices, a factor of safety is
introduced to present the mobilized pullout
resistance of the geosynthetic material by the
following equation:

tw=2ktang  G,1,=2"k (tang/Fy) G, I, (2)

where t, = mobilized pullout resistance of the



geosynthetic sheet Fy= a factor of safety defining

the mobilized stren’gth of frictional soil.

The average normal stress along the
embedment length beyond the failure surface can
be obtained by the following equation_

o, =y h,+p (3)
where Y=the unit weight of the soil; %, = the
average height of the soil slices above the
geosynthetic sheet beyond the failure surface; p =
the surcharge acting on the surface of the slope.

In the Ilimit equilibrium analysis, the
reinforcing force provided by the geosynthetic
sheet at the bottom of each slice, denoted as T, can
be determined by comparing the pullout resistance
obtained by Eq. (2) with the tensile strength of the
fabric, represented by 7T,. The value of T is the
smaller one of t, and T, and its unit is kN/m.

1.2 Equations of force and moment
equilibrium

The soil mass inside the failure surface is
divided into n slices. When dividing the soil mass
into slices, the intersection point of the geosynthetic
sheet with the base of the slice is selected as the
midpoint of the slice at the location of the
reinforcement, which is illustrated in Figure 2.

are
/ |/

/Y
/oS

Figure 2 Division of potential sliding mass into
slices.

The vertical slice taken from the slope and the
forces acting on it is illustrated in Figure 3. Force
equilibrium is considered in a direction parallel to
the base of each slice in the following equation:

Ty +Z1;€0S(Q; —6;) — Zp; cos(a; — ;) —
W;sing; + T, cos(e; —17,) — pl;sin(e, — 5,) =0 1)
where Z;;and Zg; are the inter-slice resultant forces
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on the left and right side of the ith slice. 0z; and O;
are the left and right inter-slice force angle. a; is the
angle between the base of the ith slice and the
horizontal. W; is the weight of the ith slice. T; is the
reinforcing force provided by the geosynthetic
sheet at the base of the ith slice. [; is the length of
the base of the ith slice, as is shown in Figure 4. f;
is the angle between the top of the slice and the
horizontal.

Figure 3 Schematic diagram of forces acting on
the slice.

Figure 4 Geometric size of the slice.

n;i is the angle between the action direction of
T; and the horizontal and can be determined by the
following equation:

N, = ue, (5)
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where b is a parameter representing the direction
of Ti and its range is 0~1, thereby, the variation of
n; is within the range of 0~a;. On one hand, when
u=0, the action direction of T; is horizontal.
Although it produces a smaller stabilizing moment,
the increase of normal force at slice base due to the
reinforcement in turn increases the frictional
resistance of soil. On the other hand, when u=1, the
action direction of T; is tangential to the base of the
slice. Although a reinforcement force tangential to
the slice base may produce a larger stabilizing
moment than the horizontal force, it does not
increase the normal forces along the failure surface
(Zornberg et al. 1998b).

It should be noted that in this study all the
angles are positive when they rotate clockwise from
the horizontal but are negative when they rotate
anti-clockwise from the horizontal.

Tmi is the mobilized strength and can be
determined by the following equation according to
the Mohr-Coulomb strength criterion adopted in
the analysis:

7; cl;+ N, tang
7mi:F:f:cmi+Nitanm (6)
where ¢ and ¢ are the cohesion and internal
friction angle of the soil. F is the factor of safety of
the slope. N;is the normal force to the base of the
ith slice.
Then by substituting Equation (6) into (4), the
following expression is derived:
N;tang, =Zp; cos(a; —O;) = Z; cos(a; —0p;) +
W;sing; —c,,; —T; cos(e; —1;) + pl;sin(e; = ;) (7)
Next force equilibrium is formulated in a
direction normal to the base of the slice:

N; =Zp;sin(@y; — 04) = Z;sin(0; — ;) +
W, cosat, ~T;sin(@; —17,) + plycos(@;, — ) ®)
By substituting Equation (8) into (7), the

following force equilibrium equation can be
formulated:

Zri =A8,»ZLi[cos(a,»-0Li) + Sin(ai-HLi) tanq)m]-i-

Asi{Wicosa; (tanq)m-tana,-) +emitTi cos (ai-’h)

[1— tan (ai-ni) tan(om] +plic05(ai-ﬁy[tan(om-tan(ai—ﬁi)]}
(9)
1

A =
where 4 cos(ar, — 6,1+ tan @, tan(er, — 6,,] (10)

2072

The overall moment equilibrium of the forces
about the midpoint of base of the slice is given by:

b; b; .
Zy; cosHL,-(hL,- —E’tanal-] +Zy; Elsmﬁb- -

Zpi cos&Ri[hRi +%tanai)+ZRi %sin&m +

pheost; ~A)lsing; ~plsing, A cov; =0 (11)

By simplifying Eq. (11) the location of the
inter-slice force on the right side of the ith slice,

hy; , can be obtained:
-4
Zyi €08 bg;

Iy i

1

b; .
hy; cos@p; — ?’ (cos@y; taner; —sin Gy ; )}

b.
+?’ (tanBy, —tan ;) +

plih; cos(a; — B;) cosa[tan or; — tan(er; — ;)]
Z p; cOs O,

(12)
where hy; and hg; are the height to forces Z;; and
Zgi respectively. b; is the width of the slice, which is

demonstrated in Figure 4.

As is known to all, the number of the above
formulated equations is 4n. However, the number
of total unknowns is 5n-2. Therefore, additional n-
2 assumptions are required to make the problem
determinate. As is treated in the same way with the
GLE method (Fredlund and Krahn 1977; Fredlund
et al. 1981; Chugh 1986; Zhang 2004), the inter-
slice force angle is assumed in the following

expression:

0 =4/ (x) (13)
where ¢ is the inter-slice force angle and its
number is n-1. The inter-slice force angle for the
left side of the first slice and the right side of the
last slice is assumed to be zero. Because each &
has the same value of 1, only n-2 independent
unknowns have been assumed. Then the number of
unknowns and the equations are the same.
Different limit equilibrium methods can be
formulated when inter-slice force angle function,
f(x), is assumed in various forms. For example, if
f(x) = 1, it is Spencer’s Procedure. For
Morgenstern-Price method, f(x) takes various
forms of function, such as half-sine, clipped-sine,
and so on. In this study, f(x)is assumed to be a
half-sine function in the following expression:

f(x) =sianJ7r} (14)

where x is the horizontal coordinate of the inter-



slice force, a and b are the horizontal coordinates
of the toe and the crest of the slope, respectively.

1.3 Iteration procedure

The iteration procedure for the proposed new
method is as follows:

(1) The value of 4 and the iterative initial
value of the factor of safety are selected. The factor
of safety obtained by the transmission method of
unbalanced thrust is usually taken as the iterative

initial value of the proposed method. 7 B and hL1 ie.,

Z, and h, of the first slice at the toe of the slope
are both zero. 7 5 and hy, can be calculated by Eq.

(9) and (12) and are taken as 7Z,, and hy, - These

calculations are performed sequentially for each
slice until Z, and #,, , i.e.,, Z,and A, of the last
slice on the crest of the slope are got.

(2) If all the forces satisfy the force equilibrium,
Z,, =0. At this time the factor of safety satisfying

the force equilibrium is denoted as F,. Otherwise,
the value of F'is adjusted and Z, is calculated

according to Eq. (9) until Z, =0 and Ff can be

determined. In the same way, if all the forces
satisfy the moment equilibrium, 4,, =0. At this
time the factor of safety satisfying the moment
equilibrium is denoted as F . Otherwise, the value

of F is adjusted and /1, is calculated according to
Eq. (12) until /4, =0 and F,'n can be determined. A

tolerable limit, £ <107 , is prescribed when
judging whether Z, and 4, equal zero. It should

be noted that A maintains the same value in this
step and two points (tan4,F,) and (tan4,F,) can

be determined.

(3). Change the value of A and repeat the
steps of (2) and (3) and another group of
(tanA,F,) and (tanA,F,) can be got. The range of
A is usually from 0° to 120°. It should be
guaranteed that 0= 4/ (x)<90".

(4). (tanA,F,) and (tanA,F,) corresponding
to different A values are computed. Force
equilibrium line is plotted by connecting all the
points of (tanA,F,) in the tanA-F coordinate
system. Similarly, moment equilibrium line can be
got in the same way by connecting all the points of
(tan A, F,) in the tan A — F coordinate system. The
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ordinate of intersection point of the two lines is the
factor of safety that satisfies both force and
moment equilibrium.

It should be noted that the factor of safety
calculated by the above procedure is the one for a
fixed failure surface. The smallest factor of safety
corresponding to the critical failure surface can be
searched by the exhaustive method for the arch
failure surface or the improved Monte Carlo
techniques proposed by Zhang et al. (2006a,
2006b and 2006¢) for the non-arch failure surface.

2 Analysis of Calculation Examples

The corresponding code is written for the
stability analysis of geosyntehtic-reinforced slope
according to the above procedure and added into
the program, ZSLOPE, developed by Zhang (2004).
The geometric model in the calculation is shown in
Figure 5. Both circular and polygonal line failure
surfaces are employed in the analysis. The
parameters of the uniform soil slope are: ¢ =20kPa,
@=35,y=18kN/m’. The tensile strength of the
geosynthetic sheet is 50 kN/m. The reinforcement
length has been extended beyond the failure
surface and the force direction is horizontal.

The calculation of the factor of safety of the
circular and polygonal line failure surface is shown
in Figures 6 and 7 respectively. It can be observed
from Figures 6 and 7 that intersection point of the
line F, and F, is the factor of safety and the

(67.460,17.310)

(-6.656,-16.278)
(-6.656,-23.257)

(12.378,-16.278)

(67.460,-23.257)

(a) Circular failure surface

(32. 646, 17. 310)

(24. 005, 17. 310) (67. 460, 17. 310)

(30. 198, 8. 451)
(28.172, 3. 540)

(21. 761, -5. 995)
(13. 029, -14. 515),118. 056, ~10. 437)

(-6. 656, -16. 278) (12. 378, -16. 278)

(6. 656, ~23. 257)

(67. 460, -23. 257)

(b) Polygonal Line failure surface

Figure 5 Geometric size of the calculation model (unit: m).
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corresponding tanA satisfying both force and
moment equilibrium. The factor of safety of the
reinforced slope is somewhat higher than that of
the unreinforced slope.

3 Comparison with Other Examples

In order to verify the effectiveness of the

Factor of satety F'

(a) Unreinforced slope

Figure 6 Iteration process for the factor of safety of the slope with circular failure surface.

0.79+
<3
2078}
&
8
s F
; 0.77F
g (1.557, 0.7683)
=

12 1.4 1.6 1.8 2.0
tan A
075} \
Ff

(a) Unreinforced slope

proposed method, the prediction results of this
method is compared with those of the calculation
examples of Borges and Cardoso (2002) and
Tandjiria et al. (2002). According to Borges and
Cardoso (2002), the geometric size of the model is
shown in Figure 8. The unit weight, internal
friction angle and cohesion of the sand are 21.9
kN/ms3, 35°and 0 kPa, respectively. The material
properties of the layered foundation are listed in

1.564

Factor of safety F

(b) Reinforced slope
h L
« F - (2.012, 0.8031)
)
5080
B
£
=]
£
2079
<9
<
= L L L L L
12 14 1.6 18 2.0
0.78 \ tan A
F .
0.77

(b) Reinforced slope

Figure 7 Iteration process for the factor of safety of the slope with polygonal line failure surface.

(3.8, 15)

Circle B
"“\__.R—:Zl.'IT

S,

Cirele A M'f’ R T~ GL95D
R=21.83 - B.61,7) } ‘7 (35.805,4) (50,1
- reinlortement
10,0 < (0,0 {1,107, 0.9 / )

540 )1) Y — — (0, 0)
(10, 3) a A ;S ((,:((,), _;))
10, 0,
L \ \v/ / o, 7
{ 10, 18) (30, -18)
€40, 20 (50, 24)

Figure 8 Geometric size of the calculation model of Borges and Cardoso (2002) (Unit: m).
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Table 1. In addition, the mechanical parameters of
the reinforcement are: T; = 200 kN/m, u = 0 and
F; = 1.167. In this example, the problem is to search
for the factor of safety corresponding to the
prescribed failure surfaces, i.e., Circle A and B,
illustrated in Figure 8.

Taking Circle A for example, the calculation
model formulated in ZSLOPE is shown in Figure 9.
Due to the length restriction, the model of Circle B
is not given here. The comparison of the factors of
safety predicted by the proposed method and those
of Borges and Cardoso (2002) is made. The factors
of safety of Circle A and B predicted by the
proposed method are 1.20 and 1.19, respectively. At
the same time, the factors of safety of Circle A and
B calculated by Borges and Cardoso (2002) are 1.25
and 1.19, respectively. The little differences
between the calculation results of the proposed
method and those of Borges and Cardoso (2002)
demonstrate its precision and accuracy.

Another comparison is made between the
prediction results of the method in this study and
those of Tandjiria et al. (2002). The geometric size
of the model of Tandjiria et al. (2002) is shown in
Figure 10 and the properties of the embankment
and the foundation are listed in Table 2. The
mechanical parameters of the reinforcement are: T,

Table 2 Parameters of sand and clay in the model of Tandjiria et al. (2002)

i Cohesion of the  Internal friction angle
Material soil ¢’ /¢, (kPa)  of the soil ¢(c)
Sand Fill 0 37
Soft Clay 20 0]

Table 3 Parameters of soil in the centrifuge model tests of Zornberg et al. (1998)

J. Mt. Sci. (2016) 13(11): 2069-2078

Table 1 Parameters of Clay in the model of Borges and
Cardoso (2002)

et Cohesion of the  Unit weight of the
aterial - g4 ¢ (kPa) soil WkN/m)

Clay1 43 18

Clay2 31 16.6

Clays 30 13.5

Clay4 32 17

Clays 32 17.5

R=21.830m '
" _— ; /
AN /
Circle A

Figure 9 Calculation model of Circle A formulated by
software ZSLOPE (Zhang 2004).

= 44 kN/m, k = 0.6, u = 0 and F; = 1.35. In this
example, the problem is to search for the smallest
safety factor and the corresponding critical failure
surface. The factor of safety predicted by the
proposed method is 1.31, which is close to 1.35,
provided by Tandjiria et al. (2002), showing the
effectiveness of the proposed method.

4 Verification with
Centrifuge Model Test

Unit weight of the Results

soil Y(kN/m*)

17 .

19.4 The centrifuge model

tests of Zornberg et al. (1998)
are calculated by the

Cohesion of the Internal friction angle Unit weight of the
soil ¢’ (kPa) of the soil ¢’(o) soil PkN /m’)
Model B6, =6
Bg and S6 39-5 5:04
Model D6 0] 42.5 16.21
(-10,9) 0,9)
Sand Fill
(-30.3) (-20,3623, 3) /Reinforcemant o
Soft Clay
(-30,02 €0,0)

Figure 10 Geometric size of the calculation model of Tandjiria et al. (2002) (Unit: m).

proposed method and the
prediction results are
compared with the measured
one in order to verify the
correctness and effectiveness
of the method. The
geometric sizes of Model B6,
Bg, D6 and S6 are shown in
Figure 11. Tables 3 and 4
present the conditions and
material properties of Model
B6, Bg, D6 and S6. The
failure surface and the factor
of safety of Model B6, Bo,
D6 and S6 at failure are
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Table 4 Parameters of reinforcement in the centrifuge model tests of Zornberg et

al. (1998)
Parameters
Number of reinforcement layers
Vertical spacing (mm)
Length of reinforcement layer (mm)
g-level at failure
Ty (kN/m)
k
Fq
yii

B6

6
38.1
203
21
0.123
0.9
1.2

o)

Bg

9
25.4
203
37
0.123
0.9
1.2

o

of the method. In addition,
the analytical failure mode of
the geotextile is also studied
and compared with that in
the centrifuge model tests.
According to the geometric
size in Figure 11, the location
of the calculated critical
failure surface, y in Table 3
and g-level at failure in Table

D6

6
38.1
203
29
0.123
0.9
1.2

o)

S6

6
38.1
203
32
0.183
0.9
1.2

0

(114. 3, 228. 7

4, O, is obtained by Eq. (3).
By substituting the

(337. 5, 228

/

calculated 0, and the
corresponding parameters in

|

/

Table 3 and 4 into Eq. (2),

/

the mobilized pullout
resistance is calculated and

/
wn/

{ 81.3,0)
(-81.5,-25.1)

Reinforcement

compared with the geotextile
tensile strength. The pullout
resistance is found to be
much larger than the
geotextile tensile strength at

(337. 5, -25.

(a) Model B6, D6 and S6

the failure acceleration in the
centrifuge tests. Therefore,
the failure mode of the

(111. 3, 228. 6)/

(337.5, 228.
geotextile is tie-break, which

is the same with that has

been reported by Zornberg et

25.1

al. (1998a), i.e., the

reinforcement layers failed

by Dbreakage instead of

(o, 0)/

(-81.5,0)
(-81.5,-25.1)

e

pullout when intersected by
the failure surfaces.

Reinforcement

(337.5,-25. 5 Conclusions

(b) Model Bg

Figure 11 Geometric size of Model B6, D6, S6 and B9 in the centrifuge model tests

of Zornberg et al. (Unit: mm).

predicted by the proposed method. The failure
surfaces predicted by the proposed method are in
good agreement with those measured in the
centrifuge model tests of Zornberg et al. (1998), as
is shown in Figure 12, confirming the effectiveness
of the method. The factors of safety of Model B6,
Bog, D6 and S6 at failure calculated by the proposed
method are 0.92, 0.88, 0.90 and 0.91, respectively.
It can be observed that the calculated factors of
safety at failure are near 1, showing the correctness
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In this paper, the GLE
method is modified and
extended to incorporate the
reinforcement effect for the stability analysis of
geosynthetic-reinforced slopes. Based on the force
equilibrium in the direction parallel and normal to
the slice base and the moment equilibrium at the
center of the slice base, the corresponding
equations are derived. The issue of static
indetermination is addressed by introducing a half-
sinusoidal function for the inclination of inter-slice
forces. After that, iterative solution methods for
obtaining the factor of safety which satisfies both
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Figure 12 Comparison of predicted failure surfaces with the test results of Zornberg et al. (1998).

force and moment equilibrium are provided. The
new method is more rigorous than the existing
methods in use and be applicable to the failure
surface of arbitrary form, including both arch and
polygonal line. Furthermore, the effectiveness of
the proposed method is validated by the examples
of other researchers and the centrifuge model test
results of Zornberg et al. (1998). Parametric studies
will be conducted to investigate the effects of some
factors, such as the tensile strength of
reinforcement, the orientation of the tensile force,
the length of reinforcement, the spacing of
reinforcing layers on the factor of safety and critical

failure surface of slopes in the future study.
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