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used to simplify the analysis mode (Terzaghi 1943; 
Wang 2000; Paik and Salgado 2003). While in 
stabilizing pile and lagging systems, lagging is often 
considerably less stiff than pile. This kind of 
stiffness variation aims at utilizing the soil arching 
effects so as to transform more earth pressure on 
pile. However, it increases the difficulty to calculate 
earth pressure on lagging. 

Estimating the lateral earth pressure on 
lagging has always been an important field of study 
for geotechnical engineering both in theory and 
practice. Since Terzaghi (1943) explained the 
phenomenon of pressure transfer from a yielding 
mass of soil to adjacent soil by the “trap-door test”, 
the soil arching effect became a widely accepted 
interpretation of the earth pressure reduction on 
laggings. Macnab (2002) used the portion of the 
active earth pressure in different distributions to 
estimate the reduced soil pressure on laggings. 
Vermeer et al. (2001) performed a study of arching 
effect behind a soldier pile wall and estimated the 
lateral earth pressure on laggings using non-linear 
3D finite element method and in-situ tests. Besides 
the soil arching effects, Howard and John (2008) 
introduced a theoretical model based on the “silo” 
shaped sliding wedge analysis to determine the 
lateral earth pressures on wood laggings. Dong 
(2009) performed a study of three-dimensional soil 
arching effect of cantilever piles. Dong et al. (2009) 
proposed that the failure mode of the soil between 
cantilever piles mostly showed as sliding. 

The Limit analysis method is a well-developed 
theory which can solve earth pressure problems 
(Chen 1975; Yang 2007; Shukla et al. 2009; Soubra 
and Macuh 2002). By idealizing the soil as a 
perfect plastic material obeying an associated flow 
rule, two plastic bounding theorems (upper and 
lower bounds) can be proved. Even though most of 
operating processes of limit analysis method are 
limited to two dimensions, publications about this 
theory using in three dimensional problems are 
also available (Chen et al. 2001; Michalowski and 
Drescher 2009; Han et al. 2014; Gao et al. 2012; 
Skrabl and Macuh 2005). However, those existing 
methods are not applicable to calculation of lateral 
earth pressure on lagging between stabilizing piles, 
due to the more complex boundary condition and 
the arching effect which controls the mechanical 
behavior of soils between piles. The main challenge 
in estimating the lagging earth pressure based on 

the upper bound method is to examine the three-
dimensional failure mechanism.   

In present work, efforts are made to develop 
predictive model for the total active force on 
laggings caused by backfills between stabilizing 
piles. First of all, a model test of cantilever 
stabilizing pile and lagging systems is carried out to 
research the earth pressure acting on laggings and 
the translational failure mechanism of the backfill 
between cantilever piles. Second, a three-
dimensional translational failure mechanism of the 
soil between two piles is established. The geometry 
of the admissible mechanism is described 
analytically, and the most critical mechanism is 
found based on an optimization routine. The total 
active force on lagging based on the energy-work 
balance equation is compared with the 
experimental result to test its validity. Third, the 
value of total active force on lagging based on the 
three-dimensional upper bound method is 
compared with the lateral force acting on same-size 
rigid retaining wall based on Rankine’s theory. 
Finally, the effects of lagging height h, lagging clear 
span w, internal friction angle φ, and cohesion c on 
active earth pressure of laggings are analyzed. 

1    Model Test of Cantilever Stabilizing 
Pile and Lagging Systems 

To research the translational failure 
mechanism of the soil between cantilever piles, in 
situ model test was carried out. The experiment 
was made on the two cantilever piles in an artificial 
slope site. In order to meet the requirements of 
small rigidity, good flexibility and homogeneous 
mechanical property, high density board (wood) 
was used to made laggings, and the thickness of 
board was 18mm. The flexible high density board 
was arranged between the piles. The top surface of 
the slope was horizontal; the cross section of the 
stabilizing piles was rectangular with length of 0.5 
m and width of 0.3 m; The height of lagging was 
2.2m (represented by h), and the clear span of 
lagging was 0.7 m (represented by w). Filling soil 
behind the piles was fine sand, the parameters of 
the soil were φ=28°, c=1.0kPa and γ=16.1kN/m3. 
Embedded depth of piles was 1.2m, spacing of piles 
was 1m, and concrete with 20MPa cube 
compressive strength was used in pouring piles. 
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generatrix on Ki meets the directrix at the point Ei. 
Then the sliding surface can be replaced by a step 
surface (Figure 6). 

After the simplification of three-dimensional 
sliding surface, the equation of the directrix can be 
postulated as: 

2
i iy ax b= +                             (1) 

In Eq.(1), a and b are coefficients to be 
determined. Since the coordinates of point A and 
point B are known, it can be derived that: 

2

4 tanha
w

β= −                             (2)
 

tanb h β=                              (3) 
In addition, the following relationships are 

met: 

2
2

4 tan ( ) tan
2i i

h wO E i h
w n

β β= − ⋅ +      (4)
 

2 2
0 0 ( tan )E G h h β= +                (5) 

0 tanOE h β=                                    (6) 
2

2
2(1 ) 1 tani i
iE G h
n

β= − +                (7) 

2

2(1 )i i
iOG h
n

= −                                   (8) 

3    Calculation Procedure of the Total 
Active Force on Lagging 

It is pretty complex when considering the 
friction/adhesion between the soil backfill and the 
lagging face. In this paper, the lagging between 
piles is assumed smooth, and backfill behind the 
pile is low cohesive soil or sandy soil. Thus, in 
deriving the total active earth pressure on lagging 
(represented by Pa), the friction/adhesion between 
the soil backfills and the lagging surface is 
neglected. Hence the earth pressure on lagging 
(represented by P) is perpendicular to the lagging 
surface. According to the basic assumption of the 
upper bound theory, full shear strength of the 
failure plane is mobilized. 

3.1 Input energy and energy dissipation of 
the instability mechanism 

Since the sliding wedge is divided into several 
slices by plane set Ki, the power of gravity Wg could 

be obtained by summing up the power of gravity of 
each soil slice: 

1 1

0 0

12 2 cos( )
2 2

n n

g gi i i i i
i i

wW W O E OG V
n

γ ϕ β
− −

= =

⎡ ⎤= ⋅ = ⋅ ⋅ ⋅ ⋅ ⋅ +⎢ ⎥⎣ ⎦∑ ∑ (9)
 

The negative work done by the counterforce, 
from lagging to sliding wedge, is 

sin( )PW PV β ϕ= − +                            (10) 

In view that the sliding surface has been 
replaced by a step surface (Figure 6), the rate of 
internal energy dissipzation of the sliding surface 
comprises two parts: the plane set Ki (vertical 
plane), and the plane set Ji (inclined plane). The 
rate of internal energy dissipation of the plane set 
Ji can be calculated based on Mohr-Coulomb 
material. Basing on the associated flow rule, the 
angle between velocity V (the velocity of sliding 
wedge) and the plane set Ji is φ. And the energy 
dissipation rate is the product of tangential velocity 
(Vcosφ), cohesion and the area of Ji. Thus, this part 
of energy dissipation rate is shown in Eq. (11). 

1

J
0

2 ( cos )
2

n

i i
i

wD E G V c
n

ϕ
−

=

= ⋅ ⋅ ⋅ ⋅∑         (11)
 

While the material of the sliding surface Ki 
could not be considered as Mohr-Coulomb material 
(considering the bilateral symmetry, there is no 
dilation occurring in the plane set Ki), the energy 
dissipation rate of plane set Ki should be calculated 
as Tresca material. The sum area of Ki is OE0G0, 
and this part of energy dissipation rate can be 
presented as: 

K 0 0
12 ( )
2

D OE OG V c= ⋅ ⋅ ⋅ ⋅               (12)
 

Since the flow rule associated with Mohr-
Coulomb yield condition (for soils with φ > 0) 
predicts greater dilation than that measured in 
experiments, the energy dissipation rate of Mohr-
Coulomb material is underestimated while the rate 
of Tresca material is overestimated. Hence, the 
accuracy of overall energy dissipation rate is 
increased by error compensation. 

The total energy dissipation rate of the slip 
surface, which has been replaced by a step surface 
(Ji and Ki), can be calculated by adding DJ and DK. 
The total energy dissipation rate is shown in Eq. 
(13). 

1

J K 0 0
0

12 ( cos )
2 2

n

i i
i

wD D D EG V c OE OG V c
n

ϕ
−

=

⎡ ⎤= + = ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅⎢ ⎥
⎣ ⎦
∑  (13)
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After the input energy and energy dissipation 
of the instability mechanism have been obtained, 
the total active earth pressure on lagging 
(represented by Pa) can be calculated by the work-
energy balance equation. 

3.2 Work-energy balance equation 

By equating the power of external forces to the 
internal energy dissipation in the failure 
mechanism, Eq. (14) is obtained. 

1

0

12 cos( ) sin( )
2 2

n

i i i i
i

wO E OG V PV
n

γ ϕ β β ϕ
−

=

⎡ ⎤⋅ ⋅ ⋅ + − + =⎢ ⎥⎣ ⎦∑

 

1

0 0
0

12 ( cos )
2 2

n

i i
i

wE G V c OE OG V c
n

ϕ
−

=

⎡ ⎤⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅⎢ ⎥
⎣ ⎦
∑  (14)

 
Putting the geometrical relationships (4)-(8) 

into Eq. (14), Eq. (15) is obtained.  
21

2
2

0

1tan cos( ) (1 ) sin( )
n

i

ih w P
n n

βγ ϕ β ϕ β
−

=

⎡ ⎤
+ − − + =⎢ ⎥⎣ ⎦∑  

21
2

2
0

12 1 tan cos ((1 ) ) 2 tan
n

i

ic w h c
n n

β ϕ β
−

=

+ ⋅ ⋅ ⋅ − ⋅ + ⋅ ⋅∑ (15)
 

When n goes towards infinity, the following 
relationship holds. 

21

2
0

1 2lim (1 )
3

n

n
i

i
n n

−

→∞
=

⎡ ⎤
− =⎢ ⎥⎣ ⎦∑                  (16)

 
21

2
2

0

1 8lim (1 )
15

n

n
i

i
n n

−

→∞
=

⎡ ⎤
− =⎢ ⎥⎣ ⎦∑              (17)

 
Putting Eq. (16) and (17) into Eq. (15), Eq. (18) 

can be obtained.  

28 4[ tan cos( ) 1 tan cos
15 3

P h w c wβ γ ϕ β β ϕ= ⋅ ⋅ + − + ⋅ ⋅ ⋅ −

2 tan ] / sin( )h cβ ϕ β⋅ ⋅ +               (18) 

If the geometrical parameters of the model and 
the strength parameters of the soils are known, 
several hypothetical instability mechanisms 
(represented by different β) and the corresponding 
total earth pressure on lagging (represented by P) 
can be determined. By solving the derivative of P, 
the maximum value of P is obtained. The 
maximum value of P corresponds to the most 
unstable mechanism of soil between piles, and it is 
the total active earth pressure on lagging 
(represented by Pa).  

The maximum value of P can be determined by 
an optimization routine. This procedure is explicit 
when φ = 0, and implicit otherwise. 

It should be mentioned that the Eq. (18) has 
its applicable conditions. To be more specific, the 
lagging between piles should be smooth and filling 
soil behind the pile should be low cohesive soil or 
sandy soil. 

4    Application Example and Parameter 
Analysis 

To illustrate the validity of the method 
mentioned above, comparing the total active earth 
pressure got by proposed methods with the 
experimental results got by model test is believable. 
Based on Eq. (18), the relationship between P and 
β of the example is presented in Figure 7. It can be 
calculated that the value of total active earth 
pressure on lagging, Pa, is 1.01kN. It is pretty close 
to the experimental results (1.1kN), which has been 
evaluated in chapter 2. In consideration of the 
measurement error and simplification error, the 
proposed methods can be used in evaluated the 
earth pressure on laggings. 

In order to evaluate the effects of lagging 
height h, lagging clear span w, soil internal friction 
angle φ, and soil cohesion c on the active earth 
pressure of lagging, parametric analyses are carried 
out. 

4.1 Effects of lagging height h 

To investigate the effects of lagging height h on 
the total active earth pressure of lagging, h is varied 
from 1 m to 8 m while other parameters are kept as  

Figure 7 Relationship between P and β of the original 
example. 
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the constant as mentioned above. 
The relationship between Pa and h is 

illustrated in Figure 8. It also shows the total active 
force acting on a rigid retaining wall with the same 
size of the lagging, which is calculated by Rankine’s 
theory (1943). It is observed that the value of the 
active force on lagging obtained from the present 
analysis is smaller than the value obtained from 
Rankine’s theory for the same set of parameters, 
especially at larger value of h. This is partly due to 
the using of the three-dimensional translational 
failure mechanism in which the arching effects and 
the constraints of adjacent soils are considered in 
lagging’s earth pressure calculation. 

Experience has shown that the soil pressure on 
lagging is generally constant with depth increasing. 
Deeper excavations typically do have a thicker 
lagging. So the total active force on lagging should 
be proportional to the lagging height h, which is 
confirmed in this study.  

4.2 Effects of lagging clear span w 

To investigate the effects of lagging clear span 
w on Pa, w is varied from 0.5 m to 5 m while 
maintain other parameters unchanged as the 
original example. The relationship between Pa and 
w is illustrated in Figure 9. As can be seen, Pa 
increases linearly with the increasing lagging clear 
span w. 

It is also found that the total active force on 
lagging is less than that on retaining wall of the 
same size. As w increases, the ratio of active force 
on lagging to active force on retaining wall 
decreases. This fits the common practice in that the 
soil arching effects becomes non-significant when 
pile spacing increases. 

4.3 Effects of soil internal friction angle φ 

Effects of soil internal friction angle φ on total 
active earth pressure of lagging corresponding to 
different c are shown in Figure 10. Other 
parameters are equal to the original example. As 
can be seen, Pa decreases non-linearly with the 
increasing internal friction angle φ. 

4.4 Effects of soil cohesion c 

Effects of soil cohesion intercept c on total 
active earth pressure of lagging corresponding to 
different φ are shown in Figure 11. As can be seen, 

Pa decreases linearly with the increasing cohesion 
intercept c. The decrease rate of Pa becomes gentler 
for the larger value of internal friction angle φ. 

It was found that a small amount of cohesion 
significantly reduced the computed pressure on the 

Figure 8 Relationships between Pa and h. 
 

Figure 9 Relationships between Pa and w. 
 

Figure 10 Relationships between Pa and φ. 
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lagging. This matches the phenomenon that 
cohesive soil behind lagging seldom comes into 
contact with the lagging. The decreasing rate of Pa 
becomes smaller for a higher internal friction angle 
φ. 

If the cohesion of backfills is considered, it 
should be mentioned that cohesion can dissipate 
over time with the invasion of moisture. Hence, the 
use of cohesion in the design of pile and lagging 
systems should be carefully dealt with. 

5    Conclusions 

The general conclusions of the present study 
are summarized as follows: 

(1) A model test of cantilever stabilizing pile 
and lagging systems was carried out, in which a 
three dimensional sliding surface is observed. 

(2) A three-dimensional translational failure 
mechanism for calculating the total active earth 
pressure on lagging is presented, which involves 
the soil arching effects implicitly; 

(3) The calculation procedure of total active 
 

 force on lagging is presented based on the 
kinematic approach of limit analysis; 

(4) The results based on the proposed method 
are compared with those obtained from Rankine’s 
theory based on plane-strain assumption, and the 
new method is proved to fit well with the 
experimental result; 

(5) The total active force on lagging increases 
with the lagging height h linearly, matching the 
experience that the soil pressure on lagging is 
generally constant with depth increasing; 

(6) The total active force on lagging increases 
with the growth of lagging clear span w. As w 
increases, the ratio of active force on lagging to 
active force on retaining wall decreases, indicating 
that the soil arching effect is less obvious for the 
large space of piles;  

(7) The total active force on lagging decreases 
non-linearly with the increase of soil internal 
friction angle φ, and decreases linearly with the 
increase of soil cohesion c. 

It should be noted that the total active force 
obtained from this study is only suitable for a 
specified three-dimensional failure mechanism 
which involves the soil arching effects implicitly. 
That is to say, the pile spacing should be satisfied 
with the condition of arch forming. If the backfills 
of a soldier pile and lagging system is soft clay or 
below the groundwater table, where there is no 
arching effect in the soils between piles by 
experience, the lateral force acting on lagging may 
be greater than the predicted value. 
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