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Abstract Carbonate reservoir is one of the important

reservoirs in the world. Because of the characteristics of

carbonate reservoir, horizontal well has become a key

technology for efficiently developing carbonate reservoir.

Establishing corresponding mathematical models and ana-

lyzing transient pressure behaviors of this type of well-

reservoir configuration can provide a better understanding

of fluid flow patterns in formation as well as estimations of

important parameters. A mathematical model for a oil–

water two-phase flow horizontal well in triple media car-

bonate reservoir by conceptualizing vugs as spherical

shapes are presented in this article. A semi-analytical

solution is obtained in the Laplace domain using source

function theory, Laplace transformation, and superposition

principle. Analysis of transient pressure responses indicates

that seven characteristic flow periods of horizontal well in

triple media carbonate reservoir can be identified. Para-

metric analysis shows that water saturation of matrix, vug

and fracture system, horizontal section length, and hori-

zontal well position can significantly influence the transient

pressure responses of horizontal well in triple media car-

bonate reservoir. The model presented in this article can be

applied to obtain important parameters pertinent to reser-

voir by type curve matching.

Keywords Oil–water two-phase flow � Horizontal well �
Mathematical model � Transient pressure analysis � Triple
media carbonate reservoir

List of symbols

am Shape factor between matrix

system and fracture system, 1/m2

Bo Oil volume factor, dimensionless

Bw Water volume factor,

dimensionless

cv Compressibility of vug system,

1/Pa

cLo Compressibility of oil, 1/Pa

cLw Compressibility of water, 1/Pa

cmt Total compressibility of oil–water

two-phase flow in matrix system,

1/Pa

cft Total compressibility of oil–water

two-phase flow in fracture system,

1/Pa

cvt Total compressibility of oil–water

two-phase flow in vug system,

1/Pa

fw Water cut of well, dimensionless

/ Porosity, dimensionless

K0ðxÞ Modified Bessel function of

second kind, zero order

k Permeability, m2

kfh Horizontal permeability of fracture

system, m2
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kfv Vertical permeability of fracture

system, m2

kfro Oil relative permeability of

fracture system, dimensionless

kfrw Water relative permeability of

fracture system, dimensionless

kmro Oil relative permeability of matrix

system, dimensionless

kmrw Water relative permeability of

matrix system, dimensionless

kvro Oil relative permeability of vug

system, dimensionless

kvrw Water relative permeability of vug

system, dimensionless

h Formation thickness, m

u Laplace transformation variable

lo Oil viscosity, Pa�s
lw Water viscosity, Pa�s
xj Capacitance coefficient,

dimensionless

pi Initial pressure of reservoir, Pa

qsc Oil production rate of fractured

vertical well, m3/s

qvo Outflow oil volume in unit time

from the unit volume vug, m3/

(m3�s)
qvw Outflow water volume in unit time

from the unit volume vug, m3/

(m3�s)
X0 ¼ 1þ Bwfw

Boð1�fwÞ ;
Dimensionless

X1 ¼ lo
kfro

kfro
lo

þ kfrw
lw

� �
; Dimensionless

X2 ¼ lo
kfro

kmro

lo
þ kmrw

lw

� �
; Dimensionless

X3 ¼ lo
kfro

kvro
lo

þ kvrw
lw

� �
; Dimensionless

rw Radius of well, m

r1 Radius of vug, m

Sfo Oil saturation of fracture,

dimensionless

Sfw Water saturation of fracture,

dimensionless

Svo Oil saturation of vug,

dimensionless

Svw Water saturation of vug,

dimensionless

xf Half-length of the fracture, m

Subscripts

D Dimensionless

m Matrix

f Fracture

v Vug

Superscripts

– Laplace transform

Introduction

Carbonate reservoirs have complex structures, and chal-

lenged research community, such as petroleum engineers,

geologists, fluid mechanics, and water resource researches

(Gua and Chalaturnyk 2010; Jazayeri Noushabadi et al.

2011; Popov et al. 2009). Each reservoir is composed of

different combinations of matrix, fracture, and vug sys-

tems, and thus, it has various properties of porosity, per-

meability, and fluid transport behavior. The flow problem

of fluids through a reservoir is a complicated inverse

problem. Therefore, a task for researchers is to establish

various test models for the industry to evaluate the prop-

erties of these reservoirs.

The flow problem for vertical well production in car-

bonate reservoirs is well known. Bourdet and Gringarten

(1980) used type curve analysis to analyze fissure volume

and block size in fractured reservoirs. Camacho-Velázquez

et al. (2005) studied an oil transient flow modeling in

naturally fractured-vuggy reservoirs and analyzed its

pressure transient behaviors. Corbett et al. (2010) studied

the numerical well test modeling of fractured carbonate

reservoirs, and discovered that numerical well testing has

its limitations. Izadi and Yildiz (2007) examined transient

flow in discretely fractured porous media, and Jalali and

Ershaghi (1987) investigated pressure transient analysis of

heterogeneous naturally fractured reservoirs. In addition,

Leveinen (2000) established a composite model with

fractional flow for well test analysis in fractured reservoirs,

Wu et al. (2004, 2007, 2011) investigated a triple-contin-

uum pressure transient model for a naturally fractured-

vuggy reservoir, and Pulido et al. (2006) established a well-

test pressure theory of analysis for naturally fractured

reservoirs, considering transient interporosity matrix, micro

fractures, vugs, and fractures flow, Cai and Jia (2007)

investigated dynamic analysis for pressure in limit con-

ductivity vertical fracture wells of triple-porosity reservoir,

Nie et al. (2011, 2012) investigated a flow model for triple-

porosity carbonate reservoirs by conceptualizing vugs as

spherical shapes, Wang et al. (2013) studied pressure

transient analysis of horizontal wells with positive/negative

skin in triple-porosity reservoirs, Jiang et al. (2014) studied

rate transient analysis for multistage fractured horizontal

well in tight oil reservoirs considering stimulated reservoir

volume, Su et al. (2015) investigated performance analysis

of a composite dual-porosity model in multi-scale fractured

shale reservoir, Zhang et al. (2015a, b) investigated triple-

continuum modeling of shale gas reservoirs considering the

effect of kerogen, Guo et al. (2015) investigated transient
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pressure behavior for a horizontal well with multiple finite-

conductivity fractures in tight reservoirs, Zhang et al.

(2015a, b) studied the production performance of multi-

stage fractured horizontal well in shale gas reservoir, Wu

et al. (2016) investigated a practical method for production

data analysis from multistage fractured horizontal wells in

shale gas reservoirs, Wei et al. (2016) studied pressure

transient analysis for finite-conductivity multi-staged frac-

tured horizontal well in fractured-vug carbonate reservoirs,

Wu et al. (2017) investigated numerical analysis for pro-

moting uniform development of simultaneous multiple-

fracture propagation in horizontal wells, Ma and Liu

(2016), and Ma et al. (2017) studied the oil production

using the novel multivariate nonlinear model based on

Arps decline model and kernel method, and Wang and Yi

(2017) investigated transient pressure behavior of a frac-

tured vertical well with a finite-conductivity fracture in

triple media carbonate reservoir.

However, to the best of our knowledge, little has been

done on modeling the nonlinear oil–water two-phase flow

behavior for a horizontal well in triple media carbonate

reservoir by conceptualizing vugs as spherical shapes. The

main purpose of this article is to study the nonlinear oil–

water two-phase flow behavior for a horizontal well in

triple media carbonate reservoir.

The outline of this article is as follows. In Sect. 2, a

physical model is introduced, which is of horizontal well in

triple media carbonate reservoir by conceptualizing vugs as

spherical shapes. In Sect. 3, some key source functions are

obtained. In Sect. 4, a mathematic model is developed,

which is of the horizontal well in triple media carbonate

reservoir. In Sect. 5, we selected a set of the oil and water

relative permeability for the matrix, fracture, and vug

systems, respectively, which can provide the necessary

base data for the theoretical analysis and calculation of oil–

water two-phase well test. In Sect. 6, pressure behavior

analyses are done. Section 7 gives some conclusions.

Physical model of a horizontal well in triple media
carbonate reservoir

The practical reservoir may be triple media for most car-

bonate reservoirs, and the fractured-vuggy triple media

reservoir scheme and its flow scheme are shown in Figs. 1

and 2.

Physical model assumptions are as follows:

1. A horizontal well production at constant rate in

fractured-vuggy triple media reservoir, and the upper

and lower boundaries of the reservoir are both closed,

while the external boundary of the reservoir is infinite.

2. Oil–water two-phase flow with constant oil and water

saturation at a certain moment in the early production

period.

3. The shape of all the vugs is spherical, the radius of the

vugs is equal and equals to r1, the distribution of

pressure in the vug is spherically symmetric, and the

shape of matrix block is arbitrary; both vug and matrix

connect individually to fractures.

4. The fracture subsystem is the main flow pathway, and

the interporosity flow between matrix and vug subsys-

tems is ignored; the interporosity flow manner of

matrix to fracture is pseudo-steady, and the interporos-

ity flow manner of vug to fracture is unsteady.

5. Total compressibility is a constant.

6. Fluid flow in reservoir is isothermal and Darcy flow,

and the gravity and capillary effect are ignored.

7. At the initial time, pressure is uniformly distributed in

reservoir, equals to the initial pressure pi.

Matrix subsystem
(arbitrary shape matrix block)

Natural fracture subsystem

Vug subsystem

Ho
riz

on
ta

l w
el

l

Spherical vugs

Fig. 1 Triple media carbonate reservoir flow scheme

/2

Bo�om impermeable 
boundary

Top impermeable 
boundary

Horizontal well

Fig. 2 Schematic of a horizontal well in triple media carbonate

reservoir

Acta Geophys. (2017) 65:977–989 979

123



Basic solutions of governing flow equations
in triple media carbonate reservoir

The governing equations in triple media carbonate

reservoir

By Darcy’s law, the oil flow velocity at spherical surface of

vug is

vo ¼ � kvkvro

lo

opv

orv

� �����
rv¼r 1

: ð1Þ

The water flow velocity at spherical surface of vug is

vw ¼ � kvkvrw

lw

opv

orv

� �����
rv¼r 1

: ð2Þ

Because the outflow oil and water volume in unit time

from the unit volume vug is qvo and qvw, the velocity at the

spherical surface equals the result that the surface area of a

spherical vug divides the outflow volume of fluid from a

vug in unit time, that is

vo ¼
1

3
r1qvo ð3Þ

and

vw ¼ 1

3
r1qvw: ð4Þ

Combining Eqs. (1)–(4), the connecting condition of

interporosity flow between vug and fracture can be

obtained from the following equation:

qvo ¼ � 3

r1

kvkvro

lo

opv

orv

� �����
rv¼r 1

ð5Þ

and

qvw ¼ � 3

r1

kvkvrw

lw

opv

orv

� �����
rv¼r 1

; ð6Þ

where r1 is the radius of vug; vo is the oil flow velocity, m/

s; vw is the water flow velocity, m/s; qvo is the outflow oil

volume in unit time from the unit volume vug, m3/(m3�s);
qvw is the outflow water volume in unit time from the unit

volume vug, m3/(m3�s).
The oil flow governing differential equations of vug

system in radial spherical coordinate system is as follows:

kvkvro

lo

o2pv

or2v
þ kvkvro

lo

2

rv

opv

orv
¼ Svo/vcvto

opv

ot
ð0\rv\r1Þ:

ð7Þ

The water flow governing differential equations of vug

system in radial spherical coordinate system is as follows:

kvkvrw

lw

o2pv

or2v
þ kvkvrw

lw

2

rv

opv

orv
¼ Svw/vcvtw

opv

ot
ð0\rv\r1Þ:

ð8Þ

Combining Eqs. (7) and (8), we have

kv
kvro

lo
þ kvrw

lw

� �
o2pv

or2v
þ kv

kvro

lo
þ kvrw

lw

� �
2

rv

opv

orv

¼ /vcvt
opv

ot
ð0\rv\r1Þ; ð9Þ

where cvt ¼ cv þ SvocLo þ SvwcLw is the compressibility of

oil–water two-phase flow in vug system, 1/Pa.

Initial conditions:

pv t¼0 ¼ pij : ð10Þ

At the center point of vugs:

opv

orv

����
rv¼0

¼ 0: ð11Þ

At the spherical surface of vugs, the vugs pressure is

equal to the fracture pressure:

pvðrv; tÞ rv¼r 1
j ¼ pf : ð12Þ

The oil flow governing differential equation of fracture

system in Cartesian coordinate system is as follows:

o

ox

kfhkfro

lo

opf

ox

� �
þ o

oy

kfhkfro

lo

opf

oy

� �
þ o

oz

kfvkfro

lo

opf

oz

� �

þ am
kmkmro

lo
pm � pf
� �

þ qvo ¼ Sfo/f cfto
opf

ot
:

ð13Þ

The water flow governing differential equation of frac-

ture system in Cartesian coordinate system is as follows:

o

ox

kfhkfrw

lw

opf

ox

� �
þ o

oy

kfhkfrw

lw

opf

oy

� �
þ o

oz

kfvkfrw

lw

opf

oz

� �

þ am
kmkmrw

lw
pm � pf
� �

þ qvw ¼ Sfw/f cftw
opf

ot

ð14Þ

Combining Eqs. (13) and (14), we have

kfh
kfro

lo
þ kfrw

lw

� �
o2pf

ox2
þ kfh

kfro

lo
þ kfrw

lw

� �
o2pf

oy2

þ kfv
kfro

lo
þ kfrw

lw

� �
o2pf

oz2
þ amkm

kmro

lo
þ kmrw

lw

� �
pm � pf
� �

þ qvo þ qvw ¼ Sfocfto þ Sfwcftw
� �

/f

opf

ot
:

ð15Þ

The oil flow governing differential equation of matrix

system is as follows:
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am
kmkmro

lo
pm � pf
� �

þ Smo/mcmto

opm

ot
¼ 0: ð16Þ

The water flow governing differential equation of matrix

system is as follows:

am
kmkmrw

lw
pm � pf
� �

þ Smw/mcmtw

opm

ot
¼ 0: ð17Þ

Combining Eqs. (16) and (17), we have

amkm
kmro

lo
þ kmrw

lw

� �
pm � pf
� �

þ /mcmt

opm

ot
¼ 0: ð18Þ

Initial condition:

pf t¼0 ¼j pm t¼0 ¼ pij : ð19Þ

External boundary condition:

lim
rf!1

pf ¼ pi infiniteð Þ: ð20Þ

Cube geometric shape factor (Warren and Root 1963;

Al-Ghamdi and Ershaghi 1996):

am ¼ 16=L2: ð21Þ

Spherical geometric shape factor (De Swaan 1976;

Rangel-German and Kovscek 2005):

av ¼ 15=r21 : ð22Þ

Interporosity flow factor of vug subsystem to fracture

subsystem is as follows

kv ¼ avr
2
w

kv

kf
¼ 15

rw

r1

� �2
kv

kf
: ð23Þ

Interporosity flow factor of matrix subsystem to fracture

subsystem is as follows:

km ¼ 16
rw

L

� �2km
kf

: ð24Þ

Capacitance coefficient:

xj ¼ /jcjt=ð/f cft þ /mcmt þ /vcvtÞ; ðj ¼ f ;m; vÞ: ð25Þ

The dimensionless governing equations in triple

media carbonate reservoir

For simplification, the mathematical model is derived and

solved in dimensionless form. Table 1 lists some dimen-

sionless variables used in the mathematical model presented

in this article. The dimensionless models are as follows:

The governing differential equations of vug system in

radial spherical coordinate system are as follows:

o2pvD

or2vD
þ 2

rvD

opvD

orvD
¼ 15xv

X3kv

opvD

otD
ð0\rvD\1Þ; ð26Þ

where X3 ¼ lo
kfro

kvro
lo

þ kvrw
lw

� �
:

Initial conditions:

pvD tD¼0 ¼ 0j : ð27Þ

At the center point of vugs:

opvD

orvD

����
rvD¼0

¼ 0: ð28Þ

At the spherical surface of vugs, the vugs’ pressure is

equal to the fracture pressure:

pvDðrvD; tDÞ rvD¼1j ¼ pfD: ð29Þ

The governing differential equations of fracture system

in radial cylindrical system are as follows:

X1

o2pfD

or2fD
þ X1

2

rfD

opfD

orfD
þ X2kmðpmD � pfDÞ

� X3

kv
5

opvD

orvD

� �����
rvD¼1

¼ xf

opfD

otD
;

ð30Þ

where X1 ¼ lo
kfro

kfro
lo

þ kfrw
lw

� �
, X2 ¼ lo

kfro

kmro

lo
þ kmrw

lw

� �
, and

X3 ¼ lo
kfro

kvro
lo

þ kvrw
lw

� �

The matrix system:

X2kmðpfD � pmDÞ ¼ xm

opmD

otD
: ð31Þ

Initial condition:

pfD tD¼0 ¼ 0j : ð32Þ

External boundary condition:

lim
rfD!1

pfD ¼ 0 infiniteð Þ: ð33Þ

Table 1 Definitions of dimensionless variables

Dimensionless pressure pjD ¼ 2pkf hðpi � pjÞ=
ðqscBoloÞ; ðj ¼ f ;m; vÞ

Dimensionless radius of fracture system rfD ¼ rf =rw

Dimensionless radius of vug system rvD ¼ rv=r1

Dimensionless wellbore storage

coefficient
CD ¼ C=½2phr2wð/f cft
þ/mcmt þ /vcvtÞ�

Dimensionless time tD ¼ kfhkfrot=½lor2wð/f cft
þ/mcmt þ /vcvtÞ�

Dimensionless horizontal section

length in a horizontal well
LhD ¼ Lh

rw

Dimensionless formation thickness hD ¼ h
rw

ffiffiffiffi
kfh
kfv

q

Dimensionless horizontal well position zwD ¼ zw
rw

ffiffiffiffi
kfh
kfv

q
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Laplace transformation of dimensionless governing

equations

Introduce the Laplace transformation based on tD, that is

L½pDðrD; tDÞ� ¼ �pDðrD; uÞ ¼
Z 1

0

pDðrD; tDÞe�utDdtD; ð34Þ

where pD is the dimensionless pressure in real space; �pD is

the dimensionless pressure in Laplace space; tD is the

dimensionless time in real space; u is the Laplace trans-

formation variable.

Now making the Laplace transformation to Eqs. (26)–

(33), then they become as follows.

The governing differential equations of vug system in

radial spherical coordinate system are as follows:

o2�pvD
or2vD

þ 2

rvD

o�pvD
orvD

¼ 15uxv

X3kv
�pvD ð0\rvD\1Þ: ð35Þ

Initial conditions:

�pvD tD¼0 ¼ 0j : ð36Þ

At the center point of vugs:

o�pvD
orvD

����
rvD¼0

¼ 0: ð37Þ

At the spherical surface of vugs, the vugs’ pressure is

equal to the fracture pressure:

�pvDðrvD; tDÞ rvD¼1j ¼ �pfD: ð38Þ

The governing differential equations of fracture system

in radial cylindrical system are as follows:

X1

o2�pfD
or2fD

þ X1

2

rfD

o�pvD
orvD

þ X2kmð�pmD � �pfDÞ

� X3

kv
5

o�pvD
orvD

� �����
rvD¼1

¼ uxf �pfD:

ð39Þ

The matrix system:

X2kmð�pfD � �pmDÞ ¼ uxm�pmD : ð40Þ

Initial condition:

�pfD tD¼0 ¼ 0j : ð41Þ

External boundary condition:

lim
rfD!1

�pfD ¼ 0 infiniteð Þ: ð42Þ

The general solution of Eq. (35) is as follows:

�pvD ¼ ðAve
rvrvD þ Bve

�rvrvDÞ=rvD ð43Þ

rv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15uxv=X3kv

p
: ð44Þ

Substitute Eq. (43) into Eqs. (36) and (37), we then

obtain

Av ¼
1

erv � e�rv
�pfD ð45Þ

Bv ¼ � 1

erv � e�rv
�pfD: ð46Þ

Then, the solution of Eq. (35) in Laplace space is as

follows:

�pvD ¼ �pfD
rvD

ervrvD � e�rvrvD

erv � e�rv
: ð47Þ

Through the derivative calculation to rvD of Eq. (47), we

have

d�pvD
drvD

����
rvD¼1

¼ ½rvcthðrvÞ � 1��pfD; ð48Þ

where hyperbolic cotangent function cthðrvÞ ¼
ðerv þ e�rvÞ=ðerv � e�rvÞ.

Substitute Eqs. (40) and (48) into Eq. (39), the govern-

ing equation of fracture system in radial spherical coordi-

nate system is as follows:

o2�pfD
or2fD

þ 2

rfD

o�pfD
orfD

¼ f ðuÞ�pfD ð49Þ

f ðuÞ ¼ X2

X1

uxmkm
uxm þ X2km

þ X3

X1

kv
5
½rvcthðrvÞ � 1� þ uxf

X1

:

ð50Þ

Point-source function in triple media carbonate

reservoir

The boundary condition at the surface of a vanishingly

small sphere corresponding to the instantaneous with-

drawal of an amount of oil fluid ~qo and water fluid ~qw at

t ¼ 0 can be expressed by the following:

lim
nD!0þ

4prwr
2
fDkf

kfro

lo

oDpf
orfD


 �����
rfD¼nD

¼ �Bo~qodðtÞ ð51Þ

and

lim
nD!0þ

4prwr
2
fDkf

kfrw

lw

oDpf
orfD


 �����
rfD¼nD

¼ �Bw~qwdðtÞ; ð52Þ

where dðtÞ is the Dirac Delta function.

Combining Eqs. (51) and (52), we have

lim
nD!0þ

4prwr
2
fDkf

kfro

lo
þ kfrw

lw

� �
oDpf
orfD


 �����
rfD¼nD

¼ � Bo~qo þ Bw~qwð ÞdðtÞ: ð53Þ

Because it assumes that only natural fracturing systems

in the carbonate reservoir are connected to the wellbore,

the water cut of well can be expressed by the following:
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fw ¼ ~qw
~qo þ ~qw

: ð54Þ

Substitute Eqs. (54) into Eq. (53), we get

lim
nD!0þ

4prwr
2
fD

kf kfro

lo

oDpf
orfD


 �����
rfD¼nD

¼ �X0Bo~qodðtÞ
X1

; ð55Þ

where X0 ¼ 1þ Bwfw
Boð1�fwÞ and X1 ¼ lo

kfro

kfro
lo

þ kfrw
lw

� �
.

Taking Laplace transformation for t with Eq. (55) and

setting the source strength to unity, and then combining

with Eq. (49), the instantaneous point-source solution can

be obtained (Raghavan 1993; Ozkan and Raghavan 1992).

Using the image-well technique and the superposition

method, the continuous point-source solution in laterally

infinite triple media carbonate reservoir with impermeable

top and bottom boundaries in Laplace domain is given as

follows:

D�pf ¼
X0~qoBolo

2pX1kf kfrorwuhD
K0ðrfD

ffiffiffiffiffiffiffiffiffi
f ðuÞ

p
Þ

h

þ2
X1
n¼1

K0 rfD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðuÞ þ n2p2

h2D

s !
cos np

zD

hD
cos np

zwD

hD

#
;

ð56Þ

where K0ðxÞ is the modified Bessel function of second

kind, zero order.

Flow model of horizontal well in triple media
carbonate reservoir

According to the superposition principle, we can get the

pressure response in triple media carbonate reservoir

caused by horizontal well by integrating the point-source

solution obtained in the previous section along the hori-

zontal well, that is

D�pf ¼
X0~qBolo

2pX1kf kfrorwuhD

Z Lh=2

�Lh=2

K0ðrfD
ffiffiffiffiffiffiffiffiffi
f ðuÞ

p
Þ

h

þ2
X1
n¼1

K0 rfD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðuÞþ n2p2

h2D

s !
cosnp

zD

hD
cosnp

zwD

hD

#
dxw;

ð57Þ

where X0 ¼ 1þ Bwfw
Boð1�fwÞ, X1 ¼ lo

kfro

kfro
lo

þ kf rw
lw

� �
, and

rfD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD � xwDÞ2 þ ðyD � ywDÞ2

q
.

For a horizontal well, the assumption of constant flow

rate can yield the following equation:

qsc ¼ ~qLh: ð58Þ

Combining Eqs. (57) and (58), we have

D�pf ¼
X0qscBolo

2pX1kf kfrorwuhDLh

Z Lh=2

�Lh=2



K0ðrfD

ffiffiffiffiffiffiffiffiffi
f ðuÞ

p
Þ:

þ2
X1
n¼1

K0 rfD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðuÞ þ n2p2

h2D

s !
cos np

zD

hD
cos np

zwD

hD

#
dxw:

ð59Þ

Substitute rfD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD � xwDÞ2 þ ðyD � ywDÞ2

q
into

Eq. (59) and together with ywD ¼ 0, then we can get the

dimensionless as follows:

�pfD ¼ X0

uX1LhD

Z LhD=2

�LhD=2

K0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD � xwDÞ2 þ y2D

q ffiffiffiffiffiffiffiffiffi
f ðuÞ

p
Þ




þ2
X1
n¼1

K0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD � xwDÞ2 þ y2D

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðuÞ þ n2p2

h2D

s !

� cos np
zD

hD
cos np

zwD

hD

�
dxwD:

ð60Þ

According to Ozkan’s conclusion (Ozkan 1988), the

equivalent pressure point for the horizontal well bottom

pressure in the top-bottomed reservoir is as follows:

xD ¼ 0:732LhD
2

yD ¼ 0

zD ¼ zwD þ 1

8>><
>>:

: ð61Þ

Substitute Eq. (61) into Eq. (60), we can get the bottom

hole pressure of the horizontal well in triple media car-

bonate reservoir:

�pwD ¼ X0

uX1LhD

Z LhD=2

�LhD=2

K0

0:732LhD
2

� xwD

����
����
ffiffiffiffiffiffiffiffiffi
f ðuÞ

p� �


þ 2
X1
n¼1

K0

0:732LhD
2

� xwD

����
����
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðuÞ þ n2p2

h2D

s !

� cos np
zwD þ 1

hD
cos np

zwD

hD

�
dxwD:

ð62Þ

Following Van-Everdingen (1953) and Kucuk and

Ayestaran (1985), the wellbore storage (CD) and skin (S)

can be incorporated in the above solution by the following:

�pwD ¼ u�p�wD þ S

uþ CDu2ðu�p�wD þ SÞ ; ð63Þ

where the dimensionless pressure solution �p�
wD

at the bot-

tom hole of a horizontal well without considering the

wellbore storage and skin can be obtained from the solution

of Eq. (62).
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With the numerical inversion algorithm proposed by

Stehfest (1970), we can get the real dimensionless bottom

hole pressure of the horizontal well, pwD, in real-time space

with consideration the wellbore storage and skin in the

triple media carbonate reservoir. Subsequently, the tran-

sient pressure behavior of a horizontal well will be ana-

lyzed, and the type curves will also be shown.

Oil and water relative permeability of triple media
carbonate reservoir

According to the research results of the oil and water rel-

ative permeability for the matrix, fracture, and vug systems

of the triple media carbonate reservoir (Lian et al.

2011, 2013), we selected a set of the oil and water relative

permeability for the matrix, fracture, and vug systems,

respectively, which can provide the necessary base data for

the theoretical analysis and calculation of oil–water two-

phase well test. The detailed data are shown in Tables 2, 3,

4 and Figs. 3, 4, 5. The field measured oil and water

relative permeability data should be used when the results

of this article are applied to the field.

Pressure behavior analyses

Flowing periods

Figure 6 shows the whole transient flow process of a hor-

izontal well in triple media carbonate reservoir; it can be

divided into seven flow stages:

Stage 1: The pure wellbore storage stage; the pressure

and pressure derivative assume unit slope;

Stage 2: The skin effect stage; the shape of the deriva-

tive curve is just like a ‘hump’ due to the wellbore storage

effect and the skin effect;

Stage 3: Early, or first, radial flow regime (Fig. 7a).

Slope of the pressure derivative curve is zero. Duration of

the regime is very short, because formation thickness is

usually less than 100 m. Radial flow regime will stop when

pressure wave spreads to the closed boundary on top or

bottom. This regime would be hardly observed for a small

thickness.

Stage 4: Linear flow regime (see Fig. 7b). The pressure

derivative curve is a line with a slope of 0.5.

Stage 5: The interporosity flow stage of the vug system

to fracture system; because the permeability of vug is better

than that of the matrix, the interporosity flow of the vug

system to fracture system takes place first, and the pressure

derivative is V-shaped, which is the reflection of the

interporosity flow of vug to fracture;

Stage 6: The interporosity flow stage of the matrix

system to fracture system; the interporosity flow of the vug

system to fracture system has already been completed, and

in this stage, the manner of pseudo-steady interporosity

flow of matrix system to fracture system takes place;

Stage 7: The whole radial flow stage of fracture system,

vug system, and matrix system (see Fig. 7c); the inter-

porosity flow of matrix to fracture has already been com-

pleted, and the pressures between matrix and vug and

fracture have come up to a state of dynamic balance.

Table 2 Oil and water relative

permeability of matrix system

(Lian et al. 2011)

Smw Kmrw Kmro

20 0 0.4095

25 0.005 0.387

30 0.01 0.32535

35 0.02 0.27

40 0.03 0.2214

45 0.045 0.1764

50 0.06 0.1368

55 0.082 0.10125

60 0.11 0.0693

65 0.143 0.04185

70 0.18 0.0189

75 0.23 0

Table 3 Oil and water relative

permeability of fracture system

(Lian et al. 2011)

Sfw Kfrw Kfro

0 0 1

10 0.036 0.882

20 0.09 0.819

30 0.189 0.729

40 0.315 0.585

50 0.423 0.468

60 0.54 0.333

70 0.675 0.207

80 0.747 0.099

90 0.819 0.036

100 1 0

Table 4 Oil and water relative

permeability of vug system (Li

et al. 2013)

Svw Kvrw Kvro

0 0 1

8 0.025 0.95

18 0.05 0.9

28 0.065 0.75

55 0.15 0.45

70 0.38 0.19

78 0.55 0.16

83 0.67 0
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Effect of water saturation of matrix system

Figure 8 shows the effect of water saturation of matrix

system on pressure and pressure derivative of a horizontal

well in triple media carbonate reservoir. It can be seen that

the parameter Smw represents the starting time of inter-

porosity flow of matrix subsystem to fracture subsystem;

the time of interporosity will be earlier if the parameter

Smw is smaller, since the flow resistance of oil phase in the

matrix is also smaller.

Effect of water saturation of vug system

Figure 9 shows the effect ofwater saturation of vug systemon

pressure and pressure derivative of a horizontal well in triple

media carbonate reservoir. It can be seen that the parameter

Svw represents the starting time of interporosity flow of vug

subsystem to fracture subsystem; the time of interporosity

will be earlier if the parameter Svw is smaller, since the flow

resistance of oil phase in the matrix is also smaller.

Effect of water saturation of fracture system

Figure 10 shows the effect of water saturation of fracture

system on pressure and pressure derivative of a horizontal

well in triple media carbonate reservoir. Figure 1 indicates

that only the fracture system supplies fluid to the wellbore

in the model of this article. Hence, the pressure and pres-

sure derivative will be smaller if the parameter Sfw is

smaller, since the flow resistance of oil phase in the frac-

ture is also smaller.

Fig. 6 Dimensionless pressure and pressure derivative responses of a

horizontal well in triple media carbonate reservoir

(a) (b)

Bo�om impermeable 
boundary

Top impermeable 
boundary

Horizontal well

Bo�om impermeable 
boundary

Top impermeable 
boundary

Horizontal well

(c)

Bo�om impermeable 
boundary

Top impermeable 
boundary

Horizontal well

Fig. 7 a Early radial flow.

b Linear flow. c Late pseudo-

radial flow

Fig. 8 Effect of water saturation of matrix system on pressure

transient responses
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Effect of horizontal section length in a horizontal

well

Figure 11 shows the effect of horizontal section length in a

horizontal well on pressure and pressure derivative of a

horizontal well in triple media carbonate reservoir. It can

be seen that the pressure and pressure derivative of the

early radial flow and the linear flow stage will be smaller if

the horizontal section length in a horizontal well is longer.

Effect of horizontal well position

Figure 12 shows the effect of horizontal well position on

pressure and pressure derivative of a horizontal well in

triple media carbonate reservoir. It can be seen that the

pressure and pressure derivative of the early radial flow and

the linear flow stage will be smaller if the horizontal well

position is closer to the middle of the reservoir.

Conclusions

The main purpose of this work is to provide a mathe-

matical model to analyze oil–water two-phase flow

transient pressure for a horizontal well in triple media

carbonate reservoir. The following conclusions can be

obtained

Fig. 9 Effect of water saturation of vug system on pressure transient

responses

Fig. 10 Effect of water saturation of fracture system on pressure

transient responses

Fig. 11 Effect of horizontal section length in a horizontal well on

pressure transient responses

Fig. 12 Effect of horizontal section length in a horizontal well on

pressure transient responses
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1. A solution is obtained in the Laplace space. With the

Stehfest numerical inversion algorithm, transient pres-

sure in the real-time space can be obtained.

2. Seven flow periods can be identified for a horizontal

well in triple media carbonate reservoir.

3. Parametric analysis indicates that parameters pertinent

to horizontal well, such as water saturation of matrix,

vug, and fracture system, horizontal section length, and

horizontal well position, have obvious influence on

dimensionless pressure and pressure derivative curves

of a horizontal well in triple media carbonate reservoir.

4. The model can be applied to interpret actual transient

pressure responses for horizontal well in triple media

carbonate reservoir.

5. Comparing the method of this paper with the well-

known commercial software Saphir (Ecrin v4.12.03),

developed by the French company Kappa, we can see

that the software Saphir did not contain the oil–water

two-phase well test model of triple media carbonate

reservoir; hence, our model is new, and our method

improved the current well test interpretation theory.

The method of this paper may be used if the sort of

field well test data is like Fig. 6.

Acknowledgements This work was supported by the scientific

research starting project of SWPU (No. 2014QHZ031).

Compliance with ethical standards

Conflict of interest The authors declare that there is no conflict of

interests regarding the publication of this paper.

References

Al-Ghamdi A, Ershaghi I (1996) Pressure transient analysis of dually

fractured reservoirs. SPEJ 1(1):93–100 (SPE 26959-PA)
Bourdet D, Gringarten AC (1980) Determination of fissure volume

and block size in fractured reservoirs by type-curve analysis. In:

SPE 9293-MS. Presented at the 55th annual fall technical

conference and exhibition held in Dallas, Texas, 21–24 Septem-

ber. doi:10.2118/9293-MS

Cai M, Jia Y (2007) Dynamic analysis for pressure in limit

conductivity vertical fracture wells of triple-porosity reservoir.

Well Test. 16(5):12–15

Camacho-Velázquez R, Vásquez-Cruz M, Castrejón-Aivar R (2005)

Pressure transient and decline curve behaviors in naturally

fractured vuggy carbonate reservoirs. SPE Reserv Eval Eng

8(2):95–112 (SPE 77689-PA)
Corbett PWM, Geiger S, Borges L, Garayev M, Gonzalez J, Camilo V

(2010) Limitations in the numerical well test modelling of

fractured carbonate rocks, SPE 130252-MS. In: presented at

Europec/EAGE, Barcelona, June

De Swaan O (1976) Analytical solutions for determining naturally

fractured reservoir properties by well testing. SPE J

16(3):117–122 (SPE 5346-PA)
Gua F, Chalaturnyk R (2010) Permeability and porosity models

considering anisotropy and discontinuity of coalbeds and

application in coupled simulation. J Petroleum Sci Eng

73(4):113–131

Guo JJ, Wang HT, Zhang LH (2015) Transient pressure behavior for a

horizontal well with multiple finite-conductivity fractures in

tight reservoirs. J Geophys Eng 12(4):638–656

Izadi M, Yildiz T (2007) Transient flow in discretely fractured porous

media. In: SPE 108190-MS. Paper Presented at the Rocky

Mountain oil & gastechnology symposium held in Denver,

Colorado, 16–18 April

Jalali Y, Ershaghi I (1987) Pressure transient analysis of heteroge-

neous naturally fractured reservoirs. In: SPE 16341-MS. Paper

Presented at the SPE California Regional Meeting held in

Ventura, California, 8–10 April

Jazayeri Noushabadi MR, Jourde H, Massonnat G (2011) Influence of

the observation scale on permeability estimation at local and

regional scales through well tests in a fractured and karstic

aquifer (Lez aquifer, Southern France). J Hydrol

403(3–4):321–336

Jiang R, Xu J, Sun Z et al (2014) Rate transient analysis for multistage

fractured horizontal well in tight oil reservoirs considering

stimulated reservoir volume. Math Probl Eng 2014:1–11

Kucuk F, Ayestaran L (1985) Analysis of simultaneously measured

pressure and sandface flow rate in transient well testing (includes

associated papers 13 937 and 14 693). J Pet Technol 37:323–334

Leveinen J (2000) Composite model with fractional flow dimensions

for well test analysis in fractured rocks. J Hydrol

234(3–4):116–141

Li AF, Sun Q, Zhang D et al (2013) Oil-water relative permeability

and its influencing factors in single fracture-vuggy. J China Univ

Pet 37(3):98–102

Lian PQ, Cheng LS, Liu LF (2011) The relative permeability curve of

fractured carbonate reservoirs. Acta Petrolei Sin

32(6):1026–1030

Ma X, Liu Z (2016) Predicting the oil production using the novel

multivariate nonlinear model based on Arps decline model and

kernel method. Neural Comput Appl 2016:1–13

Ma X, Hu Y, Liu Z (2017) A novel kernel regularized nonhomoge-

neous grey model and its applications. Commun Nonlinear Sci

Numer Simul 48:51–62

Nie R, Meng Y, Yang Z, Guo J, Jia Y (2011) New flow model for the

triple media carbonate reservoir. Int J Comput Fluid Dyn.

25(2):95–103

Nie RS, Meng YF, Jia YL, Shang JL, Wang Y, Li JG (2012) Unsteady

inter-porosity flow modeling for a multiple media reservoir. Acta

Geophys 60(1):232–259

Ozkan E (1988) Performance of horizontal wells. Doctoral disserta-

tion of Tulsa, University of Tulsa, pp 119–120

Ozkan E, Raghavan R (1992) New solutions for well-test-analysis

problems: part 1-analytical solutions. Int J Rock Mech Min Sci

Geomech Abstr 29:A159–A160

Popov P, Qin G, Bi L, Efendiev Y, Kang Z, Li J (2009) Multiphysics

and multiscale methods for modeling fluid flow through naturally

fractured carbonate Karst reservoirs. SPE Reserv Eval Eng

12(2):218–231 (SPE 105378-PA)
Pulido H, Samaniego F, Rivera J (2006) On a well-test pressure

theory of analysis for naturally fractured reservoirs, considering

transient inter-porosity matrix, microfractures, vugs, and frac-

tures flow. In: SPE 104076-MS. Paper presented at the first

international oil conference and exhibition held in Mexico, 31

August

Raghavan R (1993) Well test analysis. Prentice-Hall Inc., PTR,

Englewood Cliffs, pp 23–25

Rangel-German ER, Kovscek AR (2005) Matrixfracture shape factors

and multiphase-flow properties of fractured porous media. In:

SPE 95105-MS, presented at the SPE Latin American and

988 Acta Geophys. (2017) 65:977–989

123

http://dx.doi.org/10.2118/9293-MS


Caribbean Petroleum Engineering Conference, 20–23 June, Rio

de Janeiro, Brazil

Stehfest H (1970) Algorithm 368: numerical inversion of Laplace

transforms Commun. ACM 13:47–49

Su Y, Zhang Q, Wang W et al (2015) Performance analysis of a

composite dual-porosity model in multi-scale fractured shale

reservoir. J Nat Gas Sci Eng 26:1107–1118

Van-Everdingen AF (1953) The skin effect and its influence on the

productive capacity of a well. J Pet Technol 5:171–176

Wang Y, Yi Y (2017) Transient pressure behavior of a fractured

vertical well with a finite-conductivity fracture in triple media

carbonate reservoir. J Porous Media 20(8):1–16

WangHT,ZhangLH,Guo JJ (2013)Anew rod sourcemodel for pressure

transient analysis of horizontal wells with positive/negative skin in

triple-porosity reservoirs. J Petrol Sci Eng 108:52–63

Warren JE, Root PJ (1963) The behavior of naturally fractured

reservoirs. SPE 426-PA. SPE J 3(3):245–255

Wei M, Duan Y, Zhou X et al (2016) Pressure transient analysis for

finite conductivity multi-staged fractured horizontal well in

fractured-vuggy carbonate reservoirs. Int J Oil Gas Coal Eng

4(1–1):1–7

Wu YS, Liu HH, Bodvarsson GS (2004) A triple-continuum approach

for modeling flow and transport processes. J Contam Hydrol

73:145–179

Wu YS, Ehlig-Economides C, Qin G, Kang Z, Zhang W, Ajayi B,

Tao Q (2007) A triple continuum pressure transient model for a

naturally fractured vuggy reservoir. In: SPE 110044-MS. Paper

presented at the SPE annual technical conference and exhibition

held in Anaheim, California, USA, 11–14, November

Wu YS, Di Y, Kang ZJ, Fakcharoenphol P (2011) A multiple-

continuum model for simulating single-phase and multiphase flow

in naturally fractured vuggy reservoirs. J Pet Sci Eng 78(1):13–22

Wu YH, Cheng LS, Huang SJ et al (2016) A practical method for

production data analysis from multistage fractured horizontal

wells in shale gas reservoirs. Fuel 186:821–829

Wu K, Olson J, Balhoff MT et al (2017) Numerical analysis for

promoting uniform development of simultaneous multiple-frac-

ture propagation in horizontal wells. SPE Prod Oper 32:41–50

Zhang DL, Zhang LH, Guo JJ et al (2015a) Research on the

production performance of multistage fractured horizontal well

in shale gas reservoir. J Nat Gas Sci Eng 26:279–289

Zhang M, Yao J, Sun H et al (2015b) Triple-continuum modeling of

shale gas reservoirs considering the effect of kerogen. J Nat Gas

Sci Eng 24:252–263

Acta Geophys. (2017) 65:977–989 989

123


	The nonlinear oil--water two-phase flow behavior for a horizontal well in triple media carbonate reservoir
	Abstract
	Introduction
	Physical model of a horizontal well in triple media carbonate reservoir
	Basic solutions of governing flow equations in triple media carbonate reservoir
	The governing equations in triple media carbonate reservoir
	The dimensionless governing equations in triple media carbonate reservoir
	Laplace transformation of dimensionless governing equations
	Point-source function in triple media carbonate reservoir

	Flow model of horizontal well in triple media carbonate reservoir
	Oil and water relative permeability of triple media carbonate reservoir
	Pressure behavior analyses
	Flowing periods
	Effect of water saturation of matrix system
	Effect of water saturation of vug system
	Effect of water saturation of fracture system
	Effect of horizontal section length in a horizontal well
	Effect of horizontal well position

	Conclusions
	Acknowledgements
	References




