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Abstract

Modeling of seismic wave propagation in areas with irregular topography is an important topic in the field of seismic
exploration. As a popular numerical method for seismic modeling, the finite difference method is nontrivial to consider the
irregular free surface. There have been extensive studies on the time-domain finite difference simulations with irregular
topography; however, the frequency-domain finite difference simulation considering irregular topography is relatively less
studied. The average-derivative approach is an optimal numerical simulation scheme in the frequency domain, which can
produce accurate modeling results at a relatively low computational cost. Nevertheless, this approach can only deal with
the modeling problems with a flat free surface. To address this issue, we design a new frequency-domain finite difference
scheme by introducing the polygonal representation of topography into the average-derivative method. The irregular topog-
raphy is represented by line segments with various slopes. An extension of the conventional average-derivative difference
operator in the local rotated coordinate system is used for formulating the spatial derivatives aligned with the topographic
line segments. As a result, new average-derivative difference schemes are obtained for irregular topography. In this way,
the average-derivative optimal method is generalized to the model with irregular topography. Numerical examples show the
effectiveness of the presented method.

Keywords Irregular topography - Frequency-domain modeling - Rotated coordinate system - Average-derivative difference
scheme

Introduction

The surface of the earth is not a flat plane. The irregular
surface could distort the recorded data significantly. It also
brings new challenge to seismic exploration. Numerical
simulations with the surface topography describe more
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realistic seismic wave propagation. Thus, it is critically use-
ful to study a numerical simulation method that considers
the irregular topography.

To incorporate the irregular topography, the numerical
methods based on the weak form of wave equation are com-
monly used. For example, Komatitsch and Tromp (1999)
presented seismic wave field simulation with a relief surface
by utilizing spectral element method. They discussed dis-
turbance caused by the irregular topography. Finite element
method and finite volume method are mostly used in the
frequency domain to study seismic wave propagation with
irregular topography (Jang et al. 2008; Brossier et al. 2008).
Another important approach is to use the strong form of
wave equation, such as the finite difference method. Com-
pared with the finite difference method, the finite element
method requires high-quality unstructured mesh, which is
difficult for a complicated near surface. Moreover, the finite
difference method is relatively cheaper in the aspect of com-
putational cost compared to the finite element method.
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Most of the methods for finite difference modeling with
irregular topography are developed in the time domain,
while an implementation in the frequency domain is rela-
tively rare. To implement the irregular topography in the fre-
quency domain, an accurate and stable numerical scheme for
the frequency-domain elastic-wave equation discretization
is necessary. Chen and Cao (2016) developed an average-
derivative optimal method for modeling frequency-domain
2D elastic-wave equation. This method has the advantages of
memory saving and arbitrary directional sampling intervals,
which can reduce the computational cost of the frequency-
domain elastic-wave modeling. However, only the flat free
surface is considered in Chen and Cao (2016). The effects of
the irregular topography are not considered. We generalize
the frequency-domain average-derivative optimal method to
the irregular topography case in this study.

Within the framework of the finite difference method,
several kinds of ways to represent the irregular topogra-
phy have been developed. A straightforward way is to take
advantage of segments with different slopes to fit various
topographies. Ilan (1977) applied this approach to match
topography and studied propagation features caused by the
irregular free surface. Jih et al. (1988) improved the method
by taking transition points between different slope segments
into account. The whole numerical treatment to the irregu-
lar surface is divided into six kinds of cases. In each case,
they applied center difference approximation (Alterman and
Karal 1968) or one-side difference approximation (Alterman
and Rotenberg 1969) as the boundary condition, and they
used the standard second-order difference scheme for the
internal points (Kelly et al. 1976). We adopt this method in
our paper. Another way is to realize topography mapping by
coordinate transformation (Tessmer et al. 1992; Hestholm
and Ruud 1994, 1998, 2002; Tessmer and Kosloff 1994;
Ruud and Hestholm 2001; Lan and Zhang 2011; Zhang et al.
2012; Wang et al. 2015). This method projects a rectangle
grid onto a curved grid and implements numerical calcula-
tions for free surface on the curved grid. To avoid intricate
coordinate transformation, some researchers proposed to use
the staircase approximation (Robertsson 1996; Ohminato
and Chouet 1997; Hayashi et al. 2001). The irregular sur-
face is represented by rectangle grids directly in this method.
The implementation for the irregular free-surface boundary
condition is an extension of the treatment for horizontal free
surface. This method is suitable for arbitrary topography.
However, the scattered noise occurs because of staircase-
shaped discretization, which can be eliminated by an over-
sampled grid.

In our paper, we design a new frequency-domain finite
difference scheme to implement the polygonal topography.
This method is a generalization of the conventional average-
derivative method proposed with a flat free surface (Chen
and Cao 2016). We use a local rotated coordinate method
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to generalize the conventional average-derivative difference
operators into the rotated coordinate system aligned with the
irregular free surface. The local rotated coordinate method
is presented by Jih et al. (1988) in the time domain. We
classify the implementation of the irregular free surface into
nine cases. New average-derivative schemes are presented
for the irregular topography. These new schemes generalize
the conventional average-derivative method to models with
irregular topography easily.

In the following section, we present the theory of our
method. This is followed by derivation of the new numerical
schemes at the irregular free surface. We analyze the effec-
tiveness through a simple model test. The influences on the
structure of impedance matrix are also examined. Finally, we
provide some complex numerical examples to demonstrate
the feasibility of our new method.

Theory
Modeling with irregular free surface

We consider the first-order elastic-wave equation in fre-
quency domain

2 Oty Oz _
potu+ =B 4 = =0,

0T,

2
pw-w + o

+2= =0,
J Txx=(l+2ﬂ)%+li—:, (1)

T, =+ 2% + 2%,

du ow

where p is the density, @ denotes the angular frequency, 4
and p are Lamé parameters, # and w represent components of
displacements in horizontal and vertical directions, respec-
tively, 7., and 7, are normal stress components, and 7, and
7, are shear stress components.

Eliminating the stress components in the first two equa-
tions by inserting the last three expressions of Eq. (1) into
the first two equations, we obtain the elastic-wave equation
in terms of displacements

SO VA N VAR I BT YA W W G TA B
pwu+6x<n6x>+0z(”0z>+0x<ldz>+dz<ydx)_0’
2 (02 Y 4 2 (2 ) 4 (02 4 2 (12 =
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Here, we replace 1 + 2u by 7.
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To perform seismic numerical modeling in the presence
of topography, we deal with the internal model and the irreg-
ular free surface, respectively. For the internal model, we
use the conventional average-derivative method to discretize
Eq. (2) and obtain a 9-point scheme (Chen and Cao 2016).

Except for the free surface, the remaining three bounda-
ries are handled with perfectly matched layer (PML) bound-
ary conditions. To fill into the “finite-difference star” pro-
posed by Pratt (1990), the 9-point scheme in Chen and Cao
(2016) was simplified into

The key point of our method is designing new average-
derivative difference schemes aligned with the irregular
free surface by a local rotated coordinate method. Using
our new numerical schemes, the elastic-wave modeling for
irregular topography can be implemented in the frequency
domain.

The numerical schemes on the slope surface are derived
by a combination of the average-derivative method and the
local rotated coordinate method. These numerical schemes
differ in the number and distribution of the discrete grid

1 3
Crlly_y -1 F Collp ) F C3llyyy gy F Cqllpy s+ Cslly s+ Collyy g F Cqllpy g + Cglhy gy 3)

FColyy g1 AW F AWy H AW, AWy 4 =0,

dl Wr—l,s—l + dZWr,s—l + d3wr+1,s—1 + d4wr—1,x + dSWr,x + d6wr+1,s + d7wr—1,s+1 + dSWr,x+l

oW,y g g1+ Crthe_y gy + Collyyy sy + Cltpy iy + Callyyy 41 = 0.

The expressions for c,-,Eil-(i =12,...,9) and
d;,¢,(j = 1,2,3,4) can be found in Chen and Cao (2016).

To obtain new numerical schemes at the irregular free
surface, we use the local rotated coordinate method pre-
sented by Jih et al. (1988). We develop this approach in the
frequency domain (see “Appendix 17). For the convenience
of subsequent derivations of the new numerical scheme on
the free surface, we summarize numerical treatments to
the irregular free surface which are carried out by Jih et al.
(1988) in time domain. In order to expound the main idea
of our theory clearly, we use a free surface with a 45° slope
(Fig. 1). The new scheme derived at this simple polygonal-
shaped free surface can be generalized to more complex
irregular topographies easily.

Fig. 1 Structure of the irregular free surface

points involved. Therefore, the guideline on determining
different cases is the number and distribution of the dis-
crete grid points involved. By checking all the points along
the slope surface, we have found 9 cases in which the num-
ber and distribution of the discrete grid points involved
differ from each other.

Here, we derive the new numerical schemes in these
nine cases, respectively.

(1) Case 1
According to Fig. 2, the first case contains points on the
left of point 1 and the right of point 2 on the free surface.

, ‘(r,S)

/7 2

Fig.2 Simulation points and discrete grid points used for the first
case. Here, red points are the simulation points, blue points are dis-
crete grid points used by the new average-derivative scheme, and
points with dashed line on the fiction line are discrete grid points
used by the conventional average-derivative scheme
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Point 1 and point 2 are also involved. Based on the con-
ventional average-derivative approach, nine points should
be used to discrete the elastic-wave equation. However,
three of them are outside the model according to Fig. 2.
The numerical expressions for these three points are intro-
duced in “Appendix 1.” The average-derivative difference
operators are changed. The new average-derivative differ-
ence scheme on the irregular free surface for this case can
be derived. To fit the “star” proposed by Pratt (1990), we
can simplify the new numerical scheme into the following
expressions:

Crillyps F Crolypp g4y T Cpallyoy o F Crallyy g4y F Cpslly

16U 41 T C1lppr s T Cigllptse1 T Crollryns T Criolhrin,se1

+dy Weogs F dioWe g AWy s F AWy g FdisW
Fdi6Wyp1 + digWepr s+ digWop o1 T digWyg s + ‘flloWr+2,s+1 =0,
di Wy s+ dipW, g oy + Wiy + digWo g + disW
+d\6Wrsi1 F digWepry F digWep 1 T dioWein s+ diioWei

HC g+ Ciolly o gqy F+ Craltp_y o+ Cighy_y gy + Cislhy

FCigUy g1 F Crollysr s + Crglhepy gt + Crollppas + Criolpgager =0,

4)
10) are the

r—L.s

where cy,d and dlj, CU(l
coefficients.

Discrete grid points used by our new numerical scheme
are shown in Fig. 2, which are blue and red points. In order
to describe the difference between the new and the con-
ventional average-derivative difference scheme, we sim-
plify the coefficients of the new difference scheme. Here,
we observe that new coefficients consist of the coefficients

Ei(i—12 .»9) and d;,¢,(j = 1,2,3,4) of the conven-
tlonal average- derlvatlve dlfference scheme. Expressions for
new coefficients are

1,j=12,...,

ey =—d— Aot Lo

er 1 Mr—1s ZAX
cp =0,
Ci3 =€+ ¢y,
Ci4 =675
C15 _ C2 + 05 +d1 )'r l,s AZ 8 1 j'r+1,x ﬁ’

S -1 Mr—1,s 2A)C er+1 Hrtt,s 2Ax
Ci6 = Cs»
Ci7 = €3+ ¢,
€18 = Co»
Clg —d2 Ar+l,s AZ ,
er+1 1,5 2Ax
110 =0,
(%)
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1 Az
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djp =0,
1 Az
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STOY T 2ax S, 20x )
dl6 =0,
1 Az
d17 = CZS—”EC +d2,
dig =dy,
1 Az
d —_
P CSer+l Q’A'x
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Sr—1 Mp1,s 28 Scral Mrg1,s 20X @)
16 =0,
Z’ ~ 1 A’rs AZ +~
7Ty L 2Ax T
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¢ d 1 /lr+ly AZ
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~ 1 Az
=~y
1 2A%°
- /
djp =0, -
dy;=d, +d,, d
d14 = d7, //
1 Az & 1 Az Z
dis=d,+ds+
15 = dy +ds CISr 2Ax T 25r+1 AR ® I S 4
(1,8)
d16 = d8s
dy; = dy +dg,
d18 = 39,
1 Az
d19 = C2S 2Ax
xr+1 x
d110 =0, Fig.3 Simulation point and discrete grid points used for the second
case
where Ax and Az denote spacing intervals.
Here, we have o = Aot Az
21 1 his AR
S =1—w4 <£i>, 1 r,s AZ
X cos 2LVX 9) Cyy = Cy +C3§(1—51)nr’STAx+C4’

€3 = (7,
r 1,s AZ 1 ’1r+1,s—1

where ¢, and c, are the coefficients in Operto et al. (2007); , ,
My— 1,s 2Ax 2 nr+1,s—1

L, and L, are thickness along x- and z-direction. On the free
surface, we have S, = L Cp5 = Cg,

(2) Case 2 Cyp = C3 (1 _ 60) _ (1 )
The simulation point in the second case is on the left of the ’1r,s 2Ax

flat-to-slope transition point (Fig. 3). According to the 9-point

C24=C2+C5 +d1

an

€27 = Co»
scheme, three points are on the fiction line. The numerical p) J)

. . . N . ' 1 1 r+2,5—2 1 r+l,s—1 ’
expressions at these points are given in “Appendix 1.” The Crg = —C3 56 1 5— +d, 23, (1 - 8150),
average-derivative difference operators are changed. We derive 42,52 re1.5-1
the new average-derivative scheme. Discrete grid points used Ca9 = C3€¢,
by our scheme are shown in Fig. 3. They are denoted by blue 1 1 4252 1 A1,

i i i C10 = C35815 25 €1€¢p>
and red points. We can rewrite the new numerical scheme as 27 2 00 in 2 My sm

follows:

CogUyp_p s+ Cpplhy_y 5+ Coalhy_y 511 + Coqlhy s+ Cosly o1

tCo6tyy1s t Corlhyry g1 T Cogllyyn o1 T Coglhpyn o + CoroUyy35-2

Fdy W,y F AW,y s+ dy3Wiy iy F Aoy Wi+ dpsw gy

FogWrp1s T dogWpp g st + dogWyin o1 F dagWygo s + daggWrgs 0 = 0, (10)
AWy s+ AW,y 5+ oW, gy + dogW,  + dosW, oy

oW1+ dogWpp1 41 + dogWpgn o1+ dogWppn s + dy Wiz 50

FCoyUy_p s+ Coplly_y g+ Cosltp_y gy F Coglty s + Coslly gy

[ FCo6trt1s + Cogllypyy su1 F Coglhyi o1 + Cogllyyn s + Copolhrys s = 0,

where
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Az ~ Az
dy = —ci—, d =28
21 A Ax 21 A Ax
AZ 1 r+l,5—1 AZ r+1 s—1 ~
d22 _C22A +d1 +d22 r+1,s—1 (1 _61)2_Ax, d22 _dl +d3 rlr+ls 1(1 _51) +d4,
dy; = ds, 323 =dy,
Az 1 ~ |
day REYNREDY d24—d2+d5+012A — G
dys = 0, dys = dg,
Az 1 Ar1s-1 Az Y - 1 A1 Az | | (14)
d26=C2E+d2 (1 _60)_5 e (1 —51)2TAX . d26=d3 (1 —60)—— ot (1 _gl)TAx +d6’
dy; = dy, ‘727 = dy,
1 1 Ais-1 1 - M TS B |
dg 2035(1 — €1€g) _dzzﬂr+1,j_1 15 dyg = _d3§71r+1;_1 15"'022(1 —£18)s
dyy = dy&, dyy = ‘7350’
1 1 A1 1 . o R T 1
dyyo = C3=€ 160 + dy= —— =, dyo=d +&,=
210 C325150 25 Moot 15 210 3 e €1 ) 0225150
(12)
and (3) Case 3
~ <~ A1y Az The simulation point in the third case is the red point in
G =~ his Ax] Fig. 4. It is on the right of the slope-to-flat transition point.
~ /lrs AZ rs AZ
C22=_d2 ZA +CI +C22(1 51) r7s TAx,
1]
. ~ A1y Az 5 lﬂr+1,s—1 /”-—I’(—r—s)lr
24 -1, 2Ax 32 Mrt1,s-1 ’ 2 ‘ ’
G5 =0, /,
~ ~ r,s AZ ~ 1 Ar,s AZ
Gy = 2%% + & (1—50)—5(1—51)nmm , r
Cr7 = Cys
~ )’r S— Ar S—
Cog =d3l *L 1(1—8166) —521511 252
rlr+1,s—] 2 2 rlr+2,s—2
Cyg = Cr€¢,
~ 1 )’r+ls 1 1 1 /lr+2s 2
G0 =ds5 € 6"‘%2512
ﬂr+1,s 1 nr+25 2 . . . . . . . .
(13) Fig.4 Simulation point and discrete grid points used for the third

@ Springer

case



Acta Geophysica (2020) 68:1387-1409 1393
Three discrete grid points are located on the fiction line B Pt 1 A1 . - - A =1
. . o =—d,= +(1- +
when using the conventional average-derivative scheme. 3! Y2 e + (=& =gl +2, 2( 6“) s
We derive the new average-derivative scheme using the 1 Ao ~ Ay Az
. . . . . Ty = —d;= (1 —g)))ey —dy—— ==
numerical expressions at these three points given in Mot oot L 2Ax
“Appendix 1.” Discrete grid points used by our scheme are . 1 A Az 1 1 Aroas
shown in Fig. 4 (blue and red points). The new numerical +& (1= €)= 51 Ax Sd—en)3 K
scheme for this case can be simplified as follows: By = C
f - ~ T Aot 5 A Az
C31Upg 541 T Caplhpy 5+ C33lpy g1 F Caglhy Gy =di3 p — —d p - Ay TGk
T35ty i1 T Ca6lrpr s T Ca7lhigy i1 T Caglhgn . —0 et e
&5 =0,
+d3lwr—2,s+1 + d32wr—l,s + d33wr—1,s+1 + d34wr,s 3 i 1
4 :'-d35Wr,s+l + 436Wr+1,x + 6{37Wr+1,x+1 + C‘Z~38Wr+2,x = 0’ Cag = 32 LS ZATZ + Z‘I%EU LzATZ + 527
A3y Wy g g1 F oW,y s+ d33W g oy + dagW, s s €0
Fd3sWy g1+ dagWip g+ dygWipg gpr F d3gWia €37 = Ca
FC31 U 51 F Caplly_y g+ Caally 1 F Caglly Eyg = /1,+1 s Az
+C35Uy g1 F Caglhypr s+ Caglhyyy 41 + Caglhyyn s = 0, Myary 280
(15) (18)
where ~ ~ 1 A1 1 .1
dyy = dy 5 —(1- 1)y - c,z[e” +(1—g(1-¢)].
Ls—1
1 ’1 1 j’r—l,s—l ’ e
C31 =C1 35 (1 £11)5 _dl_ [5114‘(1_511)(1_50)]’ ~ - 1 Ar—15-1 Az 1 Aot -1 1
2 202 2 M dyp =d;|(1 —gy) — 5 o~ 5 =&
A A 2 r—1,5—1 2AX 2 nr—l,s—l 2
1 r,s AZ 1 14— 2,8
cp=c [(L-€p)— 56— - — 50 - 11)_ 5~ _x 1
2 r’r,s 2Ax 2 r’r72,s + 4 — Cl 5(1 511)80,
1 Arfl,sfl ~ ~
—dlin 1 1(1—811)66, dy; = dy,
r—1,5— N - N . AZ
C33 = Cq, d34 =d1500+d2+d5+cl —CZ_ZAX,
Arlp e A 5
C3y = C1Epg + €y + C5 +d1l ol —d, r+1's£, dys = dy,
N—1,5-1 Nt 2Ax A
~ ~ 1 A—1,5-1 A ~
€35 = Cgs ds =d1§ €q +d; + d,
3 A Mr—1,5-1
1 rs A 3 3
c36=c1—e“—’—z+c3+c6, dy; = dy,
2 ., 2Ax
’ J . Az
C37 = Co, TN
lr+1,s Az (19)
33 =dy AL’
7]r+l,x 2Ax
(16)  (4) Case 4
1 , 1 A—15o1 1 The simulation point in the fourth case is the flat-to-slope tran-
dyy =—c,z[e + (L —e;)(1—€))| +d, = (I—¢)x, " R . .
2 Mrlso1 2 sition point in Fig. 5. According to the conventional average-
i 1 a ! Az derivative approach, there are two discrete grid points outside
=—C = —&11)Ey — Cro—— . .
32 12 750 "2 Ax the model. Based on the numerical expressions at these two
td | —eg) - X 1Aotsmt Az 1ThA-ism L—e ) points given in “Appendix 17, the new average-derivative
1 00 €11 11 . . . . . .
20y 28x 0 20,5 scheme is derived. Blue and red points in Fig. 5 are the dis-
dyy = ds, crete grid points used by our new scheme. We simplify the new
del o B numerical scheme by
34 — %1 35 A 100>
2 2Ax
dys =0, Catlly—p s F Caplly_1 s+ Cazly_ s F Caglly s+ Caslly g4y
Az 1 Arset Az FCyslrr1 -1 F Caglhryrs T Caglhyy sp1 F Caglhrya o +dyg W,
s = ©2 x93 /- 1511 Ay T W,y s+ dygW,g gy AW+ dysWp g+ dggWeg 5o
de—d e ) HdigWep o+ dggWisg i + d49Wr+2 -2 =0,
=% d4~1Wr—2s + d42Wr st d43Wr Ls+1 Tt d44wrs +dysWy g1
dyg = 033, Hdy6 Wyt 5ot F digWypr s+ dagWrst st F dagWyia oo + Taglhy o g
2Ax an FCalt_y s+ Cazlhy_ygu1 F Caglhy s+ Caslhy gy 1 F Cagllyyy 1

and

| FCarttryrs + Caglhpyg 1 + Cagllryn o =0,

(20)
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(r,s)

Fig.5 Simulation point and discrete grid points used for the fourth
case

where

A’r—l,s AZ )'r—l,s AZ
——=—d, ——
ﬂr—l,s ZAX nr—l,s ZA'X

1
Cy = 625(1 —£))

Cpp = C + Cys

C43 = C7,

1 ir—ls AZ r—1,s AZ
cu=c|(1—g)—=(1—¢g,)—=—|+c+d —_—,
u=al(l—g)=70-¢€) o1y 20x| 00 T Ty 2Ax
Cy45 = Cg»

c c 15 lﬂr+ls—2 c
46 = —C25€15 3

2 2 ”r+1 s—2
C47 = CZEO +C6’
C48 = Co»
c . 15 1 Aris—2
49 = C25€15

2 2 nr+1 s—2
21
Az

dy = —ci—,
41 15Ax

1
dy =—c,= +d|,
42 25 1
dyz = ds,

Az
dy =cy—,
44 5Ax
dys =0, (22)

1
dye = sz(l —€,8)) +dy,

d47 = 0,
dyg =dy,

1
dyy = 2515
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and
¢ ~ j’r—l,s AZ
41 1 s 2Ax
Gy = A 2Tl g
42 25 o 1>
C43 = C35
~ ir—ls AZ
Cyy=d —
44 1 s Ax
Cys =0, @3)
~ lj'rs—l
Cue = dr=—— 1—¢€,€)+¢,
46 25 Mot ( 1 0) 2
547 = 0,
Cyg = Cy,
~ ~ llr,s—l ’
C49 = dz—_glf N
2 rs—1 0
~ ~ 1 j'r s—1 AZ - AZ
dy =d,—— —&)— — & —,
w =y e ~hoa,
dy, =d, +d,,
‘743 = ~7a
~ ~ 1 Ars—1 AZ ~ - AZ
d44—d2 (1—80)—— B 1(1 I)E +d5 lm,
dys = ds,
~ ~ 1)’r,s—1 1 ~
dyg = — 25 Tt €15 +d;,
gl48 = ‘79’
~ ~ 1/1rs—l 1
dyg = dy5——¢, 5
2 r,s—1 2
(24)
(5) Case 5

The simulation point in the fifth case is the slope-to-flat
transition point in Fig. 6. Four discrete grid points are
located outside the model when using the 9-point scheme.
The numerical expressions at these points are introduced in
“Appendix 1.” The average-derivative difference operators
are changed. We derive the new average-derivative scheme.
Discrete grid points are the blue and red points in Fig. 6. We
simplify the new numerical scheme by
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CSlur—l,s+l + C52ur,s + CSB”r,s+l + CS4ur+1,s + C55ur+1,s+1 + C56ur+2,s

s W1 FdsyWp o HdsyWy g HdsgWpgg o F dssWey g+ dsgWogn o =0, (25)
dsiW,_j g1 +dsyW, s +dszw, o +dsyW o+ dssWygy o + dseW,o

FCs Uy g41 F Csplly g+ T3l gy + Csqllyy s + Csslhpyy giq + Csgllpgn s = 0,

where ds; = —Ci15 = c4% +d;
1 1A, 1 Ari-1 —_ l - — ¢
Cs1 =€2§(1_511)§nr 1j +ey(1-gg )+C7_d1217r 13‘ . 622[8” U -en(l-g)),
14 ’A 3 A’—sé— ds, = —c l(1—6 )£’—C—AZ
o= |1- rils Az +c460+05 d, Arpls Az 52 25 180 = G350
21y, 2Ax M1y 20 A
rls i rvls +C1+d1 1r131AZ
45 1| =5
o (- =26 200 21— g2 Aot 2 20,1 20x] @7)
2 nr+152A‘x 2 r—1L,s
’ dsy =0,
Cs3 = Cgs 1 1
1 Ar—l 1 d54 = Clz + sz +d2,
Csy = CrEgy + 3+ Ccg+di = —,
nr—l,s—l d55 = d4,
C55 = Co, de ¢ Az + l’lr—l,s—l Az
o = 1 4ri1s Az 1 Aeis Az s Az 07 P2Ax T 2, 24X
% 12rlr+1h\ 2Ax 22 Mt r+1\ ZAX 2”r+1,s ZA)C,
(26) and
c a 1 )’r—l s—1 ~ 1 /lr—l,s +¢
51 = —d15 LY 3
2 Mr—1,5-1 2r’r—ls
o 1 Arset
L_,L__J[ _d2_,7” e+ —en)(1 - )],
r,s—
1 (rs) . +1s Az
P tsy = —dy5——(1 511)5(’) dy——=—=
2 Ny s—1 Hrtts 2Ax
4 A
~ 1 A—1s - 1 r+l,s AZ
s .
// M1, 2 nr+1 s ZAX (28)
Cs3 =0,
- ~ 1’1r—]s 1 Ar,s—
054 :dl_ d2 +C2,
27’]r 1,s—1 2’7rs' 1
C55 = Cy5
z _Zl, r+l,s AZ lﬂ’r+1s AZ
0 s 20X 12;1r+152Ax

Fig.6 Simulation point and discrete grid points used for the fifth case
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where
s _
Z cor =ci5(1—€)) r-2s Az
p Hy_py 2Ax
A
1 4r—15-1
7
C62 = _d] = )
N 201501
// 25 Az
r N
. s =c |1 —gp) —5(1—¢) | +cu
(1,8) Moo 20x
Cea = €75
1 1 /lr,s—Z 1 r—1,s—1 ’
Ces = —CizEjz—— + ey +di-——(1—¢€15)), (31
2 2 nr,s—Z nr—l,s—l ( O) ( )
C66 = Cleo + Cs,
Fi . . . . . . . Ce7 = Cg»
ig. 7 Simulation point and discrete grid points used for the sixth
case Coa = C 16 1 j'r,s—2 1 j'r—],s—l € 6,
68 = Clyé15 T &1&)
2 2 nr,s—2 2 nr—l,s—l 0
Ce9 = C3»
~ ~ 1 Ars—1 1 ~ ’ ~ 1 _
ds, :dzi (1—511)5 +d4(1—eo)+d7—c1§, €610 = Co>
r,s—1
€611 = Co»
. VAt Az 5 0 5 . Az
ds, =dy|1- = — | +dse +ds —C——
1 41 s—1 AZ
- 1As—1 Az 1A 1 dy,=d=——(1—¢g,)—=
+d,la - il AL 2l ~1. 61 1 1 ;
2| o) =55 gy Ty, s 2 fr—hs—l 24x
dsy = ds, dgy = —¢, bR
- - - 1
ds, = dyegy + dy + dg + ¢ =, 1 Ar15-1 Az
s4 = oo T a3 T det O d63=d1[(1—80)—§ r—1,s (1_61)2A ’
855 =d9, r—1,s—1 X
PR LT P T P fos = b
T 280 P2, M2Ax T P2Ax do=cli_eey—d 1A= 1
Qo) ¢ ey Y (32)
des = d, &0,
(6) Case 6 dg; =0
The simulation point in the sixth case is the point on the A
right of the flat-to-slope transition point in Fig. 7. Accord- dgy = ¢, 15156 +d, 12151 £ 1 ,
ing to the 9-point scheme, one discrete grid point is located 2 2 M1
on the fiction line. The numerical expression at this point is dey = d,,
given in “Appendix 1.” Referring to this numerical expres- 4 10 =0,
sion, we derive the new average-derivative scheme. Discrete do =d
grid points are the blue and red points in Fig. 7. We simplify o1t v
the new numerical scheme by and

Cotlly35 T Coallp o5 F Coalhy_1 g+ Coqlly_1 541 F Coslhy 51+ Coglly

tCertty 511t Coglyr1 52 T Coollry1s—1 T Cor0Urr1,s T Cor1Urr1,541

oW,z + dgyWr_p s + dgzW,_y s + degW,_y o1 + desW, o + deeW,.

FdgW, g1 T dgWoi1 5 + deoW i1 o1 F do1oWrg1s + do11Wrp 501 = 0, (30)
dg W, 35+ deyW, o5+ dezW,_y s + degW,_ 1 41+ desWy 1+ degW,.

gy i1+ degWyp1 -0 F dgoW s -1 + do10Wrs1s + do11Wrg1 541

+Co1Uy_35 + Coplly_o g + Cealtp_y y F Copglhp_y g1 + Coslhy gy + Copliy

s r=2,s r—1,s

[ +Co7ttr 541 T Coglhryr s + Coolbryr 51 + Cor0Ura1s + Co11Urpr 541 = 05
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| Aas Az R Az
tr =iyl —en =51 o =iy —— (-
nr—2,s nr—l s—1 X
o 1 A ~ 21
562=—d1l$, d62__61§’
2 Mp—1,5-1 A
~ ~ 1,51 ~
o 1 Ar2s Az de; =d (1—5)——’ (1—5) +d,,
Caa=0C|(1—€gy)—=(1 —¢ 63 1 0 1 4
63 1 ( O) 2( 1) r_zs 2Ax a a r— ]y 1
564 = 5‘3’ 64 — “7» i | |
~ 1 A1 1 1452 des = —d & —+dy+8=(1—€¢))
Ces =dj=—— (1 —€,€))) — &=, = —, 65 ) fly TR Tay Fo/> (34)
65 = 12’1r—1s 1 ( 1 0) ) 1217“—2 (33) ; ; '7;1 1s—1
~ ~ =dygy t+ ds,
066 = 6‘160, ~66 ~1 0 5
7 =0 dey = dg,
67 ’
1 Aro15-1 1 1452 d —Ellirls_ Liedee
Ceg =di=——— ¢ & +7—6 - ——, 68 = 45— f1p T8y
68 15 M1t 1€0 1515 Mo - ; Mr—1,5-1
669 — 82’ B 69 — ~3’
E = dg1o = dg;
610 = Ys P
Co11 = C4s o >
(7) Case 7
The simulation points in the seventh case are the red points
under the slope in Fig. 8. If we use the conventional aver-
age-derivative scheme, one discrete grid point is located
on the fiction line. The numerical expression at this point
/ is given in “Appendix 1.” The average-derivative differ-
4 ence operators are changed. We derive the new average-
’ derivative scheme. Discrete grid points used by the new
,/ scheme are shown in Fig. 8 (the blue and red points). We
/" ) simplify the new numerical scheme by
/ s

Fig.8 Simulation points and discrete grid points used for the seventh
case

-

Cr1ltpy s+ Ol sy T €738y F Coally
HC75Uy 511t Cralyrn5-1 T Crrltpgy st Crglpty 511
FdyW_y s+ dpW,_ g Fdw, g+ dyw
FdysWy g1+ drgWopr o1 F dpyWogy s+ digWig 40 =0,
d7~1 Wr—l,s + d7~2wr—1,s+1 + d7~3wr,s—1 + d7itwr,x
FdisWy g1+ drgWrpy o1 F dpgWepy s+ digWep spn
+CqUy_y s+ Cpalhy_ygqy + Cpallp g+ Coglly
[ +Cr5tr 541+ Crpllpyr o1 + Crplhpyy s + Crglhpyy 1 = 0,
(35)

where
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1 r—1,5—1
e =c(l—¢€)+c,—d 3 ,
2 nr—la—l
€ =€y
1 Aroimt
C;3 = C1€6 + Cy + dl—i,
Mr—1,5-1 (36)
C74 = Cs,
C75 = Cg»
C76 = €3
C77 = C6»
C78 = Co,
1 /
d71 = _CIE +dl (1 - £0)7
dy, = ds,
1 /
d73 = 615 +d1£0,
d.y =0, 37
dz5 =0,
drg = dy,
dpy =0,
dqg = dy,
and
7/
7/
Vs
/7
/7
S S—t %
1 7
7
(1.8)

Fig.9 Simulation point and discrete grid points used for the eighth
case
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~ 1)’r—1s—1
&y =—d=——— +¢,(1—¢
“n '2 Hr_15-1 o 50)’
Cpy = Cs,
~ ~ lir—l,s—l ~
m=dig L The N
¢4 =0, %%)
C75 =0,
Gy = 0y,
¢77 =0,
Crg = Cys
- - , - 1
d71 =d1(1 _60) +d4_C1§,
dp = dy,
dyy = dig) +d, + 61%,
iy = ds, (39)
dps = dg,
dyg = d,
dy; = dg,
drg = dy
(8) Case 8

The simulation point in the eighth case is the point on the
slope which is next to the flat-to-slope transition point
(Fig. 9). Three discrete grid points are outside the model
when using the 9-point scheme. The numerical expressions
at these points are given in “Appendix 1.” We derive the new
average-derivative scheme by these numerical expressions.
Discrete grid points used by the new scheme are shown in
Fig. 9 (the blue and red points). We simplify the new numer-
ical scheme by

C31Uy_3541 T Cally 51 F Coallp_y gq1 + Coally

+C85ur,s+1 + C36Urt1,5-1 + Cg7lrt1s + Ceglry1 s+1

g W3 41 T oW, g gq1 Fdg3Wiygqy +dgaWy

FdgsW, sy dggWpp1 -1+ dggWipy s+ gy 541 = 0,

AW, 3 541 F dgoW, g 41 + dgzW, g o1 +dggw,

FdgsWy o1 F dygWrpy o1 T dggWegr s+ dggWig o1

FCs1Uy_35401 F Coallyonsq1 F Co3lhyy sy1 F Coally

+CgsUy 41 F Callyyr -1 F Cyrltyy s + Cogltyyy 541 = 0,

(40)
where
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and
// Cg1 = 0,
s c ~ 1 )’r—l,s
82 = Ty ’
Ll:’_'/ 2 nr—l s
’ e Fow = a 1 )’r—ls—l ~
7 83 = ~d15 3
7/ (r,S) 2 My—1,5-1
~ 1 )’r,s—l ~ 1 Ar—l,s -
Coa = —dy= +dy= l—¢g1g)) +¢, 43
2 rlr,s—l 2 nr—] s ( ) ( )
G5 =0,
~ ~ 1 r—1,s—1 ~ 1 r,s—1 ~ 1 A1y ’ ~
C86=d1_ +d2— d4— 515 +C2,
2 nr—l,s—l 2 nrs—l 2 nr—l s 0
587 = 0,
Fig. 10 Simulation points and discrete grid points used for the ninth 5 5
case Cgg = Cys
Cor = C l(l—g ))’r—2,5+1£
SR T 288 dgy = dy~ '1"“(1— Az
5 81 — AA
cgr =0, 2 Mr—1s 2Ax
r - ﬂr— s— ZZ = 0’
cg3 =4 |(1 —gp) — l(1 el) “2s+l A7 +cy —dll L 1, 82
2 r=2,5+1 2Ax 20,150 ~ o~ 1 A1s Az ~ .1
1 1& 3 dgy = d, (1—50)—5—(1—51)m +d7—c15,
cgy = cp + (1 —56)—c45515L cs, r—1,s i
Ny s-1 ~ ~ ~ ~ 12415 1 ~
- g s 2
Ces = C4E0 + C» dgy —d1+d2(1 60) d42nr—lv812 +ds,
Ay A -~ ~ i
Cye = CrE +c3+c4;£11 dlZn Lo dgs = dy€0 + dy,
rs—1 r—1,s— l
' 14-1s 1 .1
C87=C6’ d86_d2£ +d3+d4 - 351§+01§,
Con = r—1,s
88 = Co» ~ ~
41 dg; = dg,
dg, =0, dsg = do-
! (44)
dg) = Gy
1 (9) Case 9
dg3 = —¢, 2 +ds, The simulation points in the ninth case are points on the
dor = 1 + 1 ( - ) +d slope in Fig. 10. There are three discrete grid points outside
84 =~ 2 042 1&g L (42)  the model when using the 9-point scheme. The numerical
de- =0 expressions at these points are introduced in “Appendix 1.”
85 ’

1 1 1, With these numerical expressions, we derive the new aver-
dge = ¢y 5 Ty tas68+ dy, age-derivative scheme. The average-derivative difference
dg; =0 operators are changed. Discrete grid points we used are
do = d shown in Fig. 10 (the blue and red points). We simplify the

88 = Q4>

new numerical scheme by

Co1Up_1 541 T Coply s+ Cozlhy o1y + Coqlhy i 51 F Coslhy s+ Coglyyq i1

oy W,y g4+ dogW, s+ dozw, g+ dogwyy oy F dosWyy + dogWyy o1y =0,
doyw,_ Ls+1 T d92Wm + d93Wm+1 + d94Wr+1 s—1 T d95Wr+1 st d96Wr+l s+

(45)

+CoiUy_ 11 + Coplly s + Cozlty gy F Copllyyy sy + Coslhyyy s + Cogltppy s41 = 0,
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Fig. 11 A 2D homogeneous model with a slope free surface. Inverted
triangles on the free surface represent the receivers R1 and R2

where
coy=cy(l—€))+c;,—d L2t

91 = G4\l — 7015 >

0 2 Mr—1,5-1
Cop =1+ 0y (1 —€)) + cuep + cs,
Co3 = Cg, 46)
’ 1 /lr—l,s—l
C94=C2$0+C3+d1_ 5
nr—l,s—l
C95 = Cg
Cg6 = Co»
1 1

dyy = —Cj= —Cy= + ds,

91 15 45 3

1 1

dyy = —Co= +c4= +d,,

92 25 45 1
do3 =0, @7)
dy, = 012 +cy= +d,,
dgs = 0,
dog = dys
and
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Fig. 12 Elastic wave field at frequency 19.1 Hz. a Horizontal compo-
nent and b vertical component

~ 1 )’r—l s—1 ~ 1 /lr—ls
Boy = —dy =L — 3= g
o 12 nr—l,s—l 42 rlr—l,s }
~ ~ 1 )’r,s—l ~ 1 )’r—l,s ~
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2 r’r,s—l 2 nr—l,s
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1At o~ 1A
594=d11 r—1,s—1 dzl r.s—1 +E’2,
nr—l,s—l 2 "r,s—l
Cos =0,
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Fig. 13 Seismograms at different receivers: a the receiver R1 and b
the receiver R2. Green line and blue line represent the results com-
puted by our frequency-domain method plus Fourier transformation
and Jih’s time-domain method, respectively

- -
d91=d4(1_€(’))+d7_015’

393 = ZZS’

~ - 1 (49)
d94 = d250 + d3 + 015,

0795 = 516,

dg6 = d9.

Feasibility analysis

To test the feasibility of our method, we design a model
with a simple irregular free surface. There is a 45° slope
on the free surface. The dimensions of the model are

2.5 km x 2.0 km with the grid spacing of Ax=Az=2.5 m.
The two transition points of the free surface are at (0.3 km,
1.25 km) and (0 km, 1.55 km), respectively. Two flats are
located at depth 0.3 km and O km, respectively (Fig. 11).
Except for the free surface, the remaining three bounda-
ries are handled with the PML boundary conditions. The
velocities of the P-wave and S-wave are 3500 m/s, and
2020.7 m/s, respectively. We use a density of 2000 kg/m?
and a Poisson ratio of 0.25. Here, we use a point source
applied to the vertical displacement at (0.4 km, 1.75 km).
The source function is the Ricker wavelet with a peak fre-
quency of 30 Hz.

Figure 12 shows the frequency-domain seismic wave
field for the frequency of 19.1 Hz. It involves two compo-
nents of the real part of displacement, namely horizontal
(Fig. 12a) and vertical (Fig. 12b). The elastic wave field
for the model with irregular surface can be simulated by
our method. Figure 13 shows the particle displacement at
receivers as shown in Fig. 11. The symbols P, S and R in
Fig. 13 represent the P-wave, S-wave and Rayleigh wave,
respectively. From Fig. 13a, only the P-wave and Rayleigh
wave can be recognized. The reason why the S-wave can-
not be recognized at a small offset is that travel times of
the S-wave and Rayleigh wave are approximate and the
energy of Rayleigh wave is much stronger than S-wave. At
a large offset, we can recognize the P-wave, S-wave and
Rayleigh wave in Fig. 13b. The disturbance in the seis-
mograms calculated by our method and Jih’s time-domain
method may be caused by artificial diffraction produced
at the corner. The tiny disturbance has no impact for us to
obtain the conclusion. The results in Fig. 13 are computed
by our method and Jih’s time-domain method. These two
results agree with each other well. The good agreement
with Jih’s time-domain solution demonstrates the feasibil-
ity of our method.

Figure 14 shows the structure of the impedance matrix
when using the rigid boundary condition. The rigid bound-
ary condition means that the displacements are zero on the
fiction line. In order to describe the structure clearly, we
rebuild a model similar to Fig. 11 except for the size. As
we know, nonzero entries distribute on the diagonal of the
impedance matrix when modeling with the flat free surface.
According to Fig. 14a, entries along the diagonal are still
nonzero. Figure 14b and ¢ shows the structure in some parts
in detail. We can see that the shape of the free surface has
influence on the distribution of nonzero entries. Figure 15a
is the structure of the matrix when using the free-surface
boundary condition. Nonzero entries are still along the
diagonals. Figure 15b and c shows the details of some parts
of the matrix. Compared to Fig. 14, Fig. 15 shows that the
matrix structure is affected not only by the shape of topog-
raphies but also by the discretization of the wave equation
on the free surface.
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Fig. 14 Impedance matrix structure with the ridged boundary condi- »

tion. a Distribution of the nonzero entries in the whole matrix, b dis-
tribution of the nonzero entries in the red rectangle and ¢ distribution
of the nonzero entries in the green rectangle

Numerical examples

We now perform numerical experiments on models with
a more complex free surface. First, we build a model
with irregular topography similar to a valley. Figure 16
shows the model. The dimensions of the model are also
2.5 km x 2.0 km, and the spatial intervals Ax and Az are
both 2.5 m. We place four transition points separately at
(0 km, 0.7 km), (0.3 km, 1 km), (0.3 km, 1.5 km) and (0 km,
1.8 km). The depths of three flats are 0 km, 0.3 km and
0 km, respectively. The other three boundaries are still dealt
with the PML boundary conditions. The P-wave velocity, the
S-wave velocity, the Poisson ratio and the density are still
3500 m/s, 2020.7 m/s, 0.25 and 2000 kg/m3, respectively.
The point source applied to the vertical displacement is at
(0.4 km, 0.6 km), and the source signal is the Ricker wavelet
with a peak frequency of 30 Hz.

For the frequency of 19.1 Hz, we show the u (Fig. 17a)
and w (Fig. 17b) components of the displacements. To vali-
date our method, we extract particle displacement at receiv-
ers shown in Fig. 16. Figures 18a—c shows the results at
receivers R1-R3, respectively. From Fig. 18, we observe
that the P-wave, S-wave and Rayleigh wave are simulated
clearly using our method. They are indicated by arrows in
Fig. 18. There is a little tiny disturbance in the seismograms
calculated by our method and Jih’s time-domain method.
They are caused by the artificial diffraction at corners prob-
ably. The tiny disturbance has no impact for us to obtain the
conclusion. We also make a comparison between our method
and Jih’s time-domain method (Fig. 18). According to the
comparison between the green line and the blue line at all
receivers, computation result with our method can match the
result of Jih’s time-domain method very well except for the
tiny amplitude error at peak position which is caused by dif-
ferent numerical schemes. This test proves that our method
is also available to a more complex topography.

To be close to the real terrain, we build a more com-
plex free surface with both a valley and a ridge. This model
is shown in Fig. 19. The size is still 2.5 km X 2.0 km with
a grid interval of 2.5 m. There are eight transition points,
and their positions are (0.05 km, 0.4 km), (0 km, 0.45 km),
(0 km, 0.85 km), (0.05 km, 0.9 km), (0.05 km, 1.5 km),
(0.1 km, 1.55 km), (0.1 km, 2.05 km) and (0.05 km, 2.1 km),
respectively. The depths of three kinds of flat surfaces are
0 km, 0.05 km and 0.1 km, respectively. The P-wave veloc-
ity and the density are still 3500 m/s and 2000 kg/m>. The
Poisson ratio is 0.25 and the corresponding S-wave veloc-
ity is 2020.7 m/s. The source time function is expressed by
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Fig. 15 Impedance matrix structure with the free-surface boundary »
condition. a Distribution of the nonzero entries in the whole matrix, b
distribution of the nonzero entries in the red rectangle and c¢ distribu-
tion of the nonzero entries in the green rectangle

Ricker wavelet with 30 Hz as the peak frequency. The posi-
tion of the point source applied to the vertical displacement
is changed to (0.15 km, 0.5 km).

For comparison, we still simulate the wave field at the fre-
quency of 19.1 Hz. Figure 20 shows the horizontal and verti-
cal components of the displacements. To provide more infor-
mation, we extract particle displacement at R1 in Fig. 19.
The P-wave, S-wave and Rayleigh wave are indicated by
arrows in Fig. 21. They are still simulated successfully by
our method for more complicated irregular free surface.
From Fig. 21, it can be seen that a good agreement between
the results of the proposed method and Jih’s time-domain
method is achieved, especially for the phases. Therefore, the
feasibility of the proposed method is approved in the mod-
eling case of complex irregular topography. The tiny ampli-
tude errors at the peak have no impact for us to demonstrate
that our method can be applied with complex topographies.

Conclusion

Based on a local rotated coordinate method and an average-
derivative optimal approach, we proposed a new average-
derivative scheme for implementing the irregular topography
in the frequency domain. This technique specifies the treat-
ment to the polygonal topography. We illustrated the idea of
our method by a simple model with a 45° slope. The irregular
free surface is decomposed into nine parts. We generalized
the conventional average-derivative difference operator to the
rotated coordinate aligned with the irregular free surface using
a local rotated coordinate method and derived new average-
derivative difference schemes on irregular topography in the
frequency domain. Numerical experiments with this simple
model demonstrate the feasibility of our method. We analyzed
the factors affecting the structure of impedance matrix. These
factors include the shape of the free surface and the format
of discrete equations. We further demonstrated the effective-
ness of our method with more complicated topographies. The
conventional average-derivative optimal method is an accu-
rate frequency-domain simulation scheme with a relatively low
computational cost. Previously, it can only be applied to mod-
els with a horizontal free surface. Using our new scheme, the
average-derivative optimal method can be applied to models
with an irregular free surface.
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Appendix 1: The local rotated coordinate
method in frequency domain

According to Fig. 1, the free surface is composed by three
segments. We deal with the free-surface boundary condition
at flat, slope and transition points, respectively. Following
Jih et al. (1988), we derive expressions of the free-surface
boundary condition in frequency domain for the following
cases:

1. Flat

The free-surface boundary condition satisfies the stress-
free condition. According to Eq. (1), we have

=4+ =
sz_ﬂ<6z+0x>_0’ 50
_ ow ou __ ( )

We rewrite Eq. (50) as

ou ow
Wy 2=,
7} ox
Zaw ou __ (51)
{ e + AE =0.

Using one-side approximate approach to discretize
Eq. (51), we have the expression of the flat free-surface
boundary condition (Fig. 22):

rs+1 ﬂ (u (52)

Nrsy1 28x

_ Az
{ Upg = Up sy + ﬂ(wr+1,s+1 - Wr—l,s+1)’

Wis = Wis+1 r+ls+1 T ur—l,s+l)‘

2. Slope

We represent new x-axis and z-axis by x’ and z'. Similar
to the flat case, we consider Eq. (50) in the new coordinate
system (Fig. 23); the expression of Eq. (51) changes to

ou’ ow'

wow

a7 ox’

b, For _ g >3)
a7 nox

where u’ and w' are horizontal and vertical components of
displacement in the new coordinate system. Choosing grid
points in Fig. 23 to discretize Eq. (53), we have

o r
0" Urs + Wisls Wrsel _ 0
Az, a7
Wo™Whs + Ars Mgy s™Wrsrt =0
’ ’ -
A7 [ AX

u, w

(54)

where
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{ Uy = 66ur+1,s + (1 - E(I))ur,s+1’ (58)
!’ !/
P Wo = EgWri1s + (1 - eo)wr,s+l’
/
, where
2R 71X Azsin .
R . €)= =sin’ 0 =1/2. (59)
T 7 Az/sin 6
r,S)“’/—"z
'.I—“ | 3. Flat-to-slope transition
® The idea of handling transition point is the same as the
0%

Fig. 24 Discrete grid points at the flat-to-slope transition point

-zr‘:‘l(r,s) X’

7T e
27 5,

72277/ | o

Lo \

7 ¥

N

Fig. 25 Discrete grid points at the slope-to-flat transition point

{ Ax' = Az/sin®, 55)

A7 = Azcos@,

where 6 = 45°.
We can represent the slope free-surface boundary con-
dition by

2N B W ) !
ur,s - MO + 2 <Wr+1,s Wr,s+1 )’
14

(i =il (56)

2, \ L T st

/AN |
wm—wo+

Turning back to the x—z system, we have the final
expression

1
U, s = Uy + E(Wr+1,s - Wr,s+1)’

1A, (57
Wrs = Wo + Eﬁ(uwl,s - ur,s+l)’

where

treatment for slope. Figure 24 shows the new coordinate
system. The free-surface boundary condition in x'—z' sys-
tem becomes

o oW

07’ o

W Ao _ (60)
07’ nox "

Using grid points near the free surface in Fig. 24 to
discretize Eq. (60), we have

;o VR
O W

1 = 0
AZ AY ’
Wy —ZW;V_v /1,; =) 0 (6 1 )
AZ E A
where
0
Ax' =2Ax/ cos =,
/ 0’ (62)
A7 = Az/cos 3.
Finally, we obtain
2 T O SO A
ur,s - u0+ 2(W2 Wl)’
W o=w + 1L Ars (u' _ u’) (63)
rs 0 20, N 2 1/
In the x—z system, we have the equations
_ 1
Ups =y + 5(Wy —wy), 64)
14,
W, =Wy + En—s(uz —uy),
r.s
where
{ Uy = gy gp1 T (1= €ty
Wo = EWppp 1 + (1= €)W, o415
{ up =€y + (1 —eu,_y g, (65)
wi =W, A —g)w,_

{ Uy = €Uy oy (=€) 5
Wy =W (L€)W,

where
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£y = ———= =tan
0 Ax B 2’ (66)
Axtan 3 t 0
£ = =tan -.
1 Az

4. Slope-to-flat transition
According to the new system in Fig. 25, the expression
of transition point boundary condition is

o oW

o7 ox

W Aol (67)
07/ n ox'

Using grid points we select in Fig. 25 to discretize
Eq. (67), we have

0 “rs Wy =W,y — O
A7 Ax! ’

W e _ (68)
A7 Hrs AX -

where

Ax' =2Ax/ cos %, 6

A7 = Az/ cos g. (69)

The discrete equation of Eq. (68) is
ro_ Loy /

ur,s - uO + E(WZ - Wl)’

w —w’+lb(u’—u’) (70)
rs 0" 2 fyy V2 1/

We transform Eq. (70) to the original coordinate system
and obtain

1
ur,s = U + E(WZ - Wl)’

14, 71
W, =WO+§ﬁ(u2—ul), 7D
where
{ Uy = €ooyyr 541 + (1 = E0ltty 41,
Wo = €goWrsts41 T (1 = €)W, o115
{ Uy = €plly_y g+ (1 —€1)U,_ g4y, (72)
Wy =EpW,_y g (=)W s

{ Uy = €y s+ (1= €)M 415
Wy = ey W+ (L =€1)wW 600

where
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